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PREFACE 


I N this volume those parts of the subject, as presented in the first 
edition, published in 1907, have been treated which were not dealt 
with in the volume published in 1921. Almost the whole of the matter 
has been re-written, and much new matter has been added which is largely 
the fruit of investigations that have been carried out by various Mathe- 
maticians in the intervening time. 

In Chapter I, on numerical sequences, a greatly extended account of 
the theory of convergence of numerical series is given, together with a 
fairly full account of the theories of conventional summation with which 
the names of Ces&ro, Holder, and M. Riesz are associated. 

Chapter II contains a systematic account of the theories of convergence 
and oscillation of sequences and series of which the terms are functions of 
one or more variables ; and Chapter III contains the application of these 
theories to the special, but important, case of power-series. 

In Chapter IV an account is given of the theorem of Weierstrass re- 
lating to the representation of continuous functions by sequences of 
polynomials; of the theory of convergence of sequences on the average; 
and of F. Riesz’ classification of summable functions. The proof of the 
fundamental result of Baire, relating to the representation of a function 
as the limit of a sequence of continuous functions, is obtained by a method 
which is due to de la Vallee Poussin, but with some modification and 
extension. 

Chapter V is devoted to those parts of the theory of integration which 
were not dealt with in Volume I. Considerable space has been allotted 
here to a discussion of various theories of integration, due to W. H. Young, 
ToneUi, and Perron. A short account is also given of the conventional 
summation of integrals. 

(chapter VI contains an account of the construetion, by various methods, 
of functions which exhibit assigned peculiarities, and in particular, of non- 
differentiable continuous functions. 

A special feature of the volume consists of the prominence given to 
what I have called the General Convergence Theorem, together with its 
developments and consequences. This Theorem is treated very fully in 
Chapter VII, with a view to the applications of it to the theories of 
Fourier’s series and integrals contained in the later chapters. 

The large amount of matter contained in Chapter VIII, on Trigono- 
metrical Series, gives ample evidence of the recent activity of Mathe- 
maticians in the investigation of properties of Fourier’s series and of the 
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coefficients in the series. Most of the recent progress in this subject has 
been due to the exploitation of the theory of Lebesgue integration and to 
the application to Fourier’s series of various conventional methods of 
summation. Although the remarkable history of the theory of these series 
covers a period of upwards of a century and a half, .there still remains for 
solution at least one fundamentally important question which has hitherto 
baffled all attempts at settlement. In this chapter, mainly from con- 
siderations of space, I have given references, without proofs, in the case 
of some results that have been quite recently published. 

The importance of the representation of functions by Fourier’s integrals, 
together with the interesting modern theory of Fourier transforms, is such 
that I have devoted Chapter IX entirely to this subject. 

Chapter X has been added on the representation of fiinctions by series 
of normal orthogonal functions, not only on account of the intrinsic im- 
portance of the subject, but also because the processes which have been 
employed in various recent investigations in this domain afford excellent 
illustrations of ideas and methods which have been developed earlier in 
this work. 

By far the greater part of the proofs of the volume were read in slip 
by Prof. G. H. Hardy, F.R.S., to whom I desire to express my gratitude 
for many important criticisms and suggestions, the adoption of which has 
done much to improve the presentation of the subject. 

My thanks are also due to the Officials and Readers of the University 
Press for the courtesy they have shewn me, and the trouble they have 
taken, in connection with the heavy work of printing the volume. 

E. W. HOBSON, 

Christ’s Colleqk, Cambridge. 

November 16 , 1925 . 
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CHAPTER I 


SEQUENCES AND SERIES OF NUMBERS 

1. Let us consider a set of numbers a^, a^, a^, ... such that the 

number a„ is defined for each value of n by means of a norm, consisting of 
a prescribed rule or set of rules. Let the numbers 

®1> ®2> "i" + ®3> ..., 0)1 + (*2 "i" ••• “b ®«> ••• 

be denoted by s^, s^, s^, ... s^, ... ; and let us consider the aggregate 
(Sj, S 2 J •••««> •••)• R this aggregate form a convergent sequence, in 
accordance with the definition given in i, § 23, it has (see i, § 30) a limit 
s^, or s, which is said to be the limiting sum, or simply the sum, of the 
infinite series + ^2 + ••• ;’in which case the series is said to 

be convergent. 

The condition that the sequence («x, ^n, ---) niay be con- 

vergent is that, corresponding to each arbitrarily chosen positive number c, 
a value of n can be so determined that | Sn+m ~ 1 < for 'm — 1, 2, 3, .... 

This is then the necessary and sufficient condition that the infinite series 
a-i + On + ... may be convergent. 

The difference s„+„ — s„ = a„+i -f a „+2 + ••• + ^n+m is called a 'partial 
remainder of the infinite series, and it may be denoted by Rn, m • Thus the 
condition of convergence of the infinite series may be stated as follows : 

The necessary and sufficient condition that the series a^-^- a^+ . . . H- a„ -t- . . . , 
or S On, may be convergent is that, corresponding to each arbitrarily chosen 

'positive number e, a 'value of n can be so determined that all the 'partial re- 
'mainders Il„,i, R„,z, ••• ••• numerically less than e. 

Since Rn-x,x = ®n> ii* i® seen to be a necessary, but not a *Bufficient, 
condition for the convergence of the series that | a„ | be arbitrarily small, 
when n is sufficiently great. This condition may be written in the form 

lim = 0. 

W'-OO 

If the series + O 2 + ••• + «« -I- ... be convergent, then, for any value 
of n, the series a^+x + a „+2 + ... is also convergent, and has, in the sense 
defined above, a limiting sum which may be denoted by Rn. This limiting 
sum is called the remainder after n ter'ms of the original convergent series ; 
thus s — Sn + Rn- Whether the series be convergent or not, s„ may be 
called the «.th partial sum of the series S a„ . 

n-l 

It is clear that, the given series being convergent, the sequence 
^Rx , R^ , ... Rn i . . . ) is also convergent, and that its limit is zero. That this 
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may be the case has sometimes been stated to be the necessary and suffi- 
cient condition for the convergence of the series; such a statement of the 
condition is, however, circular, because the existence of the numbers 
cannot be assumed unless the given series is already known to be con- 
vergent. 

It is important to observe that the number s has not been defined as 
the sum of the infinite series «! + + ... + a„ + ... ; for that would have 

implied the completion of an indefinitely great number of operations of 
addition; but conversely, the limiting sum, or simply the sum, of the 
infinite series has been defined to be that number s which was itself defined, 
as in I, § 30, by means of a convergent sequence. 

NON-CONVERGENT ARITHMETIC SERIES. 

2. The partial sums Sj, ... ... of a series + Uj -1- ... + »« + ••• 

may be represented in the usual manner by an enumerable set of points G, 
on a straight line. The set G has a derivative G', which is a closed set, in 
the ordinary sense of the term, in case G' is bounded. If G' is imbounded, 
it is closed in the extended sense (i, §§ 63, 56), when one of the improper 
points -I- oo , — 00 is regarded as belonging to the set, or when both these 
points belong to the set. 

The following cases may arise : 

(1) The derivative G' may consist of a single proper point s. In this 

case the series is convergent, and all the points of G, with the possible 
exception of a finite number of them, lie in the interval (s — 8, s -h 8); 
where 8 is an arbitrarily chosen positive number. The points of G then all 
lie between two fixed points A and j5 ; or | | is bounded. 

(2) The set G' may consist of one of the improper points -f oo , — oo . 

In this case | | has no upper boundary, and the series is said to be 

divergent. If N be an arbitrarily large positive number, all the numbers , 
except possibly a finite number of them, are of the same sign, and numeri- 
cally exceed N. An example of a divergent series is the series 

1/1 + 1/2 + ... + l/» + .... 

For this series we have = l/(n + 1) -f l/(w + 2) -|- ... + l/(w + m), 
and thus Rn,m > + ^)- However great n may be chosen, we have 

Rn. „> 1/2; which is inconsistent with the condition for convergence of 
the series. As the sequence {«„} is monotone and increasing, it can have 
no upper limit, except the improper point + oo ; and thus the series is 
divergent. 

(3) The set G' may be a (bounded) closed set, which contains a finite, 
or an indefinitely great, number of points. If U and L be the upper and 
lower boundaries of G', the series is said to be an oscillating series with 
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U and X as the upper and lower limits of indeterminaincy* of the sum of the 
series. The numbers U and L may also be spoken of as the upper and the 
lower sums of the series respectively, and they may be denoted by s, s. 

It is always possible to deteimine a sequence {s„^, 5„,, ...) of partial 

sums, where % < Wg < ^3 < ••• > which converges to the point U, and 
another such sequence which converges to L, or to any other point of G' 
which may be chosen. It thus appears that, by introducing a suitable 
system of bracketing the terms of an oscillating series, according to some 
norm, and amalgamating the terms in each bracket, the series may be con- 
verted into a convergent one, of which the limiting sum is any chosen 
point of O', including either limit of indeterminancy. The set 0' may be 
non-dense in the interval {L, U), or it may consist of aU the points of 
that closed interval ; or it may consist of a closed set of the most general 
t 3 rpe, as described in i, § 80. 

The oscillating series 1 — 1 + 1 — 1 + 1 — ... has 1 and 0 for its upper 
and lower limits of indeterminancy; and G' consists of these two points. 
Again, let 

~ l/2> ^2 “ l/3> ^4 “ 2/3, ^5 = 1/5, = 2/4, Sj = 1/6, ..., 

and generally 

«m(m+i)+i = l/(2wi + 2), «,»(„,+!) +2 = 2/(2m + 1), 

«(«.+!)* = (W + l)/(m + 2), 
= l/(2m + 3), = 2/(2m + 2), ... , 

«(»»+i)(m+2) = (W + l)/(m + 3), 

where m — 0, 1, 2, 3, ... , and where only those numbers are taken which 
are less than unity. 

It follows that the series 

1_JL 1^ 6 7_ 

2 23 34^34 35*^ 

has 1 and 0 for the upper and lower limits of indeterminancy. The set 0 
consists of all the rational numbers between 0 and 1 ; so that O' consists 
of all the points of the closed interval (0, 1). By introducing a properly 
chosen system of brackets, and amalgamating the terms in each bracket, 
the series may be converted into one converging to a limiting sum which 
is any prescribed number in the interval (0, 1). 

(4) The set O' may consist of two or more points, amongst which there 
is at least one improper point, + qo or — oo . In such cases the series is 
also said to be an oscillating series ; one or both of the limits of indeter- 
minancy being infinite. Such a series may be converted into a divergent 


♦ This term is due to Du Bois-Reymond; see his Antrittsprogrammf p. 3. 
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series, by introduction of a properly (iefined system of brackets; or on the 
other hand it may be converted into a series which converges to any proper 
point of O', provided such a point exists. 

It should be observed that, by some writers, all series which are not 
convergent are spoken of as divergent, but the term non-convergent will 
here be employed in that sense, as including both divergent and oscillating 
series. 

Prom a certain point of view there exist but two classes of series, 
those which oscillate and those which do not oscillate. The latter class 
includes both convergent and divergent series. A divergent series may 
be regarded as one which converges to one of the improper nmnbers + oo 
and — 00 , and this is a certain justification for classing convergent and 
divergent series together, as distinguished from oscillating series. If 
(Sj, 52 , ... ...) denote a sequence of numbers, let us consider the 

corresponding sequence ... 5„, ...), where 5„ is defined by 


s„ = 


1 + I Sn J " 

It is clear that all the numbers 5„ lie within the interval (— 1, 1), and the 
improper numbers + oo , — co may be taken to correspond to the numbers 
1,-1 respectively. If the sequence {5„} is convergent, it is easily seen that 
the sequence {5,„} is also convergent; but if {5„} diverges to + oo , or to 
— 00 , the corresponding sequence {5„} converges to 1, or to — 1. If {5„} 
is an oscillating sequence, so also is {5„}. Thus the classification of seqiiences 
into oscillating and non-oscillating sequences is invariant for the trans- 
formation 5„ = , — . 

1 -t- I On 


3. A series* may be constructed which oscillates between infinite limits 
of indeterminancy, but which, by introducing a suitable system of brackets, 
in accordance with a norm, may be converted into a series which converges 
to any prescribed number whatever, or which diverges to oo , or to — oo . 

2x — 1 

If x' = , where the positive sign is ascribed to the radical, 

y X {\ — x) 

the points x, of the interval (0, 1), have a (1, 1) correspondence with the 
points x', of the unbounded interval (— 00 , 00 ). It is easily seen that a 
set of points {x}, in the interval (0, 1), corresponds to a set {x'}, in the 
interval (— 00 , oo ), the relation of order being conserved in the corre- 
spondence. Further, a limiting point of the one set corresponds to a 
limiting point of the other set. The rational points of the interval (0, 1), 
of X, correspond to a set of points x', everywhere dense in (- oo , oo ). This 
method of correspondence may be applied to the series obtained in (3), 


* See Hobson, Proc, Lond. Math, Soc, (2), vol. in (1904), p. 60, 
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which oscillates between the limits of indeterminancy 0, 1, and which 
can be made, by introducing suitable brackets, to converge to any pre- 
scribed number in the interval (0, 1). We find that 

Si' = 0, = - l/\/2, 53' '= - 2/V3, 54' = I/V2, 5/ = - 3/2, 

= 0, 5/ = - 4/V5, 53' = - 1/V6, V = 2/V3, Sio' = - 5^6, 

and generally 

= - 2m/V2m + 1, 5',„(„,+x)+2 = - (2m - 3)/\/2 (2m - 1), ..., 
«'(«+i)* = w/Vm -I- 1, s'(m+i)'+i == - (2m -f 1)/V 2m -h 2, ..., 

«'(m+i)(m+ 2 ) = (W - 1)/V2"(m + 1). 

Therefore the series 







+ 


3 __^ 
2 \/5 


+ ... 


has the required character. It may be converted into a series which con- 
verges to any assigned number whatever, or may diverge, by suitably 
bracketing the terms together, in accordance with a norm; the terms in 
each bracket being amalgamated. 

An oscillating series which has the two limits of indeterminancy + «> , 
— 00 , and for which O' has no proper points, may be constructed, for 
example, by taking s^n-i — = — n. Thus the series 

1 — 2 + 3 — 4 + .. . 4- {2,71 — 1) ~ 2n + ... 
oscillates, with + oo , — 00 as limits of indeterminancy. The series 
]+(-2 + 3) + (- 4 + 5) + ..., 

(1 - 2) + (3 - 4) + (5 - 6) + ..., 

are both divergent. The set O' contains no proper points; and thus the 
series cannot be converted by bracketing into a convergent series. 


4. From the time, in the seventeenth century, when infinite series 
were first employed, until far into the nineteenth century, such series were 
freely used, with but little enquiry as to whether they were convergent 
or not. It was generally held, as for example by Lagrange, that the con- 
vergence of a„ to zero, as n is indefinitely increased, is sufficient to ensure 
the convergence of the series 2a„, although it had been established by 

J. Bernoulli that the series S - is divergent. The first writer who com- 

TO-l ^ 

pletely emancipated himself from the uncritical extension of the operation 
of arithmetic addition to the case in which the number of such operations 
is indefinitely great was Bolzano, who gave* the necessary and sufficient 
condition for the convergence of a series in the form given in § 1, that 
I ^n+m ~ '5n I Hiust be arbitrarily small for all values of m, provided n is 

• Jtein analytiacher Beteeia .... Prag 1817; this is reproduced in Oswald’s Klaaailcer der exacten 
Wiaaenach. No. 163, p. 21. 
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sufficiently large. It was, however, owing to the writings of Cauchy* and 
Abelf, since Bolzano’s work remained almost unknown for a long time, 
that the modem theory of the convergence and divergence of series gradu- 
ally attained acceptance by mathematicians. An interesting account has 
been given by BurkhardtJ of the history of attempts, made even in the 
nineteenth century, to justify the employment of non-convergent series 
in calculations. In recent times, various rigorous methods have been 
devised, by which, in accordance with strict definitions, such series may be 
employed. An account of some of these methods will be given later. 


THE O-O NOTATION. 


5 . Let ^ {n) denote a function, defined for the values 1, 2, 3 , ... of 
the variable n, and such that tft (n) > 0, for all the values of n. If (f> (n) 


denote a function of n, such that 


<f>{n) 
if) (n) 


is less than some positive 


number K, independent of n, we may write <f> (n) = 0 {ip (%)} ; but if 
lim 7-^ = 0, we write <f> (n) 0 {tp («,)}. 

Thus, for example, Un — O (1) means that I I is bounded; and 

1^1 

= 0 (1) means that lim a„ = 0. Again a„ = 0 (n) means that is 

a 


n 


O (%-*) means that 

0 . 


bounded; and a„ = o (n) means that lim — = 0; a„ 

n~a> ^ 

is bounded ; and a„ = o {n~^) means that lim {n’‘a„) 

TI'^CO 

It is easily seen that 

O {^1 {n)}.0 {^2 (»»)} = 0 {ipi (n) tp2 (»)}, 

0 {n)}.o {^2 (w)} = o {n) 02 {n)}, 

0 (01 {n)}.o {02 {n)} = 0 {01 {n) 02 in)}. 

The same notation may be applied to the case of functions of a variable x 
which varies continuously in a field aS:^<Qo,orina field a & x < A. 

Thus <p {x) — 0 {0 (»)} denotes that ^ is bounded for all values of 

o {0 («)} denotes that lim = 0, or lim ^ 7— | 

a:~=o0(») *~A0(a:) 


X m 


the field ; and 0 (x) 


0 , 


as the case may be ; the function 0 (x) is, as before, assumed to be positive 
throughout the given field of the variable. 

The O-o notation was first employed systematically by Landau §, 
although, as stated by him, the symbol 0 was employed earlier by 


♦ For his definition of tjie condition of convergence, see Coura Analyse Alg. (1821), p. 125. 
t See his memoir on the binominal theorem, CrelWa Journal, vol. i (1826), p. 313; also, for 
a more exact formulation, see (Euvres, 2nd ed. vol. n, p. 197. 

J Math. Annalen, vol. lxx (1911), p. 169. Reiff’s Oesch, der unendlichen Reihen, Tubingen 
(1889) may also be consulted. 

§ Vertheilung der Primzahlen, vol. i, pp. 31, 59-62; also vol. n, p. 883. 
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Bachmann*. It has recently come into general use in investigations con- 
nected with series and integrals. 


A GENEBAL PROPERTY OP SEQUENCES. 

6. It will be proved that: 

= 0, then Sn , the 'partial sum of the series + Uj + . . . 

has the 'property s„ = o (n); i.e. lim -” = 0. Also,if an = 0 {\), then s„ = 0 {n). 

It is convenient to establish the following general theorem of which 

the above theorem is a particular case : 

If {y„} denotes a monotone increasing sequence of positive numbers, such 

that increases indefinitely 'with n, and if {«„} be any sequence of numbers, 

then — ^ « _ — a„ _ ^ — a,, 

hm -f S hm £ hm ^ S hm ; 

n~oo Pn+l ~~ Pn n~<*> Pn Pn Pn+1 Pn 

and in 'particular, iff lim fiag a definite 'value, then lini ^ also has 

n~QO Rn+l Pn ri'^cc Pn 

the same definite 'value. If 


a 


- di'verges to +<k, or to also diverges 

Pn+l ~ Pn Pn 

to 00 , or to — <x> . 

The first theorem is obtained by taking p„ = n, a„ = $„• To prove the 
general theorem, let U and L denote the upper and lower limits of 

^n+l ^n 

Pn+l Pn 

An integer w, may be determined, such that, if 17 be an arbitrarily chosen 
positive number, 


U + Tj > 


^ > ly — 77, for S TO, . 


Pn+l Pn 

We find, by taking to = to,, to , 4- 1 , ... to, -f w — 1, successively, 

”1“ ’*?) {Pn,i+m Pn,i) ^ ®«,+ni ®n, ^ '*?) {Pn,i+m Pnf)t 

or (P + ,) (1 - /s-) > S.*” _ “■:l> (i - ,) (1 - . 

' Pnri+m/ PnriA-m Pnri+m \ 

Keeping to, fixed, and letting m increase indefinitely, we thus have 


U + -q ^ lim h” = 

n^QO P 


or, since rj is arbitrary, U S lim 

n<^Q 0 Pn 


• =" lim 2 L. 


Pn 


In case 


diverges to oo , if be an arbitrarily chosen positive 

Pn+l ~ Pn 


number, n^ may be so chosen that 


a 


n+1 


Pn+l Pn 


> N, for TO = TOi ; we have then 


®ni+m ^ W (P 


ni+m 


Pni)} 


a 


ni+r» 


■>Ni 


V Pni+mr 


Pni+ m Pnt + m 

* Analytische Zahlentheorie, vol. n, p. 401. 

t See Stolz, Vorlesungen fiber allgemeine Arithmetikf Leipzig (1886), p. 174. 



8 


Sequences and Series of Numbers 


[oh. I 


Letting m increase indefinitely, we have 




Urn 

n~oo 


and since N is arbitrary, it follows that lim ^ = oo . The case in which 

^n+1 


^n+1 Pn 


n^oo Pn 

” diverges to — oo may be treated in a similar manner. 


EXAMPLES. 


(1) If S converges, as oo , to a definite number, then 
1 

-f 2^2 + 3^3 + ... + na^ == o (n). 
Let an - Si + 82 -^ ... + ^ + b then 


n -h 1 


lim Sn, 


since the last limit exists. This may be written in the form 

i. r Oi + 2^2 + ... + 1* 

hm ^ irzri- = 

n'^00 L n -i- 1 j 

whence it follows that Hm - 0. 

n~«. » + 1 

1 . ®1 “t" 2tto “I" 3fltq “f* ... ~f" TKZm 

(2) If lim nUn exists, then lim = hm nan * To prove this 

Ti'^oo ri'^oo ^ n~oo 

let ttn = «! + 2a2 + ... + ^nf bi particular, if nan — o (1), then 

ai + 2^2 + •.. + ^ (^)« 

(3) * If {Mfi} be a monotone increasing sequence of positive numbers, which diverges, 

1 .« . y 1 » ^^Ofn + ,,, + J^n^n mi • . yl 

then, if 2 an is convergent, hm — — = 0. This is the generalization 

n^l n'^Qo 


of Ex. (1). 

rm. IX- Miai + M^a2+ ... + M„an . x- c J -y 

The relation — i— * — = o(l) is satisfied if -jj — a„ = o(l), 

Mn NLn - Mn—\ 

This is the generalization of Ex. (2). 

(4) t If p > 0, and lim has a definite value, then lim = - lim . 

n'^oo^ rt^cx) ^ V W'^QO ^ 

Sn 

(5) t If lim nan a definite value, then lim - = lim nan • 

5 “f* ^ I j 

(6) t The two conditions aj + 2a2 + 3a3 f ... + nan = o (n), lim -L ? — = $ 

*■ W'^QO n- 

are sufficient to ensure that the series aj + ag + ... should converge to s. Each of these 
conditions is necessary, and the two together are sufficient. 

{1)X If {^n} denote a monotone sequence of decreasing numbers which converges to 0 

as nr^ 00 , and if lim exists, then lim also exists and has the same value. This 

may be obtained from the general theorem by changing a^, Pn into l/a„, 1/^^ respectively, 

* See Pringsheim, Sitzungsber. Miinch, AJcad, vol. xxx (1900), pp. 44-46. 
t Ibid, vol. xxxi, pp. 607, 624, 631. 

J See, for an independent proof, Bromwich’s Theory of Infinite Series^ p. 377. 
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CONVEEGENCB AND DIVERGENCE OF SERIES WITH POSITIVE TERMS. 

7 . If all the terms of a series, with the possible exception of a finite num- 
ber of them, be positive or zero, it is clear that the sequence {Si,S2, 

is monotone non-diminishing, from and after some fixed value of ». It follows 
that the series is either convergent or divergent, but cannot oscillate. 
Moreover the convergence or divergence of the series is unaffected by the 
removal of a finite set of the numbers s^, ...; and this set may be so 
chosen that the partial sums corresponding to the negative terms are all 
removed. Thus there is no loss of generality in considering onlj’^ series in 
which all the terms are positive or zero. 

If -f a2 + ••• + «« + ... be such a series, it is clear that the sequence 
Si, S2, ... s„, ... oi partial sums is monotone non-diminishing, and therefore 
either converges to a definite limit s, the sum of the series, or is divergent. 
We may thus state that : 

The necessary and sufficient condition that a seriesai + Gj + ••• 
of which all the terms are ^ 0, should be convergent is that a positive number 
K exists, such that < K, for all.values of n. 

8. The following property is possessed by a convergent series of which 
all the terms are positive. The expression positive will be taken to include zero. 

A series such that all its terms are terms of a convergent series 

"b "b ... + Gn + . . . , 

all the terms of which are positive, is also convergent. 

If s\’ be a partial sum of the second series, n can be so determined that 
all the terms in are contained in the terms of s„ ; then s'„, ^ s„< K, 
.where K is a fixed positive number; since s'„' < K, and cannot diminish 
as n increases, it follows that has a definite limit as w' ~ oo ; therefore 
the second series is convergent. 

If a second series be obtained by rearranging, in cwcardance with any 
prescribed norm, the order of the terms of a convergent series 

+■ "b ••• "b + •••> 

all the terms of which are positive, then the second series converges to the same 
sum as the first. It is assumed that the new series is of the same type 03, as 
the original one (see § 29 ). 

This theorem may be expressed by the statement that a convergent 
series of positive terms is unconditionally convergerd. Let s' „ denote the 
nih. partial sum of the second series. If e be a prescribed positive number, 
ni may be taken so great that 5 — < c. An integer n^ can be so chosen 

that s ' contains all the terms of s,,,-, therefore s'^ S s„j, if w ^n.^. 

We have now, s'„ > s — e, if ti S »2. For any value of n the terms of 
s'n are all contained in if m is sufficiently large; and therefore s' „ < s, 
for all values of n. Since is in the interval {s — e, s) ii n ^ n^, and e is 
arbitrary, it follows that lira s'„ = s. 
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9. Let two series 

<*1 + <*2 + ... + ffn + •••> + 62 + ... + 6„ + 

in each of which all the terms are positive (> 0), be considered, and let their 
nth partial sums be denoted by s„, s\ respectively. If the series are both 

Jj^f 

convergent, we have lim R„ = 0, lim 12'„ = 0. In case 0 <lim p— <* > 

the second series may be said to converge as rapidly as the first ; and in 

case lim ~ = 0, the second series may be said to converge more rapidly 

than the first. The first series may then also be said to converge more 
slowly than the second. If the series are both divergent, then, in case 

0 < lim — < flo , the second series may be said to diverge as slowly as the 

»~0O 

g' 

first; and in case lim — = 0, the second series may be said to diverge 

more slowly than the first; and also the first series may be said to diverge 
more rapidly than the second. 

, // two convergent series 2 c„ , 2 c'„ , for both of which the terms are positive 

n-l n-l 

(> 0), be such that lim -P- — 0, then the first series converges more rapidly 

n~«) C n 

than the second. 

If € be any prescribed positive number, then c„ < ec'„, provided n is 
greater than some fixed integer Ut. It follows that R„^,m< for 

all positive integral values of m. Consequently we have Rn^ & ; 

R 

and thus & e, for all values of «. = »« . Since e is arbitrary, it follows 
R 

that lim = 0 ; from which the result follows. 

If two divergent series 2 d„, 2 d'„, both consisting of positive terms (> 0), 

d n-l n«l 

be such that lim ;# = 0, then the first senes diverges more slowly than the 

n^oo ^ n 

second. 

If < €, for n> n,, we have s„ — «„,<€ {s'„ — s'„J; therefore 
a „ 

^ T ~ > j 


from M'hich it follows that lim - & e. Since e is arbitrary we must have 

7i~.oo ^ n 

lim - p- = 0, and thus the result has been established. 

n~oo 9 „ 

fiO. If the series «! + Ug + ... + a„ + ..., all the terms of which are 
positive, be convergent, so also is the series kiOi + k^a^ + ... + + ... ; 

where ky^, k^, ...k^, ... are positive numbers, all of which are less than some 
positive number K, independent of n. 
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For it is clear that where R'n,^ denotes a partial 

remainder of the second series. It follows that, for all sufficiently large 
values of n, B'n,m < e, where e is an arbitrarily small positive number. 
The condition of convergence of the second series is thus satisfied. 

The series 2 a„ being taken to be convergent, so that a„ = i2„_i — , 

let us consider the series 2 a'„, where a'„ = JB„_i — and a'l = «'’ — Rl ; 

n-l 

p being a fixed positive number. We find at once that = s? — Rf^, 

oo 

and therefore lira 5'„ = s'*. The series 2 is accordingly convergent; 

n'^ao n“l 

It' 1 

and since = Rn, we see that, in case 0 < p < 1, R'JRn increases 

indefinitely as n increases, and thus the convergence of the second series 
is slower than that of the first. The following theorem has accordingly 
been established: 


Having given a convergent series of positive numbers, another such series 
can be determined which converges more slowly than the given one. 

We have f Rn Y 

r: .-ri ^ - [r;zJ 


a 


"n~l 


Itn-1 ““ Itn 




It'n 


• ^n-1 ’ 


Rn 


^ 1. Incase 


and since < 1? for each value of n, we have lim 

lim =^- 1 , the corresponding limit of J is p . ^^d in any 

case I is less than some positive number K, independent of n. 

Thus since Ka ' we see that the series S is convergent. 

7l»l 

We thus obtain the following theorem : 

If 2 a„ is a convergent series of which the terms are positive, the series 


n-l 

2 a„R'‘~^ is also convergent, for every positive value of p. When p < 1, its 

n-l 

convergence is slower than that of Yi a^. 

> n-l 

It was first established by Abel* that, if 2 be a divergent series of 

n-l 

positive terms, a sequence {kf^ of positive numbers, increasing indefinitely 
with n, can be so determined that the series 2 djk„ is also divergent. 

n-l 

The corresponding result for convergent series, here stated, was establishedt 
by Du Bois-Reymond. The special theorem that this result is realized by 
where 0 < /? < I, is duej to Pringsheim. 


♦ Grelle’a Journal, vol. m (1828), p. 81; also (Euvrea, vol. i, p. 198 (2nd edition), 
t OreUe’a Journal, vol. Lxxvt (1873), p. 86. 

^ Math. Annalen, vol. xxxv (1890), pp. 329, 330. 
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It is clear that a sequence of series may be formed, commencing with 
the oonyergent series S a„, all of which are convergent, and such that 

n-1 

the convergence of each one of them is slower than that of the preceding 
series. This idea is due to Du Bois-Reymond ; Pringsheim has indicated 
(loc. cit) a general method of forming such a sequence of series. 


If a seqtimce of convergent series with positive terms S where 


p = 1, 2, 3, ... , 6e svtch that, for each value of n, the sequence 


n-1 


^( 1 ) ^( 2 ) ^( 3 ) 
n ’ n ' n ' 


is monotone increasing, then a series can be formed which converges more 
slowly than any of the series of the sequence. 


A theorem practically equivalent to this has been given* by Hadamard. 
To establish the theorem, let denote the nth. remainder of the series 

t>n\ ^ 1 

S a^ . Let the integer n^ be the smallest integer such that R\^ S 

Tl “I " 

/ov ]|^ 

and let n^ be the smallest integer which is > and also such that ^ ^ , 
and that also < R^^^ - 

918 ns Us tis 

Let , for n^n^', the difference R^f^ — R^f^, which is greater 

than R^f’^ — R^f^, or than + ... + , can be divided into n, — n^ 

parts 6^, ^ 2 , ... greater re.spectively than ... 

We proceed to determine the integers n^, %, ... successively, in a similar 
manner. In general, if »p_i is determined, n^, is the smallest integer 
(> which satisfies the conditions 




,p-i’ 




2)<^(P-1). 


R 


(P-2) 


The difference which is greater than — Rn ~^\ can 

be divided into — np_i parts 6«p_j+i , •■■bn„, greater respectively 

thana|^ +i > j+ 2 > ••• • Proceeding indefinitely in this manner, the 

terms of a series S are defined; and this series is convergent, since it is 

n»l 

equivalent to 


+ {r';! - r:) + {R^ 


iip) 


Us 


Us 




in which R^ converges to zero, as p ~ qo . IVIoreover the terms of the 
series S 6^^ are, for n > greater than those of the series 2 a 


(p-2) 


A series has thus been constructed which converges at least as slowly 
as any of the given series. 

If the series 2 6^^ does not converge more slowly than the series 

n-1 


♦ Acta Math. vol. xvin (1894), p. 328. 
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13 


S a^\ for every value of j?, we may form a series which converges more 


n-1 


slowly than S and this new series will converge more slowly than 
S a^\ whatever value p may have. 

""V 

■vll. If the series + ... be divergent, so also is the 

series h^d^ + k^d^ + ... + k^d,, + ...; where k^, k^, ... k„, ... are positive 
numbers all of which exceed some positive number K, independent of n. 

For, Sn, s'n denoting the partial sums of the two series, we have 
s'„ > Ks„, and thus, if increases indefinitely with n, so also does s'„. 

J The divergent series S dn,all the terms of which are positive, is such that 

'* _ ji-i 

can be expressed in the form „ , where is a monotone in- 

creasing sequence of positive numbers without upper limit. Conversely every 
series of the form 2 {Mn+i — M„) is divergent. 

71 *=1 

We have only to take ilf„ — to prove the first part of this theorem. 
To prove the converse, we observe that M^+i — is the partial sum of the 
series, and this increases indefinitely with n. 

If the series 2 is divergent, then d„ can be expressed in the form 

n=l 

M—M 

dr, ~ - --"ti - Conversely every series for which the general term has 


Mn 
M 

the form ■ 


M 


- is divergent. The numbers are taken to be those 


of a positive monotone sequence without upper limit. 

Let be defined by the relations = (1 + d„) then 

= Ml (1 + di) (1 + df) ... (1 + d„) > Ml (1 + iS„)j 
hence if s„ increases indefinitely with n, so also does M„^i, and therefore 
the sequence {M„} satisfies the prescribed condition. 

To prove the converse, we observe that, if ni be any fixed value of n. 


M 


n+l 


M„ M 


Mr 


> 


nt+m+1 


M 


Mr 


«1 


> 


n—n, n 

provided m has sufficiently large values. The series therefore cannot 
converge, since it has partial remainders greater than however large 
Ui may be. The nearer M^+ijM^ is to unity, the smaller is d„. 

Mr,^l - Mr 


In case < 1 , for all vahies of n, let d„ 


M. 


then 


n+l 


Mr 


M„l{\ - d„) = MiHl - di) (1 - df) ... (1 - d„) 

> Ml (1 + di) (1 + df) ... (1 + df), 
or M„+i > Ml (1 + s„); it follows that Mn^.l increases indefinitely with n, 
if 2 d„ is divergent. It is easily seen, as before, that a series of which the 

M„^, - Mr 




general term is of the form • 


• «+i 

M 


n+l 


- is divergent. 
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The following theorem has now been established : 

If {Mj^ be a rrumoUme increasing sequence of 'positive numbers without 
upper limit, the series of which the general term is is 

divergent. Conversely, the terms of any divergent series such that < 1 
can be expressed in the form j . 

As there is complete latitude in the choice of a particular sequence 
{Af„}, there is a corresponding variety in the nature of the divergent series 
formed from it. 


12. If the series S is divergent, a'nd denote its nth partial sum, then 

n-1 

d d 

the series S — - , 2 — are both divergent. 

n-2 1 n-1 

The first part of this theorem was first established by Abel*, and the 
second part by Dinit- In order to prove it, we may take s„_i = 
dn = Mn+i — Mn and the results are then equivalent to the foregoing 
theorems. 

d d 

Since the ratio either of — - , or of ” , to converges to zero, as w ~ qo , 

d d 

it follows from § 9 that the series 2 -2- , S — both diverge more slowly 
than the series S d ^ . 

The following result, due essentially to Abel, has now been established: 

Having given a divergent series of which the terms are positive, another 
divergervt series can be defined which di'oerges more slowly than the given 
one. 

dn 

It was also shewn by Abel {loc. cit.) that the series 2 converges, 

n-is^ 

provided A > 0, the series 2 dn being as before divergent. For 


s' 




A Xdn 


and it follows that 


-1 ”n 

n-n, cL 1 f 1 

2 ' 


s 


n 


_ 

•. <■ 

Since s„ has the limit oo , as is independently increased, the convergence 


n-2 

n 


a. 




of the series 2 holds good. In comparing this result with the diver- 

• d 

gence theorem above, it should be observed that the series 2 

A > 0, is not necessarily convergent. This is seen from a consideration of 
the case in which dx> 

* CfdU'e Journal^ vol. m (1828), p. 80; also (Euvree, vol. n, p. 198, 2nd ed. 
t Annali delV Univ, Toac, vol. ix, p. 8. Also separately. Suite aerie a termini poaitivi, Pisa, 
1867, Tipografia Nistri. 
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Criteria of Convergence and Divergence 

EXAMPLE, 


Consider the divergent series 1 + 1 + 1 + ; we have then Sn = n. It follows from 

Abel’s first theorem that 2 - is divergent, and from the second theorem that 2 -J— is con- 
vergent, provided X > 0. 

From Dini’s theorem it is doducible that 2 


1 

n 


1 1 1 


is a divergent series. 


n 


It is clear that, by continuation of the process of forming from a given 
divergent series one which diverges more slowly, an endless sequence 
of divergent series can be obtained, each of which diverges more slowly 
than the preceding one. 

The following theorem is the analogue of the theorem of § 10. 

If a sequence* of divergent series with positive terms, IL , where 

W -1 

p = 1, 2, 3, ... , such that, for each mine of n, the sequence d^f^ , d^^\ ... 
is monotone decreasing, then a divergent series can be formed which diverges 
more slowly than any of the series of the sequence. 

The proof of the theorem is precisely similar to that of the corre- 
sponding theorem for convergent series, given in § 10. 


CRITERIA OF CONVERaENCE AND DIVERGENCE OP SERIES 
WITH POSITIVE TERMS. 

13. Much attention has been devoted by mathematicians to the 
problem of obtaining criteria sufficient to decide the question as to whether 
a series of prescribed form converges or diverges. These tests, as regards 
a series 2 a„, of which all the terms are positive, are usually obtained by 

n-1 

comparing the series with other series which are known to be either 
convergent or to be divergent. Such tests, formed by comparison with 
other series, fall in the main under two heads, first those in which the 
general term a„ is alone involved in the criteria, and secondly, those in 
which the criteria have reference to the form of the ratio a„+Ja„. These 
tests may be referred to as of the first and second kinds respectively. All 
such tests provide sufficient, but not necessary, conditions for the conver- 
gence or divergence of series; no test can be given which will be decisive as 
regards every series that can be defined ; thus the necessary and sufficient 
condition of convergence, which, for a series of positive terms, is that 
should be bounded, cannot in the general case be reduced to any equivalent 
form which is of simpler application. Various sets of criteria of conver- 
gence were given during the first half of the nineteenth century, the most 
important of which will be given below; and more general theories of such 
criteria were given by Dinif, and Du Bois-ReymondJ. The most complete 

♦ Hadamard, Acta Math, vol. xvin (1894), p. 326. 

t SuUe aerie a termini poaitivi, Pisa, 1867. J Crdle^a Journal, vol. Lxxvi (1873), p. 61. 
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general theory of such criteria, in which all the known criteria are oh 
tained from a unified point of view, is that given by Pringsheim*. 


The two simplest tests of the first and second kinds respectively were 
given by Cauchyf, and may be stated in the following somewhat generalized 
forpas : 

i 

(1) A series S a„, of which all the terms are positive, is convergent if 

1 j»-i 1 

lim a“ < 1, and is divergent if lim a” > 1. 

n^oo n^3o 

It will be observed that the only case in which this test fails to dis- 

l 

tinguish between convergence and divergence is when fim a” = 1. 

ri'^oo 

1 

To establish the test, let lim a” = k. If I: < 1, let /> be a number between 

1 


k and 1, then, for all sufficiently large values of n, we have a'^< p, and thus 
Rn, m is, for a sufficiently large value of n, less than /3”+^ + + ... + 

pn+X 

or than y ; and this for m = 1, 2, 3, . . . . It is clear that, for a sufficiently 

large value of n, < e, where e is arbitrarily chosen, and then R„,m < e ; 
thus the condition of convergence is satisfied. 

1 

If I: > 1, let /) be a number between 1 and k; if lim a” = k, there are 

1 

an indefinitely great set of values of n for wliich a” > p, or for which 
an> p”> 1. The condition lim a„ — 0 not being satisfied, the series is 

VI *^00 

divergent. 


^ (2) A series S a„, of which all the terms are positive, is convergent if 
lim < 1, and it is divergent i/lim > 1. 

M~ao ®n n~ao 

Cauchy himself considered only the case in which lim exists. In 

m~oo 

that case the criterion fails only when the limit has the value 1, when some 
more effective test is required. In the general case, the test fails when both 

the inequalities lim ^ 1, lim s 1 are satisfied, that is, when 1 is 

»i~«i (f'n 

in the interval of indeterminancy of hm-^^^. First, let lim = k < 1, 

n^oo 

and let be a number between k and 1, then, for all sufficiently large values 
of n, we have < pa„, and thus <<^n(p + + ••• + P”) < i^p • 

♦ Math, Annalen, vol. xxxv (1890), p. 297 and vol. xxxix (1891), p. 125. 
t See Cours d'Aitalyae Alg, (1821), pp. 133, 134; also Rdmm, analyt, p. 160. 
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Since a„+m < s^e that lim = 0, and thus lim a„ = 0. If 

m'^OO fl'^QO 

now n be sufficiently large, we have i?„, m< for all values of m; and thus 
the series is convergent. 

If hm — k> 1, let p be a number between 1 and k, then a„+i > pa>n>. 
»~00 

for all sufficiently large values of n. Hence a„+TO > p”'(^n) aiid thus 
increases indefinitely with m. Since the condition hm a„ = 0 is not satisfied, 

n'^co 

the series is divergent. 

14. When the above tests fail, other tests must be apphed ; one of the 
simplest of these is that known as Cauchy’s condensation test, which may 
be stated as follows : 

If, in the series S a„, all the terms of which are positive, and such that 

n-1 

S a„+i, for all values of n {at least from and after some fixed value of n), 
then the two series S a„, S 2'^a^» are both convergent or both divergent. 

n-1 n-^l 

To prove the theorem, we observe that OgVi + ... + Ua"'''*-! is 
less than 2 "a 2 », and greater than 2”a2«+i. It follows that is less 

n n+1 

than «! + S 2"a2'« and greater than «! + i S 2"a2" . From this we see that, 
1 2 
n 

in case S 2 "a 2 " is convergent, 52«+i_i converges to a fixed limit, as « oo , 
and therefore the series S a„ is convergent. Conversely, if S a„ is con- 

n.“l n"l 

n+1 

vergent, 52"+‘-i converges to a definite limit, and hence S 2 "a 2 ’* converges. 

2 

1 

For example, let a„ = -; then 2’‘a2" = 1> from which it follows that the 

1 ^ 
series “ i® divergent. 

‘ If the series Sa„, all the terms of which are positive, be such that 
S a„+i , for all values of n, a continuous monotone non-increasing 
function f (x) may be defined for the infinite interval (1, qo ) such that 
/ (n) = a„, for all integral values of n. A precise form oif{x) will often be 
suggested by the form of a„ , or it may be defined by 

/ (^) = a„+i (x -n) - a„ (x - n - 1), 
in the interval (a„, a„+j). 

Let us consider the function F (x) = f f (x) dx\ we have 

^ 1 

r =n-l rr+l 

F {n) = S I f{x)dx; 

r - 1 Jr 

and this is not less than a 2 + Us -I- ... + «n> and not greater than 

«! + a2 -f ... -f a„_i. 

We thus have s„ — a^^ F {n) ^ . 


HII 
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If the series is convergent, lim is finite, and consequently 

rn fn rh - rn+1 

lim f{x)dx exists. Since f(x)da:&\ f(x)dx^ f (x) dx, where 

roo rn 

n + I, it follows that I f(x)dx = lim / (x) dx. Conversely, 

J 1 n~oo J 1 

since lim «„ S + lim F {n), the existence of the integral involves the 

n^Qo 

convergence of the series. 

When the series is divergent, since s„ — j f (x) dx^Ui, and since 
s„ — fy (x) dx ^ — [ ^/ («) dx, it follows that lim — [ / {x) da;l 

j 1 Jl n^^cjo I .'1 ) 

exists, and is between 0 and % . 

We have established the following theorem : 

If a„ is positive for all values of n, and a„ = an+i> if f (^) ® ^on- 

tinuovLS mcmotone non-increasing function, defined for the interval (1, oo ), 
and such that f (n) = a„, for all integral values of n, then the series IL a„ 

ri’-l 

and the integral f {x) dx are either both convergent, or both divergent; and 

rn 

in the latter case ~ j / (^) converges to a number between 0 and a ^ . 


EXAMPLES. 

(1) Let/ {x) = then since f — is divergent, oo, the series 

X J ^ X 1 Ji 71 

is divergent. Also J + ^ - log«7i converges, as oo, to a definite number C, 

1 71 

between 0 and 1. The number G is known as Mascheroni’s constant, and also as Euler’s 
constant. 

1 f ^dx 7h^ ^ 1 

(2) Let = then I - = -y-- . This is convergent, if 1, and divergent 

X J 1 ^ 

1 7} 

if n < 1. When i? > 1, the sum of the series is between ^ and . 

^ jp-ljp-l 

(3) = ^ ^ 

except that, when p=l, (i^l) * 

It follows that the series 2okw 30^ + - 

converges when p > 1, and diverges when p i 1. 

1 


* (log zr’ J 2 * (log x)^ (log 2)1’-1(P - 1) (log ny>-^(p - 1) 


(4) Let f{x) = 

then j f(x) dx = 


X log X . log log X . . . (log log . . . log a;)** ’ 
1 1 


(log log ... log (p - 1) (log log ... log n)P-^ (p - 1) 
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except that, when p = 1, j f(x)dx = log 


log log ... log n' 
log log ... log 2, 


)• 


1 


Therefore the series 2 — = j T 1 

w ... (log log ... logn)^ 

converges when > 1, and diverges when ^ ^ 1. 


15. If the series S is convergent, it is a sufficient condition for the 

ri-l 

convergence of S that — should be less than some fixed positive number 

n«l On 

K independent of n. For, if denote the partial sums of the series 

respectively, we have s^, < Ks^ \ and thus, if has a definite 
limit, so also has s ^, . This criterion may be stated in the following form : 

^If S a,j, S c,i be two series with positive .terms, and the latter be con- 

n«l 

vergmt, it is a sufficient condition for the convergence of E a„ that lim ~ 

n«“l n-'^oo On 

should not be infinite. 


Again, if f is greater than some positive number L, independent of n, 
and the series 2 is divergent, so also is S a„. For > LSn‘, and thus 

' n»l 

if Sn increases indefinitely with n, so also does s„ . This theorem may be 
stated as follows : 


If Xun, Ed„ be two series with 'positive term’s, and the latter be divergent, 
then it is sufficient for the divergence of E that lim^” should be greeder 
than zero. 




It has been shewn, in § 11, that every divergent series can be expressed 
M — M 

in the form E — ” . The following theorem gives the corresponding 


n-l 


result for a convergent series : 


Every convergent series E c„ is such that c„ can be expressed in 
M 

and conversely a series of which the terms have the 


M 

the form 


n+l^n 

latter form is convergent. 

For let = E c„, then c„ = ^ 

n 

n 


M 


n+1 


■M. 




— 1 - 1 

Conversely, we have = Ec„ = Jfj — and thus s^ converges 

to M~^. 

This theorem and the corresponding theorem for divergent series, given 
in § 1 1, may be employed to express the conditions in the two first theorems 
above in the following form : 
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The series S a„ is convergent if a monotone increasing sequence of positive 

n-l 

Jf Jf 

numbers exists, withovi upper limit, such that lim a„ ff ' ^ * • 

M n+x ~ n 

M 

The series is divergent, if {M^ can be so determined that lim a„ ^ 

-“n+l~-™n 

If /) > 0, the sequence has the same essential characteristic as 

the sequence {M„}, that it is monotone increasing, and such that has 
no upper limit as % ~ oo . 

M'‘ — J/** 

If — ?±i 2 be denoted by Cp,„, the series 2cp,„ is convergent, and 

in case p < 1, it converges more slowly than the series Sci,„ or Sc„. We 
may write Cp _ in the form where A„ denotes . 

J 

^nce *•’ lower limit, as n ~ oo , it follows that the series 

i — A„ 

M — M 

of which the general term is is also convergent. We thus have 

■^n+l 

the theorem : 

The series of which the general term is where p is any positive 

number, is convergent, and converges the more slowly, the more slowly 
increases as n is indefinitely' increased. 

Employing this result, we may now state the following general criteria, 

equivalent to forms due to Pringsheim* : 

M 

If lim a„ — -- ^ > 0, or in case a„ < 1 for all values of n, 

then the series Sa„ is divergent. 

jf jj/'’ 

If lim a„ V F — ^ < <» , where p is a fixed positive number, then 

■“«+! ~ -^n 

Sa„ is convergent. 


The numbers illf„ are subject to no condition except that Jf „ increases 
indefinitely with n, the sequence {Jf„} being monotone. It is clear that 
the criteria will be the more efficient the more slowly M„ increases as n 
increases. Commencing with a given sequence by substitution for 

Mn of ever more slowly increasing numbers, there can be obtained a 
succession of criteria of continually increasing delicacy. 

The criteria may be somewhat simplified if it be assunied that {M,^ 
JML 

is such that is less than some fixed positive number independent of n. 


* Math. Annalen^ vol. xxxv (1890), p. 337. 
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The criterion of convergence then takes the form lira a„ ^ ® • 

16. An important series of criteria may be obtained by substituting 
successively log* J/„, log^ log* M^, ... for in the sequence It is 

convenient to denote log^z, logglog^z , ... log^logg ... log^z by 

log<^' z, log® z, ... log<™' 2 , 

2 by log® ( 2 ), and the product 2 logf ^> 2 log® 2 ... logt*") 2 by L^{z); also 
z = Lq ( 2 ). It can easily be shewn that the two functions 2 — 1 — log 2 , 

log 2 — 1 + - are both positive for all values of 2 in the indefinite interval 
% 

(0, 00 ); except that they both vanish when 2 = 1. Thus we have 

log. 2^2—1, log* 2^1--, for 0 < 2 < 00 . 

z 

M M ^ M 

Let 2 = — ; we then have log — log M„ & — ^^1= ” and 

jyi n n 

M — M 

S - . Again, assuming that n is so large that log J/„ > 0, we have 

loe(2) jf _ ioe(2) M ^ ~ log ^ i- i — M n 

log log \oaM„ - MAosM' 


and log^2^ ^n+i — -^n = 


log Jf „+i - log M„ 


^ logJf„+i 

Proceeding in this manner, we find that 


if„logJ/„ ’ 

■^n+l ^ n 

^ n+\ log Mn+i 


M — M 

log(-)if„+x - log(-)if„ ^ 

l0g<”*)iHn+X - l0g(-)ilf„ S 

the number n being taken to be sufficiently large. 

M 

If it be assumed that is less than a fixed positive number, inde- 

” jif 

pendent of n, which is equivalent to the assumption that lim fA— 

is finite, we see that lim - = 1, and generally that lim = 1. 

logJf„ ’ ^ «~oo log(«ilf„ 

It then follows from the two inequalities obtained above that 

M — M 

log(-)il/„^x - log(”>)ilf„ and 

are in a ratio which lies in an interval {k^, 1), where 0 < ^,„ < 1. 

In accordance with the theorems of § 15, we have the criteria that, if 
,. log<”'»Jlf„ . 

— " log(»»)Jlf„^j — log(”*) Jf„ 
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the series Sa„ is divergent; and if 

log(-) - logf-) Jf„ ^ * ’ 

then Sa„ is convergent. 

jf 

Employing the restriction that lim is finite, we now obtain the 
following criteria*. 


// lim a„ ^ > 0, senes Sa„ is divergent; and if, where p>0. 




< «>, 


#^e series is convergent, whatever integral value m may have; it being assumed 

jf 

that the sequence { is sttc^ that lim is finite. 

n~aa n 


If we take M„ = n, we obtain, as a special case, a series of criteria which 
were first given explicitly by De Morganf , although the essentials are to 
be found in a posthumous memoir of Abel. The particular case in which 
m = 1 had been given by Cauchy, and the full criteria were re-discovered 
by Bertrand. The corresponding criteria for integrals were first given 
fully by BonnetJ. 


If lim wflt„ >0, Sa„ is divergent, and in general, if lim anLm (^) > 

U'^oo n'^oo 

Sa„ is divergent. If lim < oo , 2a„ is convergent, and in general, if 

n^co 

lim a„Lm {n) (log<”*^ »)<• < oo , 2a„ is convergent; the number p being 'positive,. 


17. If S dn be a divergent series, and f (x) == O (x-^~‘), where f {x) S 0, 
and 8 > 0, then the series S / (s„) d„ is convergent. In particular, the series 

n “ 1 

S c"'*®" dn is convergent if p> 0, and it is divergent if p ^ 0. 

n-l 

Since f{Sn)dn< ~-j[^, where K is some fixed positive number, and the 
d/ 

series 2 — has been shewn in § 12 to be convergent, it follows that the 
series 2 / (s„) is convergent. If / (x) = (p > 0), it is easily seen that 

n = l 

has, for positive values of x, a finite maximum. 

In case lim is finite, d„ is less, for all values of n, than some fixed 
number D. The terms of the series 2 d„f (s„_i) are less than the corre- 

n^m 


* See Pringsheim, Math. Annalen, vol. xxxv (1890), p. 339. 
t Differential and Integral Calculus (1839), p. 326. 
t Liouville^s Journal, vol. vm (1843), p. 78. 
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spending terms of K S , where m is such that > D ; and there- 

n -m 

fore the series S d„f {s„_i) is convergent. It has thus been shewn that: 

n ■'1 

If h dn be a divergent series, and d„ = 0 (1), and f (x) = 0 

n-l 

where f (x) S 0, and 8 > 0, then the series 2 / is convergent. In 

n-2 

particular, the series S is convergent, if p> 0. , 

The folloAving theorem has been given by Littlewood*. It can easily 
be proved by the method employed in § 14: 

If 2 dn is divergent, and <f„ = 0(l), and if f (x) he a continuous 

n^l 

positive decreasing function of x, then 2 d„/(5„) converges or diverges with 
0 

J (x) dx. 

The series 2d„ being divergent, the series ^ — -- -- - - - is also 

divergent, in accordance with the theorem of § IL 


L 


Now log s„ - log s„_i 

S dn „ V 

, s„-ilogs„_i L{s„_i) 
more slowly than 2d„ . 

Similarly we see that 

log®s„ — log® 5 

log®5„ - log(2)5„_i 


^ and it thus follows that the series 


^n—l 


, is divergent. It is easily seen that it diverges 


< log s„~ log < S„ - 


and since S 


dn 


o — VlJ: is divergent, it follows that S r~mT ^ — r is 
log®5„_i ® L<»Hs„_i) 


d„ 


divergent. Proceeding in this manner it is seen that the series 2 
is divergent, for to = 0, 1, 2, 3, ..., provided 2d„ is divergent. 

18. Writing for s„, we see from the first theorem of § 17, that 
for any monotone increasing sequence the series 

2 - M„) e-o^^n 


^n-1-1 


is convergent if p > 0, and divergent if p ^ 0. 

Employing the criteria of § 15, we now see, by substituting for c„ or 
dn the value (Mn+i — M„)e~i‘^^n+i, that if lim -sv — ^ eP^^n+i < <x> , 

p> 0, the series 2a„ is convergent; and if lim ^ >0, p^O, 

the series 2a„ is divergent. 


* Messenger of Math., vol. xxxix (1910), p. 191. 
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If — < K, for all values of n, we see that 

Mn+i ~~ -^n 

1 a 

is less than a fixed number, and thus that ^ — log —jr + P 

for its upper limit, as n oo , a number ^ 0. Similarly, if 


1 CL 

we see that ^ — log + p has for its lower limit a number 

which is S 0. We thus obtain the following criteria : 

1 M ~ M 

If hm — log — -" > 0, the series 2a„ is convergent; and if 

n~<» -^n+l 

hm — log - — ^ < 0, the series is divergent. 

n-oo -^„+i ® a„ 

If we substitute log<™+^> Jf„ for Jf„ in these criteria, and assume that 
M 

= 0 (1), we obtain* the following scale of criteria: 

■V ^ convergent; 

, 1 , ^ 


and if lim j — 


" ) < 0, the series is divergent. 


n “ log(»*H-i) M„ \ {M„) aj-'^’ 

If we take M„ = n, we have the following scale of criteria: 


If lim - log f — I > 0, and generally if lim , — , — ■ log r —/ -. — > 0, 

the series is convergent; and if lira - log — <0, and generally if 

log<”*+«n Lm (n) a„ ^ 

the series is divergent. 

The first of the criteria of this scale are equivalent to the following 
criteria due to Cauchyf: 

//lim a" < 1, the series 2a„ is convergent; and ^/lto a” > 1, the series 
Sa„ is divergent. 

It has however been shewn in § 13, that this last condition may be 

1 

replaced by the less stringent condition lim a” > 1. 

n'^oo 

The criteria given by the case m = 0, that if lim — log > 0, the 

* See Dini, Annali delV Vniv. Tosc, voL tx, p. 11. 
t Cours d; Analyse Alg» (1821), p. 133. 
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series is convergent, and that if lim 
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log — < 0, the series is divergent, 

lOff TV TVQ/yi 

were given by Cauchy*; the whole scale was given by Bertrand f. An 
eau^alent scale of criteria was also given by de Morgan f. 

19. It has already been observed that the criteria which have been 
obtained for the convergence or the divergence of a series 2a„ with positive 
terms yield sufficient conditions for such convergence or divergence, but 
not necessary conditions. It can be shewn that there exists no set of 
positive numbers A^, A 2 , ... A„, ... for which limA„ = 0, such that the 


a* 


condition lim .— < 00 is a necessary condition for the convergence of the 

n<^QO 

series Sa„. On the contrary, a convergent series Sa„ can always be con- 
structed such that lim ^ = oo , when the sequence {A„} has been prescribed. 
An increasing sequence of integers %, » 2 > ••• ••• can be so chosen that 

A.s--A.^— A ^ 

~ 22 ’ ”2 ~ 2* ’ * " * ~ 2*”*“* J • • • • 

Now let a„ = ^ 2 ^ , for all values of n which do not belong to the sequence 

{nj; and let a„^ = for m = 1, 2, 3 

The series 2a„ consists of the terms of the convergent series 

-f- 

2 ^ 2* ^ 2® ^ ’ 


in a diflFerent order, and is therefore convergent. 


But S 

^nm 




and thus lim oo . 

ti^QO 

In particular it has been shewn that there exists no set of positive 
numbers {A„} satisfying the condition lim A„ = 0, such that lim ^ = 0 

is a necessary § condition for the convergence of the series Sa„. It can, 
however, be shewn that it is a necessary condition for the convergence of 

Sa„ that lim ^ = 0, provided the sequence {A„} be properly chosen. For 

:: — rr A_ 


if lim ip > 0, ^ can be so chosen that a„ > kX „ , for all sufficiently large 

values of n, and thus, if the sequence {A„} be so chosen that SA„ is divergent, 
the series Sa„ is also divergent. The incorrect statement has been made 

♦ Cours d* Analyse Alg. (1821), p. 137, 

t Liouville^s Journal (1), vol. vii (1842), p. 37. See also Paucker, Crelle^s Journal^ vol. xm 
(1851), p. 138. 

t Differential and Integral Calculus, p. 32(>. 

§ This is contrary to an assumption made by Du Bois-Reymond; on this point see Pringsheim, 
Math, Annalen, vol. xxxv (1890), p. 346. 
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by Dini* and others, that if SA„ is divergent, it is a necessary condition for 
the convergence of Sa„ that lim ^ = 0. This statement only becomes 
correct when the additional condition is added that lim has a unique 
value. 

It can be shewn in a similar manner that there exists no set {A„} of 
monotone increasing numbers such that the condition lim ^ > 0 is neces- 

sary for the divergence of 2 a„. In fact, if {A„} be prescribed and be such 
that SA„ is divergent, a series Sa„ can be so determined as to be divergent 

and also such that lim ^ = 0. 


So. Let Ui + Ua + ... + a„ + ..., + 62 + ••• + + ••• denote two 

*nH 

K 


series of which the terms are positive. Let it be assumed that 


dn 


for all values of n that are = m. We find, by giving n the values 

m, w + 1, ..., n — 1, 


that — = or a„ S kbn, for n 


d^ 


■ m, where k denotes the number 


From this it follows that, if is divergent, so also is Sa„. 


Similarly, if it be assumed that 


a. 






, for n S: m, we see that 


a„ ^ kb„; and thus that, if 2;6„ be convergent, so also is Sa„. 

Taking 'Lc„,Tid„ to denote a convergent series and a divergent series 
respectively, sufficient conditions for the convergence or divergence of 
the series Sa„ may be expressed in the forms 


r 


(A) 


I lim P„ 

n-^oo 




^ < 0, for divergence ; 


lim P„ f— — > 0, for convergence ; 

where {P„} denotes any arbitrary sequence of positive numbers. 

To shew that these conditions are sufficient, assume that the first is 
satisfied, we have then P„ <—■>?, where t] is some positive 


number, provided n S some number m. It then follows that S 

dn 


/n+1 


for n ^m; and thus that 'La„ is divergent. The second condition can be 
similarly shewn to be sufficient. 

These criteria are spoken of by Pringsheimf as the general type of 

p 

criteria of the second kind, since they are reducible by writing — ”, or 

jP 

^ , for , to a form in which only the ratio of d^ to is involved. 


d 


n+l 


* Loc, cit, p. 12. See Pringsheim, loc, cit, p. 343. 


t Loc, cit p. 359. 
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It should be observed that from the relation a„ ^ or from the 


relation a„ S Icb^, it cannot be deduced that ^ or 

^ ^ 

Consequently it does not necessarily follow that, when one of the criteria 
of the first kind is satisfied, the corresponding criterion of the second kind 

is also satisfied. If Sa„ is a convergent series, the limit of 2 does 

not necessanly exist, but may oscillate in any manner. In fact, if we have 
a prescribed convergent series we may by an alteration of the order 
of the terms, which alteration does not affect the convergence of the series, 

ensure that the limit of ^ oscillates in any prescribed manner. 


If we take P* 


, the above criteria become 


iim — 

lim (- — 

\C„ Ufl+i Cn+l 


- — j~) < for divergence ; 


> 0, for convergence. 


The second of these criteria (A), (B) can be reduced to a different form by 
utilizing the theorem that is a convergent series when /» > 0. 

Thus, let c„ = e "’ndn, the second criterion (A) then becomes 

lim P„ ^ > 0. 


lim P„ p ^ eo^n+i > 0. 

,7^ ®»+i ' 

This may be written in the form 

lim \p, e-v f - P„ e-’n ^ - 1)1 > 0. 

L '"n ®fi+l/ ®n+l J 

If we choose P„ to be such that P„ a„+j, e'**™ == 1, the criterion becomes 

lim T— 3- - > 0. 


Assuming that lim dn < co , we have — -t- = 7 ^ — > since 

n~oo <*n+l 1 ~ P^n+1 

J 1 

e* S j ~ — ; it follows that, by choosing p sufficiently small, lim — 

1 Z ^n+1 

may be made as small as we please. Consequently the criterion becomes 


lim ^ ) > 0, 

®n+l dn+V 

provided lim d„ < cc . This restriction on d„ may be removed. For, 

assuming that the condition lim 4 r— 1 > 0 is satisfied for a 

__f=^ \a«+i 

set of values of d„ such that lim d„ = <» , a positive number A can be chosen 


ri'^oo 
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so small that 


and therefore such that 
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lim ^ - - 7 ^ a) > 0, 

\^n+l W'n ®n+l / 
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Hm (;r + “ (^7~ + aV > 0. 

1 1 1 

Let jt- — T- + A, thus lim d'„^ then by hypothesis the condition 

(I n dfi A 

lim ^ ^ satisfied. In case the series Sd'„ converges, 

this condition falls under the second condition (B), and is sufficient for 
the convergence of Sa„. In case Sd'„ diverges, since lim d'„ < qo , it falls 

ri'^oo 

under the preceding case. 

It has now been shewn that the condition 

lim (-^ ^ > 0 

\®B+1 »n+l/ 

is sufficient for the convergence of 2a„, where Ttd„ is any divergent series. 
Combining this condition with the second criterion (B), namely that 

lim > 0, we see that a sufficient condition of convergence 

n~oo '®B+1 ®n+l/ 

of the series Sa„ is that lim ^ {n) — {n + 1)) > 0, where (%)} is 

n~oo '®B+1 / 

any assigned sequence of positive numbers. For the series S 1/^ {n) is either 
convergent or divergent, and in either case the criterion is sufficient. 

This criterioh, which may easily be proved directly, was first obtained 
by Kummer*, who however added the unnecessary condition that (f> {n) 
must be such that lim a„<l> (n) = 0. That this latter restriction is un- 

neces^ry was shewn by Dini and by Du Bois-Reymond. 

■Companion criteria of convergence and divergience may now be stated 

as follows: / a 1 1 \ 

lim ( — — j — -j — ) > 0, for convergence, 

'■®B+l d>n ®B+1/ 


lim 1 

f 

'®b+1 


lim 

f an 




lim f;r^ ;r~ for divergence. 


The particular case in which = 1 gives the criteria of d’Alembert 
and Cauchy which were obtained by comparing the series with a 
geometric series. Thus we have 

I lim (— — 1 ) > 0, equivalent to lim < 1, for convergence, 

I lim (— — l) < 0, equivalent to lim > 1, for divergence. 

( n~oo \®B+1 / n~<yo ®b 

* CreUe’a Journal, vol. xm (1836), p. 171. A direct proof of this criterion has been given by 
Stolz, VorUtungen ilber aUg. Arith. vol. i, p. 269. The criterion was re-discovered by Jensen. 
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If dn = Ijn, we have Raabe’s criteria* 

> 1, for convergence, 

< 1, for divergence. 

In general, let ^ ^ILm (^) > we obtain then Bertrand’sf logarithmic 
scale of criteria 


lim TO 

(J^ - i] 

\^n+l / 

71 '^oo 

lim n 


Va„+i J 

71 '^OO 


lim \l^ -L^{n + 1)1 > 0, for convergence, 

I “«+i ) 

lim \L^ {n) ~ — (n + 1)[ < 0, for divergence. 

^ n~oo (. ®n+l J 


1, 2, 3, .... 


It is easily seen that all these criteria fail in case lim oscillates between 

n~oo ®n+i 

limits one of which is greater than unity, and the other less than unity. 
21. If has the form 1+^+0 where A > 0, we have 


a 


n+1 


n 


and thus lim n f — 1 j = .4. Therefore, in accordance with Raabe’s 

n~ix> '®n+l ‘ 

test, the series 2a„ is convergent if A> 1, and divergent if ^ < 1. In 
the case .4 = 1, we can apply Bertrand’s test for m = 1, {n) = n log n. 

We have 


n log n . — - — (/I + 1) log (n + 1) = {n + 1) log 

®n+i n+1 

Now lim 0 log n = 0, since lim = 0. Moreover 

Tl'^CO / Uf^OO ^ 


+ 0 




lim (to + 1) log 


TO 


TO + 1 


has the value — 1. It follows that in this case the series is divergent. 
The following rule has thus been established : 

If — ■ hus the form 1 + ~ + 0 ( where A > 0, the series Sa„ is 

•convergent if A > 1, and it is divergent if A ^ 1. 

For example, consider the series 
a.jS «(a+ I)i6(i6+ 1) 

1.2.y(y+l) 


+ ... + 


a (a + 1)... {a + n — I)...j8(^+I)(j8-1-TO — 1) 


1.2 ... TO.y (y + 1) ... (y + TO — 1) 

• Baumgartner and Ettinghauscn’s Zeitschr. f. Math. u. Phyaik, vol. x. See also Duhamel, 
LiouvilU's Journal, vol. iv (1839), p. 214 and vol. vi, p. 86. 

t LiouviUe's Journal, vol. vu (1842), p. 42. See also Bonnet, ibid. vol. vin (1843), p. 89, 
and Paucker, Crette’a Journal (1861), vol. xui, p. 143. 
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We have 

o>n _ + ^) (y + _ j I ^(y +1 — g — ^) — «^ + y 

«n+i "” (« + to) (j8 + n) ~ (a + to) (j8 + to) 

TO \n^l 

hence the series is convergent if y — a — jS > 0, and it diverges if 

y — a — )8 ^ 0. 

Tf “« _ TO”* + aTO”*~^ + + ... 

®»i+i + .dw.”*-^ + J?to”*-2 4- . . . ’ 

we have = 1 + ^ + o( ; and thus the series is converi 


we have — — = 1 + 1" ^ { “a ) > series is convergent if 

Ctfi+l ^ / 

a — A > 1, and is divergent if a — .4 S 1. This criterion* was given by 
Gauss. 


22 . Employing the theorem that if 2 ]d„ is divergent, 'S,dne~'“n is con- 
vergent, for p > 0, we may in the criterion (B)2, of § 20, write for c „ . 

It is thus a sufficient condition for the convergence of Sa„ that 


hm (— ^ T -T ) > 0, 

n~oo '®n+l ®n+l/ 


which is equivalent to the condition that — — -j— — > a positive 

®n+l gn+1 

number p, for all values of to = a fixed number . From this it now follows 

that « ft 

— -- > e<‘^n+i -f for n ^ n^, 

®n+l ®n 

or ~ log > P -I- ^ loge ( 1 -t- pd„+i e-<**»+,) > p, 

for TO ^ to', where p is some fixed positive number. This condition is certainly 
1 d 3 / 

satisfied if lim -5 — log — — ^ > 0, provided p be properly chosen. 

g„+l ®n+l 

Hence a sufficient condition, of convergence of Sa„ is that 

1 • 1 1 a,- dnj.1 


lim j — 

“n+1 


0. 

®n+l 


In a similar manner it can be shewn that a sufficient condition of diver- 
gence of the series Sa„ is that 


lim -T^ log < 0. 

»~00 g»i+l ®n+l ®n 


If it be assumed that lim is finite, in the whole of the foregoing 


* Opera, vol. ra, p. 139. 
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investigation may be substituted for e-o*-. We thus obtain the 

criteria , 1 ^ ^ 

lim -T- log > 0, sufficient for convergence, 

I lim log < 0, sufficient for divergence^ 

VtI'^oo ®n+l®n 

provided lim d^ is finite. 

n'^oo 

Since the divergence of the series S is a necessary conse- 

quence of the divergence of we can replace d^ by - ^ in the 

above criteria. They then give rise to the scale of criteria 

lim ^ (s„_i) log > 0, sufficient for convergence, 

\im^ Z/(’”)(5„_i)log-— - < 0. sufficient for divergence, 

n~«i ®« ®n+l 

where m = 0, 1, 2, 3, — 

In case we let = 1, we have the following scale of criteria; 
lim log > 0, 

n^QO ®«+l 

lim (»» - 1) log w = 0, 1, 2, 

tl^co 

sufficient for convergence; 




lim log ^ < 0, 

n^oo ^n+i 

I)log“£P^i^'<0, »« - 0, 1. 2, ..., 

sufficient for divergence. 

The criteria corresponding to w = 0 are 

lim (n — 1) log*-”-^ - — > 0, 

^ ^n+yn 


lim (w — 1) log — — < 0. 

o«+i w 


Since 


1-^00 

n 


limwlog- 

n~«) ^n+ I 


0 + i)"" - '■ 


these criteria become 


a. 


lim n log — > 1, for convergence, 

®n+l 

lim n log < 1, for divergence, 

n~aa ®n+l 

a criterion which was given by Schlomilch. 
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23. Let M (x), m {x) denote monotone functions, positive in the 
infinite interval (1, oo ), of w, which both diverge to oo , as a; ~ oo , and are 
such that M {x)> m (x). It will be assumed that / {x) is monotone non- 
increasing, and positive. 


Let 

<f>{x) 


■ r*"'' f(x)dx/ f (x\ dx = F{M(x + h)}-F{M{x)} 

JMi.) / J™(x) F{m{x + h)}-F{mix)}’ 

where h is an arbitrarily chosen positive number. It will be shewn that : 


The series !!>/{%) converges ^/lim <f> {x) < 1, and diverges z/lim (f> (x)> 1. 
Krst assume that lim <f> (x)> 1 ; then (f> (x) ^ 1 + e, for x ^ where e 

X'^ao 

is some positive number, so that 

F{M{x + h)} -F{M (a:)} S (1 + e) [i?’ {m (x + h)} - F {m (a:)}], 
from which it follows that 


F{M{^ + nh)} -F{M m S (H- e) [F {m ($ -H nh)} - F {m {$)}]> 
for all positive integral values of n. 

We have now 


F{M(^ + nh)}-F{Mm , F{Mm-F{m(i)} ] 

(I + nh)} -F{M H)} " ^ ^ .P {m -H nh)} - F {M (^)}| 

S 1 + €, 


provided n be chosen so large that F {m(^ + nh)} > F {M {^)}. From this 


it follows that 


F {M ($ + nh)} - F {M (i)} 
^ F {m a + nh)} -F{M {$)} 


lim 


1+e. 


/>0O 

If f (x) dx, or F(qo ), were finite, the limit of the expression on the 

left hand side would have the unique value 1, hence it follows from the 
inequality that F (oo ) = qo , and thus that 2/ (%) diverges (see § 14). 

Next assume that lim <f> {x)< 1 ; then <f> (x) ^ 1 — e for a; S and for 
some positive number e. 

We find as before that 


F{M{i + nh)} -F{M (i)} ^ (1 - e) [F {m -h nh)} - F {m (^)}], 
and hence that 

F {M{( + nh)) - F {MiO) F{Mm-F{m(()) 1 

F {m (( +nh)) -F{M (()) ~ ' '' 1* {» (f + rf)) - {jtf (f))) ' 

If now F(oo ) = 00 , we find from this inequality that 

^ F{M{^ + nh)}-F{Mm 

„ F {m -f nh)} -F{M (^)} “ 

which is impossible, since F {M -t- nh)} > F {in{^ + nh)}. It thus follows 
that F(oo ) must be finite, and therefore that L / (n) converges. 
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{M{x + h)-M{x)}f{M{x + h)} F{M{x + h)}-F{M{x)} 
{m{x^h)-m («)} / {m {x)} F {m {x + h)} - F {m («)} 
{M {x + h) — M {x)}f{M (a:)} 


{m {x + A) — m (x + A)} ’ 

we see that the criteria can be reduced to the form 
(,. {M(x + h)-M{x)}f{M{x + h)} , ^ 

I ^ (M 

+ convergence, 

{w (a; + A) — m {x)}f{m {x + A)} 

where M (x) > m (x). 

A special pair of criteria can be obtained by taking m (x) ~ x ia the 
first criterion, and m (a;) — a: — A in the second ; we then have 

{M (x + h) — M (x)}f{M (x + h)} , j. j. V nf / \ 

lim ^ — r A ^ > 1, for divergence, where M (x) > x, 

cC'-^oo 

~{M {x + h) ^ M {x)}f{M (x)} , . U TIT/ X L 

lim i ^ convergence, where M {x)>x — h. 

a?— 00 (x) 

In particular, if A = 1, we have 

lim ^ (^ + 1)} ^ (Jivergence, when M (x) > x, 

aj-^oo J 


.{M{x+l)~M{x)}f{M{x)} 


< 1, for convergence, when M {x)> x — 1. 


7M 

These criteria were given by Kohn*. 

If M (a;), m (a:) have definite differential coefficients M' (x), m' (x), 

and differ arbitrarily Httle from 

hM (a;) Am {x) 

unity, if A be taken small enough. In this manner we can obtain the 
following criteria: 

lim ^ > 1, when M {x) > x, for divergence, 

i;:;? J (^) 


lim 

[x^co 


M’ {x)f{Mjx)} 

/(«) 


< I, for convergence. 


The companion conditions obtained by taking M (x) ~ x, m (x) < x are 


lim 


lim 


^ / i^) 

m' lx)f{m (a;)} 

fix) 


> 1, when m (a:) < x, for divergence, 
< 1, for^convergence. 


U~«w' {x)f{m{x)} 

These criteria are due to Ermakofft- 

* Archiv der Math. vol. Lxvn (1882), p. 63. 

t BuUetin d. Sc. Mat. (1), vol. n (1871), p. 260; (2), vol. vn (1883), p. 142. 


H. n 


3 
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Taking M (z) — e®, m (x) = log x, we have the special criteria 
-T— 6® f (e®) e® f (e®) 

lim /. - ■ ■ > 1, for divergence; hm ’ < 1, for convergence; 

a:~oo J \X) J [X) 

X f (x) X f (x') 

lim , \-> 1, for divergence; lim . J ^ ' < 1, for convergence. 

x~<»j (mg x) (mg 


THE CONVERGENCE OF SERIES IN GENERAL, 

24. We proceed to consider the case in which the terms of a series 2 a„ 
are not all of the same sign. The simplest case is that in which the positive 
and negative signs occur alternatively. In this case the following criterion 
is frequently applicable to decide the question of the convergence of the 
series: 

// the terms of a series + ^3 ~ ... be of alternate signs, and 

if = Un+i > for every value of n, it is necessary and sufficient for the con- 
vergence of the series that lim u„ — 0. When this last condition is not satisfied 

n'^oo 

the series oscillates between limits, both of which are in the interval (0, uf), 
where we may assume u^ to be positive. 

Since | — ««_i | = | ^^„ | , it is necessary for the convergence of s„ that 

lim Un = 0. Again we have 

I j | ^n+2 H“ • • • “4“ ( | ^ j ^7i+l j • 

If hm Un — 0, for all sufficiently large values of n we have | — >s„ | < e, 

ri'^oo 

an arbitrarily chosen positive number, for m — 1, 2, 3, ... . Thus the con- 
dition of convergence is satisfied. 

If lim I 1 is not zero, it is seen that 0 < Sgn < '**1 > and that does not 

n^oo 

diminish as n increases ; therefore s^n has a definite limit, in the interval 
(0, Ui). Similarly, we see that never increases as n increases, and that 
it lies in the interval (0, uf}; thus 52„+i has a definite limit in the interval 
(0, %). The limits of Sgn) ® 2 «+i hoth lie in the interval (0, and differ 
from one another. 

For series in which the signs may be distributed in any manner the 
following theorem is of importance. It was first established by C’atalan* 
and Dedekind f, and depends essentially upon a lemma due to Abel J. 

This Lemma consists of the identity 

r -n - 1 

kiU^ + k^u^ + ... -^ k„Un 2 {kr— S^ + knS„, 

where denotes the rth partial sum of the series 2 It has a role in 

n = 1 

♦ Traitd Mmentaire des Series (1860), p. 32. 

t See his edition of Dirichlet’s Vorl. il, ZaMentheorie, 3rd ed. p. 255, 

J For a history of the theorem see Pringsheim, Math. Annalen, vol. xxv (1885), p. 423. 
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the theory of infinite series similar to that of integration by parts in the 
Int^^ral Calculus. 


If the series + ... + u„+ ... be either convergent or oscillating 

between finite limits, and {&„} be a sequence of numbers such that lim = 0, 

and that the series 2 | A;„ — kn+i | is convergent, then the series 
1 

k^Ui "i" k^u^ ... 4" k„u„ 4" ... 

is convergent. In particular it is sufficient that form a monotone non- 
increasing sequence and that lim = 0. 


A partial remainder of the series is expressed by 




+ Jc 


n-i-2'^w+2 


+ ... + k 


n+m'^n+m 


~ kn+1 (^n+l ^n) ”1“ ^7i+2 


«4-2 




) + ...+ k 


n-hm \”n + w 




-i) 


kn+1 (k 


n+1 


^’w+ 2 ) ^w+1 {kn+2 kfi J 3 ) Sn+2 ^ ••• 


+ {kn 


+7n—l 


) 1 k^ 


4-m m * 


If the scries + U 2 + ••. is either convergent, or oscillating between 
finite limits, we have \ s^l < for all values of n, where A is some fixed 
positive number. The integer n can be chosen so large that j I < 
where m = 1, 2, 3, 


If the series \ k^ — k^^i | is convergent, n may be chosen so large 
n - 1 

that j k.fi^ 2 1 ... "I" j k^^ ,,1 j <C €, for ifYi = 2, 3, ... • It 

follows that, if n be sufficiently large, 

I ^B+l ^n+1 4“ ..• + ^‘n+m ‘^^n+m | iAe, 
for the values 1, 2, 3, ... of m. 8ince e is arbitrary, it follows that the 
series k^Ui -\- k^Uj^ ... is convergent. 

The following theorem may also be established: 

Jf the series 4- Mg 4- ... 4- I- ... be convergent, and {^„} is a sequence 
of numbers, such that | kn | is less than a fixed positive number K, for all 

values of n, and is also such that the series S | — k„^.i \ is convergent, then 

-=1 

the series k^n^ + k^u^ + ... is com^ergent. In particular it is sufficient that 
{k.^ should be a non-diminishing sequence of numbers with a. finite upper 
limit. 


We find, as before, by writing s — = I^n+mi 


k 


n+l'^n+l 


n+m'^n+m 


+ ... + Aj, 

kn+l^n (^^n+1 ^n+a) ^n+1 {kn+2 ”” k^+f) ^n+2 

k. 


h 7? 


{kn+m—1 ^n+w) ^n+m~l 

If n be taken so large that | k^j^^ — 1 + ••• + I | < 

m = 2, 3, ... , and also so large that | Rn+m I < m == 0, 1, 2, ... , we have 


kn+i'^n+i + ... 4- ^ 


n + m'^n+m 


I < 3K€, 


3-2 
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for = 1, 2, 3, .... Since ZKe is arbitrarily small, the condition for 
convergence of the series is satisfied. 


EXAMPLE. 


Since 2 sin = sin - 6 sin ^ cosec f , we have, for any value of 0 which is not zero 

^ mm\ M M ^ 


or a multiple of 27r, 


n 

2 siiiTid 

< 

0 

cosec X 

f-1 


2 


, and thus the series oscillates between finite 


limits. Similarly, if d is neither zero nor a multiple of 27r, the series 2 cosrd oscillates 

r =1 

between finite limits. The first series is convergent, and the second is divergent, when 0 — 0. 
It follows from the above theorem that, if be a sequence of numbers which converges 


to zero, and is such that 2 | | is convergent, the series 2 k^ sin nO is convergent, 

n=l oo n-1 

for any fixed value of 0; and the series 2 k^ cos nO is convergent for any fixed value of 

n =1 

6 that is neither zero nor a multiple of 27r. In particular {k^ may be any sequence of 
non-increasing numbers which converges to zero. 


'25. It can be shewn that, if the series | I + 1 1 + ... + I I + ... 

is convergent, the series % + ^2 + ••• + + ... is also convergent. Let the 

first n terms of this second series contain terms with the positive sign, 
and ^2 terms with the negative sign, and let cr„j , — denote their sums ; 
thus Now (T„^ + a'„, is the nth partial sum of the series 

1 I + 1 ^2 1 + ...> and, since this series is convergent, is less 

than a fixed positive number, whatever value n has. It follows that 
<T„,, <t'„, are each less than some fixed positive number, however large 
may be. 

Since are both monotone non-diminishing sequences it 

follows that lim lim are both definite numbers; hence lim is 

n'^oo fi'^oo n~oo 

a definite number, and therefore the series -f- M 2 + ••• is convergent. 
The limits of , o-'^, are independent of the orders of the terms in the two 
series, and of the particular sequences of and n^. 

00 

If the series S | | is convergent, then the series S m„ is said to be 

n-1 

ahsoluldy convergent. 


S^f two series S a„ , 2 are such that ^ is bounded, then if 2 is absolutely 
convergent, so also is 2a„. 
a. 


For, if 


K, for all values of n, we have 2 | a„, | S X 2 | 


m-l ' m-1 

and thus, if n is indefinitely increased, 2 | «„ | converges to a value which 
does not exceed K times the sum of the absolutely convergent series 

00 

2 16 


m-l 


m 
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It may happen that ct„, — has a definite limit, as % is indefinitely 
increased, but that o-„, , ct'„, increase indefinitely. In that case the series 

00 QO 

S is convergent, but S | «„ | is divergent. The series S tt„is then said 

n-1 w-1 ‘ n=-l 

to converge non-ahsolutely. 

00 

If a convergent series 2 u„, oi which the sum is s, be such that every 

series which consists of the same terms in a different order converges to 

00 

the value s, then the series S is said to be unconditionally convergent. 

It has been shewn in § 8 that, if all the terms of the series are positive, 
and the series is convergent, then it is necessarily imconditionally convergent. 

For series in general the following theorem will be established : 

A series which is absolutely convergent is also unconditionally convergent; 
and conversely, a series which is unconditionally convergent is also absolutely 
convergent. 

The truth of the theorem is clear from § 8, in case all of the terms 
have one and the same sign, with the exception of a finite number 
of them. It will accordingly be assumed that this is not the case. 
Assuming that the series is absolutely convergent, it has been shewn 
that cr„, , both converge to definite limits, as n is indefinitely increased, 
and thus n^ and n^ are both indefinitely increased. If the given series be 
rearranged in accordance with any norm, the two series which contain the 
positive and the negative terms respectively are also rearranged, but as 
has been shewn in § 8, their limiting sums are not thereby altered, and 
they converge respectively to lim cr„, , — lim or'„, . It then follows that the 

tl'xoo 

rearranged series converges to lim (t„, — lim , the same sum as when the 

TI'^CO 7lrs/cO 

terms were in the original order. 

Next let it be assumed that the series 2 u„ is unconditionally con- 
vergent. It is impossible that one of the two limits lim o-„, , lim should 
be infinite and the other finite, for in that case 2 u„ would be divergent. 
Thus, unless they are both divergent, the series 2 | | is convergent. Let 

it be assumed that lim a„, , lim a„^ are both oo ; it will then be shewn that 

n<^Q0 n^oo 

2 Un cannot be unconditionally convergent. 

Corresponding to each number n there are numbers n^, n^, both of 
which increase indefinitely with n. For each value of let TCj' be the 
smallest integer such that ar„^’ S 2cr„,. We then consider the two sequences 
of numbers {%'}, (ug) ; a corresponding rearrangement of the terms of the 
given series can be so made that the first n/ positive terms of the series 



33 


Sequences and Series of Numbers [ ch . i 

are taken together with the first negative terms of the series, to make 
the first %' + terms of the new series. The partial sum of the new series 
is then S 2 (t„, — <t'„, . Since ct„j — cr'„, has a finite limit, and (r„, 

diverges, it foDows that diverges. Therefore the series has been 

so rearranged that it becomes divergent, and this is contrary to the 
h3rpothesis that the series is unconditionally convergent. Hence , cr'„, 
must both be convergent, and therefore the series 2 | «„ | is convergent, 
or ^ is absolutely convergent. 

26. The following theorem, due to Riemann*, will now be established: 

The terms of a non-absol'utely, or conditionally, convergent series can 
always be so rearranged in a series of type to, in accordance with some 
norm, that either {\) the new series converges to an arbitrarily assigned sum, 
or that (2) the new series is divergent, or that (3) the new series is oscillatory, 
with arbitrarily assigned limits of indeterminancy. Moreover each such 
rearrangement may be made in an indefinitely great number of ways. 

Let ki, k^, k^, ... be a monotone increasing sequence of positive num- 
bers, defined in accordance with some prescribed law. Take pi positive 
terms of the given series so that aj,^ > k^, whilst ^ k-y] next 

take qy negative terms sueh that Oj,, — ct',, £ ky , whilst or,,, — a'g^_y > ky . 
Next take p^ — py more positive terms of the given series so that 

Ojij a k^ , 

whilst ^ ki, then take — qy more negative terms, so that 

(Tj,, — (t'j, = k^, whilst a,, — o'g^-y > k^. Proceeding in this manner, we 
obtain two sequences of integers {p„}, {^„} such that — 
whilst > kn, and ^ k^-y. Denoting the positive 

terms of the series by a,, ag, ... a„, ... , and the negative terms by 
by,b2, ... b„, ... ,we obtain a rearrangement of the series, which is such 
that 

(ttj + <*2 "t" ••• ®j>i) — (^1 + 62+ ... + 6j,) 

+ (®3)t+l + ••• + — (^9i+l + ••• + + ••• 

“I" (^Pn-i+l "I" ••• "H ®j)n) (^»n-i+l i" ••• “f" 

is S k„, whilst, if we leave out the term it is > This sum — o-',„ 
accordingly differs from k„ by less than . If the whole of the last braeket 
be omitted, the expression then differs from k„ by less than a,,^, in accord- 
ance with the mode of determination of aj,^. If n be sufficiently large 
flp,, and 69^ are both less than an arbitrarily assigned number e. Thus, if 
some or all of the terms in the last bracket are omitted, the expression then 
differs from k„ by less than e. If the two last brackets are omitted, the 
remaining expression differs from k^-i by less than , and n may be 

* Partidle Differentialgleichnngen, Braunschweig (1869), p. 41. 
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chosen so large that this and are both less than €. If the whole of the 
last bracket and a part of the terms in the last bracket but one are omitted, 
the remaining expression is between 1c„_i — e and 1c„ + c. It follows that 
if Pn-i + S'n-i = = Pn + S'*!* sum sn, oi N terms of the rearranged 

series, lies between hn-i — e and k„ + e. Now let the increasing sequence 
converge to a positive number k] then , k ^ , k^+x , ... all differ from 
k by less than c, provided n is taken sufficiently large. It follows that «jv 
differs from k by less than 2e. Since e is arbitrary, it follows that the 
rearranged series converges to k. Since k may be defined in an indefinitely 
great number of ways by an increasing sequence it follows that there 
are an infinitely great number of such rearrangements of the terms of 
the given series. 

In case the sequence {k„} is divergent, it is clear that the rearranged 
series will also be divergent. 

In case the number k is negative, the method of procedure is essentially 
the same ; we then commence by taking negative terms of the given series, 
the numbers k„ being taken to be negative, and to be a diminishing 
sequence. 

To establish (3). Let k, k' be two arbitrarily assigned positive numbers 
such that k> k' . Let k be defined as the limit of a sequence of in- 
creasing positive numbers, and k' as the limit of ia similar sequence ; 
we may suppose that k^ > k'„ for all values of n. 

As before, two sequences of increasing integers {pj}, {q^ can be so 
determined that crp,-i^kx; a'^^k\, cr„, - or'„_i > fc'i; 

and generaUy so that > k„, CTp„_i - ^ k\, 

Opn — > ^'n- manner a series 

(di + ... + a,,,) — (bx + ... -I- bgj + (ap,+i + ... + 

“ i^(h+l + ••• + + •” + (f*J>n-i+l + ••• + ®J>n) ~ + ••• + Kn) 

is formed which differs from k'„ by less than 6,„; if the last bracket is 
omitted the remainder differs from k„ by less than a„„. It is now easily 
seen, as in the previous case, that the series oscillates between k and k' ; 
this rearrangement can be made in an indefinitely great number of ways. 
In case k and k' are of opposite sign, only a slight modification of the proof 
is required, -f 

A speciwcase of this general theorem arises when the given series is 
+^'m — tta -f <*3 — as + ... , where each positive term a„ is followed 
by a negsrave term of the same absolute value. Provided lim a„ == 0, the 

71 '^QO 

series is convergent, but ii ax + a^ + ... is divergent, the convergence 

of the series is non-absolute. It now appears that, from the terms of a 
divergent series a^ -f ag 4- ... , where lim a„ = 0, series can be constructed. 
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in an indefinite variety of ways, which converge to a prescribed sum, or 
are divergent, or oscillate between given limits ; all such series having the 
form 

+ <*2 + ... + Uj,, — — <*2 — ... — Ujj + + ... + 

®«1 + 1 ®(Ii+2 ••• > 

the numbers 'Pi,Pz, g' 2 » • • • being determined in the manner explained 

above. 

EXAJVIPLES. 

'1) The series ~ 2w ^ non-absolutely convergent, 

its sum being log, 2. The series l + ^ + I + which is obtained by a 

O 

systematic rearrangement of the terms of the first scries, converges to * log^ 2. 


For we find 


m^n 

Un “ 2 
m 


a™- 


j u 

^ - 1 4m/ ’ 


m -n 

and, for the second series, = S 

m 


3 4m - 2 4m 

\4m - 3 4m - 1 2m/’ 

m=^n / 1 1 \ 1 

therefore - « 4 « = ( 4 ,^ " j J = 3 

3 

Since « 4 „, s^„ both converge to log, 2 , as » , it follows that «' 3 „ converges to ^ log, 2. 
Since «' 3 „_i, ^'an-s only differ from s'^n by 2 m’ ~ 2 m’ ^ have the 

3 

same limit as s'^^; therefore the second series converges to ^ log^ 2 . 
v^2) By rearranging the terms of the non-absolutely convergent series 


we obtain the series 


. , 1111 11 


1 


, 1,111111 

^"^2 ^"^3*^4 2*^ 5 "^6 3 "^"’ 

, 11,1111 1 , 


1 1 ^ 1 

n - \ ^ 2 n - 2 n n 

1 1 


-h ... 


_ _ ^ _ 1 

w - i 3 n- 2 3w - 1 3» n'^ " 


, , 1111111111 
1-1 + 2+ 3 + j- 2 + 6 + 6+ 7 + 8 + 9"3^' 

1^ 1 

M - 1 (M - i)2 +"l 




. - 1)* + 2 

The first of these series converges to log, 2, the second to log, 3, and the third diverges. 

oesIro’s summation by arithmetic means. 

n 67. Denoting by 5„ the wth partial sum of the series 

Ui + U2 "i" ••• "b + ... , 

S ~f" 5 “4“ ”1“ s 

and by the arithmetic mean of the numbers 


^19 ^25 ••• ••• J 
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it has been shewn in § 6, Ex. 1 that, whenever lim has a definite value s, 

ri'^oo 

so that the given series is convergent, then lim 8„ = s. The latter limit 
lim Sn may, however, exist when the series is not convergent, as is seen, 
for example in the case of the series 1— 1 + 1— 

Whenever 8n has a definite limit, as n. ~ oo , the given series is said to 
be summable by Cesdro’s method of arithmetic means. In view of a develop- 
ment of Cesilro’s method of summation, to be considered later, it is also 
said to be summable {G, 1), that is by Ces&,ro’s method, order 1. It may 
happen that S„ is not convergent but oscillatory; the values 8 of 
lim 8n, lim 8^ are then said to be the upper and lower sums {C, 1) of the 

n^oo n^cc 

series. In case 8, 8 are both finite numbers, the given series is said to bo 
bounded {0, 1). 

From the point of view of the theory of sets of points, it may happen 
that the points P^, P^, ... P„, ... which represent the numbers 

> •• • * 

do not converge to a single limiting point, but that the set of points 
Pi, Wz, ... ... , where F,, is the centroid of the points P^, Pg, ... Pn, 

has a single limiting point P, which then represents the Cesiro sum 8. 

We have, since + Sg + ••• + s„ = n8n, s„ = n8„ — (w — 1) 8„_i; 
therefore a„ = n8„ — 2 {n — 1) 8„_i + (» — 2) /S„_g; and hence 

- S. - 2 (l - 1) S.,. + (l - ^) - S. - (l - ^) 

In case 8^ has a definite limit as w ~ oo , it follows from these last two 

CL S 

equalities that both converge to zero. In case is bounded, but 

Cb S 

not necessarily convergent, it is seen from the same equalities that and 
are both bounded. It has thus been shewn that: 

If a series Sa„ be bounded (G, 1), then a^ = O {n), and s„ 0 {n). If 
ttie series is summable {G, 1), then a„ — o (n), s„ — o (n). 

The following theorem may be obtained at once from the general 
theorem given in § 6. Writing, in that theorem, = n, a„ = , we 

have: 

is oscillatory, between finite or infinite limits 
lim s„ S Urn 8„ ^ lim 8„ S lim s„ ; 

Ti'^co 

and in particular, if the series be summable {G, 1), its Gesdro sum lies in the 
interval formed by the upper and lower sums of the series. If the series is 
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divergent, then S„ is also divergervt, to + co , or — cc , as the case may be. In 
case lim exists either as a finite number or as -{■ co or — co , lim /8„, exists 
and has the value s. 


28. The following theorem will be established: 
yj If a series S a„ is summable {O, 1) the series S is convergent; and if 

n- 1 ^ 

2 a„ is bounded (G, 1) the series 2 is convergent, provided 8> 0; 
moreover the series S — is then bounded. 

n* 1 ^ 

n==m 

The series 2 may be written in the form 

n-l ^ 


“v™ - 2 (n - 1) + (n-2) S„_ 


n-l 


^i+« 


where S_i = 0 


m-2 

or S nS 

n-l 


72,1+5 lJl+5 {n + 

-\- (m - 1) - 

The two last terms are equivalent to 


1 

2)i+« 


m 


i+« 


+ - 


(m 


- l)i+J 


+ mS^. 





Sm- 

■1 

il 


(m — 

ly V w 



If is bounded, this converges to zero, as m ~ oo , provided 8 > 0. 
If 8 = 0, the expression is bounded when 8^ is bounded. If 8^ has a 
definite finite limit, and 8^0, the expression converges to zero, as m ~ oo . 


m-2 

The series 2 

n-i 


n) \ n 


IS, since 


(i + s + n^. 


(* + s) "l-(l + 8 + 0*,. (l + l) '"‘“-1 

where are both bounded, and converge to zero, as n oo , numerically 
less than *"2^ | 8„ | . 


n-l 


If 8 >• 0, and I | is bounded, this is less than a fixed number inde- 
pendent of m. 


m - 2 


If 8 = 0, the series becomes 2 


28„ 


1 {n -I- 1) (to + 2) 


, which is absolutely 


convergent if 8„ is bounded. 

It has thus been shewn that, when 8„ converges to a finite limit, the series 
2 ^ is convergent; and that, when S„ is bounded, the series 2^^ (8 > 0) 


is convergent, and the series 2 ~ is bounded. 

n 
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It should be observed that, although the series S is 

(n + 1) (to + 2) 

absolutely convergent when 8^ is summable (C, 1), it does not folloAv that 
the convergence of the series S — is absolute. For, in the transformation, 

-- is replaced by the sum of three terms, which are then rearranged, and 
the series may thus become an absolutely convergent series. For example, 
the series 1 — 1-hl — l+...is convergent (C, 1), but the series 1 — -f ^ • 

is only non-absolutely convergent. 

The following is a generalization of the second part of the above 
theorem, and can be established in the same manner: 

If the series S a„ is bounded (O, 1 ), and {A:„} be a sequence of numbers 
1 

such that ^ o (-Y and such that the series S n | -t 1 

\^J ^ n « 1 

convergent^ then the series S k^a^^^ is convergent. 

W = 1 

SERIES OF TRAJSrSblNTTE TYPE. 

29. If S^, ^2 ) *^3 9 • • • ^71 > • • • f 1 » • • • • • • 

be a set of numbers each one of which is definite, and in which every index 
that precedes some number j8 of the second class occurs as a suffix, and 
if the series 

'^1 + '^2 ••• + ••• + ■(" + ••• + + ... 
be formed, where 

u^ — S^^ U^ = S^ , ... Ujf^ — ••• '^co “ lip^ '^71? ™ '^Wfl '^a>> 

^co 1-1 2 ^*.-11 5 *•* 9 ••• ) 

in which the indices of u include every number less than j8, then the series 
is said to be a convergent series* of type If y be a limiting number, the 
limit of a sequence {y„}, then Sy is defined to be lim s^^. If j8 be a limiting 
number, the series has no last term, but if jS be a non-limiting number, 
the last term of the series is 

■“■tp-ii == — %-j] • 

An ordinary infinite scries 

Ui U2 ... -I- u„ ■+•... 

is of type w. A series 

Ui U2 ... H- TO„ -h ... Vi V2 ... Vn~\- 

* Such series have been investigated in a different manner by Hardy, Proc. Land. Math. 80 c. 
(2), vol. I (1904), p. 285. 



44 Sequences and Series of Numbei^' [oh. i 

is of type a)2; and a double series 

QO 00 

^ 2 S a„, 

r-1 «-l 

^11 + ^12 ■+■ ^13 + ••• + + ••• 

+ 0^21 + ^22 + ^23 + ••• + + ••• 

+ a3i + <^32 + ^33 + ... + dzn + ••• 

+ dni + (1^2. + ^«3 + ••• 


is of type co^, if it be taken in columns successively, or in rows successively ; 
but it is of type o) if the terms are taken diagonally in the form 

ail + (<*12 + <*2l) + (<*13 + <*22 + <*3l) + ••• • 

Conversely, a series of any type jS is convergent if all the sums 

•*1, ^ 2 , ... ... Su,, ... Sy, ... Sp 

be definite numbers. 

It is clear that, jS being any given number of the second class, any series 
of the ordinary type oi can have its terms so arranged that the series 
becomes of type j 3 . For a correspondence can be defined between all the 
ordinal numbers less than / 3 , and the ordinal numbers of the first class. 

Let us now suppose that all the terms of a convergent series 

ttj + + ... + + l + ... + Uy + ... , 

of type j 3 , are positive, and thus that 

5i ^2 ^3, ••• ... ^ j •*. ^ • 

If we represent the numbers 

in the usual manner, by points on a straight line, the terms of the series 
are represented by a sot of intervals 

(0, 5i), (^1, ... ('Sio) ^io+i)> ••• 

on the straight line; each interval abuts on the next; and all the points 
Sa , where a is a limiting number of the second class, are semi-external points 
of the set of intervals. The end-points and the semi-external points of the 
set of intervals form an enumerable closed set which has consequently zero 
content ; and it follows, from the theory of the measures of sets of points, 
that the set of intervals has a measure equal to that of the whole interval 
0 , 53), which is therefore Sp . Since the measure of an infinite sequence of 
intervals is equal to the sum of the measures of the intervals, it follows 
that, if the intervals be arranged in a sequence of type o), their sum is Sp. 
The following theorem has thus been established : 
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If a series of positive numbers be convergent, and of type /S, it will also be 
convergent when arranged in type w ; also the sums will be the same. Conversely, 
if it be convergent when arranged in type ta, it will also converge to the same 
sum when arranged in type 

We may pass to the consideration of series of type jS, of which the 
terms are not necessarily all positive, but of which the convergence is 
absolute. 

An absolutely convergent series of type j8 is a series which is convergent 
when each term is replaced by its modulvis. 

Let us suppose the intervals constructed as before, which represent 
the terms of the series 

I 1 + 1 ^2 I + ••• + I ^0> 1 + I + 1 I + ... + I 'My I + ... . 

Tf we choose out from this set of intervals those which correspond to 
positive terms of the series 

Ul + + . . . + -j- ... + 'My + . . . , 

we have a set of intervals which has a definite finite measure; and the 
same is true of the set of those intervals which correspond to negative 
terms of the given series. The given series converges to a sum which is 
the difference of the measures of these two sets of intervals, and this sum 
is unaffected by the order in which the intervals are taken in either the 
positive or the negative component. It has thus been shewn that : 

If a series be absolutely convergent, and of type j8, then the series is con- 
vergent, and its sum is independent of the type. 

DOUBLE SEQUENCES AND DOUBLE SEBIES. 

30. A set of numbers {«„„}, where each of the indices m, n may be 
any positive integral number, and the number s^n is defined, in accordance 
with some norm, for each pair of values of m and n, is said to form a 
double sequence. 

If, for a given double sequence, a number s exists, such that, corre- 
sponding to each arbitrarily fixed positive number e, the condition 
1 s — Smn I < e be satisfied, for all values of m and n such that m^p, 
n ^p, where p is some integer dependent on e, then the double sequence 
is said to be cemvergent, and the number s is said to be the limit of the double 
sequence, or the double limit of the sequence. This is denoted by 

5= lim s„,„. 

The theory of double sequences may be correlated with that given in 
I, §§ 302-306, of the double and repeated limits of a function of two 
variables. For, if we assume x = 1/m, y = Ijn, the number may be 
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taken to define the value of a function f {x, y) at the point x = 1/m, 
y = l/n. That the function is not defined for all positive values of x and y 
in the neighbourhood of the point a; = 0, y = 0 makes no difference as 
regards the validity of the results obtained for a function of two variables. 
These results may now be interpreted as properties of the sequence {«„„}. 

The double limit lim / (x, y), when it exists, is identical with 
hm Smn> the existence of either of these double limits implies that 
of the other*. 

Corresponding to limf{x,y), lin\f{x,y), \imf{x,y), the notation 
lim^TOn, lim5„,„, lim may be employed to denote respectively the 

U'^oo n'^oo n-'^oo 

upper limit, the lower limit, or the limit of for a fixed value of m, as 
» ~ 00 . The limit exists when the upper and lower limits are identical. 
The notation lim s^n may be used to denote the upper and the lower 

n'^oo 

hmits, when either is to be taken indifferently. The corresponding 

notation 

lim 1^ lim lim 

W^oo 7n^ao //i-^oo ni'^cc 

may be employed when n has a fixed value, and m ~ oo . The repeated 
limits lim Urn 5 ,„„, lim lim correspond precisely to the repeated limits 

m'^00 n-^QO 71^00 m^oo 

lim lim /(a;, y), Urn lim/(a;, y). 

x^O y^O V'^O X'^0 

The following results are obtained by transposing those in i, § 303 : 
The existence of the double limit s — lim implies the existence of 

m '^00,71'^ CO 

the repeated limits limlim 5 „j„, limlims„,„, ami that these both have the 

TW-^OO 71^^00 71^00 

value s. 

The existence of s is not a necessary consequence of the existence and the 
equality of the two repeated limits. 

The existence of the repeated limit lim lim does not necessarily involve 

TTl'^QO U'^CC 

that of lims^„, as a definite number; but it implies that lim lim and 

71^00 tU'^oo Ti'^co 

lim lim s^n one and the same value. Thus lim lim has a more 

TU'^OO Tl'^-OO 7/i'^OO Tl'^co 

general meaning than has lim {lim 

ni'^oo Th'^oo 

In case the sequence {«„»»} 6e such that s^’n' = ^mn > for every set of 
values of m, n, m' and n', such that m' ^m,n' ^ n, the sequencers said to be 

* The theory of double sequences has been treated by Pringsheim, Sitzungsher. Munch. 
vol. xxvm, and also in Annalen, vol. Lin (1900), p. 289. See also a memoir by London in 
Maih. Annalen, vol. Lm (1900), p. 322. 
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numotone. It is also said to be monotone when the condition is replaced 
by ^ s^n • This definition is equivalent to the corresponding definition 
in I, § 307. 

The following theorem has already been established in i, § 307 : 

If the sequence {s^n} monotone, the existence of any one of the three limits 
lim , lim lim s „ „ , lim lim s^^n 

m'^Qo.n^oo m'^oon'^oo 

involves the existence of the other two, and the equality of all three. 

31. If the conditions are satisfied that lims„,„, lim are finite for 

each value of m, and that, corresponding to an arbitrarily chosen positive 
number e, a value Ue, of can be so chosen that lies between lim + e 

and lim — e, provided for every value of m, it may be said that 

U'^co 

the simple sequences ••• •••) oscillatory, uniformly 

with respect to m. 

In case lim exists as a definite number, for each value of m, and in 

case, corresponding to an arbitrarily chosen positive number e, an integer 
Ue can be so chosen that | I < e, provided n^Ue, for 

ri'^co 

every value of m, the simple sequences (s,,,^, s,„ 2 , ... s,„„, ...) are said to 
converge uniformly with respect to m. 

In the present case the statement of the condition (2^ of the theorem 
contained in i, § 304 may be simplified, it being observed (see l, p. 387) 
that the condition may be so strengthened that the theorem gives the 
necessary and suflicient conditions for the existence of the double limit. 
The condition there given is that corresponding to each arbitrarily fixed 
positive number €, a number n^ exists such that for each value n^oin> Ue, 
a positive number m„^ exists such that lies between lim e and 

lim s„^,^ — e, for all values of n that are ^ and for all values of m that 
are > m„^. It being assumed that lim lim s„^,^ are finite for all values 

n.~Qo ri'^oo 

of m, it is clear that, for m = 1, 2, 3, ... lies between lim s^n + e and 

lim s^n — for all values of n that are g some fixed number nf. If now 

fii be the greater of the two numbers n^, nf, we see that the condition is 
equivalent to the condition that lies between hm + € and Mm — e, 

Tle^ao 

for all values of n S and for all the values 1, 2, 3, ... of m. The condition 
may now be stated in the form that all the simple sequences 

(®ml> ®»»2> ••• •••) 

are oscillatory, uniformly with respect to m. It will clearly make no 



48 Sequences and Series of Numbers [oh. i 

difference if, for a finite number of values of m, lim or ^ is not 

71*^00 n^oo 

finite, or if both are infinite. The theorem so modified now takes the 
following form : 

The necessary and sufficient conditions for the existence of the double limit 
. lim are lim — lini SnmsAottZdcowvergfc to zero, asm ~ 00 , 

Tlt^QO, Tl'^oo Tl'^oo n^^OO 

and that lim s„,„ — lim s^n should converge to zero, as n'-^ <x> , and (2), that 

m^co ?w<^Qo 

the sequences (s„i, s^^y ••• •••)> 'u^here m= 1, 2, 3, ... , should be oscilla- 

iory, uniformly with respect to m, with the possible exception that this only 
holds when a finite number of them are disregarded. 

In case all the sequences {Smi, Smz, .•.)» with the possible exception of 
a finite number of them, are convergent, the condition (2) reduces to that 
of uniform convergence of the sequences, and the theorem may be stated 
as follows : 


If lim s„n sxists as a definite number, for all values of m with the possible 

exception of a finite set of such values, the necessary and sufficient conditions 
for the existence of the double limit, as a definite number, are (1), that 


should converge to zero, asn , and (2), that the.sequences 

(®OTl> ^to 2> ••• ®TOn> •••) 

are uniformly convergent with respect to m, a finite set of these sequences being 
possibly omitted. 

Jz2. Another form of the sufficient and necessary conditions for the 
existence of the double limit is contained in the following theorem : 

The necessary and sufficient conditions for the existence of the double limit 
of s,nn (1)> ®mn should exist as a definite number, and (2), that, 

tU'^cc Ti'^QO 

when possibly a finite set of values of m is omitted, the sequences 

(®ml> ®m2> •••) 

are oscillatory, uniformly with respect to m. 


^ In case the sequences {s^i, .*•) are convergent, at least when a finite 

set of these sequences is omitted, the necessary and sufficient conditions are 
{i)that lim Um s^n^^ists as a definite number, and {2) that the above sequences, 

7?l<^QO n<^ao 

when possibly a finite set is omitted, converge uniformly with respect to m. 

To prove that the conditions are sufficient, let s = lim Hm s„,„ ; then, 

m^oo 

if m > me, we have s + e > lim S lim s^n > s — e, where me is some 

n-^oo n'^oo 

integer dependent on c. 
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Also, if TO is greater than some fixed number Ue , we have 
hm 8,^„ + £ > ^ ^mn 

n^oo Ti-woo 

for all values of m with the possible exception of those belonging to a finite 
set. When m > me, and to > rie, we have « + 2€ > s„„ > s — 2e, or 

I « - Sm« I < 4£. 

Since e is arbitrary, it follows that s is the double limit of • 

To prove that the conditions are necessary, we assume that 

s= lim 

m'^QO, n-'^QO 

exists. That the condition (1) is satisfied is at once clear. Also since 

I ^ ^mn 1 

for m> me, n> ne, where me, Ue are fixed integers dependent on €, we 
have 5 + € > Smn > s ~ €, for m > me, to > ne. It follows that 

5 + e S lim S,nn = = S ~ €, 

provided m> me. From this we deduce that s^n < Eiii ^mn + 2e, and 

n'^Qo 

^mn > ^mn “ ^6, provided m> me, n> He. Now consider the values 
m — 1, 2, 3, ... We, of m; for each of these values of m for which 

(®rrtl > ^niZ > • * •) 

has finite upper and lower limits a value of to can be determined such that 
< lim 8„„ + 2e, and s^n > — 2e, for this and all greater values 

Tl'^oo n~QO 

of to; it follows that a value ne', of to, can be determined so that these 
inequalities hold for all the values 1, 2, 3, ... We, of w, provided the upper 
and lower limits exist. If rie be greater than both ne and ne', we now see 
that Smn li®s between lim + 2e and hm 8„„ — 2e, provided n> ne, 

for aU values of m, with the possible exception of a finite set. Since € is 
arbitrary, the necessity of the condition has been established. 

'S3. The preceding results may be applied to questions concerning 

m, n 

the convergence of a double series S a„„, as m and to are indefinitely 

m-1, n«l 

ncreased. Denoting this finite sum by s,„„, when the double limit 

Urn 

m^oo, 

exists as a finite number 8, this number is said to be the stow of the dovhle 
aeries, and the double series is said to be convergent, and to converge to a. 

4 


Hn 
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The terms of the series may be arranged in rows and columns, 

+ ®12 + ®13 + ... + dxn + ... 

+ + <*22 + <*23 + ... + C*2» ••• 


®»»2 ”1” ®»>3 "t" ... H” <*>»« "f" ... 

which has been defined in § 29 as a series of type a>®. The sum is that 
of the finite series 

«11 + <*12 + ••• + <* 1 „ 

+ <*21 + <*22 + ... + <* 2 n 


+ **ml + <*»»2 + ... + <*mn* 

If. lim Smn is + «> or — 00 , the double series is said to be divergent; 
if lim s^n does not exist either as a finite number, or as + qo , or — oo , 

ri'^oc 

the double series is said to oscillate. 

If we denote by the upper and lower limits of indeterminancy 

of the series a^x + + ... + + ■■■ > which consists of the terms of 

the mth row of the given scries when arranged in type we have 

S™ = ^ {Smn - Sm-I,n), where So,„ == 0 . 

If now the double series be convergent, from which it follows that 
lim iim and lim 1 ^ s,„„ 

m'^oo Ti'-^Qo 7t'^c30 

exist and have equal values, it follows that 

lim Sn„ - s^„ 

converges to zero as to ~ oo ; it is then clear that must converge 

to zero as TO ~ 00 . It follows that, although it is not necessary for the 
convergence of the double series that the single rows should converge, 
it is necessary that only a finite number of the rows should diverge, or 
have infinite limits of indeterminancy. Further it is necessary that the 
difference between the limits of indeterminancy of the sum of the series 
consisting of the TOth row should converge to zero as m ~ <x> . Similar 
statements may be made as to the series <*i„ + + ... + <*«in + ... < 5 f 

which the terms are the constituents of the nth column, and of which 
the upper and lower limits of indeterminancy may be denoted by S„' 
and E„' . 

If aU the rows are convergent, we may consider the series 

Si + S 2 + ... + 2m + ... 
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obtained by summation first by rows and then by columns; and also, in 
case the columns are convergent, we may consider the series 

Si' + S/ + ... + S„' -r ... 

obtained by summation first by columns and then by rows. 

The series 

4" <*12 + <*21 + <*13 + <*22 4" ®31 4- ... 4- <*im 4- <*2(n-l) 4" • • • 4- <*nl 4" • • • , 
which is of type a>, is said to be the diagonal series corresponding to the 
double series. If this series converges, its sum is said to be the diagonal 
sum of the given double series. 

The convergenee of the two series 

Si 4" S 2 4" ... + S„, 4- ••• , Si' 4" S 2 ' 4" ••• + S„' 4- 
obtained respectively by summation first by rows and then by columns, 
and in the reverse order, does not nece.ssarily involve the convergence of 
the double series ; the double series may in fact be oscillatory. 

If the double series be convergent, and all the rows be convergent, 
lim lim must be eqtial to s, the double sum of the series, as has been 

ni'^co n'>'<x> 

observed in § 30; and since S,„ = lim (s,„„ — it follows that, if 

lim Sm-i>n exists, so also does lim s,„„. But lim Si„ exists, being cq\ial to 

n'^cc n-'^oo U'^oo 

Si; hence, by induction, we sec that lim exists for every value of m. 
We have clearly Si 4- S 2 4- ... 4- S,„ = lim s,„„, and therefore the series 

Si 4- S 2 4 - ... 4- 4- ... converges to 5. A similar result can be established 

for the series Si' 4- S 2 ' 4- ... 4- S„' 4- ... in case all the series of columns 
are convergent. Thus it has been shewn that : 

If Hie double series be convergent, and if every row be convergent, the 
series of the sums of the roivs must converge to the double sum. A similar 
statement applies to the columns. 

The double sum may exist when the rows, or columns, are not all 
convergent. 

34. In accordance with a theorem in § 29, if all the terms of a double 
series be positive, the existence of the double sum ensures that, when all 
the terms are arranged in a single series of any type, that series converges 
to the double sum. We have thus the theorem that: 

If all the terms of a double series are positive, and the double series be 
convergent, then the series obtained by summation first by rows and then by 
columns, or in the reverse order, and the diagonal series, are all convergent, 
and converge to the double sum. 

It follows that all the rows and all the columns must be convergent. 
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A double series is said* to be absolutely convergent if the double 


^mn 

\a„ 


is convergent. It is clear that the con- 
„| involves the convergence of 


series of which the terms are | a* 
vergence of the double series 
the given double series. For may be expressed as s^n — ^mn> where 
and Smn are both positive and monotone non-diminishing functions of 
m and n defined by 


-d) 


and 

The limits, as m 


„(2) _ y 

« mn — ^ 

ft — 1 V 


S S {J (| ay.v I -|- a^v)}, 

,1-1 v-l 

m n 

s {h (I I - “m-)}- 


00 , n 


00 


r (1) 

^mn 




must be both finite 
Smi. are both 


and cannot oscUlate, for hm {s^l, + s^l) is finite and 3^1, ^mn 
monotone and non-diminishing; therefore hm {Smi, — ^wn) is a definite 

ni'^cOf Ti'^oo 

number. 


In an absolutely convergent series, both S | a* 




must 


S 

-1 m-l 

be convergent, the first for all values of m, and the second for aU values 
of n, since each is less than the double sum of 2 | a^n | • follows that aU 
the rows and all the columns of the given series hamn are convergent. 
Therefore, in virtue of the theorem proved above, the series of the sums of 
the rows, and the series of the sums of the columns, must converge to the 
double sum. Moreover, in virtue of a theorem proved in § 29, it follows that, 
if the terms be arranged in a single series of any type, it is convergent and 
its sum is independent of the type. The following theorem has thus been 
est^lished: 




If a double series be absolutely convergent, it is absolutely convergent when 
summed by rows and by columns, in either order, or when arranged as a 
diagonal series, or as a single series of any type; moreover, in each case, the 
sum is equal to that of the double series. 

So far as this theorem relates to summation by rows and columns it is 
due to Cauchy. 

Moreover it can be shewn that : 

•^A double series is absolutely convergent if the single series is convergent, 
of which the mth term is the sum of the absolute values of the terms in the mth 
row. 

For, if the series 

^ I ®ln 1+^1 ®2n I + 21 I a^n | -f ... 

n-1 n=l n-1 

♦ It has been asserted by Jordan that there exist only absolutely convergent double series; 
see his Coura (TAnaiyae, vol. i, p. 302. This statement rests upon a narrow definition of the 
convergence of such series. 
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is convergent, it follows that S | a^n 1 is less than some fixed number, 
independent of m and n, and therefore that Um | | must be finite. 

Therefore the double series S | a^n \ is convergent, and consequently 

m^n 

QO 

S a^n is convergent. Moreover, since S | j is absolutely convergent, 

m,n 71-1 

QO 

S a^n is convergent, so that the rows, and similarly the columns, of 

n-1 

the series are all convergent. It then follows from the previous 

theorem that the sum of the series is the same whether taken in either 
order by rows and columns, or in any other manner. 

Thus, for a series in which any one of the sums 

QO,QO 00 QO QO QO 

^ I ^mn I 5 2 S I |> 2 ^ | ®mn 1> 

n-lm-l 

QO 

2 {| I + I I + ••• -f I »nl |} 

71-1 

is known to exist, any one of the four equations 

QO.QO QO QO QO QO 

2 dmn = 2 2 dmn = 2 2 

771-1, n-1 77i-ln-l n-lTTi-l 

00 

{ffli.n + + ••• + ®n,l} = ® 

n-1 

imnlfes the other three. 

35. The theorems of §§31, 32 can be applied to the consideration of 
double series which are not absolutely convergent. 

Since = (un + Uji + ... + a,„i) + + Uja + ... + 

+ ... + (Oin + a^n + ... + <*»»»»)» 

the sum of the infinite series 

(®11 + ®21 + ... + + (< li 2 + <*22 + ... + + ... 

when it exists is lim s^n- It sufficient to consider the case in which these 

n^oo 

series are all convergent, except possibly a finite set of them. We have 
then the following theorem : 

If all the series 

{uii + <*21 + ... + a ml) + (ai 2 + a .22 + ... + am 2 ) + ... 

are convergent, except possibly for a finite set of values of m, the necessary 
and sufficient conditions for the convergence of the double series IIa„„ are 
(1), that the sum of the above series should converge to a definite number, as m 
is indefinitely increased, and (2), that all the above series except possibly a 
finite set should converge uniformly with respect to m. 
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The series when summed by rows and columns, and by columns and 
rows, may be convergent, and may have the same sum in both cases, and 
yet the double series is not necessarily convergent. A convergent double 
series which is not absolutely convergent can be replaced by a new series 
which diverges, or oscillates, and is such that each term occurs in a 
definite place in the new series, and that no terms occur in the new series 
which do not belong to the original one. This can be proved in a similar 
manner to the corresponding theorem for simple series. A general type of 
non-absolutely convergent double series has been given* by Hardy. 

^6. With a view to the investigation of the diagonal series correspond- 
ing to a double series, the following theoremf will be established : 

If I ^«tn I is less than a fixed- positive number g, for all values of m and n, 
%nd if hm has a definite value s, then 

lini ^1’” + ••• + ^«.i ^ g 

We have 

r-n r^p r^n-p r^n 

^ ^r. n-r+l = S n-r+l "I” ^ n-r+1 5} "i" S n-r+l 

r-1 r-1 r-pfl r-n-p+X 

where \<p, and n> 2p If e be an arbitrarily chosen positive number, 
p and n may be so chosen that | «r,«-r+i — « ] < e, for 

r = p ^ \, p + 2, , n - p-, 

thus the second term on the right hand side of the equation is numerically 
less than (w — 2p) e. The sum of the first and third terms is numerically 
less than 2p{q -\-\s |}. It follows that 

V n/ n ' 

Keeping p fixed, and letting n increase indefinitely, we see that the 
expression on the right hand side converges to e ; and since e is arbitrary, 
the result stated in the theorem follows. 

It is easily seen that 

^l.n + + ••• + Sn,l _ 8^ + 8^+ ... + 

n n ’ 

where S„ denotes the n.th partial sum of the series 

<*11 -f- (<*12 -f <*2i) -1- ... -t- (<*i„ -f- ... + <*„i) + ... ; 

therefore, if the hmit of one of those expressions exists, that of the other 
also exists, and their values are identical. If now the diagonal series 
is convergent, in accordance with the theorem of § 27 the second of 
these limits exists and has the value of the sum of the diagonal series. 
Since the first of the above limits then exists, and has the same value, 

♦ Proe, Lond. Math. Soc. (2), vol. i (1903), p. 124. 
t See Pringsheim, Sitzungsber. Milnch. vol. xxvn (1900), p. 123. 


^l$n ^2f n— 1 ~l~ *** ~1~ 

n 
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it follows that the sum of the diagonal series is the same as that of the 
double series, provided the conditions of the theorem are satisfied. If the 
diagonal series could diverge to + qo , or to — oo , then {8^ + /Sg + ... + 8„)jn 
would diverge to + oo or to — oo , and this would be inconsistent with the 
convergence of the double sum. Thus the diagonal series cannot diverge, 
but may oscillate between finite or infinite limits. The following theorem 
has thus been established: 

If the convergent double series S , of which s is the sum, is such 

that I 1 than a fixed positive number, independent of m and n, 

then the diagonal series cannot diverge, but mnst be either convergent or 
oscillating. In case it converges, its sum is the same as that of the double series. 


EXAMPLES. 


(1) Let (jrtTP 4 - where ^ >0, g'> 0. In this case hm 

n<^cc 

do not exist as definite numbers, but the three limits 


lim lim lim lim a,„„. 


m'^co ri'^cc 




lim 


So 


all exist, and are zero. In this case lim 6'^^^ ~ — , lim 




, and Synn oscillates 


uniformly for all values of in. 

1 


(2) Let — I' ^ 


(in - n)^ 


Ty In this case the repeated limits both exist, and are zero; 

rnn 


but the double limit does not exist. A similar case arises if = — 


2 * 


(3) Let '*wn=^ 2 ^:ri)! (l!»V 


; we have 2 


+ n‘ 

1 

:sin TT, and the series 


oo 

m 


. 2'”-l 


2 sin - - -TT is also convergent, since the general term is less than . But each of the series 


OO 


2 is non-convergent, and consequently the double series is not convergent. Although the 

m=^l 

oo 30 

series 2 converge uniformly with respect to rn, for m> 1 , the series 2 

rt - 1 n - 1 

oo 

2 {«!„ + ^ 2 ^), ... do not converge uniformly. 

( — I tnTi 

(4) Let* = ' - 7 —' — h — • In this case the sum of the double series oscillates between 

^ (m+n)^ 

the limits J log and } log 2+ The repeated sums are both equal to (log 2- J); 
and the diagonal series oscillates between + 00 and - 00 . 

(5) Consider* the double series 

+ (Uq + 6q) + (a^ - ^q) + ttg + 

+ (~ ao + ^i) + (- % “ ^ 1 ) - «2 - «3 ~ «4 •“ ••• 


+ ^2 
+ 63 


- ^2 

- 6. 


+ 0 + 0 + 0 + ... 
+ 0 + 0 + 0 + ... 


♦ See Bromwich and Hardy, Proc, Lond. Math. 80 c. (2), vol. n (1904), 
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The double sum is in any case zero; but the sums of the first two rows are not convergent 
if Sa„ does not converge. The diagonal sum is lim (^n+^w) ^ limit exists, and it will 

n^co 

oo 

otherwise be oscillatory. The series 2 (^m + « 2 n + ••• + ®ww) uniformly convergent, 

n“l 

when the series corresponding to m = 1 is omitted, in case that series is non-convergent. 

(6) Shew that the series 2 is convergent whenever 2 is convergent. This 

theorem is due to Hilbert. Hilbert’s proof was outlined by Weyl* * * § ; other proofs have been 
given by Wienerf, Schurf , and Hardy§. The last deduces it from the theorem that, if 2 

2 ^ = 1 
is convergent, then 2 is convergent; where 5^ = % + ag H- ... 4- 

This last theorem is a particular case of the more general one that, if > 1, and 

2 is convergent, then 2 ( ) is convergent. 
w.=»l n^-1 \'^/ 


THE CONVERGElsrCE OF THE CAHCHY-PRODUCT OF TWO SERIES. 

37. Let us consider the two series 

®1 "t" ®2 + ••• "i" ®n + ...» 

61 + 62 + ••• + 6„ + ..., 

and let the series Cj + Cg + ... + c„ + ... be formed, where 

Cl = ®i6i, Cj = (lib2 + ®j6i, ..., C„ — 0>ib„ + Cl>2^n—l + ••• + ®n6i, 

then the last series may be termed the Cauchy-product series of the 
first two. 

It is clear that the series S c„ is the diagonal series corresponding 
to the double series S , where a„„ = . Also 

m = l,n = l 

m,n 

^ ^mn ~ 
l,n = 1 

where , s„' denote the wth and wth partial sums of the series S , S b„ 

n-1 n-1 

respectively. 

00 00 

In case both the series ^ ^ are convergent, having s and s' 

n“l n-l 

for their respective sums, we see that the double series S a^n is 

convergent, its sum being ss', but it does not necessarily follow that the 
diagonal series is convergent. It can, however, be shewn that the diagonal 
series cannot diverge, but must either oscillate or converge. For it has 

* Inaugural dissertation, Singuldre Integralgleichungen, Gottingen (1908), p. 83. 

f Math, Annalen, vol. Lxvin (1910), p. 361. 

X CrelWa Journal, vol. cxl (1912), p. 1. 

§ Maih, Zeitachr, vol. vi (1920), p. 314; also Messenger of Math, vol. XLVin (1918), p. 107. 
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been shewn in § 36 that, 8^ denoting the nth partial sum of the series 
Sc„, we have lim **' ^ = ss'; and if the series Sc„ were 

n~oo n . . 

divergent, the limit on the left hand side would be + qo or — oo , which is 
not the case. 

^ ^ -f- /S 

Since, when Sc„ is convergent, its sum is lim — 

we wtain the following theorem due to Abel : 

In case the three series Sa, S6, Sc are all convergent, the sum 8 of the 
series Sc is equal to the product ss' of the sums of the series Sa, S6 . 

Moreover it follows that : 

If the series Sa, S6 are convergent, the series Sc has for its Gesd.ro sum 
the product ss' . 


38. In case the series Sa, S6 are both absolutely convergent, the 
series Sc is also absolutely convergent, and its sum is the product of the 
sums of the two former series. This follows at once from the theorem of 
§ 34, that an absolutely convergent double series S a„6„ is such that, 

m.n 

when arranged as the diagonal series Sc„, it is still absolutely convergent, 
the sum of the diagonal series being equal to the sum of the double 
series. 

This result, which is due to Cauchy, is included in the following more 
general theorem due* to Mertens: 

''^In case one at least of the two convergent series 'La,l!tb he absolutely con- 
vergent, the Cavwhy-product series Sc *5 convergent, and its sum is ss', the 
product of the sums of the two given series. 

To prove this theorem, we have 

~ ifl'l + a^ + ... + a„) (6^ + 62 + h ^n) — — ^3 (®n + ®n-l) — ••• 

— hn {a„ + a„_i + ... + a2) 

~ ^2 (®n ®n— l) ^3 i^n 2 ) ••• (^n ^l) > 

and therefore 

I I = I ^nSn - I + I ^2 I I «« - «n-l | + | &3 I 1 «n - S„-2 | 

+ ... + I I I — Si I . 

Let m be an integer < n, and so great that 

1 I j I ®m+l | » ••• | ®n— 1 | 

are all less than a fixed positive number tj ; it is clear that n may be taken 
so large that the integer m exists, and that this holds for aU greater values, 
of n. We have then 

I — ss' I < I S„S„' — ss' I + TJ {| 62 I + I 63 I + ..• + I b„_m+l |} 

"i" I 1 I I ^n—m+2 1 I ^m—2 | | ^n— m +3 | 

+ ... + I S„ — 5 i I I 6n I • 

* CrdU'a Journal, vol. Lxxix (1876), p. 182. 
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Let it now be assumed that the series S6 is absolutely convergent, and 
let be the nth partial sum of the series S | 6 | . The numbers 

1 1 I > I ~ ^m~2 | > ••• | '®n | 

are all less than some fixed number A , independent of n and m. We have 
accordingly 

I I I 1 "I" V (^n— to+ 1 ^l) "b (^n m+l)* 

The numbers m, n can be so chosen that | — ss' ] < 9, and that 

1 2„ — < 6', where 9, 9' are arbitrarily chosen positive numbers; 

if this be done, we have 

I I < 0 + 7,5 + 9'A, 

where B is some positive number independent of m and n. Since 9, t], 9' 
are arbitrarily small, provided n is sufficiently largo, | iSf„ — ««' | is less than 
an arbitrarily chosen positive number. Therefore the series Sc converges 
to ss'. 

When both the series Sa, S6 are non-absolutely convergent, their 
Cauchy-product does not necessarily converge. Classes of cases in which 
the Cauchy-product of such series is convergent have been studied by 
Pringsheim*, Vossf, and Cajori|. 

THE CONVERGENCE OF INFINITE PRODUCTS. 

39. Let «!, Ga . denote a sequence of positive numbers, none of 

which are zero, and let the product be denoted by . If have 

a definite limit P, as qo , and P^O, the infinite product ... a„ ... 
is said to be convergent, and to converge to the value P. In case lim 

has the value zero, the infinite product is said to diverge to zero. The 
infinite product is also said to be divergent in case lim , or P, is -f- oo . 

71*^00 

In case lim^„, or P, oscillates between limits of indeterminancy, one of 

71 '^ 00 

which may be -1- qo , the infinite product is said to oscillate. 

Since logp„ = loga^ -t- log Gj -f- ... -t- loga„, it is clear that in case 
p„ has a definite limit P 0), log P is the limiting sum of the series 

2 log a„ . But if lim — 0, the series 2 log a„ is divergent. It thus appears 

that the question of the convergence of an infinite product is reducible to 
that of the convergence of a series. The parallelism between the cases of 
an infinite sum and an infinite product is made complete by the convention 
that when lim p„ = 0 the infinite product is to be regarded as diverging 

to zero. 

* Math. Annalen, vol. xxi (1883), p. 327; see also vol. xxvi (1886), where Pringsheim has 
considered the Cauchy-product of the trigonometrical series, 
t Math. Annalen, vol. xxrv (1884), p. 42, 

X New York Bull. (2), vol. i (1895) and ^TTier. Journ. of Math. vol. xv fl893), p. 339, and 
vol. xviii, p. 196. 
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The theory of infinite products may however be developed indepen- 
dently of that of infinite series ; and this has been carried out in detail by 
Pringsheim*. A short account of this theory will be given here. 

If lim fn have a value P 0), the following two necessary and suffi- 

n'^oo 

cient conditions are satisfied : 

{a), \Pn\> 9 j where g is some fixed positive number, and » = 1, 2, 3, 

(^)> I Pn+m —Pn\<^, where € is a prescribed positive number, provided 
n S lie, an integer dependent on e, and m = 1, 2, 3, 

These conditions (a) and (6) may both be included under one condition 
(c). Thus: 

The necessary and sufficient condition that p^ should converge to a definite 
number P 0) is that 

(c), _ 1 < ivhere 17 is an arbitrarily chosen positive number, 

Pn 

for n^n,^,a number dependent upon t], and m = I, 2 , 3 

When (a) and (6) are ]>otli satisfied, it is clear that (c) is satisfied; and 
thiis the condition (c) is necessary. 

In order to shew that it is suflftcient, we see from (c), taking tj < 1 , 
that I p„ I lies between (1 -t- rj) | p„^ \ and (I — tj) ] p„,^ \ , for all values 
of n that arc > Thus, since | p„ \ is, for all values of n, with the possible 
exception of those of a finite set, greater than the fixed positive number 
(1 — 77) I I , and less than the fixed positive number (1 + 1?) | ^>,1,, | > 
it follows that \pn\ is greater than some fixed positive number g, and 
less than a fixed positive number O, for all values of n. Thus the 
condition {a) is satisfied. Also, from (c) we have 

\Tn-Pn^\<ri\Pn„\, 

for all values of to > w,. 

We have now, for toSto,, | \ <Ori < |e, if 77 be chosen to be 

^ejG. From this it follows that | | < c, for toSto,, and 

m — I, 2, 3, ...; thus the condition (6) is satisfied. Since the conditions 

{a) and (6) are both deducible from (c), it follows that the condition (c) 
is sufficient for the convergence of the product. 

Let 7TO = 1, then the condition (c) shews that | an+i — 1 | < 77, and 

thus, since 77 is arbitrary, we have lim (a„ — 1) = 0. Writing a„ = 1 ■+• c„, 

we have lim c„ = 0 ; and it is consequently convenient to consider the 
product in the form (1 -f Cj ) (1 + cf ) ... (1 -f c„) ... , where lim c„ = 0 is 
a necessary condition for the convergence of the infinite product. 

* Math. AnndUn, voL zxxm (1889), p. 119. 



60 Sequenm and Series of Numbers [oh. i 

It is clear that we may so far relax the condition that 1 + c„ be positive 
for aU values of n, as to admit the case in which it is negative for a finite 
set of values of n. Those factors for which this is the case may be removed 
without affecting the convergence or divergence. 


y*40. If an ^ 0, for every value of n, it is necessary and sufficient for the 
convergence of the infinite products 

(1 + %) (1 + a ^ (1 + a ^ ... (1 + a „) ... , 

(1 - Ui) (1 - Ua) (1 - Us) ••• (1 - 

00 

that the series Sa„ should be convergent. 

1 

Consider first the product (1 + ^i) (1 + Ug) ... (1 + a„) .... We have 
> 1 + Uj + Ua + ••• + ®n> consequently Sa„ must converge to a 
value less than P, the limit of jp„ ; thus the condition is necessary. 

Again = (1 + a„+i) (1 + o„+ 2 ) ... (1 + a„+™) 


n+w 

/ n+w \2 

/ n+m \ 

< 1 + S tty + 

( 2 a,) + ., 

.. + (2 oJ 

r«n+l 

\r-n+l / 

\r»n+l / 


00 n~\-m 

If S Of is convergent, n may be so chosen that S a, < e, for all 
r-1 r-n+1 

values of n ; thus 

PjilB _ 1 < € + ^2 + < 2e, 

Pn I € 

provided c be chosen to be < Since this holds for all sufficiently large 
values of n, and since € is arbitrarily small, it follows that converges 
as w ~ 00 . 


Consider next the product (1 — Uj) (1 — Ua) ... (1 - a„) .... It will be 
assumed that a„ < 1, for all values of n, for if the product be convergent, 
this condition will be satisfied if a finite set of terms is removed, and if 

GO 

Sa„ is convergent this is also the case. 

1 

We have then 

(1 - af) (1 - a7)"... (1 - a„) > •” 

> 1 + tti + tta + ... "1" ®n . 

If the series Sa„ is divergent, we therefore have 

lim (1 — ai) (1 — Ua) ... (1 — a„) = 0, 

and the product diverges to zero. Therefore it is necessary for convergence 
of the product that the series 2a„ should be convergent. 

Nextt if Sttn is convergent, n can be so chosen that 


®n+l ’f' ®n+2 H" ... "f" ®n+»» 
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for m = 1, 2, 3, ... ; and 

(1 - a«+i) (1 - «n+2) > 1 - (a«+i + an+2)> 

(1 — a„+i) (1 — ttrj+2) (f “ ^n+a) > 1 ” (®n+l + ®n+2 + ®n+3)j 

and generally 

(1 ®«+l) (1 ®n+2) ••• (1 ®n+m) ^1 (®n+l “t" ••• '1' ®n+«i) 

and therefore 

1 (1 ®«+l) (1 ®n+2) (1 ®n+»») 1 I < €. 

The condition for the convergence of the product is therefore satisfied. 
The condition that Sa„ should be convergent has thus been shewn to be 
sufficient for the convergence of (1 — aj) (1 — a^) .... 

41. It can be shewn that if ^ 0, for all values of n, and the order 
of the factors of the product be rearranged, in accordance with any 
prescribed law, the type of the infinite product being unaltered, then the 
new infinite product converges to P, the limit of the infinite product in 
the original order. When this is the case for any infinite product which 
converges, the product is said to converge uncmuliti(mally. 

Let p„' denote the product of n factors when the new order is taken. 
Let the factors 1 + 1 + a 2 J ••• 1 + ®ni occur in p/; thus 

Vn = Pn,qm, where = (1 + Uj) (1 + a^) ... (1 4- a„J, 
and denotes 

(1 + a.,) (] + ttaj ... (1 + where Oi < aj < ••• < ««/. 
thus «! > . It is clear that, as w ~ oo , also Wi ~ oo . 

Now S (1 + tta.) (1 + a«,+i) (1 + aa,+ 2 ) — (1 + J 

■ Pai-l’ 

The integer n can be chosen so large that is sufficiently large for the 
inequality — 1 < e to hold, provided n' ^ . It then follows that 

1 + e; and therefore lies between and (1 + e), provided 
n is sufficiently large. Since € is arbitrary, it follows that lim = lim p„j. 

n'^Qo ni'^oo 

It has thus been established that: 

If a^, a^, ... a„, ... are all S 0, and the infinite prodv^t 
(1 + af) (1 + a^ ... (1 + af) ... 

is convergent, which is the case when 2Ia„ is convergent, then the convergence 
of the product is unconditional. 

J 42. Wlrni «!, a^, ... a^, ... are not all positive, the infinite product 
(1 + aj) ... (1 + a„) ...is convergent if the product 

(1 + I I) (1 + 1 <*2 1) ... (1 + 1 a„ |) ... 
is convergent, that is if h ] a„ | is convergent. 

n-1 
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The converse of this theorem does not hold good; thus 

(1 + ttj) ... (1 + a„) ... 

may be convergent whilst (1 + ] aj. |) ... (1 + | a„ |) ... is divergent. 

To prove the theorem, we have 

(1 + ttn+l) (1 + ®n+2) ••• (1 + ^n+m) 1 ®n+l "t" ®n+2 "I” ®n+l®n+2 H" ••• > 

hence 

I (1 + ®n+l) (1 ®n+2) ••• "I" ®n+i») 1 1 

- I a«+l I + 1 <»»+2 I + 1 ««+l«n+2 I + ••• 

5 (1 + I Cl'n+l |) (^ "i" I ®n+2 1) ••• I ®»+OT |) 1 

< €, 

for all values of n that are sufficiently large, and for m = 1, 2, 3, ... . Thus 
the condition of convergence of the product (1 + a^) ... (1 + a„) ... is satis- 
fied. In particular, it Ui, a^, ... an, ... are all positive and 

(1 + ®i) (I + <* 2 ) ••• (I "I" ®n) ••• 
is convergent, so also is 

(1 - U]) (1 - Ug) ... (1 - a„) ... . 

The convergence of the product (1+ aj) (I + Og) ... (1 -f a „) ... is said 
to be absolute, in case the product (1 4- 1 «! ]) (1 -I- | <* 2 1) ••• (1 + | |) ... 

is convergent, which is the case if the series 2 | «„ | is convergent. 

It can be shewn that : 

An infinite product which converges absolutely is also unconditionally 
convergent, and conversely, if the convergence is biconditional it is absolute. 

Let p„, Pn denote the product of the first n factors in the original and 
the new orders. Choosing any value of n, a greater value n^ can be so 
chosen that all the factors in p^ are contained in p„,^ ; we can regard ni 
as a function of n. If p„ , pn are the corresponding products when | | 

is taken in each factor instead of a„, we see that all the factors in^„' are 

contained in , Since ^ — 1 consists of the same terms as — 1, but 
with all the terms positive, we have 

Since Pn ^ pn ■> we have 

I Pn\ Pn 1 ^ Pn\ Pn • 

On account of the absolute and unconditional convergence of 

(1 + I |) (1 + I ®2 |) ••• > 

we see that | pn, — Pn | < c, for all sufficiently great values of n. Now 
differs from p by less than c, if n be taken sufficiently large, hence Pn 


PjH _ 1 < Pni 

Pn Pn 
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differs from p by less than 2 e, for all sufficiently large values of n, and 
thus lim pn —p — Um p„. The convergence of the absolutely convergent 

n^co 

product has thus been shewn to be unconditional. 

Next, let it be assumed that the product converges unconditionally. 
Let those factors for which a„ S 0 be denoted by 

1 + bi, 1 + b^, 1 + bf, 

and those for which a„ < 0 , by 

1 Cj, 1 C 2 , 1 Cg, .... 

By hypothesis the product 

(1 + b,) (1 + 62 ) ... (1 + K) (1 - c,) (1 - C 2 ) ... (1 - Cg) 
converges to a definite number p, when to r and s are assigned the corre- 
sponding values Tn , s„ in any two divergent increasing sequences r^,r^, ... 
and Sj, Sj. ... ; the number^ being independent of the particular sequences 
chosen. If (1 + 61 ) (1 -f 62 ) ... (1 + diverges as r ~ qo , it is clear that 
(1 — Cl) (1 — C 2 ) ... (1 — Cg) diverges to zero as s ~ 00 , for otherwise the 
product (1 -F 6 i) ... (1 6 ,.) (1 — c^) ... (I — Cg) could not be convergent; 

and thus both the series ]2c„ are divergent. When this is the case, it 
can be shewn that sequences of values of r and s can be so chosen that the 
product converges to any assigned value A which may differ from p, and 
thus the given product is not unconditionally convergent. Let j*i be the 
smallest value of r such that (1 4- fej) (1 -f- 62 ) ... (1 + > .4, and the 

smallest value of s such that 

(1 4- 61 ) (1 + 62 ) ... (I 4- 6 .,) (1 - Cl ) (1 - C 2 ) ... (1 - Cg,) 
is < .4 ; then let be the smallest value of r such that 

(1 4- by) ... (1 4- K,) (1 - Cl) (1 - C 2 ) ... (1 - CgJ > A, 
and 6'2 the smallest value of s such that 

(l4-6i)...(l4-6J(l-Ci)...(l-Cgg) 
is < .4. Proceeding in this manner we obtain a sequence of the numbers 
(1 61 ) (1 + 62 ) ... (1 + bj (1 - Cl) (1 - C 2 ) ... (1 - Cg„), 

where n = 1, 2, 3, 

The ratio of 

(1 + by) (1 -h b ,) ... (1 4- bj (1 - Cl) (1 - C 2 ) ... (1 - Cg„) 
to A is less than 1 , and greater than (1 — Cg„). Since c*,, converges to zero 
as ~ 00 , on account of the convergence of the product, it follows that 
the ratio converges to 1 ; hence a sequence of products has been obtained 
which converges to the arbitrarily chosen number A. This is inconsistent 
with the assumption that the product converges to p, whatever sequences 
of values are assigned to r and s. It follows that the product 

(1 4- by) (1 4- 62 ) ... (1 4- K) ... 
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is convergent, and thus that the series is convergent. Also 

(1 Cj) (1 — Cj) ... (1 — Cj) ... 

must accordingly be convergent, and consequently the series Sc, is con- 
vergent. It now follows that the product (1 -j- a^) (1 -t- Ug) ... is absolutely 
convergent, since S | a„ | = S6„ + Sc„. It has thus been shewn that an 
unconditionally convergent product is also absolutely convergent*. This 
is the analogue of the theorem of § 25. 

It follows from the above theorem that, if a„ is = 0 for all values of n, 
and the product (1 — a^) (1 — Uj) ... (1 — a„) ... is convergent, then the con- 
vergence is unconditional. 

By a modification of the process in the above proof it can be shewn 
that the terms of a conditionally convergent product can be so arranged 
that the new product either diverges, or so that it oscillates with assigned 
limits of indeterminancy, as in the case of conditionally convergent series 
(see § 26). 


43. The following theorem will be established, which is due to Cauchyf ; 
If the series Sa„ is conditionally convergent, then the product 
(1 4- a-j) (1 -i- Uj) ••• (1 + ®n) ••• 

is convergent, or diverges towards zero, according as the series is con- 
vergent or divergent. 


Employing Maclaurin’s theorem (§ 142) we have 


log (1 -t- a„) = a„ - 


2 (1 + 0„a„f 


, where 0 < < 1. 


Hence S log (1 + a„) 


J n ^ 


2n~l (1 + Ondn?’ 


If be positive 


a„ 


. < ; and if a„ be negative, it must, except 


(1 + 

possibly for a finite set of values of », be > — 1, so that 

1 + e„a„ > l-^a„>g. 


and thus 


a„ 


< 




(1 + 0„a„f g 


. In case is convergent, it is now clear 


dr 


that 2 2 is convergent, and it then follows that Slog(l + a„) 

(A + ^n^n) 

is convergent, and thus the product (1 + aj) (1 4- a 2 ) ••• is convergent. 


* The proof of this theorem given by Pringsheim in Math, Annalen, vol. xxxiii (1889), p. 140, 
contains a hiatus. He argues that, if an unconditionally convergent product is split in any manner 
into two such that lim = U, when diverge to infinity independently of one 

another, then | H | <c5, if > iV^j, nj > iVj. This amounts to the assumption that 

Vfi Wn converges to U, not only for all pairs of sequences of values of and , but also uniformly 

for aU such pairs of sequences; that this is the case does not appear to be immediately obvious, 
t Coura Analyse algibrique (1821), p. 663. 
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We have also, when is divergent if o„ is positive, 

where !+«„<(?, for all values of n. Since a„ must be positive for an 

a 2 

infinite set of values of n, it follows that S t- ” is divergent, and 

(1 + (f„a„y 

therefore the series Illog(l+a„) diverges to — oo , and the product 
(1 + aj) (1 + 02 ) ....diverges to zero. 

It is clear that, if is convergent, the series S log (1 + a„), and 
therefore also the product (1 + a^) (I + aj) ... , oscillates or diverges in case 
the series Sa„ oscillates or diverges. 

A proof has been given of the above theorem by Pringsheim, in which 
the series of logarithms are not employed (loc. cit. p. 150). 


EXAMPLE. 


If a > 0, the product ... ... and the product 

:■-“)(> -I) 


aro both divergent, since 2 - is divergent. 

n-1 


The series 2 flog (^l + is convergent, as has been shewn above; thus 

11=1 I \ 'V 


converges as ?i 


00 . KSince | 9 ~ converges to a fixed number C, it 


follows that ^1 + 0 ^ convergent. 


The product 


n ! 


(a -I- 1) (a + 2) ... (a + n) 
to be the Gaussian function II {a). 


is accordingly convergent as oo ; it is defined 


THE SUMMABILITY OE SERIES. 

V 44. Various definitions have been introduced in recent years of what 
may be termed the conventional sum of an arithmetic series. Such a con- 
ventional sum should satisfy the consistency condition, that its value for a 
convergent series coincides with the ordinary sum of the series, whilst the 
conventional sum should have a definite value for oscillating series 
belonging to some class wider than, but including, the class of convergent 
series. The value of the introduction of such conventional sums will be 
clearly exhibited when we consider the case of series of which the terms 
are functions of a variable, as for example, in the case of Fourier’s 
series, or in that of power series. 


H n 


5 
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Assigning that the consistency condition is satisfied by a particular 
conventional sum of a series, the utility of such conventional sum will be 
affected by the fact of its possessing or not possessing various simple 
properties which appertain to the ordinary sums of convergent series. 
Examples of such properties are the following : 

S a„ + S == S {a„ i- 

71 - 1 71 ~1 


OO CO 

S a„ = S ka„ 

71 = 1 71-1 


0 + 1 + Cl2 “1^ . . * = d I -h ct 2 'i' • • • > 

Ci-i (I 2 ... = ~]r (^2 ...). 

It can be seen that all these properties hold good for the conventional sum 
as defined by Ces^ro, which will be considered here, but the last of them 
is not necessarily satisfied* in the case of Borel’s definition (§ 46) ; for it 
can be seen that the series of which Uj is the first term may be summable, 
but not that of which is the first term. None of tlie conventional sums 
have the property denoted by 

+ <*'2 + ••• ~ (®1 ■ f ' ^ 2 ) (^3 + ^ 4 ) ••• ! 

which holds good for the ordinary sums of convergent series. 

The simplest definition of a conventional sum of an arithmetic series 
is that involved in the summation by arithmetic means, which has already 
been treated in some detail in §§ 27, 28. This definition has been extended 
in two different manners by Holderf and by C^esaroJ. Taking Holder’s 

method first, let be denoted by , and let 

hi + 77 2 ••• + 

n 


be denoted by h \l ^ ; and generally let /^f ^ denote 

+ h 


hf 




1 ) 


-}- 


(k-l) 


n 

where k is any positive integer. In case lim hn^ has a definite value, for 

n>^cc 

some integral value of k, the series S a„ is said to be summable in accord- 

7l=»l 

ance with Holder’s definition, of order k, or to be summable {H, k), and 

(k) 

the value of lim hn is said to be the sum {H, k) of the series. 


Cesaro’s own extension of the method of arithmetic means is as follows : 
Let Sn be denoted by s^n ■, let + 52 ”^ -H ... 4- be denoted by and 
generally let -f ...-+- be denoted by Sn\ for each 

positive integral value of k. 


* See Hardy, Camb. Phil. Trans, vol. xix (1904), p. 300. 

t Math. Annaleny vol. xx (1882), p. 535. % Bulletin d. Sc. Mat. vol. xiv (1890). 
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LetOf = 


(k) 

{n + k 1) ! some positive integral value of 

k, lim Cn^ has a definite value, the series is said to be summable {C, k), 


n'^oo 

that is to be summable by Cesaro’s method of order k; the sum (C, k) of 
the series is then taken to be the limit of , as ~ oo . 


It can easily be shewn by means of the theorem given in § 6 that, 
when the series Sa„ is convergent, so that lim == s, both lim and 

71 -^ 00 

lim /4f^ exist, and have the value s. 

71 <^00 

in -i: (fc) o (» + I; — 1) ! , (fc-1) 

For, if a„ = Sn , _ 1)1 » of^ve a„ - «„_i = Sn , 

Q . {n \-k—2)\ , 

- ^n-i 1)1 (,i, _ 1 ) ! • Thus, if Ca converges, as w ~ qo , so also 

does clt\ and the two limits are the same; letting k have the values 
r, r — 1, ... 1, successively, we see that if converges, so also does ch\ 
and both have the same limit. 

Again, if «„ =- - n, we have a„ - a„_i - h\t - ^n-i = 1 ; 

and thus, if //,['' converges, as ?i ~ qo , so also does h\'f and the two limits 
are the same; letting k have the values r, r — 1, ... 1, successively, we see 
that if h\i \ or *■„, converges, so also does Jia \ and the two limits are the 
same. 

It was first shewn by Knopp* that a series Avhich is summable (H, k) 
is necessarily summable (C, k). The converse was established by Schneef 
and by FordJ. The simplest proof of the complete eciuivalence of the two 
definitions of summability of order k is that given by Schur§; this will 
be given in a modified form in § 55. A proof has also been given|| by Hahn. 
In view of this complete equivalence it is unnecessary to consider any 
further Holder’s method. The method of Cesaro, in an extended form, in 
which k is not necessarily a positive integer, will be dealt with below. 


45. Another method of summation was introduced by M. Riesz. Let 
[ 7 ).] denote the greatest integer less than a positive variable n, and let A {n) 
denote a positive monotone function of n, which diverges to qo with n. 

A (m)p 
A(w)) 


Let 


fMl 

2 n„ 

VI ^0 


i 


- 


then, if has a definite limit as the continuous variable 71 is increased 


* Grenzwerte von Reihen bei tier Anndhervvg an die Convergenzgrenze, Inaugural Dissertation, 
Berlin, 1907. 

t Math. Annahii, vt)l. Lxvii (1909), p. 110. 
i Arner. Journ, of Math. vol. xxxii (1910), i). 315. 

§ Math. Annalen, vol. lxxiv (1913), p. 447; see also a memoir by Knopp in the same volume, 
p. 459. 

•1 31onatsh‘>fte f. Math. u. Physik, vol. xxxni (1923), p. 135. 
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indefinitely, the series Wq + + ’^2 + ••• is said to be summable {R, A, r), 

or summable by Riesz’s method of order r. The order r is not necessarily 
a positive integer ; but may have any value > 0. 

The simplest and most important case of Riesz’s method is that 
which A (w) = w; in this case 


S (^) V* 

n ~ ^ 


m^[n] 


m"0 


my^ 
~ n) ’ 


if has a definite limit as the continuous variable n is indefinitely in- 
creased, we shall say that the series S u„ is summable {R, r ) ; r denoting 

n = 0 

any positive number. It will hereafter be shewn (§ 58) that this method 
of Riesz is completely equivalent, for positive values of r, to that of 
Cesaro, when the latter is extended to include non-integral values of 
r. Another important case of Riesz’s general method of defining a 
conventional sum is obtained by taking A (») = log^n. Riesz’s method 
has received an important application* to the case of Dirichlet’s series 
S or more generally to the series S o„e“V, where A^, Ag, ... is a 

n = 1 n =« 1 

diverging sequence of real increasing numbers. 


^' 46. A general modef of defining conventional sums of a series depends 
upon a principle which may be stated as follows : 

If a repeated limit of a function of two variables has a definite value X, 
but the repeated limit taken in the reverse order has no definite value, it 
may be agreed to consider X as the conventional value of the second 
repeated limit. A method which was employed by Poisson in connection 
with certain series may be considered as an example of this method. Let 
us consider the repeated limits of 

Uo + + ^ 2 ^^ + ••• + uji", 

where 0 .4 ^ < 1, as a function of the two variables n and h. It may happen 
that the series Uq + u^h + ... + uji” + ... is convergent for 0 & h < 1, 
and has S (/t) for its sum ; thus 

S (h) = lim {uq + UyTi -h -|- ... + uJC'). 

71'^^ 

If S (h) converges to a definite number s, as ~ 1, we have 
s = lim lim {Uq + u^h + u^li^ H- ... -h u^h'^). 

h'^1 ri'^oo 

It may happen that the series -\- u-y + -\- ... is not convergent, so that 

lim lim (uq + Uyh + ... -h 

n-^oo 

has no definite value. In that case s may be regarded as the conventional 
Poisson sum of the scries + ^2 + • • • • 

* See the Cambridge tract by G. H. Hardy and M. Riesz on The general theory of Dirichlet's 
series, p. 21. 

t See Hardy, Quarterly Journal, vol. xxxv (1904), p. 22. 
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As another example of the principle, the conventional value of 
lim lim f f {x, n) dx, or lim [ / {x, n) dx, 

may be taken to be the value of lim lim / {x, n) dx, assuming that this 

h'^oo j 0 


latter repeated limit exists. 

If / {x, n) = e-* (ao + I- ... + 

dx 


/* QO / ^ 

we have e-® + aa 2 Vh "• + n] 

= do + + 6^2 "1“ ••• + 

Thus the conventional sum of the series S is taken to be 


n=0 


/*^ / cc cc^\ 

lim lim I e^® Oo + Ux 77 + ... + a„ , ) dx. 

H'^co J 0 \ t . Th ,J 

OC 

If now the series v. -I- ••• + <*n -1 + ••• converges for all values of x 

1. I *' Tb I 

in the interval (0, h), we have (see §214(1)), since the convergence is uniform, 

/ X x^\ 

lim e-® (uo + «i Ti + ••• H »«— i ) dx 

/ ^ / X x^ \ 

^e-® (^<*0 + Oi jj + ••• + a« j dx. 

Thus the conventional sum of the series Uo + + Uj + ... will be taken 

to be 

f X x^ \ 

+ j-j + ... +a„^j + ...jdx, 

where it is assumed that this integral exists. 

We have thus the method of Borel, in accordance with which the con- 

ventional sum of the series «„ + Ui - 1 - Ua + . . . is c“® u (x) dx, provided 

0 

this integral exists ; where u (x) denotes the sum of the series 


X 


X" 


«o + j-j + ••• + j + •••> 

which is assumed to be convergent for all values of x. 

It is necessary to shew that this holds good in case «„ + Uj + Og + ... 
is convergent, and that the conventional sum then agrees with the ordinary 
sum. For a general theory of this method of summation, and for its rela- 
tions with other methods, reference may be made to a treatise by Borel*, 
where, however, the qxiestion of consistency is not considered. 

* Legons sur les sdries divergentes, Paris (1901), p. 98. See also a memoir by G. H. Hardy 
and S. Chapman, Quarterly Journal, voL XLU (1911), p. 181, and further, a memoir by 
G. H. Hardy and Littlewood, Proc, Lond, Math, Soc, (2), vol. xi (1911), p. 1. See aJso Brom- 
wich’s Theory of Infinite Series, pp. 267-273. 
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EXTENSION OE CESAro’S THEORY OF SUMMABILITY. 


47 . The theory of sumraability introduced by CesAro (see § 44) has 
been extended by S. Chapman*, and Knoppf to the case in which the 
order of summability may be any number, not necessarily integral. ' 


It is convenient to denote the series hj + ... +»« + ..., 

and ao, ao + Oi, ... , Oo + Oi + ... + a„, by So, ••• ««• 

Let denote 


(r n — 1\ ,, , 

f( ^ )«o, -(1) 


which is equivalent to 

<•„ + c t *) + C 2 + - + C t ”) “«■ 

( V s\ 

) denotes 
« J 


{r + 1) (r + 2) ... (r + s) ^ F (r + s -t- 1) 

6-! ’ r (s + 1) r (r +T)' 

(r) (?*) / I 72'\ 

We then define Cn to be equal to S f [ ^ j ; where r may have any 

real (or also complex) value, except that negative integral values are ex- 
cluded. In the following investigations r will in general be confined to have 
real values > — 1. If, for any such value of r, lim &n has a definite value, 

that value is said to be the Cesaro sum, of order r, of the given scries, or 
to be the sum {C, r) of that series. 

It will be seen that when r is a positive integer, this definition is in 
agreement with that of § 44, allowance being made for the difference of 
notation. 


A series which is summable (C, 0) is by definition convergent ; and such 
a series may be summable ((7, r) for values of r which are negative. The con- 
sideration of such cases may be expected to throw light upon the nature 
of the convergence of such a convergent series. 

( f ) 

In case | Cn | bounded for all values of n, the series is said to be 
bounded {C, r). 


Taking Stirling’s^ asymptotic value of F (1 H- x), which is 

{27tx)^ (1 + ^a). 


* Proc. Lond. Math. Soc, (2), vol. ix (1910), p. 369. 

t Inaugural Dissertation, Berlin, 1907. Aho A rchiv d. Math, u, Physik (3), vol. xn (1907). 
A very complete treatment of the Cesaro method for unrestricted orders is contained in 
A. F. Andersen’s work, Studier over Cesdro^s Sum7mbilitetsmethodey Copenhagen, 1921. For the 
case of double series see C. N. Moore, Trans, Amer, Math. Soc. vol. xvi (1913), p, 73. 

X A proof of Stirling’s theorem is given in Bromwich’s Theory of Infinite Series, p. 461. 
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(1 + L), 


where 0, as a: ~ oo , we have 

/r n\ 1 r (r + n + 1) 

\ n r {r +1) '~r~in TTT” ^ r(r + 1) 
where ^ 0, as w ~ oo . It thus appears that 

cr-r(r + i)?^, (l + U. 

^(r) 

where 0, as n ~ qo . Accordingly, has a definite limit, when the 

series is summable {C, r ) ; and it is bounded when the series is bounded 
(C, r). 

48. Since the series 


1 + 


G)-( 


r f 1 


+ ... + 


r + n—\ 


j a;” 


+ 


2 y ■ ■ V n 

is absolutely convergent when | a: | < 1, and has the sum (1 — a;)"’', if the 
series is multiplied by the finite series s,, + s^a: + s^x"^ ... + SnX”, the 

Cauchy -product series is absolutely convergent, and has for its sum the pro- 
duct of the sums of the two series that are multiplied together. The coeffi- 
cient of a;” in the product series is . Hence 

(.9o + + s„x") (I - «)-’■ 

is the sum of an absolutely convergent series, of which the first w -f 1 
terms are 

X -f Si'^x^ + ... -1- St^x-. 

No assumption is hero made as regards the convergence of the infinite 
series S S„ .t”. 

ti - 0 

It follows that Sq + + ••• + is the product of (1 — xY into the 

sum of the series of which the first n + \ terms have been stated. Therefore 






... + (- 1 )~ n 


.(3) 


a 


a(r) (T + 1] qW , 
~ I j j ^n-1 + 


and this holds for every value of n. In case r is a positive integer, the series 
stops after r -t- 1 terms, if » > r. In a precisely similar manner, by the 
employment of the series for (1 — a:) it is found that 

’■ 2 *) -Cj - ... + (- l)"^ ^ ‘)s!.’'’,...W 

where the scries stops after r -1- 2 terms, in case r is a positive integer <n—\. 

When I a: I < 1, it has been shewn that the sum of a certain absolutely 
convergent series of which the sum of the first n + \ terms is 

+ ST X -I- ... -I- is (f ~ K + '*1^^ + ••• + S„X”}, 

which is equal to 

(1 - a;)-<’-0 {(1 - a:)-'-' (,9o 4- «,«+... -f s„a:")}. 
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This last expression is the product of (1 — into the sum of an 

absolutely convergent of which the sum of the first w + 1 terms is 

The Cauchy-product of this last series and the series for (1 — is 

a series of which the sum of the first w + 1 terms is 


+ ... + 


There cannot be two different series in powers of x which converge, for 
I a: I < 1 to the same sum (see § 134); it follows that 


+ f 7 •') + C ^ 2 ■" ') + 


+ 


C 


r' + ri -1\ „(r') 


71 






We shall assume that r' < r, in this expression. In case r' > r, we have 

^ — J\ /f* — 

p j> 1^6 formula becomes, on inter- 
change of r and r', 

sr = sL'’ - f + (’■ - - + (- D" 

( 6 ) 

where we assume that r' < r. In case r — r' is an integer less than n, the 
expression breaks off after r — r' -|- 1 terms. 

If, in (5), we have r > 0, we may take r' = 0, and the formula reduces to 
(1) in § 47. If r> 1, we may take / = — 1 ; and since Sh~^^ = a„, the formula 
reduces to (2). 

If, in (6), we take r> 0, r' = 0, the formula reduces to (3) ; and if r > — 1 , 
r' = — 1, it reduces to (4). 

49. If, in (6), we write r -|- 1 for r, and r for r', we have 


S 


Taking also the relation 


(r) 


s: 


(r+l) 


8 . 


(r+l) 
n I • 


j'r + n\ _ /r + n 1\ __^/r -f M 
V n / I n ) ^U- ly’ 


it is seen, by employing Stolz’s theorem given in § 6, that : 

If a series is summable {G, r), where r > ~ 1, it is also summable 
{G,r + 1). 

For we have only to write \ ^ theorem of 

§6. 
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This theorem is only a particular case of the more general theorem * 
that t 

If a series is summable {G, r), it is also summable {G, r'), where r, r' are 
any real numbers such that r' > r > — 1; and the sums {G, r), (C, r') have 
erne and the same value. 

In order to prove this theorem, the following theorem, due to Cesaro, 
will be established: 

a B 

If {«„}, are sequences of numbers such that ^ converge respectively 

to definite limits a, y, as n cc , then 

lijjx "b Otj Pn-l H~ "b CCn "b 1)_)' ^ ft 

■ r(r + sV2)““ 

provided r and s are numbers both > — 1. 

Let a„ = aw*' (1 + qf), j8„ = (1 + C„); then, since •>?„, Cn l>oth con- 
verge to zero as w ~ 00 , they are both bounded; thus ] | < ^, | ^„ | < JB, 

where A and B are fixed numbers. 


r -t- rt 


X S (1 + e\) (1 + 

#-l 


CD- r ^ c : ’•) - f 

6„, 8„ converge to zero, and are therefore bounded for all values of n, 
we have 

a, - r (f + 1) o (1 + e.') C + ’*), (S, = r (» + 1) /3 (1 + 8,') (* + "), 

where e„', 8„' are bounded; and thus | e,/ | < A', | 8„' | < B' . We now have 
+ « 2 ^n-l + ••• + == r {r -1- 1) r (s + 1) aP 

Since ^ ^ ^ coefficient of a;" in the pro- 
duct (1 — (1 — or (1 — «)“<'■ +*+2)^ is equal to ^ 

we see that the part of obtained by omitting 

1 ® n-t 11 

TT / , V , V - /r -I- s 4- » -b 1\ 1 

I (r -b 1) r (s -b 1) ^ j , 

which converges, as » oo , to 

, /r 4 /\ As + n - « -b 1 \. 


Since t " 7 ' t 


r + 5 + ^ + V 


obtained by omitting 


r H- 5 4* + 1\ 1 

n J > 


t^n /\ / 

Consider next the sum S e/ ^ j ^ 


n — t + 


we may choose 


* See Knopp, Inaugural Dissertation, Berlin (1907), p. 46; also Archiv d. Math, u. Physik (3), 
vol. XII (1907); the theorem is also proved by Chapman, Proc, Land, Math, Soc, (2), vol. ix 
(1911), p. 377. See also Ottoleiighi, Giorn. Baitaligni (3), vol. XLix (1911), p. 239. 
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the integer m so that I c/ 1 < -n, for t>m\ and we may take n to be 
greater than m. The part of the sum taken from f = 1 to ^ = m is less 

than y ? (7 or than 

• 1 

when this is multiplied by it converges to zero, as n ~ cc , the 

integer m being kept fixed. The part of the sum from t ^ m + 1 to t n 
is numerically less than rj ^ /(.w t + \ )’ when this is 

multiplied by it converges, as » ~ oo , to a fixed multiple of rj. 

The sum S 8'„_t+i T ^ . f ^ ^ 1 can be divided into two parts 

t-i \ f / \ n ~ t + i / 

by taking m so that | | < t}, for t < n — m, and considering 

separately the sums for i = 1 to n — and from t = n -- m to t — n; 

as before, when n ~ qc , the sum when multiplied by — . converges 
to a fixed multiple of rj. 

We have lastly to consider 


C ^ 0 C ^ T divided into two parts 




1 t-n 
V 

^r+s+l 


v” 'S' fr + t\ fs n - t + l\ 


this is numerically less than 

R' ^ I ' I /''■ + + » - « + 

^ t )[ n~t+l )’ 

and this has been shewn to converge to a fixed multiple of r}. Since 

diPn h a^Bn^l + ... + a„Pl , 11.1 . 

— ^r+s +1 shewn to have upper and lower limits 

which differ from - ^ + ^ multiple of the arbi- 

trarily chosen number ij, Cesliro’s theorem has been established. 

(r) 

In this theorem, let a„ denote Sn , where is assumed to converge 

yif 

si^) 

to the definite limit ; l-he series being taken to be summable (C, r ) ; 


and let 


= ( 


r ~\- n — I 


\ and is thus such that converges to 

/ 7b 


T (r' — r) 


; when r' — r — 1 s, and r' > r. 


By employing the expression (5), of §48, for Sn\ we see that 
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converges to Yj ! S'lid therefore 8n ^ j ^ converges to sM, the 

sum (C, r) of the given series. 

The particular case of C^saro’s theorem which arises when r = 0, 
s — Ois that : 

If {a„}, {j8„} are two sequences of numbers which converge to a and jS, 
respectively, then converges to ajS. 

Tb 


50. If 

{G, r + 1). 


a series is divergent {G, r), where r > — it is also divergent 


By divergent {G, r) is meant that the Cesaro sum ((7, r) is -f- oo , or — oo . 

+ 00 , or — 00 , or 


qO-) 


The condition of the theorem is that lim 

n~ao (n + r 


lim 

n~« 1 ')^ + r + 1 
n 


— «n-l 


\ M + r 

) U - 1 


8\ 


r 
1 

++ 1 ) 


CD 

= 00 , or — 00 . Applying the theorem of § 6, it 


follows that lim , , . = + oo or — oo ; therefore the given series is 

n~«. m + r + 1' ’ ® 


divergent {G, r + !)• 


Now, if r 0, it follows that, if the given series is divergent, the sum 
{G, 1) is infinite. This has already been shewn to be the case in § 27. It 
now follows, by letting r successively have the values 1, 2, 3, ..., that the 
Oesfiro sums of all integral orders are infinite. By employing the theorem 
of § 49, it now follows that the series cannot be summable for any positive 
value of r, for if it were so it would also be summable of order the integer 
next greater than r. Hence we have the theorem that : 


If a series is summable {G, r), for any positive value of r, the given series 
either converges or oscillates between finite or infinite limits, but it cannot be 
divergent. 


In case the series is summable {G, k) for k > r, but not summable 
(G, k) for k < r, the number r may be called the index of summability of 
Sa„. If the series is summable {G, r), the index of summability is said to 
be attained. Clearly the index of summability of a series may be zero, 
and yet the series may not be convergent, the index zero being in that 
case unattained. 


51. The following multiplication theorem due to Knopp, and of which 
Chapman has given a simpler proof, is applicable to the Cauchy-product 
of two series which are summable {G, r) and {G, s) respectively. 
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If S a„ is summable {C, r), and 2 is sumrnable {G, s), where r> — 1, 

n^O n-0 

s > — 1, the series 2 c„, where c„ — a„bo + a„_ibi + ... + aQb„, is summable 

n^O 

{C, r + 5 + 1). In particular, if both the given series are convergent, 2c„ 
is summable {C, 1). The Cesdro sum {G,r + s + 1) o/ 2c„ is the product of 
the sums (G, r) and (G, 5) of the series 2a„, 26„. 

Cesliro established this theorem for the case in which r and s are both 
positive integers, or zero. To prove the theorem generally, we employ 
Ces^iro’s theorem given in § 49. Let a„ = Sn , for the series 2a„, and let 
== ^'n\ for the series 26„; then since S^njn'^, converge to 

nfTTT 1 ;™ n^) 

q(X) Q/(s) o(^) 0/(s) , , QyC^*) Q /(***) 


converges to lim G^n ■ lim G'^^jT (r + s + 2). 

n-^QO ri'^QO 

The product (a^ + a^x + ... + a„a;”)(l — is, when arranged in 

powers of x, an absolutely convergent series, for | a; | < 1, of which the 
first n + I terms are <80^ + x + ... + 8^^ x^\ and a similar statement 
applies to the product (60 + biX + ... + 6„a;") (1 — 

The first n + I terms of the Cauchy-product of the two series are 

2 + ... + a;”*; the Cauchy-product series 

0 

being absolutely convergent. This series has the same sum as the Cauchy- 
product series of the two series for 
(ao -t-aiOJ-f- ... 4-a„a;”)(l {bQ + biX+ ... +6„a;”)(l 

and the first » -f- I terms of this series are the same as the first n -t- I terms 
of the series for (Cq + c^x + ... + c„x”) (I — x) ('■+“+2), and are thus 


l/s). 


^r+s+1 


n(r+«+l) I 

X + 




where refers to the series S c„. Consequently we have 


w=0 


n(r+s+l) „(r) o,(s) „(r) q(s) o(r) „,(s) 

*>n = « 0 +• «»-<*«! + ... + «o « n • 

It now follows that lim ^ ' - ' i\ ~ G'^f; which es- 


tablishes the theorem. 




n 


[\ 


(f'\ 

52. If T, a„ is summable {G, r), where r has a value > — 1 , then 8\ —0 {n’'), 

, ,, 

where r' has any value < r. Also, if 2 a„ is bounded {G, r) then 8^ —0 { 71 '), 

w*0 

where r' < r. 

This general theorem was given by Andersen*, but particular cases 

* Loc, cit. p. 11. 
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were known previously. In case r > — 1, we can take r' = — 1; and in 
case r > 0, we can take r' = 0. We thus have : 

r > — 1, then a„ — o {n^), or = 0 according as the series 
2 a„ is summable {C,r), or hounded {C,r). If r > 0, then s„ = o{n’^), 

wO 

or = 0 (n^), according os the series is summable, or is bounded {C, r). 

In order to prove the general theorem, we employ the relation (6) of 
§48. We have 



where the series stops after r — r' -V 1 terms in case r — r' is an integer < n. 
When the series is bounded {C, r), with U and L as the upper and lower 
limits of indetcrminancy, we may write 

t + L) + UU- L) d„ + 

where \ 0„\ ^ 1, and converges to zero, as ~ co , and is accordingly 
bounded. 


The part of which involves | {U H- L) is 




H- ... -I- (- 




the series in the bracket is the coefficient of in the product of the series 
for (1 ~ xy~’'' (I — 0 :)“'', where | a: | < 1, or in the series for (1 — a;)”’’', 

^ j. When multiplied by we see that this 


[ /r I- 7i\ . 

H r. j" 


* t qO')i r i \ fr' -I- n\ 

part of (Sn I'ti^ converges to zero, since 

71 / 

The remaining part of 

1 p-n-l 

r (r hi) 


is bounded. 


(- 1)" - f - L) 

+ <-*>" 5 (’ 


r ~ r 
n 


It r ~ r' is an integer less than n the series stops after r — r' + \ terms 
and the last term does not occur. When this is the case the expression is 
less for all values of n{> r — r' + 1) than a fixed number, since 
en-D) in-v bounded; and thus Sn^jn’’ is bounded. 


If (7 == Z/, since lim e„ = 0, for each of the r — r' + 1 values of p, it 
is clear that S^, /»'■ converges to zero, as ~ qo . 

Next let it be assumed that r — r' is not integral; we then have to 
consider the whole of the above expression, the number of terms being 
now no longer independent of n. 



78 


Sequences and Series of Numbers 


[oh. I 


We have 


number; hence 


C 7)1= If 

^IC7)| 


'p — {r — r' + 1)> 


P 


< 


P' 


ir-r'+i 


, where X is a fixed 


< 


K 


n' 


r~r' 


nr+l 


, which converges to zero, when 


r + 1 > 0, r — r' > 0, as w ~ 00 ; it thus appears that the last term in 
the above expression converges to zero ; it may therefore be omitted. 

(y) f 

If r > 0, the part of 8^ [W, is, since H ~ ^ numerically less than 

1 p~in I If _ f>\ I Jj-m ] ff _ f'\ I 

+ ^ ( 7 . ) +'®^' ^ (7 ) • 

•*■(^‘■*^1 p = 0|\^*/l 3J"»l+ 1 I \ P / I 

where m (< n) and n are so chosen that | | , | e„_p | are less than an 

arbitrarily chosen positive number 8, for ^ = 0, 1, 2, ... m; and K' is a 
fixed number. 

The series 2 ( ^ ) is convergent, when r — r' > 0 ; hence 

}; = 0 I \ P / I 

p-TOl If _ f' 

S f 

JJ- 0 |\ P 
of n. Also m can 

appears that | Sfi^ln'' \ is bounded; and, if f7 = £,, it is less, for all suffi- 
ciently large values of n, than a fixed multiple of 8; consequently it 
converges to zero, as ~ oo . 

If o> r> — 1, we divide the expression for S^^jn’' into three parts; 
the first of these is 


is less, for all values of m, than a fixed number, independent 

00 I — T^\ I 

be chosen so large that S { ) < 8. It thus 

jj-ni l li \ P / I 


1 


p=m 

2 


(- i)’^ /) - IJ + (.-,) mu + 


r(r+ l)„.o 

where m is a fixed number less than ^n, and n is so large that | | , 

I €„„j, I are < 8, for 2> = b, 1, 2, ... m. We have then and 

as before, this expression is seen to be bounded ; and when U -= L, it is 
less than a fixed multiple of 8; the number m being kept fixed. 

We next take the summation from p -- m + 1 to p = which 

denotes \n or J (» — 1). The number m may be so chosen that it satisfies 

<8; the part of the expression under con- 


the condition 


s ('’■"’■''I 

.+i \ v) 


sideration is then numerically less than a fixed multiple of 2 
which is < 8. The last part of the expression is less than a fixed multiple 


C7) 


of 2 

p«[in]+l 


) pr-r-+i’ 


P 

nj p 


which is less than a fixed multiple of 

1 ri(i-a^)7 

nr-r-j. ’ 
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and this converges to 0, as » ~ qo . It has now been shewn that, for r > - 1, 
r -/•'> 0, '*l'nr is bounded, or converges to zero, when S^njn'^ is bounded, 
or is convergent. 

53. 7/2a„ is either summahle {G, r), or bounded {G, r), where r > 0, and 

{vj is a sequence of numbers, then S is convergent provided’ (1), 
/1\ . = 0 
o ( , and. (2), Sn’'V''+iv„ is absolutely convergent; and the sum of 

S a„v„ is that of the series which is absolutely convergent. If 

71-0 

the condition {\)be replaced by (1)', = O f --j , and (2) remains unchanged, 

the series S a„v„ is bounded. 

71-0 

The sum of the series v„+i + (^ 2 ^ 

denoted by It is infinite when r is not integral, and it may be 

regarded as a generalization of the definition of differences of integral 
order. This series is convergent because 


r 1 
1 


r + 1 
2 


is convergent and l is bounded. Since a„= S (— 1)* 

<-o 

71 m 

finite sum S is equal to 

71-0 


r + 1 


8n-t, the 


nm 

s .s’i' 

n - 0 


.■rf. -Cl *)»,,.+ c I - ...+ (- !)«■.} 


The coefficient of 8^' differs from by 


(- 1 )' 


( r - 1 - 1 
\m — « + 




which is, in absolute value, less than 


UlL J I L 1 L I 

nV ((m - n + l)''+2 ^ {m - n 2Y+‘^ ■■■[ ’ 

1 

or than ’ ^here K and K' are fixed positive numbers, and 

I i < '>?m . tor all values of p^m. When n~m, the absolute difference 
is < + ^ + •••)’ which is less than • We now see that 


2 a„Vn differs from 2 8n V’'+^v„ by less than 

71-0 7i = 0 




|_ 1 , I I _j_ j , 

mr \ l’-+i 2»-+i ' 


K"ri^ I 
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or by less than Lrjmj where X is a fixed positive number, independent 

8 ^^^ (r) 

of m, provided is bounded, in which case [ | is less than a fixed 

multiple of m^, for p 

n-m, n-m, 

Iim 2 >nii^m, S a„i>„ differs from S 8 ^ V''+^v„ by less than 2L7j„,. 

n«mi n=mi 

If Sw’'V'’+^v„ is absolutely convergent, so also is and if 

v„ = o , 7j^ is arbitrarily small, for a sufficiently large value of m. It 
then follows that, provided Wj > S m, where m is sufficiently large, 

n rHi 

S is less, in absolute magnitude, than an arbitrarily chosen 

n^TTii 

positive number e; and therefore Sa„y„ is convergent, although not neces- 
sarily absolutely convergent, and it converges to the sum of the series 

S V'‘+^ v„ . If the condition which y„ satisfies is v„ — 0 j bounded, 

)i=TO n~m j,.) 

and S a„t;„ differs from S 8^ by less than a fixed number; 

n « 0 71^0 

consequently the series 2a„y„ is bounded. 

As a particular case, let i'„ = t — - where s = r > 0, then the con- 

{n + 1)* 

dition (1) is satisfied when s > r, and the condition (1)' is satisfied when 
s = r. It will be shewn that, in either case, the condition (2) is satisfied. 

We have 

V>-+H; -= C ^ 1- 

(»-t-l)« V 1 ){n + 2Y^-- 

1 rco 00 /r \ 1 \ 

= v. / x- I S (- I)«M 

r(s)Jo m o ’ \ m J 

since, when the factors (—1)™ are omitted in the integrand, the new inte- 
grand converges to a function that is summable in (0, oo ), in accordance 
with a criterion given at the end of § 214, term by term integration is 
permissible. It has thus been shewn that 


V''+^y„ 


g-(n 4 l)j: a;S-l ^ J — c/x, 


which shews that V''+^y„ has a positive value, decreasing as n increases. 
We have 


w-O 1 (S) 


_ Q-xy+i Y, da:, 

0 m-O 


which is less than 


JUpa:*-! (1 - e-*)>'+iS e-(«+i)“= da:. 


0 
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where is a fixed positive number; and this expression reduces to 

I- 00 

M\ x‘~^e-^dx, or MF {s). The absolute convergence of the series 
Jo 

S has now been established. From the general theorem we now 

obtain the following special theorem : 

If is bounded (C, r), or summable {G, r) where r > 0, the series 

2 — — r - , where s>r, is convergent, and the series S is bounded. 

(w + 1)« ^ {n 1)»^ 

The first part of this theorem and the corresponding part of the general 
theorem were established by Chapman*. 


54. It has been shewn in § 52 that, if 2 a„ is summable {C, r), then 

n = 0 

a„(n^ converges to zero, as n increases indefinitely. This may be expressed 
by the statement that the summation {C, r) is inapplicable, for all values 
of r, if I I increases too rapidly with n\ for example, if a„ = (— 1)"!:”, 
where A > 1, the series 2 (— I)"!:” is not summable {C, r) for any value 

71 --=0 

of r. It ban, however, also be shewn that the method of summation may 
also be inapplicable in case | | diminishes too rapidly as n is increased. 

This appears from the following important theorem, which is due to Hardy f : 


oo 

If na^ is bounded^ the series S cannot be summable {C, r), for any 

71 0 

positive values of r, unless the series is convergent. 

In particular, if lim na„ = 0, the scries cannot bo summable {G, r) 
unless the series 2 a„ is convergent. We may take r to be an integer. 

71 “0 


Let it be assumed that | (n. + I) «„ | is less than a positive number k, 
for all values of n, and let (h, + 1) a„ = 6„. We have 

.,(r) /r + IN /r + 2\ 

"k ^ j j 1 "J" ^ q ] ®n— 2 “I" ••• ^ ) CSq 

c(r-i) , (r\ /r -I- IN /r + n - l\ 

~ \ 2 / ••• ^ ] ®0 

where we take r to be a positive integer ; this involves no loss of generality 
since r can always be replaced by the next greater integer. We may define 


by 

T 




K + Q 6.-. + f + *) b.., + - + f s.; 


and it can easily be verified that rS^'n + ^ (w + r + 1) and 

that rSt^ + T'fi+r = (/^ + 2) 


* Proc, Land. Math, Soc, (2), vol. ix (1911), pp. 382-387. 
f Proc, Lond, Math, Soc, (2), vol. vin (1909), p. 301. 
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The first of these equations may be written in the form 


C. 


(r-l) _ r + n ^{r) , 
r + w + i 


r. 




(n + r -[- I 




from which it follows that, if the series S a„ is summable {C, r), the 

n«0 

necessary and sufficient condition that it should be also summable {G,r~l) 
is that lim = 0. 

. -6 4.^1 + *24. 4. . 

«„-6o + 2 + 3 + - + ,rn’ 
and remembering that + bi + ... + b„, we have 


We have 


i/"0 


(.-il) 


+ 


/77(0) 

_ M 

» + 1 ’ 


where A/ («) denotes f (x) —f{x+ 1). Proceeding in the same manner, 
we have 


"n-2 




v^O 




t: 


( 0 ) 


n + r 


and generally 


v^n-r 

= S 
*^ = 0 


A*- (-i--) + "T A- ( ) ...{A)- 

\v + 1 ; ^^0 \n + 1 - 1 // 


It can be easily verified that 


mW 
^ n 


n + \ n + I 


cy(l) 

1 3 


and = 

These are particular cases of the identity 

„_o \n 1 — vj 


2 (2) 

{n + 1)11 ^ 


r\(ji + 1 — r) ! o(r) 


...( 5 ), 


which may be proved by induction. Assuming it to be true for r = p, it 
will also hold for r ^ + 1 if 

1 


p ! (w + 1 - p) ! (j,) {p l) \ {n - p) \ p<p+i) 

On-j) 


oVJ'-t-i; __ m(v) Ap 

(91+1)! n 4- 1 


(n+1)! 

since A** 


1 7 ) ! (71 — p) ^ 

■ ; = / y it has to be shewn that 

n + I — p {n + l)\ 

{n^l-p) sT-v - (p + 1) 5^+1 = tT-p, 
which is obtained by writing n — p — \ for re, and p + 1 for r, in the 
identity + Tn+i’ = (re + 2) Since the relation {B) holds for 
r = 1, it holds generally. 
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From {A) and {B) we have 

r \ (n A I - r)\ (r) 


S T\ 


(r~l) 




{n + 1) ! 

and from this it follows that the necessary and sufficient condition that 


the given series is summable {G, r) is that the series S T, 
should be convergent. It will be shewn that, if the condition 

lim = 0 


(r-l) 


A»- 




is not satisfied, this series cannot be convergent, it being assumed that 

I I < k. 

Let it be assumed that does not converge to zero; then, for 

arbitrarily large values N, of n, we have T%~ > kj N^, or else — k^N’', 

where ki is a positive number which we may take to be < k. The second 
inequality is reduced to be first by changing the sign of a„ , for every value 
of n ; consequently we may assume that T% kj^N^, for an infinite set of 

values of N. Let be the least integer such that S ^1 — N ; thus 

< N, and N-^ increases indefinitely as N does so. We may take Ni — k-^N 
and Ni < k^N, where < ^3 < L 

Let Ni ^ N, then the value of 
(r + N — s 


is 


s-N 
S (.9 + 
s-0 


and since 
we have 


( 


N -s 

r + N — s — I 
N -s 


1 \ s^n / 

)- 2 (5+l)a4 

/ s -0 \ 


r + n 


n — s 






r + n — s 
n — s 




<“’i < *= 


fr + N - s — \ 


H 
= 0 \ 


N -s 


) 8-=>n fr 

- 2 r 

s-O \ 


+ — s 

n — s 


The expression on the right hand side is equal to 


s-AT-n-i fr + N 


-n-1 A 

lb 2 ( 

-0 V 


s 

N -s 
'r + N — I 
N 


■)' 


')■ 

or than 


and this is less than k {N ~ n) ^ 

k {N ~n){N + 1) {N 4- 2) ... {N r - 1); 
and this is, for every value of n, less than 

k (1 - k.) N- (1 + ^) (1 + 1 ) ... (1 + r--J 
k 

Since ^2 = 1 ~ ^ have (1 — k^) k £ \k^\ it follows that, for all suffi- 


ciently large values of n, | 


rp{r-l) 

^ n 


< IkN'' where ^ is a constant 

6-2 
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which may be taken to be greater than by as small a difference as we 
please. 

Since > k^N^ it follows that > {k^ - \h) ■, thus 

for n & N, where Tci is a number which we may 
suppose less than k^ by as little as we please. 

We now have 


v~N 

s r 

v-Nx 


i(r- 


■'-C-fO 


1 

>lk,Nr s 

v = Ni V + 1 


and the expression on the right hand side is 

1 




1 


We have 


+ l){N^-\- 2 )...{Ni + r) {N + 2 ){N + 3 )...(N + r + l)\ ’ 
1 k^ 


> 


where k^ is less than 1 


(i^i + 1) (iV^i + 2) ... (iVj + r) W/’ 
by as small a difference as we please, provided W, is sufficiently large ; also 


1 


< 


1 


■N 


Thii« T, 'T 

(N + 2) (N + 3) ... (A^ + r + 1) ^ N-’ .f^v. ' 




A’’ r is greater 

V + 1 

than fk,Nr (r - 1) ! (A- - , or than lie, (r - 1 )\ - l) . The 

number k^ having been fixed, for sufficiently large values of AT, we may 
choose A4 so that k{ < ^"4 < 1 ; thus, for all sufficiently large vahics of N, such 

that > kN’^ the value of 2 A*" — exceeds a fixed positive 

(r — 1) 1 

number. It is therefore impossible that the series 2 Ty fV — ~r can 

i/“0 V --r 1 

converge; and therefore the given series cannot be summable (C, r). 


(t ’-W 

If lim Tn jn^ — 0, and the series is summable {C, r) it has been shewn 

ri'^co 

also to be summable {C,r — 1). Thus, if na„ is bounded, and the series 

2 a„ is summable {C, r), for any integral value of r, it is also summable 
n«0 

((7, r — 1), and therefore also it is summable {C,r — 2), ...; it is conse- 
quently summable (C, 0), that is, it is convergent. 

The theorem of Hardy which has now been established has been ex- 
tended by Landau* to the case in which na„ is bounded on one side only ; 
thus: 


If nUn < k, or na„ > — k, for all values of n, where k is some positive 
00 

number, then the series 2 a„ cannot be summable {C, r) unless it is con- 

n«0 


vergent. 


* Prac. maUrmtyczno-fizycznych, vol. xxi (1910), p. 97. 
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EXAAIPLES, 

(1) If 2 is bounded, or summable, (C, r), where r is any real number, shew that 

2 - is summable (C,r - 1 ). This theorem was given by Chapman* ; the case when r is a 

positive integer, and the series is summable (C, r) had been given by H. Bohrf and M. RieszJ. 

(2) If r is a positive integer, and 2 is bounded ((7, r), shew that 2 is summable 

n-0 n^in^ 

(Cy r), provided 5 > 0, whether s be integral or not. This theorem is due to H. Bohrf. 

(3) If 2 Un is summable ((7, r), where r is a positive integer, prove that 2 ^ is 

n“0 71^1 

summable (C,r - s), where ^ > 0. This result was given by M. Rieszf. 

(4) If § the series 2 an is bounded {C, r), and summable (6\ r + 1), where r S 

n=-0 

show that the series is summable ((7, r + S), provided 5 > 0. 

(5) Prove that the series P - 2* + 3* ~ ..., is summable (C, r), provided r> s. The 
number s may have either sign. This theorem was given by Chapman ||. It had been shewn 
by Bromwich If that, when s is integral, the series is summable ((7, ^#+ 1); and by the same 
method it could be proved that it is bounded ((7, s), 

(6) If the series 2 is bounded (G, r), where r > - 1, and the series 2 bn is bounded 

n = 0 w =■ 0 

(Cy s)y where 5 > - 1, then the Cauchy-product 2 Cn is bounded ((7, r + 5 + 1). 

n “0 

THE EQUIVALENCE OF CEsAro’S AND HOLDER’S METHODS OF SUMMATION. 

^^ 55. The notation of §44, in which the given series is taken to be 
«! + + ••• + + •••> will be employed here. If x^, x^, x^, ..., be an 

infinite set of variables, and {a„m} a set of numbers such that a„m = 0, 
when m > n, and a„„, 0, for m & n, let us consider the set of equations 

Vn »nl^l + + ••• + anm^n, 71 = 1, 2, 3, ... . 

Denoting the matrix 

«!! 0 0 0 

Uai a22 0 0 

^31 ®32 ®33 ^ 

by .4, we may regard the set of variables {y„} as obtained from the set {«„} 
by means of the operation A, and this fact may be expressed by (y) = A (x). 
If, whenever lim x„ has a definite value, lim has also the same definite 

Tl'-^ao ri'^oo 

value, the operation A is said to be regular. 

The set of equations by which Xi, X 2 , ... x^, ... may be expressed in 
terms of 7 / 1 , ^21 ••• ••• define an operation which may be denoted by 

* Loc. cit. p. 388. § See Andersen, loc. cit. p. 56. 

t Cmnptes Rendus, vol. cxt.tii (1909), p. 75. || Loc. cit. p. 397. 

t Ibid. p. 1668. More general theorems arc there given. If Theory of Infinite Series, p. 317. 
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A-^; thus (aj) = {y). If A and A-^ are both regular, A may be termed 

a reversible operation. 

If a third set of variables z„ are obtained from the variables by means 
of an operation B, or 

bn 0 0 0 

bn ^22 ^ ^ 


so that z — B (y), the operation by which the variables z„ are obtained from 
the variables may be denoted by BA ; thus (z) = BA (x). In case 
AB = BA, the operations A and B are said to be interchangeable. 

If A and B are two regular operations, AB is also a regular operation. 
Moreover the operation aA + {\ — a) B, for which the constants are 
aanm + (! — «) ^Iso regular. Also AB is reversible if A and B are 

reversible operations. 

If two operations A, B are such that, when y = A (x), z =-■ B {x), 
for every sequence {x„} the seqiiences {y„}, {z„} are either both convergent, 
with one and the same limit, or both non-convergent, the operations A 
and B are said to be equivalent. Since {y) = AB-^ (z), (z) BA~^ {y), 
the operations A and B are equivalent only if AB~^, BA~^ are regular 
operations. 

The identical operation E represents the set of equations x„ ^ a:,,, 
for which = 1, = 0, when m^n. 


56. If we take == for m&n, — 0, for m> n, we have 

/i(i) = M {s), = M {hS'-'t), ... M''> — M and thus W'> = M’^ (s), in 

accordance with the definition of Holder’s means, given in § 44 ; where 
M denotes the operation with the matrix 

1 0 0 0 ... 

i i 0 0 ... 

i h i 0 ... 


In accordance with the definition of Cesliro’s means, given in § 44, 
we have 

(r) /W + r - l'\ ^(r) Jr-1) , (r-1) , , (r-1) (r) , Jr-1) 


and therefore 


Jr-1) (r-1) , , (r-1) Jr) , Jr- 

jCn ~ Si +52 +•..+«» = 5„_i + 5ft 

<n + r - 1\ ^(r) + r - 2\ ^(r-i) 




and this can be written in the form 


n + r 


fjr) _ 


from which we have r&l 


n + r 


f^r) /W + r - 2N ^(r-l) 

^n -1 + ^ r-1 / ” ’ 


(r - 1) Cf + 


{n-l)&;^^. 
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It then follows that 


+ ct 


1) 


+ 


+ 


n 


= (r - 1) 


-T 02 


+ 


n 


+ Cn . ^(r) 

- 'T 5 


which may be written in the form 

rM (C'(’-i)) = (r - 1) Jf ((?(»•)) + (C(% 

or M = Sj. where denotes the operation 

Since Jif' = we have {m'i) = M {W-)) - M ((7(2)). Also, 

since the operations 82 , 83 , ... are clearly interchangeable with ilf, and 
with one another, we obtain 

(li(3)) == M (¥^)) = M 82 (0(2)) ^ 82 M (0(2)) == 8283 (0(2)); 
and proceeding in this manner we find that 

(//.(«■)) = .V^3...^, (0(^)) = P,(0(--)), 


where P, denotes the operation 8383 ... 8 ^. 


Now Af is a regular operation (see § 55), and consequently 83 , 83 , ... 8 ^ 
are regular operations, and therefore is a regular operation. Conse- 
quently, if lim Cn^ exists, so also does lim hn\ and the values are the same ; 

Tl'^QO 

thus one part of the theorem of equivalence has been established. 


In order to prove the second part of the theorem it is necessary and 
sufficient to shew that the operation P, is reversible, for every value of r; 
and in order to prove this it is sufficient to show that the operation 

8 r = ^ E + ^1 — M is reversible. Writing a for it will be shewn* 

that, if 0 < « ?§ 1, and the limit 


lim 

7l'^0O 


aXn -t- (1 — a) 


X, 


+ X2 + ... + X„] 


n 


exists, as a definite number, then lim exists, and the two limits have 
the same value. 


Denoting ^ Ijy x „ , we see that, if a;„ < X„, then 

Th 

> X„ ; that, if = X„ , then Al„_i ^ X „ ; and that, if x„ > X„, then 
X„. .1 < These results follow at once from the identity 

ir„ = Z„ -f (to - 1) (A'^ - Z„_i). 

It has been shewn in § 27 that, if lim x„ — + <x , or lim x„ = — <xi , 

Tl'^CC n — Qo 

then lim X„ = 4 - <» , in the first case, and lim X„ = — 00 , in the second 


♦ The proof of this part of the theorem given here is a modification of that given by Knopp, 
Math. Annalen^ vol. lxxiv (1913), p. 459, in a remark upon Schur’s proof of the complete theorem 
given in the same volume. The limit was first investigated by Mercer, Proc. Lond. Math. Soc. (2), 
vol. V (1906), p. 206. 
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case. It then follows that, since 1 — a S 0, lim {aXn + (1 — a) is + qo 

n.'^Qo 

in the first case, and is — qo in the second case. It has thus been shewn 
that the sequence {X„} cannot be divergent, and must therefore, unless it 
converges, oscillate between limits, either of which may be finite or infinite. 
Let it be assumed, if possible, to oscillate. Let P and Q be two numbers 
such that 

lim Xn> P > Q> Im Xn , 

n'^oo ri'^oo 

whether the upper and lower limits be finite or infinite. If N be an arbi- 
trarily chosen integer, there is an infinite set of values of n (> N) such 
that X„ > P, and there is also an infinite set of values of n (> N) such that 

< Q. If, for every value of n (> N), x„ S X„, we have X„_i S X„, 
and thus the sequence {X„} is monotone non-increasing, for n > N, and 
it therefore converges, since it cannot diverge. Since X„, ax^ + (1 — a) 
both converge, as w oo , it follows thata:„ converges. Similarly, ii Xn> X„, 
for every value of n (> N), it can be shewn that x„ converges. The case in 
which there is only a finite set of values of n (> N), for which x„^ X„, 
or that in which there is only a finite set of values of n (> N) for whicli 
Xn > X„, can be reduced to the above, by proper choice of N. We have 
therefore only to consider the case in which there is an infinite set of values 
of n (> N) for which x„& X„, and also an infinite set for which . 

The integer m {> N) can be chosen so large that, amongst the integers 
W -I- 1, W -I- 2, ... m, there are values of n for which x„ ,4 X„, and also 
values for which x„ > X „ . Let rn be also so chosen that X^^ > P',ifXm> X ^ , 
we have > P and therefore ax^ + (!—«) > P. If, on the other 

hand, a:„, ^ X„,, we have X„,_i S let Wj be the greatest integer < m, 
and necessarily > N, for which x^n^ > X^^. We have then 

Y ^ X > > Y 

= = ••• = 

and ; therefore x^^ > P. It has thus been shewn that a 

value of n, greater than the arbitrarily chosen integer N, exists, such that 
x„ > P, and also > P. 

For this value of n, ax^ -|- (1 — a) > P. In a similar manner, 
taking x^ < Q, it can be shewn that a value of n (> N) exists, for which 
aXn + {\ — a) Xn < Q. Since N is arbitrary, the results are incompatible 
with the convergence of ax„ + ( 1 — a) . It follows that X„ must be 
convergent, as n ~ oo , and therefore x„ converges, as n ~ qo . 

The reversibility of the operation P^ having been established, if the 
sequence {h^n) converges, so also does the sequence {(fn}> and the two 
limits are the same. The equivalence of the two modes of summation has 
now been completely established. 

57. It may be remarked that, in the theorem that has been proved 
above that, if aa;„ -f (1 — a) converges to a definite limit, .r„ also does 
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so, the condition 0 < a S 1 may be replaced by the wider condition 0 < a. 
In fact the theorem can be very easily established in the case a > 1, and 
this, taken together with the case 0 S a ^ 1, shews that it holds for 
0 < a. 

Let Un — ax„ + (1 — a) X„, or aa:„ = «„ + (a — 1) X„, wo then have, 
if a > 1, a lim x„ S lim «„ + (a — 1) lim and also 

ri'^QO n-^oo 

a lim Xn S lim + (a — 1) lim . 

U'^co U'^co 

It follows that 

a (lim — lim x„) & (lim u„ — lim «„) + (a — 1) (lim X„ — lim X„) ; 

Tl'^oo Il'^CO U'^OO Tl'^co ri'^CO 

and we have (see § 27) 


and thus 


lim Xn = lim JT „ S lim S lim x„ , 

n-'^oo 71/^00 n'^<x> U'^co 

lim x„ — lim ^ (lim — lim ; 

ri'^Qo n-'-oo ri'^oo 


it then follows that, if lim «„ exists, so also does lim x„ . The theorem is 

ri'^QO U'^QO 

a particular case of the following general theorem, due to Knopp* : 

OO 

If bn S 0, and S bn is divergent, and a> 0; then if 

n -0 

nor 4- n - a?! + .. . + 6„a;„ 

axn 4- (1 a) ^ ^ 

is convergent, so also is x„, and the two converge to the same number. 

The theorem can be proved in exactly the same manner as in the case 
6„ = 1 , established above. 

In the memoir by Knopp {loc. cit.), the following theorem is given: 

If, for a given sequence {«„} the relation 




n 4 ^ + 1 \ 

1 ) 


= s 


n.'^QO V ^ / \ H y ) / ^ k + p + 

holds for a particular integer k (S 0) and a particular integer p (i 0), then 
it also holds when k is replaced by a greater integer, or when p is replaced by 
any integer (S 0), or when both changes are made. 

This theorem and the foregoing are employed by Knopp to obtain a 
new proof of the equivalence of Ces^iro’s and Holder’s methods of sum- 
mation, and to obtain a new proof of Hardy’s theorem (see § 54), that if 
a series is summable {G, r), and if is bounded, then the series is 
convergent. 


* Math, Zeitachr, vol. xix (1924), p. 99. In the proof there given, the possibility that and 
Xn may both diverge to + oo , or to - oo , is left out of account. 
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THE EQUIVALENCE OE CESAro’S AND EIESZ’s METHODS OF SUMMATION. 

68. If we denote by where k^O, the sum S ar(to — r)*=; 

r<oi 


in accordance with Riesz’s method of summation (§ 45) the series S a. 


r-O 


is summable if lim has a definite value; where w is a continuous 


variable, and not merely a sequence of integers. If lim 


Q(fr) 

_ 

n+ k' 


n~oo ^+k'^ 


has a definite 


00 

value (§ 47), the series S is summable (C, k). It will be shewn that, 

r = 0 

if either of these limits exists, then the other exists, and both have the 
same value; and thus that the two methods of summation are equivalent. 


Throughout the following proof, when a relation tf) {n) = o {i/i {n)} is 
employed, where <f> (n), tf> (n) involve one or more parameters besides n, 
it will be understood to mean that, if c be arbitrarily chosen, then for each 
fixed set of values of the parameters, Ue can be so chosen that 


<i> jn) 
4s (») 


< e, for n > Ue; 


but that Ue cannot necessarily be so chosen as to be independent of the 
values of the parameters. A similar remark applies to a relation 


4>in)=^0{^{n)}. 

If lim — s, by changing into — s, we see that lim == 0 ; 

ca.^co a) 0^00 a) 

^(fc) 

similarly if lim — ”, exists, it is seen that, by changing the value of a^, 

Cn ’ 

the limit becomes zero. It is therefore sufficient, in order to prove the 
theorem of equivalence, to shew* that, if either of the two limits exists 
and is zero, then the other exists and is also zero. 


Some preliminary propositions, required in the proof, will be first 
established. 


(a) If Aa:*=, A''®*’ denote the differences 

«*=-(«- l)^ x^-r{x- 1)*= + — " {pc - 2)*= - ... + (- I)*- {x - r)^ 

for r = 1, 2, 3, ... , where x — r > Q, then 

A'^x^ ~ k {k — 1) ... {k — r + 1) x^~^ + O (a:*'"’’"^). 


* The proof here given is founded upon that indicated by M. Riesz, Comptes Reridus, vol. CLii 
(1911), p. 1651, and it has been supplemented by reference to a letter written by Riesz, containing 
further details of the proof. 
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It is easily seen that may be expressed in the form 

CX fUi f“r_i 

1)... — r+ 1) I dui du^... 

J X-1 j Ui-1 J 

where x — r>0. Thus | A’’a;*= — A; (A: — 1) — r + 1) a:*-’’ | is expressed by 

— 1) ...(& — r + 1) f dui [ du^... [ '^ (x^~'' — u/~'') dUy . 

Jx-1 Jui-1 J 

The integrand x^~’‘ — is positive and less than x^-' — {x — rY~^, 
since is in the interval {x — r, x)\ and this is less than 




/ ^-Nfc-n 

^k-r 

1 - 

( 1 - -1 



“1 


which is equal to O Therefore 

HiJx^ - k {k - \) ... {k - r + 1) x^-'^ = 0 {x^-’’-'^). 


r (w A: + 1) 


( 6 ) 


n ! 




thus 


From Stirling’s theorem we find that 

{k + 1) {k_+ 2)^. {k + n) I ^ 1 . 

n\ ' r(A:+l)’ 

if + 1) (A: + 2) ... {k + n) 1 
n ! 




= 0 ( 1 ). 


Denoting the expression on the left hand side by / (n), wc have 
(k + 1) ... (k + _ A; + » + 1 1\-* 

n + V \ n) 


f{n) -f{n + 1) 


n’^n ! 


0(1) 1- 


A; + n + 1 


« + 1 


1 -^ + 0 


n 




-to 

oQ- 


k 


n + 1 


+ 0 


)t)] 


It follows that 

/(^) 




00 1 1 

and this is less than a fixed multiple of S — g, or of - hence 


n 


1 


or 


r (re + A: + 1) 


re ! 
j(i) 


n^=.0 (re*=-i). 


(c) If i is an integer, 8\J can be expressed as a linear function of 
W, O'i-l (»^)> «^i-2 (»*')> ••• <^0 (»*•)• 
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We have sf - s" (?>-<■+ 1) (a - r^+ g.,.. ja-r + ;) 


r-0 


[CH. I 
a,; and the 


numerator of the coefficient is of the form (n — r)^ + Xi{n — r)*-^ + + 

where , Ag , ... are integers dependent only on i. Thus we have 

1 

= J7 W (n) + AiOri_i (ft) + ... + i lao (ft)}. 

V I 

(K) fS!) iK.'S 

id) (Tj. (to) can be expressed as a linear function of Sq , Si , 8n , 
where K is the integer next less than k, and ft < to £ ft + 1. 

We have a, = Si^^ _ + ... + (_ l)r + >. ^here 

the series stops after K + 2 terms, or after r + 1 terms, whichever is the 
smaller of these numbers. Substituting this value of in the expression 
2 a,. (to — rY, we have 

afc(to)="'f~V*^^A*‘''^^(to-r)*=+ 2 S'f'‘ 

r-0 T’^n-K 

^ X {{o) — r)^ — (jSl + 1) (co — r — 1)^ + ...}, 

where the number of terms in the bracket is, for every value of r, 
ft — r + 1. 

59. In order to prove the equivalence theorem, three lemmas will be 
required. Lemma I : 

Q^k) ^(k*) 

If lim = 0, then lim = 0, where k' < k. 

Tl'^QO •*' n'^00 

This has already been proved in § 62. 

We proceed to the proof of Lemma II ; 

CTfc (to) 


7/ lim 


= 0, and i be any integer less than k, then lim 


s: 


(f) 


= 0 . 


_ W” ■ n~oo 

The lemma will be first proved in the case in which k is an integer, so 
that i has any one of the values k — k — 2, ... 0. Let n be the integer 
next less than to, so that ft < to ^ ft + 1. 

Let us consider 

{n) -{k-p) + ^) + - — j ^ ~ + I) “ ••• 

+ (- l)*=-"a,(ft + ^), 

where p may have the values 0, 1, 2, ... I: — 1. 

The coefficient of a,, in this expression is 

(ft - r)*' - (& - p) (ft + i - r) + ~ ~ . y ~ (oi + I _ ; 

“ f*) 3? 

and this is the coefficient of in — {k — p)e^ * ^ + ... or in 

X 

(— i)fc-i>e(»-»')®(c* — !)*-». It follows that the coefficient of a, is of the 
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form Aq (n — r)^ + A^in — r)^-^ + ... + A^, where Aq, Ai, ... A^ depend 
only on k and p. It then follows that 

a* («) - (k-p) cTfc (^ + ^) + ••• + (- 1)*"^ O’* (f + 

has the form AgOp (n) + Ai<rp_i (n) + ... + Aj,<ro (n). 

Letp = 0, this expression then becomes A gag (n) ; thus ctq (n) is expressed 
as a linear function of cr* (n), ctj, ... o-j. (?i + 1). Next let p = 1, 

we have then the form Agai {n) 4- A^Og {n), hence (n) can be expressed 
as a linear function of a*, (»), or* + ^ ) , — Letting p have the values 
2, 3, ... ifc — 1, we see that or,, {n), oi («.), ... ct*_i {n) are all expressible as 
linear functions of ct* (n.), ct* or* {n + 1). 

Now has been shewn in theorem (c), of § 58, to be a linear function 
of og (n), or* (n), ... CT* {n) ; therefore is a linear function of 


If 


Ok (o)) 


Ok Oji {n 4- ^ O'* {n 4" 1) 

( 


to" 


converges to zero, 


Ok {n) 


O'* In 4- 


kj o* (n + 1) 




w'' 




all converge 


Q(fc) 


to zero, since n < to ^ n 4- 1 ; it then follows that converges to zero ; 


n* 


8 . 


m 


hence also, using Lemma I, ” 




converges to zero, where i is an integer 

less than k. 

Next let k not be an integer, and let K be the integer next less than k. 

It will be proved that 

k(k-\) ...(k-K) 


Ok (oi) = 


K\ 


7‘ 

Jo 


OK {t) (0> - dt. 


Integrating by parts, we have 


f“oK(0 (■ 

JO 


to - dt = 


OK {t) 


(to - 


k-K 


til r<o 

+ ok' 
_ 0 Jo 




J^J^Ok' it) {<0-t)^-^dt. 

Proceeding in this manner, we have, since (^) = K \ S a^, 

r<K 

[ OK (0 

Jo 

f K\ Hi aj. (o) — dt 

^ n r<K 


{k-K){k--K+ !)...(*- l)jo 
K ! 

{k-K)...{k-\)k 
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I “ 

Thus (Tfc (o)) is a fixed multiple of as (t) (<*> — dt. Dividing the 

Jo 

integral in two parts, in which (0, n), (n, w) are the intervals of integration, 

respectively, we shall consider first ok (t) (o> — dt. 

Jo 

It can be shewn that aK (t) = M {u) {t - du] for 

Jo 

CTft' {u) = Jc I. a, {u — 

r<u 

and [ a/ (u) {t — du = k H f (u — r)*~^ (t — du. 

Jo r<t Jr 

Changing the variable in the integral on the right hand side to w, where 
t — u = {t — r) w, the expression becomes 

A; S f {t — /■)*■ (1 — w)^~^ dw 

r<t J 0 

which is a fixed multiple ^ of as: (t)- 
We now have 

rn 

Jo 


du 


OK it) (co - dt^ M r(a) - dt f iu) {t - 

Jo Jo 

rn rn 

= M I a,! (u) du\ (t — (io — df; 

Jo Ju 

the validity of the inversion of the order of integration following from tlie 
fact that the repeated integral exists when the integrand is changed into 
its absolute value (see i, § 429). 

Let I (t — (o) — dt be denoted by ijj (u) ; thus 

J U 

I {t) ~ t)^~^~^ dt — M \ oji' {u) lb (u) du. 

Jo Jo 

The function ^ (?t) diminishes as u increases, for it is the difference of 

[“(t - (a> - dt and pit - u)-(>‘-^) (co - dt; 

J u J n 

and the latter integral increases with u, whereas the former reduces, 

by substituting the new variable w, given by (t — u) — {w — u) w, to a 

constant. 

Employing the second mean value theorem, we have 

[ os (<) (to — t)^-^-^ dt = Mifi (0) o-j. (t) 

Jo 

where T is in the interval (0, n). To express ift (0), we have 


^ (0) = f 

J 0 


(oj - dt. 
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Let t = nt', we have then 

if; (0) = ['%!-(*=-«) #'-(*-•-£) (oi - (W < (1 _ 

Jo Jo 

Thus ifi (0) is bounded for all values of n ; or 


f (t) (^«> “ (It 

Jo 


< A(Tk (t), 


where t is in the interval (0, n), and A is independent of n and co. 
Bt it 
<^k i-r) 


Let it now be assumed that lim = 0 ; if we suppose that 


lim 

(o/^co 




ca-oo 

> 0, it is possible to choose a positive number rj, and a sequence 
C(k ('Tm) I 


of values of to, SO that > tj, for all values of m, where T„t is the 

O) 

m 

value of T that corresponds to to„j. Now < tj, if t is greater than some 

fixed number j8 ; and it thus follows that for all values of m ; and 

then lim — - — 0, from which it follows that lim = 0 ; contrary to the 

hypothesis. Hence lim 


m'^00 CO., 


gfc (t ) 


must be zero, and therefore 

lim [ aic (t) (to — t)’^'-^-^ dt = 0. 
to*- J 0 

/'(O 

Next, let us consider I ok {t) (to — t)^-^~^dt-, on successive integration 


by parts, this is equal to 


Ok (t) 


— t) 
h 


k-K 


(to - 


(g) (^ ~ t) 


L I /f\ V'" ■'/ , I (g) 

K ^ {k-K) {k-K + 1) ^ {k - K) 


...k] ’ 


or to 
Ok {ft') 


(to - 


k 


+ ok' {n) 


(to - 


(g) 


{k - K) {k -~K + 1) + ••• + (Jc -K):.. k^ 


and this is a linear function of ok {n), ug-i {n ), ... uo (^)- 

If we assign to to, iC + 1 different values toj, to^, ... tog:+i, all within 
the interval {n, n 1), we obtain K + \ such linear functions. As the 
determinant of these linear functions is a multiple of 

1, Oil — n, (o^i ~ ••• (“i “ 

1, 0)2 - n, {a >2 - n)^, ... { 0 ) 2 - n)^ 


1, — n, (t«>g+i — 

which is a multiple of the product of the differences of pairs of 


toijtoa, ... wg+i, 
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the determinant does not vanish, and therefore the linear functions are 
independent. Therefore aK,{n), (/i), ... cto (w) are all expressible as 

f 

linear functions of the K + I expressions ok {t) {cor — dt. 

J n 
(i) 

From theorem (c), is expressible as a linear function of 

o’o <^i (»»); 

and it follows that Sn\ for all integers K <1c\^ expressible as a linear 

function, of the K + \ expression I or {t) {ojr — dt. If now we 

J n 

assume that lim = 0, since lim -r f or (t) (co — t)’‘~^-^ dt = 0, we 

4.~0 Oi o® j 0 

have lim -^ [ ctk [t) (a> — tY~^~^ dt == 0. 


Jn 


If, as n increases, wi, co.^, ... so increase that the differences 

Oil — n, — n, ... oiR+i — n remain constant, we see that lim — ^ = 0, 

Th 

for all integers i <k \ thus the Lemma has been proved. 


60. It remains to investigate Lemma III : 

g(i) 

If lim — 0, for every integer i, less than k, then 


(Tfc (to) Sr, 


0, where c, 


On account of Lemma I it follows that lim Ar — 0, where K is the in- 

n^ 

teger next less than k. 

Let Sn denote the maximum of | S]. | for r :ln\ it can be shewn 

that, if lim = 0, then lim — = 0. A number v can be so fixed that 

n~oo n~oo 

I I I I 

' — ~ — ' < e, for r > v; there exists a number M such that ' — ~ — ! < M, for 

r — 1, 2, 3, ... V. We have then, taking n>v, 

sj^^ ^ r* maximum of | S^f^ |> r g 

S. greater of the numbers e, M ; 
n can be so chosen that M < e, and therefore 

a(S:) -a(K) 

< c ; and thus lim — 0. 


(k) ^ r (A: + n + 1) 
^ r(k+ l)ft! • 

o(«) 
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We have now 

^Ao^) sf ^\aA<^)-s^^^v{k + i)\ , \^(k)/r{k+i) l^^l. 

«,*= . Jfc) “ aj*= ■ “ ” V o)* 7^)/ ’ 

and S»<(!1(^)_ Ml 




^(k) /r (A" + 1) 1 




s o(- 




as is seen by employing theorem (6), and remembering that 

ik) r (& + w + 1) 

^ TW+ 1 )»! ■ 

Employing (5), of § 48, we have 

sT 1 ( q(a:) /k - K p ~ l\ UK) \ . 

nk+i-nk+iY'n p 


and therefore 


I _1_ fk-K + n\ UK) 

^k+i nk+i ^ jj, y ' 

n n’^ 


It has now been shown that 


uk)fr{k+i) 1 


0(1). 


AT ^ -1 \<TA<o)-slf^r{k+\)\ Tj, , . 

Next, we consider ' — ^ ^ -■'■ . Employing theorem {d) 

and the formula (5) of § 48, we see that this is not greater than 
A- 1 ”"f > {A^'+i (cu _ r)^ - r (A: + 1) 


to"! r-O 


Since lim 


+ [Sf^O (1) + Sf\0{\) + ... + (1)]1 . 

UK) UK) „(£) 

0, each of the K \ expressions - > ~r > • • • 


to* CO 


is o (1). In accordance with theorem (a), wo have 

AK+1 {oj - rY = k {k - \) ..Ak - K) {oi - r)*=-K-i + O {(to - r)*=-*-'-2} 
= k {Jc - 1) ... {k - K) {n - + O {n - ry-^-^) . 


HII 
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Also 


r{k + i) c;_ 


(k-K-l) 


= k{k- 1) ... (k-K) 


T (k — K n — r) 


and 

for r £- n 


ak+ 1 (to - r)*= - r {k + 1) 


{n — r)\ ’ 

O {{n - 

A — 1, from theorem (6). Thus we have 

±_ LH . ^ ^ s^n^x s + o (1) 

r^l 

S o (1) + a>-*^ ^ O (1) 

= 0 ( 1 ); 

where A denotes some fixed number. 

The Lemma has now been established. 

The equivalence theorem can be at once deduced from the three 
Lemmas. For, if it be assumed that lim — 0, we have, from Lemma 11, 

n-ao 

o(0 q(k) 

lim = 0, {i < k), and then, by Lemma III, lim - == 0. If it be as- 




q (0 


Slimed that lim ~ = 0, by Lemma I we have lim ^ 0, i < k, and 

l-woo ^ 




then, by Lemma III, lim = 0. 



CHAPTER II 


FUNCTIONS DEFINED BY SEQUENCES OR SERIES 

61 . Let (x), 3-2 (x), S3 {x), ... 5„ (x), ... be a sequence of functions 
defined for the values of x in some given set of points E. All the functions 
s„ (x) will, in the first instance, be taken to be single-valued functions of x, 
in the sense that, at each point of E, s„ (x) has a single finite value, citlier 
finite, or -f 00 , or — 00 . The function s„ (x), when everywhere finite, is not 
necessarily bounded in the set E. The set E may be a linear set, or a 
p-dimensional set, in which case x symbolizes a point {x^, x.^, ... Xp), of 
the set. The set E is said to be the field, or domain, of the variable x, 
for which the functions are defined. It need not be assumed in the first 
instance to be restricted in any special manner; thus it is not necessarily 
bounded or closed. 

At any point of the domain of the functions, the sequence of numbers 
(^)! -52 (^)> ••• Sn (i)> ••• may either (1), have a single finite limiting point, 
in which case the sequence {s„ (a;)} is said to be convergent at the point 
or (2), it may have a single improper limiting point 00 , or — 00 , but no 
further limiting point, in which case the sequence (x)} is said to be 
divergent at the point or ( 3 ), it may have a set of limiting points, either 
finite but containing more than one point, or infinite, which may include 
either, or both, of the improper points -f- co , — oo ; in this last case the 
seqiience is said to oscillate at the point f . 

Let the function s (x) be defined in the field E, for which the functions 
of the sequence are defined, by the rules that, at any point ^ at which the 
sequence {s„ (a:)} is convergent, s (i) is the number to which the sequence 
converges ; at any point at which the sequence diverges, s (£) has the value 
-1- 00 , or — 00 , as the case may be ; and at any point at which the sequence 
oscillates, s (^) is miiltiple- valued, having for its stock of values those 
defined by the limiting points, finite or infinite, of the sequence {s„ (^)}. 

If U (i), L (^) are respectively the upper and the lower boundaries of 
all the numbers s„ (^), the two functions U (x), L (x) are single-valued 
functions which may be termed the u'p'per boundary function and the lower 
boundary function of the sequence {s„ («)}. Either or both of the numbers 
U (i), L (^) may be infinite. 

The set of values of s (j;) at any point $, when it does not consist of a 
single point, necessarily consists of a closed linear set of points, the term 
closed set being extended, when necessary, to include cases in which one 
or both of the points -1- oo , — 00 belong to the set. It shoxild be re- 

7-2 
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membered that if, for an infinite set of values of n, the values of s„ {$) 
are all identical, their common value must be reckoned as belonging to 
the closed linear set of values of s ($). 

The upper and lower boundaries of this closed set, of values of s (i), 
may be denoted by s {$), § (^), where either, or both, of these may be either 
finite or infinite. The single-valued functions s (x), § (x) defined in the 
field E, as having at each point the values respectively of s (i), s {$) 
are termed the upper limiting function and the loiver limiting function^ 
respectively, or simply the upper and Imoer functions, defined by the 
sequence {s„ (a:)}. 

At a point of convergence, or divergence of (a;)}, we have 

If e be an arbitrarily chosen positive number, and if s{^), § (^) are both 
finite, (^) must lie in the interval (s (|) — e, s (^) + e), for every value of n, 
with the possible exception of a finite number of such values. If .s (^) = oo , 
and s (f) is finite, only a finite set of the numbers s„ (^) can be less than 

« (i)'- e. 

It is clear that, at every point x, the relations U {x)Zs {x) ^s{x)^L (x), 
are satisfied. 

In case, at each point of E, the sequence (a;)} is convergent, 
s(x) = s (x), and the limiting function 5 (x) is single-valued and finite. If, 
at each point of E, the sequence {«„ (a;)} is either convergent or divergent, 
3 {x) is also single-valued, but at each point of divergence of the sequence 
it has for its value either 00 , or — qo , as the case may be. 

If (pj, P 2 j ••• Pm •••) ^6 a'>sequence of increasing positive integers, the 
sequence {x)} may be said to be a subsequence of the sequence {s„ (a;)}. 
Such a sub-sequence will have an upper function that is 4 5 (a:), and a 
lower function that is zs{x). If a sub-sequence be convergent, it may 
have for its limiting function either s (a?) or s (a;) or some function whose 
value at each point is a limiting point of {s„ (a:)} in the interval bounded 
by s{x) and s(x). When all possible sub-sequences of {«„ (a:)} are taken 
into account, the totality of their upper functions may be spoken of as 
the set of upper functions of the sequence (a;)}. Similarly the set of 
lower functions of the sequence is defined as the totality of the lower 
functions of all sub-sequences. 

62. If the method of transformation given in i, § 219 be applied to the 
functions of the sequence {s„ (x)}, defining the fimction < t „ (x) by 

s 

iT“ 


(x) 


s{x) 


we observe the fact that, for any point 


and (7 (x) by <t (x) = 
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corresponding to the set of values of 5 (^) in (— oo , oo ), which is closed 
either in the ordinary sense, or in the extended sense in which + oo and 
— 00 are admissible points of the set, there exists a closed set of values of 
a (i) in the interval (—1, 1); moreover the converse of this holds good. 
Divergence of {«„ H)} to + oo implies convergence of {(t„ (^)} to the 
point 1, and divergence of to — oo implies convergence of {cr„ (f)} 

to the value — 1, 


From this point of view, the distinction between convergence and 
divergence of a sequence, at a point, is unessential, whereas oscillation is 
essentially distinct from either. Thus, for example, if {.s„ («)} be at all 
points of E, either convergent or divergent, the sequence {cr„ (*)} is, at all 
points of E, convergent. 


In case + oo , or — oo , is the value of (x) at a particular point f, the 
corresponding value of it„ (a;) is 1, or — 1, as the case may be. 

It is sometimes convenient to modify the transformation just employed. 
If {cr„ («)} be a sequence of functions of which the values all lie in the 

interval (- I, 1). we may take a. (a:) = ( . » W - r^l^ l ■ 

where {k„} is a monotone increasing sequence of positive numbers con- 
verging to 1, as limit. The advantage which this transformation has, 
over the one above which corresponds to the case k„— 1, is that s„ (x) is 

Ic 

necessarily bounded, for each value of n, being numerically £ - — ", - . 


V 63. If Ui (x), (x), ... u„ {x), ... be a sequence of functions defined in 

a given linear, or p-dimensional, set of points E, let 

{x) — ttj (x) -I- U^^x) + ... + Un (x): 

then the sequence {«„ (a;)} defines, as explained above, the limiting function 
s (x). This function may be termed the sum -function of the infinite series 

% (x) -f- (a;) + ... -1- Un {x) -h .... 


It thus appears that the theory relating to the sum-function defined 
by an infinite series, each term of which is a function of one or more variables, 
is identical with the theory of the limiting functions of a sequence of 
functions defined in the given domain E. Thus any theorem relating to the 
theory of infinite series of functions of one or more variables can be stated 
as a theorem relating to sequences of functions. The functions s (x), s (x) 
may be termed the upper sum-function, and the lower sum-function of the 
given series. At a point of convergence or of divergence of the series, 
we have s {^) — s (^) = s (^), the number s (f) being finite at a point of 
convergence, and either oo or — oo , as the case may be, at a point of 
divergence of the series. 



102 


Functions Defined hy Sequences or Series 


[CH. II 


FUNCTIONS RELATED WITH A GIVEN FUNCTION. 

64 . In I, § 220, the maximal and minimal functions at a point x, of the 
domain of a single-valued function of a single variable, have been defined. 
These definitions can be extended to the case of a function s {x), of any 
number of variables, when the function is not necessarily single-valued, 
but may have, at each point x, upper and lower boundaries U (a;), L (x), 
and upper and lower limits m (x), I (x), each of which may be finite or 
infinite. The values of s (x), for each x, form a closed set, when s (x) is 
defined, as in § 61, by means of a sequence {«„ (a;)}; but in case s {x) is not 
defined in that manner it need not be assumed that the set of values of 
s (x), at X, is closed. 

Let E denote the domain of the function s (x), and let ^ be a limiting 
point of E which belongs to the set. The upper boundary of the numbers 
U (a:), for all points x, of E, in a neighbourhood A, of converges as the 
span of A converges to zero, to a number M (^) which is the value, at 
of the maximal function M {x), associated with s (x). Similarly, the lower 
boundary of the numbers L {x), for all points x, of E, in the neighbour- 
hood A, of converges, as the span of A converges to zero, to a number 
m (^), which is the value, at of the minimal function m (x) associated 
with s (x). 

In these definitions, the values of x include ^ itself; but if the value i 
be excluded from the permissible values of x, so that the values of s (f ) 
are irrelevant, we obtain, instead of M ($), and m (^), numbers A (f), a (^), 
the values of which are termed respectively those of the upfer associated 
function A (x), and the lower associated- function a (x). The number M (^) 
is clearly the greater of the numbers U (^), A (f ) ; and the number m (^) 
is the lesser of the two numbers L (^), a (^). The definitions are applicable 
also to a point of E', which does not belong to E, and at such a point 
M (i) = A (^), and m (^) = a (i). At an isolated point of E, the asso- 
ciated functions do not exist, but M {^) = U (^), and m (f) = L (^). 

The above definitions may be stated more explicitly in the following 
form: 

If ^ be a limiting point of the set E in which the single or multiple mined 
function s (x) is defined, and if {A„J be a sequence of neighbourhoods of each of 
which contains the next, and which converge to the point i, then if U {A^) denote 
the upper boundary of U {x), for all points x, of E, in A^, the non-iticreasing 
sequence {U (A„,)} has a lower limit M (^), as m ~ qo , which is taken to be 
the mlue, at i, of the maximal function M (x). Similarly, if L (A^) denote 
the lower boundary of L (x),for all points x, of E, in A^, the non-diminishing 
sequence {L (A,„)} has an upper limit m (i), which is taken to be the mlue, 
of the minimal function m (x). 
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If U (Ato) denotejthe upper boundary of U {x), for all points x, of E, 
except in A„j; and L (A^) denote the lower boundary of L {x),for all points x, 
of_E, excepf^, in A^, the limits A a {^) of the two monotone sequences 
{U (Am)}, (L (Am)}, define the values, at of the upper and lower associated 
functions A (x), a (x). 

It is easily seen that the four numbers defined are independent of the 
particular sequence, {A,„}, of neighbourhoods employed. For, if {A'm} be 
any other such sequence, and m be sufficiently large, A'm is contained in 
a neighbourhood Am-; and also A'm contains Am”, if m" be sufficiently 
large; so that U (A'm) lies between U (Am-) and U (A,„«). A similar argu- 
ment applies to all four numbers. 

It is seen from the definitions of the maximal, minimal, and associated 
functions that, at every point, they .satisfy the conditions 

M {x)^ A (x) S a (a;) S m (x). 

65. In accordance with the definition of M (^), having given an arbi- 
trarily chosen positive number e, a neighbourhood A, of i, can be so deter- 
mined that the upper boundary U (A), of s (a;), for all points of E, in A, is 
< M (i) -I- e, and that there exists one point x of E, at least, in A, at which 
Uix)>M (^) - e. 

Similarly A can be so determined that the lower boundary L (A), of 
s {x), in A, is > m (^) — e, and which contains at least one point at which 

L{x)<m (i) + €. 

It is clear that M (f ) — m (i) is the necessary and sufficient condition 
that s (x) should be continuous at the point f. This condition may also 
be expressed by s (^) ~ A (i) = a (i). It is also clear that the necessary 
and sufficient condition that s (x) should be upper semi-continuous at ^ 
is that M (i) = s (f), and that m (i) = s (^) is the necessary and sufficient 
condition that s (x) should be lower semi-continuous at It is here 
assumed that s (f) has a single value. 

For the case of a single- valued function it has been shewn by W. H. 
Young* that the relation A (x) S: s (x) = a (x) holds, except possibly at 
points of an enumerable set. 

It can be shewn that : 

The functions M (x), A (x) are both upper semi-continuous, and the 
functions m {x), a (x) are both lower semi-continuous. 

For if, in every neighbourhood of there are points at which 

M{x)>M (^) -f- e, 

for some fixed value of e, there must be points at which U {x)> M (^) + e, 

t 

* QuarL Journ, vol. xxxix (1908), p. 82, and Proc* Lond. Maih, Soc, (2), voL vin (1910), p. 119. 
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and this is inconsistent with the faxit that M (^) is the value of the maximal 
function at $. A similar argument applies to the function A {x). The 
property of m (x) and a (x) is established in a similar manner. 

UNIFORM CONVERGENCE OF SEQUENCES AND SERIES. 

66 . If, in any domain E, of one or more dimensions, for which the 
sequence {5„ (ar)}, of single valued functions {x), is defined, the limiting 
function s (x) has, at each point of the domain, a single finite value, the 
sequence («)} is said to be convergent in the given domain. 

At each point of the given domain, the condition is satisfied that, 
if e be an arbitrarily prescribed positive number, | 5 (^) — s„ (i) | < e, for 
all values of n which are not less than some definite integer, dependent 
upon e, and in general also upon the particular point We may denote 
the smallest integer which satisfies this condition by n (e, ^). A very 
important case of convergence arises when the numbers n (e, have, for 
each fixed value of e, a finite upper boundary, when all points of E, are 
taken into account. In this case, n{e), or We, can be so chosen that, 
I 5 («) — Sf^ (x) I < €, for n^Ue, everywhere in E. The convergence of the 
sequence {«„ (*)} is then said to be uniform in the given domain. We have 
thus the following definition of uniform convergence : 

If, in a given domain, of one or more dimensions, the sequence {x)) 
of single-valued functions, everywhere converges to the value of a function s (x), 
finite at each point of the domain, and if, corresponding to each arbitrarily 
prescribed positive number e, an integer can be so determined that 

I « (a^) - {^) I < €, 

provided n^n^, and for all values of x in the given domain, so that ne is 
independent of x, the convergence of {«„ (a:)} is said to be uniform in the given 
domain. 

The criterion of uniform convergence may be stated in the following 
form, in which the conditions of convergence and of uniform convergence 
are combined in one statement: 

If, in a given domain, of one or more dimensions, the sequence {s„ (a:)} 
satires the condition that, correspondinq to eadh arbitrarily chosen positive 
number e, a number ne can be so determined that | {x) — (a:) | < e, 

provided n and n' are any pair of integers such that n^ne, n' ^Ue, whatever 
value X may have in the given domain, the sequence {«„ (a:)} is said to be uni- 
formly convergent in the given domain. 

In case the sequence consists of the partial sums of a series 
Ui (X) + Uz (x) + U 3 {x) + ... , 

where the terms are functions which have single definite values at each 
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point of a given linear or p-dimensional domain, the definition of uniform 
convergence of the series may be stated as follows : 

If, corresponding to each arbitrarily assigned positive number e, a value 
of n, independent of x, can be so determined that 

I («) |, 1 Rn,2 (X) I ... I Rn,, (X) \ ... 

are all less than e, for every value of x, the series u^ (a;) + (^) + • • • 

to converge uniformly in the given domatn. 

In case the convergence of the series at each point of the given domain 
is assumed, the condition of uniform convergence may be stated thus: 

If the series u^ (x) + u^{x) + ... + (.r) + ... converge, for each value 

of X, in a given linear, or p-dimensional, domain, the series is said to converge 
uniformly in that domain provided that, corresponding to. each arbitrarily 
assigned positive number e, a number n, independent of x, can be determined 
such that all the remainders {x), Rn+i (x), ... are, in absolute value, less 
than €, for every value of x in the given domain. 

In case a sequence {s„ (a;)} converges uniformly in a set E, it is clear 
that the sequence also converges uniformly in any part , of E. But if 
E^, ... Ef, ...) be a sequence of sets, each one of which is contained 
in the next, and of which E is the outer limiting set, a sequence {s„ (a;)}, 
defined in E, may converge uniformly in each of the sets , and yet may 
not converge uniformly in E. If n {r, e) be the least integer such that, at 
every point of E,., | s (x) - (x) | < e, provided n ^n {r, e), it may happen 

that, for some value of e, n {r, e) has no upper boundary for r =- 1,2,3,...; 
in that case there exists no integer n (c) such that | s (x) — (x) | < e, for 

n^n{e), and for all points of E-, the convergence is in that case not 

uniform in E. For example, let 6- (x) — s„ (x) = - , in the infinitely great 

71 / 

semi-closed linear interval (0£x). In any interval (0,h), where ^ > 0, 
I s (x) ~ Sn (x) I < e, if TO > h/e ; but there is no value of to for which 
I s (x) — Sn (x) I < € in the whole interval 0 ^ x. Thus, although the se- 
quence converges imiformly in every finite interval (0, h), it does not 
converge uniformly in the infinite interval (0 :Ex). 

SIMPLY UNIFORM CONVERGENCE. 

67. A mode of convergence of a series, or sequence, in a given domain, 
less stringent in character than that of uniform convergence, has been 
considered by Dini and by other writers. This mode of convergence has 
been termed by Dini “simple uniform convergence,” and has been defined 
by him* as follows : 

The series TOj (x) -f (x) + u^{x) + ... which converges at each point x, 
of a given domain, to the value s (x), is said to be simply-uniformly convergent 

* See Dini’s Orundlagen^ by Liiroth and Schepp, p. 137. 
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in the domain if, corresfonding to each arbitrarily assigned positive number e, 
and to each arbitrarily assigned integer m', at least one integer m, not less 
than m' , can be so determined that, for all values of x in the domain, 

I Rm («) I < C- 

The condition of simple-uniform convergence is less stringent than 
that of uniform convergence, in that, in the latter case, all the remainders 
after a certain one are numerically less than e, whereas in the former case, 
not necessarily all the remainders are, for all the values of x, numerically 
less than e. 

As regards the above definition, it should be remarked that, if there is 
one integer m (S m') such that | R„i {x) \ < e, for all the values of x, there 
must be an infinite set of such integers. For we have only to ascribe to m' 
successively values which increase indefinitely, and for each of these there 
exists a corresponding value of m . 

Let € 2 , € 3 , ... be a sequence of diminishing positive numbers which 
converges to zero. If Sw {x) be a simply-uniformly convergent series, 
Wj can be determined so that | {x) | < Ci , for all the values of x ; then 

an integer nj (> ^ 1 ) can be so determined that | (x) | < ej; then 

Tig (> 7 ? 2 ) fhat I R„^ (x) I < € 3 ; and so on. 

It follows that the sequence (a:), (a;), (x), ... converges uni- 

formly to s (x). If now the first n^ terms of the series be amalgamated into 
one term, then those after the first n^ up to, and including (x), and so 
on, the series is transformed into 

V (a;) I- [«„, (x) ~ (a:)j -f- [s „3 (a;) - s„^ (a:)] ... ; 

and in this form the series is uniformly convergent. 

It has thus been shewn that : 

simply-uniformly convergent series can be changed into one which is 
uniformly convergent, by bracketing the terms suitably, in accordance with 
some norm, and taking each bracket to constitute a term of the new series. 

It thus appears that, if {«„ (a:)} is a convergent sequence, it is simply- 
uniformly convergent provided it contains {-Shp (a;)}, (p — 1, 2, 3, ...), a 
sub-sequence which is uniformly convergent in the domain. 

It should be observed that, when the sequence (a:)} does not con- 
verge everywhere in the domain of x, it may still be possible to determine 
a sub-sequence {s^^ {x)}, p = 1, 2, 3, ... which converges uniformly in the 
domain of x. 

If each term {x) of a uniformly convergent series be replaced, in 
accordance with some norm, by the sum of /•„ functions, such that 
u„ {x) = f7„,i (a;) -{■ + ... -h (a;), 



Simply Uniform Convergence 


107 


67, 68] 

then the new series 


^1,1 (^) + ^1,2 (^) t" ••• + ('^) + f^2,i (^) + ••• 

is not necessarily convergent, but may at any point of the domain be 
oscillatory. If, however, the series be convergent in the domain of x, it 
converges at least simply-uniformly. In any case the series is reducible 
to a uniformly convergent series by introducing a suitable set of brackets 
and amalgamating the terms in each bracket. It thus appears* that the 
distinction between uniform convergence and simply-uniform convergence 
is lea^s fundamental than might at first sight have been supposed. 


68. A series which converges for every value of a; in a given domain is 
certainly simply-uniformly convergent in that domain in case there exist 
an infinite set of values of n such that {x) ^ 0 for all the values of x. 

Let us next suppose that there are at most a finite set of values of n 
such that Rn (a;) — 0 for all these values of n, and for all values of x, in E. 
It will be shewn that the definition of simply-uniform convergence can, 
in this case, be reduced to a simpler form, viz. that, for each e, a number n 
can be determined so that ( (a;) | < e, for every value of x, and such that 

Rn {x) does not vanish everywhere. Let us denote by the upper boundary 
of I R„ (a:) I in the domain of a; ; may be either infinite or finite. Let it 
be assumed that there exists one value of n, such that | i2„ {x) \ < e, and 
such that Rn (x) does not vanish for all values of x in the domain ; we have 
then c. Let us take a positive number less than i?„, and also less 
than all of those numbers R^, R^, ... i?„_i which do not vanish. By hypo- 
thesis there exists an integer n-i, such that | (a:) | < < e, and sixch 

that {x) does not everywhere vanish. This number % cannot be one of 
the numbers 1, 2, 3, ... »; for it is always possible to determine a value 
of X for which | {x) | is arbitrarily near its upper boundary, and is 

thus > . Similarly it may be shewn that an integer (> Wj) exists which 

has the same property such that | R„, (x) | < e. Thus an indefinitely great 
set of values of n can be so determined, for which | R„ (a:) ( < e, for every a:; 
and the condition in Dini’s definition is satisfied. We have accordingly 
the following modified form of Dini’s definition : 

A series which converges for every value of x in a given linear, or p-dimen- 
sional, domain is said to converge simply-uniformly either, {\) if there are 
at most a finite set of valuer of n for which {x) ~ 0, for all the values of x, 
and if, corresponding to each arbitrarily assigned positive number e, an integer 
n, independent of x, can be so determined that \ R„ (x) | < e, for all the values 
of X, whilst Rn (x) does not vanish for all the values of x, or (2) if there be an 
indefinitely great set of values of n for which Rn (x) — 0 for all the values of x. 

* See Arzel^, Bologna Rendiconti (5), vol. viii (1899); also Hobson, Proc, LomL Math, Soc, 
(2), vol. I (1904), p. 370. 
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A series which is uniformly convergent is also simply-uniformly con- 
vergent, but the converse does not hold. 

If the series be simply-uniformly convergent, but be not uniformly 
convergent, there must, corresponding to each sufficiently small e, be an 
indefinitely great set of values of n for which the condition | {x) | < c, 

for all the values of x, is not satisfied; for if there were only a finite set of 
such values, n could be taken greater than the greatest of these, and thus 
the condition for uniform convergence would be satisfied, which is con- 
trary to hypothesis. 

If all the terms of a series {x) be non-negative for all values of x 
in the domain of the variable, and if the series {x) is simply-uniformly 
convergent, then it is necessarily uniformly convergent. For in this case 
{•Sn is ^ monotone non-diminishing sequence, for each value of x. If 

I («) - «» («) I < e, 

for any value of n, and for all the values of x, it follows that the inequality 
holds good for all greater values of n, and therefore the convergence is 
uniform. 


UNIFOKM DIVERGENCE AND UNIFORM APPROACH. 

69 . Let it be assumed that, in a set , the sequence {s„ (x)} diverges 
at each point, either to -t- oo or to — oo . 

If, corresponding to each arbitrarily assigned positive number N, an 
integer n,\ can be so determined that, at each point of JEj , one or other of 
the conditions s„ (x) > N, (x) < — N, according as the divergence is to 
-f 00 or to — 00 , is satisfied provided n^riN, the number ni^ being inde- 
pendent of X, whatever point x may be, in E^, the sequence is said to 
diverge uniformly in . 

If E^ be a part of a domain E, for which the functions of the sequence 
{«„ (a;)} are defined, and that sequence converges uniformly in E — E^ , 
whilst it diverges uniformly in E^ , then the sequence is said to approach 
s {x) uniformly in E. The term unifarm approach may be taken to include 
uniform divergence and uniform convergence. 

The definition of uniform approach may be stated as follows : 

•• If, corresponding to each arbitrarily assigned pair of positive numbers 
A, €, an integer n {A, t), independent of x, can be so d^ermined that, at each 
point of convergence of {s„ (a:)}, | s (x) — (a;) | < c and at each point of 

divergence (a:) > A, or (a;) < — A, according as the divergence is to oo or 
to — ao , provided in each case n^n {A,e), the sequence is said to approach 
s {x) uniformly in E, it being assumed that the sequence is not oscillatory at 
any point of E. 
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The justification for this terminology is to be foimd in the fact that, 

if the transformation an (x) ~ ' . , be employed, the sequence 

A “h I \P^) I 

{an (a;)} is uniformly convergent in E, in accordance with the definition 
of § 66, provided («)} approaches s (x) uniformly in E. 

To prove the theorem, let rj be an arbitrarily chosen positive number, 
and let A and e be such that (1 + A)~^ < e < At a point at which 
Sn (X) > A, for mvfe have 


1 - CT„ (») 1 = 


1 


«» («) 


1 + -Sn (a:) 


< 


1 + a: 




and similarly, at a point at which (x) < — A, we have | — 1 — cr„ (x) | < tj, 
for n^m. At a point at which | s («) — {x) | < e, for n S m, we have 
I a (ic) — a„ (a;) I < I s {x) — («) | < e < »;, provided | « (a:) | > e, in which 
case s (x) and (x) have the same sign. If, however, | s (a;) | £ e, we 
have I <7 (a;) — or„ (a;) | < | s„ (a:) [ + | s (a;) | < 3e < 17 . It thus appears that 
{cr„ (a;)} converges uniformly to a (x) in the set E, since, for the arbitrarily 
chosen number ij, \ a (x) — an (a;) | < rj, for n ~ m, and for all points x, in E. 

The converse of this theorem does not hold good. If it be assumed 
that {a„ (x)} converges uniformly to a (x), although it can be inferred 
(see I, § 219) that (x)} converges or diverges, at every point x, to s {x), 
the approach of the sequence to the limiting function is not necessarily 
uniform. 


Uniform approach of the sequence {s„ (a;)} to s (x) has been defined* 
otherwise by Hahn, as subsisting whenever {a„ (a:)} converges uniformly to 
a (x). There is however a certain arbitrariness in this definition, as it 
depends upon the employment of a special transformation. 


POTNT.S OP UKTFORM AND OF NON-ITNIFOBM CONVERGENOB. 

70. Let the sequence (a:)} converge at each point of a domain E, 
of one or more dimensions, to the value of s (x). Let n (e, x) denote the 
least value which n can have, for a particular point x, such that 

I («) - s (x) |, ! Sn+i (a;) - s (x) |, | Sn+2 {x) - s {x) |, ... 
are all < e ; thus n (c, x) has a definite value for each value of c, and for 
each point x, of E. For a fixed value of e that is sufficiently small, it may 
happen that n (e, x) has no upper boundary in E ; this will be the case 
when the convergence of the sequence is non-uniform in E. 

In accordance with the theorem of i, § 213, there must be at least one 
point of E, in case E be closed, such that, in an arbitrarily small neigh- 
bourhood of n (e, x) has no upper boundary. There may be a finite, 
or an infinite, set of such points f ; and in an arbitrary neighbourhood of 
any point of this set, n (c, x) has no upper boundary, and thus has values 

* Theorie der reellen Funkiionen, vol. i, p. 247. 
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greater than an arbitrarily chosen positive number A. Nevertheless 
n {e, x) has a finite value at each point of E, for otherwise the sequence 
would not converge at the point. 

''/A -point for which, for each value of e {> 0), there is some neighbourhood, 
dependent in general on e, in which n (c, a;) has a finite upper boundary, is 
said to be a point of uniform convergence of the sequence. 

A point, in the neighbourhood of which n {e, x) has no finite upper 
boundary, -provided e be fixed sufficiently small, is said to be a -point of 
non-uniform convergence of the sequence. 

If the domain E be not closed, the point ^ in the neighbourhood of which 
n (€,x) has infinity for its upper boundary, need not belong to E, although 
it must then be a limiting point of E, and would thus belong to the closed 
set Eq = M (E, E'), obtained by adjoining to E those of its limiting points 
which do not belong to the set. Thus we shotild have to consider points 
of non-uniform convergence which belong to E^ but not to E. Although 
the most important case is that in which the domain E, for which the 
functions of the sequence {s„ (a;)} are defined, is closed, being a closed linear 
interval, or a closed continuous domain of any number of dimensions, we 
shall, for generality, consider the case of any domain E which is not 
necessarily closed. 

The above definitions are equivalent to the following: 

/ If, for a -point of E, or of E', there exists, for each -positive value of e, 
a neighbourhood (^ — de, f F de) {linear or p-dimensicmal) such that, for 
» = We , a number dependent ow e, | s (a;) — {x) \ < e, for all -points x in 

that neighbourhood, the point $ is said to be a joint of uniform convergence 
of the sequence {«„ (x)}. 

If, for a sufficiently small value of e, no such neighbourhood exists, i is 
said to be a point of non-uniform convergence of the sequence {s„ {x)}. A -point 
f , of E', which does not belong to E, -may be a point of non-uniform convergence. 

The definitions may also be stated in the following form : 

At a -point i, of E, or of E', the convergence is uniform or non-uniform 
according as \ It„ (x) | has, or has not, the unique double limit zero, as a; ^ 
a ~ 00 . 

71. It is convenient in this definition to take a neighbourhood 
(f — de, ^ 4- de), of which ^ is the middle point, in the case of functions of 
a single variable ; and it is convenient to take a square or cubic neighbour- 
hood in the case of functions of two, or of three, variables. In general a 
aeighbourhood 

(^(1) - ^(2) _ ... _ d,; fl) -1- de, + de, ... f*") -f- de), 

represented also by (^ — de , ^4- de), can be taken in the case in which 
f is a point ... I*®*) of a p-dimensional set. If | s (a:) — {^) | < e. 

For w S We, in a neighbourhood (^ — de, f 4- de), there will be an infinite set 
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of values of de for which the condition is satisfied. This set will have a 
maximum value de, such that, at any point within the neighbourhood 
{$ — de, i + de), the condition | (a;) — 5 (a;) | < e is satisfied for n^Ue. 

If we give to de the value | de , for example, we have a rule for determining 
a neighbourhood, definite for each point in which (including its boundary) 
the condition is satisfied. 

At a point of uniform convergence, the number de will in general 
depend upon the value of e ; and if e ~ 0, and Ue increases indefinitely, the 
numbers de will converge to a number which is either positive (say = d') 
or is zero. In the former case there exists a neighbourhood (^ — d", ^ 4- d"), 
where d" < d' , in which the convergence is uniform ; points of con- 
vergence for which this is the case were considered by Weierstrass*, 
and spoken of as points in the neighbourhood of which the sequence 
converges uniformly. He proved that, for a closed domain E, if every point 
has this property, the sequence converges uniformly in E. In case de 
converges to zero with e, the point of uniform convergence, has no 
neighbourhood in which the sequence converges uniformly; such a point 
has been termed by Pringsheimf a singular iwint of uniform convergence. 
Such a point is in general a limiting point of a set of points of non-uniform 
convergence. When the functions (x) are discontinuous, a point of 
uniform convergence may even be an isolated point of the set of all points 
of uniform convergence^ (see § 95). The definition of a point of uni- 
form convergence was given explicitly by W. H. Young§, and later by 
Van Vleck||. It was given implicitly by other writers, for example, in the 
first edition of this work. 

In the case in which the domain E is linear, a distinction may be made 
between uniform continuity, at a point on the right and on the left. 
If the condition | 5 («) — s„ {x) ( < e, for n^Ue, is satisfied for aU points x 
in an interval (^, ^ -1 de), and for all values of e, the point ^ is one of 
uniform continiuty on the right. By employing intervals (i — de, i), 
uniform continuity on the left is defined. A point is of uniform con- 
vergence if it is uniformly convergent both on the right and on the left. 
A similar distinction might be made when the domain has two or more 
dimensions. 

72. It has been shewn that if, for some sufficiently small value of e, 
n (c, x) has no upper boundary in a closed set E, there must be at least 
one point of non-uniform convergence, which belongs to E. It follows 

* See Werke, vol. ii, p. 202^ also Du Bois-Reymond, Crelle's Journal, vol. v. (1887), p. 335. 

f Munch, Sitzungsher, for 1919, p. 419, where some remarks of a historical kind will be found. 

X See W. H. Young, Proc. Lond, Math, Soc, (2), vol. i (1903), p. 90, but it is in agreement with 
Du Bois-Reymond’s definition of “stetige Convergenz” at a point. 

§ Proc. Lond, Math, Soc, (2), vol. i (1903), p. 89; see also (2) vol. vi (1908), p. 36. 

II Trans, Amcr, Math, Soc. vol. viii (1907), p. 204 footnote. 
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that, if every point of the closed domain ^ is a point of uniform con- 
vergence of the convergent sequence {5„ («)}, the sequence is uniformly 
convergent in E. This does not hold good if E is not closed. 

If a point of E, or of E', be such that a sequence n^, n^, Wg, ... of 
increasing integers exists such that f is a point of uniform convergence of 
the sequence (x), s„^ (x), (x), ..., without necessarily being a point 

of uniform convergence of the convergent sequence {«„ (a:)}, the point i is 
said to be a point of simply uniform convergence of the sequence {s„ (a;)}. 

It is clear that, if the sequence {s„ (a;)} is simply-uniformly convergent 
in a closed domain E, every point of E is one of simply uniform convergence 
of the sequence. For we have only to apply the fact that, if (x)} con- 
verges uniformly in E, every point of is a point of uniform convergence 
of that sequence. 

The converse theorem that, if every point of 15/ is a point of simply 
uniform convergence, then the sequence converges simply uniformly in 
E, does not hold. For the datum only ensures the existence of an integer 
sequence Wg, ..., as in the definition, for each point of E, but there 

may exist no one such sequence which applies to all the points of E. 

73. If {«„ (^)} is divergent, say to -f <» , and the condition is satisfied 
that, for each positive number A , a neighbourhood of the point dependent 
in general on A, exists, such that at every point x in that neighbourhood, 
Sn (x) > A, for n S n^, the point i is said to be a point of uniform divergence 
of the sequence {s„ (x)}. It is seen at once that, when the transformation 

C7„ (x) = - — - I . I is applied, a point of uniform divergence of {«„ {x)) 
1 -f- I (x) I 

is a point of uniform convergence of {a„ {x)}. 

It now follows that, if every point of the closed set E is either a point 
of uniform convergence, or a point of uniform divergence, of (a:)}, the 
sequence {a„ (a:)} converges uniformly in E. 

74. The definition of uniform convergence of a sequence {«„ (x)} at 
a point $ may be stated in the following form, in which the convergence 
of the sequence is not presupposed : 

If the functions of a sequence {x)} are defined in a domain E, the 
sequence is said to be uniformly convergent at a point of E, or of E', if, 
corresponding to each arbitrarily assigned positive number e, a neighbourhood 
~ de, ^ + dc) can be so determined that, for every point x, of E, in that 
neighbourhood, the condition | (ar) — (a;) | < e, for n 'S^Ut, n' ^n^, is 

satisfied; where ne is some integer dependent on e. 

That the definition*, in this form, implies the convergence of the 
sequence at the point i, in case ^ belongs to E, is seen by taking x = $ 
in the condition that is satisfied. It is, however, not necessarily the case 
♦ This definition is given in Hahn’s Theorie der reellen Funkiionen, vol. i, p. 247. 
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that, when the condition is satisfied, the sequence should converge at any 
point in a neighbourhood of except at the point ^ itself. This definition 
is accordingly applicable to any sequence {«„ (a:)} not assumed to be con- 
vergent in E, It is thus more general than in the form, given in § 70, that 
the double limit of | {x) | at the point (^, oo ) should exist and have the 

value zero. For {x) need not exist except at in case $ belongs to E. 

This definition may be expressed in the following equivalent form : 

// Hie functions of a sequence {s„ (a:)} are defined in the domain E, the 
sequence is said to be uniformly convergent at a point of E, or of E', if, 
corresponding to each arbitrarily assigned positive number e, a neighbourhood 
A, of can be so determined that, for every point x, of E, in A, the conditions 
I Sn {x) — s (a:) I < e, | (a;) — « (x) | < e are satisfied, for n> n^, where 

s (x), s (x) are the upper and lower limits of Sn (x), as n co . 

To prove that this form follows from the first, choose A so that, in A, 

I «« (a:) - V I < 2 f » 

for n^iie, n' ^n^. By giving to n' the values in a properly chosen 
sequence, <v (*) converges to s {x), and by a different sequence it converges 
to s (x) ; hence | {x) — s (a:) | < e, | (a:) — s {x) | < e. To prove that the 

first form of the definition follows from the second, choose A so that 
I «« (aj) - s (a;) I < |-e, | (a:) - « (a;) | < J €, 

for n^ th. It now follows that, if n nt , n' ^ ne , | (a;) — {x) | < c. 

75. A more stringent condition than the one contained in the above 
definition would bo obtained by assuming that | {x) — s„’ (a:') | < e, 

for n^ne, n' S^ne, and for every pair of points in the neighbourhood 
— de, i + de) of the point When this condition is satisfied the sequence 
is said to be continuously convergent at the point This condition may be 
stated in the form that (a:) should be continuous with respect to {x, n) 
at the point (^, oo ), so that (x) has a unique double limit, as x ~ 
a ~ 00 . 

It is clear that, if the sequence is continuously convergent at the point 
it is also uniformly convergent at that point, but the converse does not 
in general hold good. 

Consider, for example, the case of a discontinuous function (x) defined 
for a finite linear interval containing the point a: = 1 , by ( 1 ) = 1 , (x) = - , 

for xf=l. We have then s (1) = 1, s (x) = 0, for x=f=\. The condition of 
uniform convergence, that, in a sufficiently small neighbourhood of the 
point 1, I s„' (x) - s„ (x) I < €, for n S w-e, n' ^n^, is satisfied, but the 
condition | s„, (x') — s„ (x) | < €, is not satisfied, as is seen by taking x = 1. 
Thus the sequence converges uniformly, but not continuously, at the 
point 1. In fact the double limit of (x), at (I, oo ) is zero, but that of 

8 
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5„ (x) is not 5 (1). It can, however, be shewn that, if an infinite number of 
the functions s„ (x) are continuous at the point and the convergence at 
that point is uniform, it is then also continuous. From the condition 
of uniform convergence it is seen that s (^) exists and has a finite value. 

A neighbourhood A', of and an integer »« , can be so chosen that both 
the inequalities ( s„ (x) — s„' (x) | < €, | «„ (^) — s (^) | < e, hold for n^rie, 
n' S Ue, provided x is in A'. Let n (S tie) have a fixed value such that 
Sn {x) is continuous at then a neighbourhood A", of f, contained in A', 
can be so chosen that, if x is in A", for the fixed value of n, we have 
I (^) - (^) I < e. From the three inequalities it is seen that, in A", 

I Sn' (x) — s (^) I < 3e, for n' S Ue; and therefore | s„' (x) — i^') | < 6e, 

for every pair of points x, x', belonging to E, and in A", and for all values 
of n', n" that are S rie. Since € is arbitrary it follows that the convergence 
of the sequence is continuous. 

J If the sequence (a?)} is continuously convergent at the point the 
functions s (x), s (x) are both continuous at the point where they both have 
the vahie s (^), m case ^ is a point of E. 

Since, in a certain neighbourhood A, of | (^) — Sn (x) | < e, for nS^ne, 

by giving to n a sequence of values such that (x) converges to s (x), as 
n has the values in the sequence, we have | s (^) — s (x) | e ; thus s (x) 
is continuous at f ; and in a similar manner it is seen that s (x) is continuous 
at in fact s (x) — s (x) converges to zero, as a: ~ 

76. If the terms of a convergent series (x) are all continuous at 
a point f , and consequently all the terms of the sequence (a:)} are 
continuous at that point, and if s (x) be discontinuous at that point is 
one of non-uniform convergence of the series (see § 86), and may be said to 
be a visible* point of non-uniform convergence. But if s (a:) is continuous 
at that point may still be a point of non-uniform convergence, and may 
be said to be an invisible point of non-uniform convergence. At every 
invisible point of non-uniform convergence, (a;) is, for each value 
of n, continuous with respect to x, but /?„ (x), considered as a function of 
X and n, is discontinuous at {$, oo ) with respect to (x, n). 

When some, or all of the functions (x) are discontinuous, there are 
still two classes of points of non-uniform convergence, the visible ones, 
at which one or more of the functions s (x), u^ (x), (x), ... are discon- 

tinuous, and invisible ones at which they are all continuous. That the 
discontinuity of a single function u,. (x), at will entail the existence of 
a point of non-uniform convergence at if all the other functions are 
continuous, is seen from the consideration that — u^ (x) is the sum-function 
of the series % (x) -)-..• -I- (x) — s (x) -f Ur+i (x) -i- .... 

* See W H. Young, Proc. Lond. Math, Soc, (2), vol. i, p. 93. 



75-78] 


Tests of Uniform Convergence 


115 


TESTS OF UNIFORM CONVERGENCE, 

77 . The following test, known as Weierstrass’ test, is frequently suffi- 
cient to establish the fact that a series is uniformly convergent in a given 
domain of the variable. The domain may be of any number of dimensions. 

/ (pc') denote a series of functions defined in a given domain of x, 

and if u„ denote the upper boundary of [ (x) \ in the domain, then if the 

series u^ + u^ + ... -4- -h ... is convergent, the series Sw„ (x) is uniformly 
convergent in the domain, and is absolutely convergent for each point x. 
Moreover S | (x) \ is uniformly convergent. 

We have 

I (^) 'I' (^) "1“ (^) I Hn+l “h '^n+2 ^ ... “I” '^n \-in 

for all values of x in the given domain. From the condition of convergence 
of S u„ , it follows that, if e be an arbitrarily prescribed positive number, 
n may be so chosen that the sum u„.,.i + u„+^ + Un+m is < e, for all 
values 1, 2, 3, ..., of w. Thus, with this value of n, | i?,„, m{^)\ < for 
all values of x in the given domain, and for m 1, 2, 3, .... Therefore, 
in accordance with the definition of § 66, the series (x) is uniformly 
convergent in the given domain. 

Since 

I «'»+l («) I + I Wn+2 («) I + ••• H- I (S'’) i - + ««+2 + ••• + Un+m 

the uniform convergence of the scries S | u„ (x) \ can be established in the 
same manner. 

78 . If all the terms of the series S?.t„ (x) are S 0, for all values of x in a 
given domain, of one or more dimensions, and if the series converge uniformly 
in that domain, then any series of type a>, obtained by rearranging the order 
of the terms, is also uniformly convergent in the domain of x. 

That the new series, obtained by the rearrangement of the order of 
the terms, is convergent at each point of the given domain, and has the 
same sum as the original series, has been proved in § 8. Considering the 
first n terms of the given series, and the remainder (x), there exists, 
corresponding to n, an integer n' such that the first n terms of the given 
series all occur amongst the first n' terms of the new series. If R’„’ (x) 
denote the remainder after n' terms, of the new series, we have 

0 R'„' (x) ^ R„ (x) < €, 

provided n is so chosen that R„ (x) < e, for all values of x in the given 
domain. It is clear that, if R'n> (x) < e, then also Rn’+m (^) < foJ" w = 1, 
2, 3, ..., since the remainders clearly cannot increase as the index increases. 
It follows that the new series converges uniformly. 


8-2 
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If the series | % (a;) | + | •M 2 (^) I + ••• + I (^) 1 + ••• converges uniformly 
in a given domain of x, then the series (x) + u^(x) + ... + 'M„ (a;) + ... 
also converges uniformly in the same domain. Moreover any other series oj 
type o), obtained by rearranging the order of terms of the latter series, is 
uniformly convergent. 

In accordance with the theorem of § 25, the second series converges 
at each point of the domain of x. If n be so chosen that the remainder, 
after n terms, of the first series is < e, the absolute value of the remainder, 
after n terms, of the second series is also less than e. Therefore the second 
series is uniformly convergent. Since, from the last theorem, a rearrange- 
ment of the order of the terms of the first series does not affect its uniform 
convergence, it follows that a corresponding rearrangement of the terms 
of the second series does not affect its uniform convergence. 

The converse of this theorem has been established by Birkhoff*, and 
may be stated as follows : 

If the series S u„ (x) be uniformly convergent in the domain of x, and if 
all the series obtained by systematic rearrangement of the order of the terms 
be also uniformly convergent, then the series S | u„ (x) | is uniformly convergent 
in the domain. 

79. It may be shewn that: If 11 u„ (x) is uniformly convergent in a given 
domain, the terms of the series may be so bracketed that the resulting series is 
absolutely convergent for all values of x in the domain. 

It is easily seen that a sequence n^, n^, ... n^, ... ol increasing integers 
may be so determined that 

I («) - {x) I < 

for r — 1, 2, 3, ... , and for all the values of x. It then follows that the series 

Sni (aj) + Ka - ««1 i^)} + .•• + K, («) - 5r,r-i (^)} + ”• 
is absolutely convergent for all the values of x. 

The following theorem is sometimes useful : 

If the terms of the series u^ {x) u^{x) + ... be continuous in a perfect 

domain of x, either linear, or in any number of dimensions, and if the terms 
are all 0, for all the values of x, then if the series converge throughout the 
perfect domain to a continuous sum-f'unction s {x), the series converges uni- 
formly in the domain. 

Let Xj^ be any point of the domain, then 

5 (a:) - 5 {xf) = K {x) - s„ (Xi)} -I- {E„ (x) - (a:i)}. 

The point Xi being fixed, corresponding to an arbitrarily assigned positive 
number €, n can be so determined that E„ {xff < ^e. This value of n being 

* See Anndh of Math. (2), vol. vi (1905), p. 90. 
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fixed, a neigkbourhood — S, + 8), of Xi can be so determined that, 
if X be in this neighbourhood, both | s («) — s (Xj) | and | (a;) — s„ (ajj) | 

are < Je; this follows from the continuity of s {x) and {x) at ajj. We 
now see that, if x is in this neighbourhood, the condition {x) < e is 
satisfied; and since the terms of the series are never negative, it follows 
that Rn+m (®) < for w == 1, 2, 3, .... It has thus been shewn that Xi 
is a point of uniform continuity of the series; and since ar^ may be any 
point whatever of the given perfect domain, the convergence of the series 
is uniform in (a, b). 

It is clear that, if the sequence {s„ (a;)} of partial sums is monotone 
non-diminishing, s {x) is the sum-function of a series of which all the terms 
are = 0. Thus the theorem may be stated as follows : 

A seqtience of functions (a;)} which are all continuous in a perfect 
domain, and which sequence is monotone non-diminishing {or rum-increasing), 
and converges to a continuous function s {x), converges uniformly in the 
perfect domain to s (x). 

80. The following theorem* provides a test of uniform convergence 
which can be frequently employed: 

Let Ui (x), U 2 {x), ... Un {x ), ... be defined in a given perfect domain, of 
one or more dimensions, and u,, (x) S 0, for all values of n and x, and further 
Un (a:) S Kn+i {x), for all values of n and x. Also let it be assumed that u^ {x), 
and consequently u„ (x), is bounded in the given domain. Then, if S a„ 

be any convergent numerical series, the series S a„w„ {x) is uniformly con- 

vergent in the given domain. 

Moreover, if T, an do not converge, but oscillate finitely, then, provided 

n 1 

the additional condition is satisfied tlmt the functions [x) are all continuous, 
and that lim u„ (x) = 0,/or each value of x in the domain, the series HanUn {x) 

is uniformly convergent in the perfect domain, and its sum is consequently 
continuous {see § 86). 

In the usual statement of the second part of the theorem it is 
unnecessarily presupposed that Un {x) converges uniformly to zero in the 
domain. It will be seen that this uniform convergence is a consequence 
of the conditions stated. 

When the domain of x contains one point only, the theorem reduces 
to a theorem given in § 24, of which one part is due f to Abel and the 
other to Dirichlet. 

* See Hardy, Proc, Lond, Math, Soc. (2), vol. iv (1907), pp. 250, 251. 
t See Whittaker and Watson’s Course of Modern AnalysiSy 3rd ed. (1910), pp. 17, 50. 
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In case the series 2a„ is convergent, the partial remainder (a;) 
of the series {x) being 

(®n+l “h ®)i+2 "h ••• ^n+m) ^n+m+1 (^) 

r = 771 

+ ^ (®n+l + ®nf2 + + ®n+r) {^n+r (*) ~ '^71+r+l ix)}, 

7*==1 

we see that, by choosing n so great that all the partial remainders of the 
series Sa„, after the nt\i term, are numerically less than the arbitrarily 
prescribed positive number e, the condition | R„,rn {x) | < {x) is 

satisfied. Therefore, since all the differences u„+f {x) — {x) are S 0 , 

for every value of x in the domain, we have 

! ^n,in {x) I < eU , 

where U is the upper boundary of (x) in the domain. Since ef7 is arbi- 
trarily small, the condition of uniform convergence of hanUn (x) is satisfied. 

When So,, oscillates between finite limits, K can be so determined that 
I ®«+i + <*nf 2 + ••• + ®n+r | < fo^ all valucs of ti and r. Then we have 

i Rn„n («) I < ^ I (X) I . 

Since the sequence {u„ («)} is monotone, non-increasing, and converges to 
the continuous limit zero, in the perfect domain of x, and (x) is con- 
tinuous, it follows from the third theorem of § 79 that the convergence 
of the sequence to zero is uniform ; and thus, if n be sufficiently large, 

I “«+i («) I < e/K, 

for all the values of x; and therefore | It„,m (x) 1 < e. The uniform con- 
vergence of the series has thus been established. 

The first part of the theorem can be extended to the case in which 
Ui, a^, ... a„, ... are functions of x, provided So„ converges uniformly in 
the given domain. The second part can also be extended to the case in 
which Oj, Uj, ... a„, ... are functions of x, provided the partial sum is 
numerically less than some fixed number K, for all values of n and x. 


EXAMPLES. 


(1) Let* (a:) = *" (1 - x),0 ^ x ^ 1. In this cases (x) = x, forO £ a: < 1 ; buts (x) = 0, 
for a: = 1 ; and the scries converges non-uniformly in the neighbourhood of the point x = 1, 

(2) Let* Un (a;) = (1 ~ a;''). If | a: ) < 1, we find s (x) == j also 5 (1) = 0; whereas 

lim 5 (a;) = CO . The series converges non-uniformly in the neighbourhood of the point 1, 

5C-1 


and its sum-function has an infinite discontinuity at that point. 

(3) Let (a?) = - 2 (ti - 1)^ Here 8 (x) — 0, for every value of 

x; Bn (x) — - and at x— The series converges non-uniformly 

71 ® 


* Arzela, Memorie di Bologna (5), vol. viii, p. 139. 
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in every neighbourhood of a; = 0, since arbitrarily large values of | (aj) | ^exist in such 
neighbourhood; but the sum-function is continuous at a; = 0. 


(4) Let* (*) = (*) + 2 ^, (2 !*)+... + (fc ! x) + ... 

where ^n{^) “ sin^ The series which defines Sj^{x) converges uni- 
formly, since | \ x)\ and thus (x) is a continuous function of x. The sum-func- 

tion s (x) is also a continuous function of x; but the convergence of the functions {x) to 
s (a?) is non-uniform in every sub-interval of the interval (0, 1). 


(5) 


Lett «2n-l (*) = M2n (*) = - ^ + i) ;} 


% ( 1 ) 


4- 1) !' 


where 0 a; < 1, and 


The series 2u (x) is simply- uniformly convergent in (0, 1), but it is not uniformly con- 
vergent. 


(6) Consider J the s(Ties 

1 + 5a; a; (a; + 2) + a; (4 - a;) 71 + 1 - a: 

2 (1 + x) M (¥TTr{{«^l) * + i} (nx +“i) ■■■ ■ 

Here ?/« (a;) = f- + ; . l-r-^,4- ^ ,1; thus .9 (a;) = 3, unless x — 0, when 

” ^ ' [ji (n - 1) a; + IJ l_/n- 1 7?a; + 1 J 

6’ (0) = 1 ; and the sum-function is therefore discontinuous at the point 0. 

1 2 

Since (a;) = — , we find on equating this to e, and solving for n, 

7 i 4 " 1 7 tX ■+■ i . 

71 = {x 2 - f (a: 4- 1)4- 4- 2 - € (a; -f 1)P + 4€a; (3 - x)]}/2€x; 

thus, for a fixed €, the value of ii increases indefinitely as x approaches the value 0. 


(7) The series § 

- x^ + 


a;- 

1 + ^2 


x'^ a;2 x^ x^ 

1 + x 2 (1 + x 2)2 “ (1 +" x 4 ^ (1 + * 4 * 


is uniformly and absolutely convergent in any interval (~ A, B), For ^2n (^) “ 
x^ 1 

(x) = - hence 52rt4i (^) ^ therefore the series converges uniformly to 

( 1 4 “ X^j 71 

the sum zero. The series 


a;- 4 


1 + {I + zy i'+ x^ {1 + x^f {1 + x^f (1 + x2)2 

obt.ained by rearranging the terms of the given series, is however non-uniformly con- 
vergent in (- A, B), the point 0 being a point of non-uniform convergence. For 

. . (1 + 1. 

^3n-l W ~ ^ I ^2j2»t-2 ’ 

and for a: = ± (2^ -1 - 1)% (x) ~ J. 

The given series does not satisfy the condition stated in the second theorem of § 78, 


5 + ..., 


* Osgood, Bulletin of the American Math, Soc, (2), vol. m (1896), p. 70. 
f Volterra, Gior, di Mat vol. xix (1881), p. 79. 

I Stokes, Math, and Phys, Papers, vol. i, p. 280. 

§ Bocher, Annals of Math. (2), vol. iv (1904), p. 159. 
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that the series whose terms are the absolute values of those of the given series should be 
uniformly convergent. For the series 

^2 iy>2 

o , O - •€/ ftC 

rri* i‘+ ** (TT x^f 

has its sum discontinuous at the point a: = 0, and therefore does not converge uniformly in 
an interval (- A, B). 


(8) Let* M2 «-i(*) = 


«2n (») = 


' ' ' nx^+(i-nxr 1)*^+ {I 

In this case, the series converges for all values of x, and 


X 

^ ~~ x'^+ (1 ■“ ^2n—x (^) “ 2 (^) ” (^)* 

In an interval (a, /3), which contains the point a; - 0, the series converges simply-uniformly, 

but it does not converge uniformly, since R^n-i = L however great n may be, and thus 

f?„(x) has not the unique double limit zero, at *=0, and that point is accordingly one of 
non-uniform convergence. 



Fig. 1. 

(9) Lett (x) — 2^72^2 ’ ^ ~ 0 ^ a; 1. This series converges non-uniformly 

in the neighbourhood of the point x — 0. The approximation curves y = {x) have peaks 

of height \n-, which increase indefinitely in height as n is increased. At the same time, the 

point -3, at which the ordinate is a maximum, continually approaches the point 0; and 

71“ 

thus, in any neighbourhood of the point 0, x and n may be so chosen that (x) is 
arbitrarily great. At the point a; = 0, we have (x) = 0, for every n. 

7yx 

(10) Let 5^ {x) = ^ ^ ^ L The curves y = (a;) have peaks all of 

the same height at the points ^ As in the last example the point ^ below the 

peak, continually approaches the origin as n is increased. The convergence is non-uniform 
in the neighbourhood of x = 0, 

* Tannery, TMorie dea fonctions, p. 134. 

t Osgood, Amer. Journal of Math vol. xix (1897), p. 156; also G. Cantor, Math AnnaUn, 
vol. XVI (1880), p. 269. 
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X . j / X nmi^lCTTX J/V Ij/v l./v «lj/v 

Let ^fc(a;) = ^rgjnT^; «n (*) = + 3, 0 si (*) + — = 2 

The series which defines (ir) converges uniformly, and thus {x) is a continuous function 
of X, In the neighbourhood of any rational point x = pjq, the curve y = (x) has peaks 

arising from the term ~ cjyj . , (a;), where k is the smallest integer such that k ! is divisible 

iC I 

by q. The series converges to the limit s (x) = 0 , non-uniformly in any interval whatever 
{a, b), taken in the interval (0, 1). 



Fig. 2. 


81 . The following special theorenn, which follows from the general 
theory given in § 85, can sometimes be usefully employed* : 

If S u„ (m) be a series which converges tmiformly to f (m),for all 'positive 

integral values of m {or for all continuously varying 'positive values of m) 
and if each limit lim u„ (ni) exists, then lim / (m) exists, and the series 

S lim (m) is convergent, and has lim / (w) for its limiting sum. 

For, if e be an arbitrarily chosen positive number, we have 

/ [m) - 2 u„ (m) I < e, 
provided the integer N is large enough. It follows that 

71 N n^N 

lim f(m) - S £ €, lmi/(m) - 'L v„ S. e, 

71 -=1 7U'^'X> 71^1 

where denotes lim (m). It is then seen that 

771-^ X) 

Sm / (m) — lim / (m) [ S 2€; 

7/1^00 7H'^cc I 

and since e is arbitrary, lim/ (?n.) = lim/ (m); or lim/(m) exists as a 

TTi'^QO 771^00 TTI^CO 

definite number. 


* See Osgood, Lehrbuch der FunktionentJieorie, vol. r, p. 521. 
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Further, since 


^ e, for all values of N greater than 


n-N 

lim f{m)- S 

Jm'^oo n-1 

an integer Ne, dependent on e, it is seen that S is convergent, and has 

71“ 1 

lim / (m) for its limiting sum. 


In appl3dng the theorem, in case m has positive integral values only*, 
it frequently happens that, for each value of m, the series S •«„ (m) has 

71“ 1 

only a finite number of terms, that number being dependent on m, and 
increasing indefinitely as m does so. Such a finite series is, of course, a 
particular case of an infinite series, which arises when all the terms after 
a fixed one are zero. 

EXAMPLES. 

(1) If a; be any fixed real number, and m a positive integer, we have 




I + X + ‘ 


(i-^) ' i(i (i - *■ — -) 

\ mJ ^ \ m/ \ m j 


2 ! 


• X- + ... + 


rl 


x^ + ... 


the series having m + 1 terms. 


1 


For a fixed value of r, the (r + l)th term of the series is numerically less than — | x\^'y 

and this is the {r + l)th term of a convergent series. Thus the condition of uniform con- 
vergence in the above theorem is satisfied. The series formed by taking the limit, as ni ^ oo , 
of each term of the above series, is the convergent series 


lim ( 




It follows that lim ( 1 + — ^ exists, and is the sum of the convergent series 


m/ 


_ a- x^' 

1 4- a: + 2! + 


(2) It can be shewn by an elementary process that 


cos X — cos" 


© 


(‘-i) 


2 ! 


sin xlm\^ 
xjm ) 


! 


I COS''*“2 
2r - 1 


+ (- 1)' 


\ mJ \ m J 


, /sin ar/mV'* 
\ xjm ) 


(2r)l \ xjm J (m) 

where m is a positive integer, and the series stops after a finite number of terms, so that 

x^ 

2r - I < m. The general term of the series is numerically less than . - which, for each 

(2r ) ! 

fixed value of m, is the general term of a convergent series of positive terms. Assuming the 

( X \ sin X Itth 

— ) - 1, and the theorem that lim / - = 1, we obtain 
Kti / 7?i-oo xjm 

at once, by applying the above theorem, the result that, for each value of a:, 

x^ 

^ ^ 4! “ ■■■ 

converges to cos x. 

The series for sin x may be obtained in a similar manner. 

♦ In this case the theorem is practically equivalent to a theorem given by Tannery, 
Fonctiona d^une variable, 2nd ed,, vol. i, p. 292. 
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THE CONTINUITY OF A SUM-FUNCTION AT A POINT. 

82. Let the series S {x) converge in a domain E, of one or more 

71= 1 

dimensions, to the sum-function s {x). Let ^ be a point of E at which all 
the functions {x) are continuous ; a sufficient condition will be obtained 
that s (x) may be continuous at the point We have, since 

s (x) = (x) -f- (x), 

at every point of E, 

js(x)-s (^) I I (x) - (f) 1 -f I E„ (a;) - (i) | 

Let it be assumed that an integer n exists such that a neighbourhood Di, 
of can be so determined that, at every point of it that belongs to E, 

I K (x) I < Jc. Since s„ (x) is continuous at i, a neighbourhood D^, of i, 
can be so determined that, in it, at qyery point that belongs to E, 

I {x) - S„ (^) I < ^€. 

A neighbourhood D, of can be determined, all the points of which 
belong both to and to . It follows that, at every point x of E, that 
is in D, the condition | s («) — 5 (f) | < e, is satisfied. If D can be deter- 
mined, corresponding to any value of e^> 0) whatever, s (x) is continuous 
at The following theorem has thus been established : 

If a series 2 u„ (x) converge to a function s (x) at the points of a domain 

n== 1 

E, of one or more dimensions, and the point of E, be a point of continuity 
of all the functions Un {x), it is a sufficient condition for the continuity of s (*) 
at the point that, corresponding to any arbitrary r}, an integer n should exist 
and also a neighbourhood of $, such that 

I {x) -«(»)!<>?, 

at every point x, of E, in that neighbourhood. 

It will be observed that the neighbourhood depends upon both n and ij. 
It should be noticed that the condition in the theorem is satisfied when 
^ is a point of uniform convergence of the series, and also when it is a point 
of simply uniform convergence; but either of these latter conditions is 
more stringent than that in the theorem. 

When 7) is prescribed, the condition in the theorem asserts that it is 
sufficient for one value of n and a neighbourhood A, dependent on ij, to 
exist, in which | {x) — 5 (x) | < tj. But Avhen the point $ is one of uniform 

convergence, a neighbourhood A (rj), dependent on y, exists in which 

I s« («) - « (a:) I < ■>?. 

for every value of n greater than some integer w,, dependent only on rj. 

When the point ^ is a point of simply uniform convergence, a neigh- 
bourhood A {rj), dependent on rj, exists in which | {x) — s (a;) [ < t;, for 

a divergent sequence n^, n ^, ... of values of n, only. 
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It thus appears that the following criterion is sufficient for the 
continuity of a sum-function at a point; 

If a series S {x) converge to a function s (a;) at the points of a domain E, 

n=*l 

of one or more dimensions, and the point of E, be a point of continuity of 
all the functions u^ (x), it is a sufficient condition for the continuity of s (x) 
at the point that the point ^ be a point of simply uniform convergent of the 
series. A fortiori, it is sufficient that ^ be a point of uniform convergence of 
the series. 

83. In order to determine necessary conditions for the continuity of 
s (x) at we see that, since {«„ (i)} converges to s (f), an integer N exists 
such that I 5 (f ) — s„ (^) [ < Jc, for every value of n that is > N. Taking 
any one such value of n, a neighbourhood of ^ can be determined for which 
I (») - ■»« (i) I < Je, where x is any point of E, in that neighbourhood. 
If s (x) is continuous at a neighbourhood of f can be determined such 
that I s (a;) — 5 (^) I < Jc, for all points of E in that neighbourhood. It 
follows that a neighbourhood of ^ can be determined, in which both 
I 5 (a;) — 5 (^) I and | s„ (x) — s„ (|) | are < ^e, for all points of E in that 
neighbourhood. It now follows from the three inequahties that 

I 5 (a:) - s„ (x) I < e, 

in that neighbourhood. Taking this result in conjunction with the first 
theorem of § 82, we have the following: 

If a series S (a:) converges to s {x) in a domain E, of one or more dimen- 
sions, the necessary and sufficient condition that s {x) should be continuous at 
a point $, of E, at which the functions {x) are all continuous, is that, having 
assigned an arbitrarily chosen positive number c, an integer Nt should exist, 
such that, for each value of n that is > Nt, a neighbourhood (^ — d„, ^ ^ c) 
of i exists so that at every point of it that is in E, the condition 

I 5 (a:) - (a;) I < e 

is satisfied. 

It will be observed that the neighbourhood of $ depends not only upon 
the value of e, but also upon that of to; it may accordingly be denoted 
by A (^, e, to), where to > Ne. This mode of convergence is accordingly 
less stringent than that in which the point ^ is a point of uniform 
convergence, and in which the neighbourhood depends only upon e, pro- 
vided TO be > Ne, and may be denoted by A (^, e). 

Another formulation of necessary and sufficient conditions for the 
continuity of s (x) at ^ is the following: 

It is necessary and sufficient for the continuity of s (x) at the point ^ that, 
if Ni be an arbitrarily chosen integer, and e an arbitrarily chosen positive 
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number, an integer % (|, €, N^) (> N^) can be determined, and also a 
neighbourhood of A (|, e, Nf), such that 

!«(«)- s», («) I < c, 

for all points of E in that neighbourhood. 

Since the neighbourhood depends not only upon e but also upon , 
and may thus be denoted by A (^, e, Nf), this mode of convergence is less 
stringent than that in which the point ^ is a point of simply uniform 
convergence of the series, and in which accordingly the neighbourhood 
depends only on c, and may thus be denoted by A (^, e), and can be 
taken to be the same for all values of n in some infinite sequence. 

The sufficiency of the condition follows from the first theorem of § 82. 
Its necessity follows from the last theorem. 

Conditions of continuity substantially identical with those formulated 
above were given* by Dini. It may be remarked that the term simply 
uniform convergence is, by some writersf, applied to the mode of conver- 
gence indicated in this theorem. 

84 . It is frequently convenient to transform the function It„ (x), of 
(71, x), into the function R (x, y), of (x, y), where y = Ijn. In R (x, y), the 
field of y consists then of the set of reciprocals of the positive integers. 
At a point of convergence of the sequence or series to which R (x, y) is 
related, we have lim R (x, y) = 0. For a prescribed e, there is, for a point 

y~0 

X, of convergence, a certain range of values of y, for all of which, without 
a gap, I .B (ic, y) I < € ; and the upper boundary of these values of y may 
be denoted by <f>e (x) : but there may be other greater values of y 
separated from (x) by values of y for which the condition is not 
satisfied, for which the condition \ R (x, y)\ < e, is also satisfied. At a 
point Xi of non-uniform convergence of the series, the lower limit of (f>e (x), 
for the values of x in any neighbourhood of x^, is zero, provided c be 
chosen sufficiently small ; whereas, for a point x^ of uniform convergence, 
a neighbourhood of x^ , in general dependent on €, can be found for which 
the lower hmit of f>e (x) is greater than zero. 

The distinction between the three classes of points in the interval (a, b), 
viz. (1), those at which the series is uniformly convergent, (2), those at 
which the series is non-uniformly convergent, but at which the sum- 
function is continuous, and (3), those points at which the sum-function is 
discontinuous, may be illustrated by means of figuresj which indicate the 
regions of (x, y) in the neighbourhood of (x^ , 0), at which | R (x, y) | is 
less than an arbitrarily chosen e. 

* See Orundlagen, pp. 143-146. 

t See Hahn’s Theorie der reellen Funktionen, pp. 282, 283. 

J See Hobson, “ On modes of convergence of an infinite series of functions of a real variable,” 
Proc, Lond, Math, Sac, (2), vol. i (1904), p. 378. 
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Fig. 3 represents the neighbourhood of a point P at which the con- 
vergence of the series is uniform. The blackened lines represent those 
portions of the lines whose ordinates are Ijn, l/{n + 1), l/{n + 2), ... at 
which I («) |, I B„+i (a:) I ... are £ c. These portions consist of all those 
parts of the lines which are bounded by the curve y == (x), there being 

also possibly such pieces outside the curve. An area, for example semi- 
circular, can be drawn, bounded by a portion of the a;-axis containing P, 
and such that for every point within it\R {x,y)\ < e ; and that this should 
be possible for every value of c is the condition that R (x, y) be continuous 
at the point P with regard to the domain of (x, y). 



Fig. 4 represents the neighbourhood of a point P at which the function 
s {x) is continuous, but at which the series is non-umformly convergent. In 
this case the function <f>f {x) is for all values of e, less than some number eo, 
discontinuous at P. The value of <j>e {x) at P is itself finite ; but the func- 
tional limits (f)e (a?! -1-0), (x^ — 0) at P are both zero. The breadth of 

y\ 


l/n 



l/(n+l) 
J/(w 2 ) 


P 

Fig. 4. 


■* 
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the blackened portions of the straight lines parallel to the a;-axis, which 
represent the portions of those lines at which | (a?) | S e, diminishes 

indefinitely as y approaches the value zero at P. In this case no semi-circle 
can be drawn with P as centre, for all internal points of which | i? (a:, y) | < c ; 
and thus the point P is one of non-uniform continuity. In the figure, the 
convergence is non-uniform on both sides of P; it is clear however in what 
manner the figure must be modified for the case in which the convergence 
is non-uniform on one side only of P. In case the measure of non-uniform 
convergence (see § 90) be indefinitely great the figure will be essentially 
similar to the above figure, whatever value of e be chosen ; otherwise the 
figure applies to an e which is less than the measure cq of non-uniform 
convergence, viz. the saltus at P of | P {x, y) | in the two-dimensional 
continiium. 



l/(«+l) 


OP 

Fig. 6. 

Fig. 6 represents the neighboxtrhood of a point P at which s (x) is 
discontinuous, the value of e being less than the measure of non-uniform 
convergence of the series at P (see § 90). In this case, as before, {x) is 
finite at P, and <f>e (cCi -f- 0), <f>e {x — 0) are zero; but, on the parallels to 
Ox intersecting the ordinate at P, there are no intervals near P inter- 
secting the ordinate, at which \ R {x,y)\ < e, but only points on the 
ordinate through P itself. 


EXAMPLE. 

As an example we may take the case in § 80, Ex. 10, {x) 


- - --- . ■ and thus 
1 + 


R (X, y ) : 


xy 


and we may suppose the domain of x to be the interval (0, 1). In this case, the point 
a; = 0 is a point of discontinuity of R {x^ y), and we find that if e < ^, the condition 

\I^{x,y)\< e, 

is satisfied for the space bounded by the a;-axis, and by the straight line 
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The same condition is also satisfied for the space between the tz-axis and the straight line 

and thus the point a; = 0 is a point of continuity of the function s (x), although the con- 
vergence is non-uniform at that point. If e > ^, then \ R {x^ y)\ < e, for the whole space 
between the axes; and thus the measure of non-uniform convergence at the point a; = 0 is 
the upper double limit of R (a;, y) having the value J (see § 90). 

85. In case the domain E is linear, the two sides of a point ^ may be 
considered separately, the neighbourhoods of the point being taken on the 
two sides separately. It is sufficient to consider the case of a point ^ which 
is a limiting point of the domain on its right, and to assume that the 
functions (i) are continuous on the right. Further we may consider the 
functions s„ (f + 0) instead of s„ (^), it being assumed that the point ^ is 
excluded from the domain of which it is a limiting point on the right. 

We thus obtain necessary and sufficient conditions that s 0) may 
exist and that the series (f + 0) may converge to s (^ + 0). The 
following theorem contains these conditions : 

A necessary and sufficient condition that the sum s (x) of the convergent 
series Hu (a;) may have a definite limit s (f + 0) at the limiting point $ of 
the linear domain of x to which the series (^ + 0) may converge, the terms 
of this series being assumed to have definite vahies, is that, corresponding to 
each arbitrarily chosen positive number e, and to each integer n, lohich is 
greater than some fixed integer Ne, dependent on €, a positive mimber 6 (^, e, ?z) 
can be determined, such that, for every value of x in the domain and in the 
interval (f, $ + 6), the condition | (x) | < e is satisfied; the number 6 being 

dependent in general upon n as well as e. 

In case B is, for each value of c, independent of n (> Ne), the point ^ is 
a point of uniform convergence on the right, therefore uniform convergence 
at i on the right is a sufficient condition that s (a + 0) may have a definite 
value and that the series Hu„ (a + 0) may converge to s {a + 0). 

This theorem is a particular case of the first theorem of § 83, but 
it may also be obtained from that of i, § 305. For, let n = Ijy, then 
Sn {x) becomes a function s {x, y) of the two variables x and y, and the 
condition in the theorem is equivalent to the condition that the repeated 
limits 

lim lim s (x, y), lim lim s {x, y) 

should both exist and have the same value. 

By employing the last theorem of § 83, or that of i, § 306, we obtain 
the following theorem : 

Necessary and sufficient conditions that the sum s (x) of the convergent 
series Hu (x) may have a definite limit 5 + 0) at the limiting point ^ of its 
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linear domain are (1), tlvat s„ + 0) should converge to a definite limit as 
n'^cc and (2), that, corres-ponding to each arbitrarily chosen positive number e, 
and to each arbitrarily chosen integer , there should exist a value ofn{>Ni), 
and also a positive number 6 e, n), such that | i?„ (a:) | < e for every value 
of X belonging to the domain which is in the interval (i, ^ + 0). 

In this formulation the condition (1) is not included in (2), and must 
therefore be stated separately. In case the number 6 depends only on €, 
and not also on n, the point ^ would be one of simply imiform convergence. 
However, in general 0 will depend upon the value of n as well as upon e, 
and thus the condition is less stringent than that of simply uniform con- 
vergence at the point. 


THE CONTINCriTV OE A SUM-FUNCTION IN A DOMAIN 

86. It will now be assumed that the functions % {x), vi^ (x), u^ (x), ..., 
of one or more variables, are all continuous in E. The following theorem 
will be established : 

If the series 'Zu (x) converge simply-uniformly in the domain E, the sum- 
function s (x) is continuous in E. A fortiori, the condition that the series 
converges uniformly in E is sufficient to secure that the sum-function may be 
continuous in E. 

It should be observed that the condition in the theorem is sufficient, 
but not necessary, for the continuity of the sum-function. 

Since the convergence of the series is simply-uniform, a value ne of n, 
corresponding to an arbitrarily chosen positive number e, can be so deter- 
mined that I (;») I < 4 for all points x, in E. Consider a point i, of E; 
a neighbourhood (f — 8, ^ S) of $, can be so determined that for every 
point X, of E, in that neighbourhood, | (x) — s„^ (^) | < e, since (x) 

is continuous at i. 

Since 

I - « (*) I ^ I (i) - I + I (^) I + I (X) I < e; 

provided x is in (^ — S, ^ -t- 8). Since e is arbitrary, it follows that s (x) is 
continuous at 

The above proof suffices to establish the following more general 
theorem : 

If the functions Un (x) be all continuous at the point f, but not necessarily 
elsewhere, the condition of simply uniform convergence of the series in some 
neighbourhood of $ is sufficient to ensure that s (x) is continuous at 

It has already been proved, in § 82, that, if the sum-function is any- 
where discontinuous, the convergence cannot be either uniform or simply 

HU 9 
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uniform, but the following additional proof of this important fact may be 
given. 

If the function s (x) be discontinuous at the point there exists a 
positive number a such that points x exist in every neighbourhood of i, 
however small, for which | s (a;) — s (^) | > a, or 

I K {^) - Rn ii) + ix) - (^) I > a. 

It is impossible to choose n so that | i?„ (a;) | < J c, for all values of x, 
consisting of all points of E in some neighbourhood of provided e 
is sufficiently small ; for we should then have 

I ix) - (^) I > « _ I ix) - (^) [. 

For any value of n that might be chosen, $ could be so taken that 

I («) - «« (^) 1 < | e, 

and thus e > a. Since e can be chosen to be < a, the impossibility of choosing 
n so that \Rn(x)\<\ e, for all points a: in a neighbourhood of i, is demon- 
strated. Therefore, in this case, the convergence of the series is neither 
uniform nor simply uniform, and the point i is not a point of uniform 
convergence. 

87. It has long been known that the sum of a convergent series of 
which all the terms are continuous is not necessarily itself continuous. 
The statement has often been made that the important discovery that 
discontinuity, when it occurs, is due to non-uniform convergence of the 
series was made by Stokes*, Seidelf, and Weierstrass|, independently of 
one another. A critical discussion has been given by Hardy§ of the treat- 
ment of the matter, undoubtedly independently of one another, by these 
three Mathematicians. Hardy shows that the above Statement requires 
considerable modification; he points out that the conception defined by 
Seidel, in 1848 , is that which has been called in § 71 , uniform convergence 
in the neighbourhood of a particular point, whereas Stokes, in 1847 , defined 
a mode of convergence equivalent to what is here described as simply 

♦ Camh, Phil. Trana. vol. viii (1847), pp. 533-583; also Mathematical and Physical Paj)ers, 
vol. I, pp. 236-313. 

t Miimh. Abhand. vol. vii (1848), pp. 381-394; also Ostwald’s Klassiker der exacten Wissen- 
schajten, no. 116. 

t Abhandlungen aus der Funklionenlehret pp. 69-101. 

§ Proc. Camb. Phil. Soc. vol. xix (1918), p. 148. It should be observed that, although what 
is there called quasi- uniform convergence in an interval is identical with what is called in § 67, 
simply uniform convergence in the interval, and what is there called quasi -uniform convergence in 
the neighbourhood of a point agrees with what is here understood by simply uniform convergence 
in the neighbourhood of a point, nevertheless what is called quasi-uniform convergence at a point 
is not equivalent to simply uniform convergence at a point, as defined in § 72, but is e(|uivalent 
to the mode of convergence given in § 83, in the second form of the necessary and sufficient con- 
dition of continuity. On the history of the discovery see also Reiff’s Gesch. der uvevdl. Beihev, 
p. 207, and also Pringsheim’s article in the Encykl, d. Math. Wissenach. ii, A i. 
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uniform convergence in a fixed neighbourhood of the particular point. 
Stokes gave a valid demonstration that his condition is sufficient to ensure 
continuity of the sum-function at the point, but his attempted proof that 
the condition is necessary for continuity is invalid because he failed to dis- 
tinguish his condition from that given in the second statement of necessary 
and sufficient conditions in § 83. Both Stokes and Seidel confined their 
attention to a fixed neighbourhood of a particular point, whereas Weier- 
strass was familiar with the conceptions of uniform convergence in a linear 
interval and of uniform convergence in the neighbourhood of a point, as 
early as 1841 or 1842. That uniform convergence in the neighbourhood of 
every point of a linear interval involves uniform convergence in the interval 
was first proved* by Weierstrass in 1880. Under the influence of Weier- 
strass, the great importance of the notion of uniform convergence in the 
Theory of Functions became fully recognized. 

The question whether non-uniform convergence necessarily implies 
discontinuity in the sum-function remained for some time an open one. 
It was decided in the negative sense when Darboux and Du Bois-Reymond 
constructed examples in which the series are non-uniformly convergent,, 
and yet nevertheless have continuous sum-funptions. 

88. In order to determine necessary and sufficient conditions for the 
continuity of the sum-function of a series of continuous functions in the 
whole domain E of the convergent series, it is sufficient to consider the 
case in which E consists of a closed set. Let e be an arbitrarily chosen 
positive number, then, if n be sufficiently large, there exist points of E 
at which | i?„ (x) | < e. If we assume that s (x) is continuous in E, since 
s„ {x) is by hypothesis continuous in E, it follows that | R„ (x) | is con- 
tinuous in E, and therefore the set of points at which | («) | ^ e is 

closed relatively to E, and the set at which | (a;) | < e is consequently 

open relatively to E ; let this set be denoted by 0„. Each point of E belongs 
to all the sets of the sequence {0„}, from and after some value of n dependent 
on the particular point, since i?„ {x) converges to zero, as ~ oo , for each 
value of x. If m be an integer chosen arbitrarily, employing de la Vallee 
Poussin’s extension of the Heine-Borel theorem (i, § 75), a finite set of the 
open sets 0„,, 0^^^, ... exists such that every point of E belongs to one 
at least of these open sets, which we may denote by ... 

On the assumption that s {x) is continuous in E, it thus appears that 
I («) 1 < e at every point of E, provided that s has one of the values 
w 4- * 1 , m + ... m + ir, that value being dependent on the particular 

point. 

Conversely, if it be assumed that this last condition is satisfied for 
every value of e, then, remembering that m is arbitrary, any particular 

* Loc, cit, pp. 71, 72. 
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point X, of E, is such as to belong to each of the open sets Oj, ,0^^,... where 
« 2 > ••• is some increasing sequence of integers, dependent on the 
particular point A neighbourhood of i can be so determined that all 
points of E contained in it are points of Ogpi and this for each value of p; 
and, in this neighbourhood, | (x) | < e. This is the condition of § 82, 

that s (x) should be continuous at Hence the condition is sufficient for 
the continuity of s (x) at every point of the closed set E. 

The following theorem has now been established: 

The necessary and sufficient condition for the continuity in a closed set E, 
of any number of dimensions, of the sum s (a;) of a series ILUn {x), each term 
of which is continuous in E, and which converges throughout E, is that, 
corresponding to each arbitrarily chosen positive number e, and to each 
arbitrarily chosen integer m, the condition | i?, (a;) | < c is satisfied for every 
point X in E, provided s has one of a finite set of values, all S m, the value of 
s being dependent in general upon x, hut being constant for all points x which 
are in one of a finite set of sets of points all of which are open in E. 

89. The particular case of the above theorem which arises when the 
set E consists of a linear closed interval (a, b) was first established* otherwise 
by Arzel^. 

In this case the mode of convergence in the interval (a, b) is charac- 
terized by the condition that | i?, {x) | < e, for every point of (a, b), where s 
has one of a finite set of values all S n, the value of s being constant in 
each of a set of open intervals, two of which however may be half closed 
by the addition of the end-points a and b ; where c is an arbitrarily chosen 
positive number, and n is an arbitrarily chosen integer. This mode of con- 
vergence has been denoted by Arzela by the term convergenza uniforme a 
tratti (uniform convergence by segments). This term would not appear to 
be appropriate, because the intervals are dependent in number and length 
upon €, and there does not necessarily exist any interval in wliich the 
convergence is uniform. Uniform convergence, and simply uniform con- 
vergence are special cases of this mode of convergence ; for in these cases 
the finite set of intervals which corresponds to given e and n reduce to 
a single interval, viz. the whole interval (a, b). 


EXAMPLES 

(1) The series 1 + a: + ~ ^ 

is convergent in any finite interval (a, h) whatever. It is shewn in elementary treatises 
that the series converges to c®, for all rational values of x. In order to extend the proof 
of the exponential theorem to the case of an irrational value of x, we observe that the above 

• Mem. delta B. Accad. d. Sci, di Bologna, ser. 6, vol. vrn (1900). A proof very similar to 
that in the text was published by Hobson in the Proc. Lond. Math. Soc. (2), vol. i (1904), p. 380. 
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series converges uniformly in the interval (a, 6), since 


n\ 




, where A; is a fixed number 


greater than | a | , and | 6 | ; and hence, in accordance with the theorem of § 77, since 
2 is convergent, the given series converges uniformly in (a, 6). It follows that the sum- 


function s (x) of the series is continuous in (a, h). Further, the function has been defined 
for an irrational value of a?, by extension (see i, § 38) of the function as defined for rational 
values of x; and it was shewn that the function e^, so defined for the whole domain, 
is single-valued at the irrational points, and therefore it is continuous. The two functions 
e®, 8 (x) are both continuous in (a, 6), and have identical values at the rational points; there- 
fore, in accordance with the theorem of i, § 215, they are identical everywhere in (a, b). 
Therefore is the sum-function of the series in any finite interval (a, b). 


(2) It is proved in elementary treatises that, for a value of x which is numerically less 
than unity, the binomial series 


1 + nx -{- 


- 2 ! ~ * 


. n(n -- 1) ... (n - r+ 1)^^ , 

+ - X + ... 


converges to a suitable value of ( 1 + x)^, when n is a rational number. To extend the theorem 
to the case in which n may have an irrational value, consider an interval (n^, 7 I 2 ) of n, 
where and rig rational numbers. 

f f * * 

where N is the greater of the numbers | | and | 712 |. The number x remaining fixed, wo 

thus see that, for all values of n in the interval (% , Tjg), each term of the series is numeri- 
cally Jess than the corresponding term of the convergent series 


We liave 


n (n - 1) ... (n - r -h 1) 
r! ‘ 




therefore the series converges uniformly for all values of n in the interval (% , Tig). Hence 
the sum-function of the series, for a fixed value of x, is a continuous function of n in the 
interval The function (1 + xY^ of n, was defined in i, § 38, for irrational values 

of n, by extension of the function considered as defined only for rational values of n; 
and it was shewn that the function so obtained by extension is single-valued, and it is 
therefore continuous. As in example (1), it now follows that, for the fixed value of a:, 
nuiTK^rically < 1, the sum of the series is for all values of n in (%, represented by the 
suitable value of (I + x)^. The interval n^) is arbitrary. 


THE MEASURE OF NOK-UNIFORM CONVERGENCE 

90. If a series S {x) converge at all points of a set E, of one or 

1 

more dimensions, to the function s (a:), finite at every point, it is convenient 
to employ the functions s {x, y), E {x, y) obtained from {x), i?,, (a:), by 
changing the variable integer n into \jy. These functions s (x, y), R {x, y) 
defined for x in E, and y the reciprocal of a positive integer, or zero, may 
be termed* the transformed sum-function and the transformed remainder- 
function respectively ; we may define s (x, 0) to be 5 {x), and R (x, 0) to be 0. 
The function R {x, y) is continuous with respect to x in E, for y — 0, since 

* See Hobson, Proc, Lond, Math, Soc. (1), vol. xxxiv (1902), p. 247. 
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it is everywhere zero, and it is continuous with respect to y, for x — i, 
but it is not necessarily continuous at (^, 0) with respect to {x, y). 

In accordance with the definition in § 70, the sequence {«„ (a:)} is 
uniformly convergent at the point if, corresponding to each arbitrarily 
chosen positive number e, a neighbourhood of the point (^, 0) exists defined 
by the two-dimensional, or (p + l)-dimensional, cell 

(f - df, 0; ^ -f de, ye) 

exists such that | ^ (a;, y) | < e, for every point (x, y) in this neighbourhood. 
If we denote by U (i, d, y) the upper boundary of | R (x, y) j in the 
neighbourhood (f — d, 0 ; ^ + d, y) of (f , 0) this function U is monotone 
non-increasing as the number d is diminished, and also as the number y 
is diminished. Consequently it has a lower limit as d, y converge to zero 
in any manner, independent of the particular mode in which the con- 
vergence takes place. In case the point f is one of uniform convergence, 
this limit is zero. When tlie limit is not zero, the point is one of non-uniform 
convergence. 

The limit lim U (f. d, y) which may have a finite value, or inay be qo , 

< i ~0 

1/^0 

when it is not zero, is said to be the measure of non-uniform convergence of 
the sequence {«„ (a:)} at the point Denoting this measure by (^), the 
function (a:) is a function of x which may be termed the convergence- 
function. 

The definition of /S (^) may be stated as follows : 

If the series Hun (x) converge to s (x) in the linear, or p-dimensional, 
domain E, and the upper boundary of | R„ {x) | , for all values of n^m, in a 
neighbourhood {$ — d, $ d) of the point ^ be determined, the limit of this 
upper boundary, as the numbers d converge to zero, and m ~ oo , defines the 
measure ^ ($), of non-uniform convergence of the sequence at the point 
In fact j8 (f ) = lim | {x) \ . 

In case j8 {$) is finite, a neighbourhood (^ — d, ^ -f- d) of can be 
determined, and an integer We, such that, in that neighbourhood, 
I « (a;) — (a;) |,< jS (^) -f c, for all points a; in (f — S, ^ -t- S), and for all 

values of n>ne, where e is an arbitrary positive number. 

Moreover there must exist in every neighbourhood of points at which 
I 5 (jc) — Sn (x)\> p (^) — €, for some value of n (> Uf), whatever positive 
number € may be. In case (f ) is infinite, corresponding to an arbitrarily 
chosen positive number JV, a neighbourhood (f — d, f -t- d), and an integer 
can be so determined that there exist in that neighbourhood points 
at which | R„ (x) [ > W, for values of n that are > nj^ . 
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91. In the case of a linear domain the measure of non-uniform con- 
vergence may be defined separately for the right and the left of the point 
The neighbourhoods employed in the definition will be taken to be neigh- 
boTirhoods {$, ^ + d), — d, $) on the right and left respectively. Thus 

two functions («), g- (jc) will be defined, which have the values, at any 
point of the measures of non-uniform convergence at on the right 
and on the left respectively. If /S+ (^) = 0, (^) > 0, the point is one of 

uniform convergence on the right; a corresponding definition holds for 
the left. The measure ^ (^) is the greater of the two numbers j8+ (^), ]8“ (^) ; 
and at a point of uniform convergence, (^) — jS" (^) = 0. 

The earliest definition of the measure of non-uniform convergence 
was given by Osgood* for the case of a hnear interval. The term “Grad 
der ungleichmSiSsigen Convergenz” was employed by Schoenflies'j' who 
uses Osgood’s definition. The term “Convergence function” was also 
employed by Schoenflies. 


THE DISTRIBUTION OP POINTS OF NON-UNIFORM CONVERGENCE 

92. Assuming that {s„ («)} is convergent in a domain E, it will first 
be shewn that: 

The convergence function is upper semi-continuous in the domain of 
convergence of the series. 

It must be shewn that a neighbourhood of a point i exists such that, 
at every point in it that belongs to the domain E, j8 (x) < ^ (f) + V’ 
where p is an arbitrarily chosen positive number, and jS (^) is supposed to be 
finite. For, let it be supposed that in every such neighbourhood there 
exists a point at which (a;) S j8 (^) -t- rj. In an arbitrarily small neigh- 
bourhood of such a point there are points at which | i?„ (x) | = jS (^) -f- p, 
for sufiiciently large values of n, and such neighbourhood can be chosen 
so as to be interior to any assigned neighbourhood of the point i. Therefore 
in an arbitrarily small neighbourhood of ^ there are points at which 
I («) I S j8 {i) -1- p, for sufficiently large values of n, and this is incon- 
sistent with the fact that the measure of non-uniform convergence at $ is 
jS (^). In case (^) is infinite, $ is certainly a point of upper semi-continuity. 

Employing a theorem given in i, § 230, which is applicable to any closed 
domain of any number of dimensions, we have the following theorem : 

If the domain E, of the functions be a closed set of points, and a be any 
positive number, the set of points of E at which ^ (x) ^ a is closed, relatively 
to E, and therefore absolutely. 

* Amer, Journal of Math, vol. xix (1897), p. 166. 
t See Berichty vol. i, p. 226. 
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If we denote this closed set by 0„, and assign to a the values in a 
diminishing sequence {cr„} which converges to zero, each point of non- 
uniform convergence belongs to all the sets from and after some value 
of n. Thus the set of all points of non-uniform convergence of the series 
is the outer limiting set G, of the sequence {G„^ of closed sets relatively 
to E. The set O, may be non-dense in E, or it may be dense in the whole, 
or, in a part, of E. Therefore the points of non-uniform convergence may 
be either non-dense in E, or may be dense in the whole, or in a part, of E. 
It will, however, be shewn that in case all the terms of the series or sequence 
are continuous in E, the set 0„ is necessarily non-dense in E. This is 
formulated in the following theorem : 

If, in the closed domain E, of any number of dimensions, the functions 
Sn (x) which converge in E to s (x) are all continuous in E, the closed set of 
'points G„, for which the measure of non-uniform convergence is ^ a, a positive 
number, is non-dense in E. 

Let it be supposed that, if possible, Ga is not non-dense in E', there 
must then exist a closed part E^ , of E, such that every point of E^ belongs 
to Gg . The set E^ can contain no isolated points, because an isolated point 
is one of uniform convergence ; thus E^ must be a perfect set. Let ^ be a 
point of El ; we take a neighbourhood D, of such that every point of E, 
in D, belongs to Ei , and also an arbitrarily chosen integer N. If a' be a 
positive number < <7, there exists in D a point of E^ , such that 

I « (f) - Sn. (D I > 

for some value of n^ that is > iV. Since the sequence (^')} is convergent 
at an integer TOj > n^ exists such that | s„^ ($') — (^') | > a'. 

On account of the continuity of (x), s„, (x) at a neighbourhood Oj 
contained in X), can be determined so that, at every point of E^ in we 
have I s„, (x) - (x) | > a'. 

Taking a point of E^ , interior to , in a similar manner a neigh- 
bourhood Dg, contained in Dj, can be so determined that at every point 
of El , in D 2 we have | s„^ (x) — (x) | > <t', where > % > W 2 > > N. 

Proceeding indefinitely in this manner, we obtain a sequence {D,„} 
of neighbourhoods, all containing points of Ei, and such that, in /)„, 
we have | {x) - (x) | > a, at every point of Ei in where 

ngm > > ^ 2 m ~2 These neighbourhoods {/)„} can be so 

determined that only one point f of Ei is in all of them; at this point 
f, we have | (f) | > <r', for all values of m; this is contrary 

to the condition that the sequence {«„ (f )} is convergent. It has thus been 
shewn that Gg must be non-dense in E. 

93. Since Gg is non-dense in E, it follows that the set G, of all the points 
of non-uniform convergence of the sequence {5„ (a;)} of continuous functions, 
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is of the first category in E, and consequently (i, § 96) that the set of 
points of uniform continuity is everywhere dense in E. We have thus 
established the theorem that : 

If the functions of a sequence {x)} which converges everywhere in a 
closed set E to the function s {x), are all continuxms in E, the set of points of 
non-uniform convergence is of the first category in E, and the convergence is 
accordingly uniform at points of a set which is everywhere-dense in E. 

This theorem was first established by Osgood*, for the case in which 
s {x) is continuous. 

Since s (a;) is certainly continuous at every point of uniform convergence, 
it follows thatf : 

U {«n (*)} converges, in a closed set E, to s {x), and the functions s„ (x) 
are all continuous in E, the function s {x) is at most point-wise discontinuous 
(i, § 238) with respect to E, and the points of continuity are accordingly every- 
where-dense in E. 

94. Those points of the closed domain E at which the measure of non- 
uniform convergence is infinite, when such points exist, are of special 
importance in some parts of the theory of series. It can be shewn that: 

When the convergence function g (x) is unbounded in the closed domain E, 
there exists at least one point at which ^ {x) is infinite. 

For, in accordance with i, § 213, there must be at least one point $, 
of E, in whose arbitrarily small neighbourhood j8 (x) is unbounded. The 
value of ^ {$) cannot be finite, because this would be inconsistent with the 
fact that g (x) is upper semi-continuous. 

It can now be shewn that : 

The set of points of infinite measure of non-uniform convergence is closed. 

For, let cTi, <72, ... cr„, ... denote a divergent sequence of increasing 
positive numbers, and let e„ denote the closed set of points at which 
g (x) i a„ . The set of points at which the measure of non-uniform con- 
vergence is infinite is the inner limiting set of the sequence {e„} of closed 
sets each of which contains the next; and in accordance with i, § 67, this 
inner limiting set is closed. 

It is necessary and sufficient in order that there may be no points, in the 
closed set E, at tvhich the measure of non-uniform convergence is infinite, 
that, from and after some fixed mlue of n, | R„ (x) | should be bounded as a 
function of (n, x) for all such values of n, and, for all points x, in E. 

* Amcr, Journal of Math, vol, xix (1897). A proof, free from this restriction, was given by 
Hobson, Proc, Lond, Math, Soc, (1), vol. xxxiv (1902). Other proofs were given by W. H. Young, 
Proc, LoiuL Math, Soc, (2), vol. i (1904) and by Dell’ Agnola, Rend, Lincei, vol. xix (1910). 

t This tlieoreiri was first established in a different manner, by Baire, Ann, di mcd, (3), 
vol. Ill (1899). For another proof see W. H. Young, Mess, of Math, (2), vol. xxxvn (1907); 
see also Dell’ Agnola, Rend, Lomh. vol. XLi (1908). 
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That the condition is sufficient is clear, since if | {x) | is bounded, 

so also is jS {x). To shew that the condition is necessary, we observe that, 
in the (p + l)-diniensional domain, a neighbourhood of each point x, of 
E, can be determined such that \R {x,y)\< ^ (x) + e, in that neighbour- 
hood. These neighbourhoods form an infinite set of cells, each of which 
contains one or more of the points of the closed set E, in its interior. 
Employing the Heine-Borel theorem in its generalized form (i, § 74) 
a finite set of these neighbourhoods exists, such that every point of E is 
interior to one or more of them. It follows that there exists a value of 
y, the least linear dimension in y of the cells of the finite set, such that 
I B {x, y) I is bounded, provided y <yi. Hence there exists a value , 
of n such that | (x) | is bounded as a function of {n, x) for n^n^, and 

for all values of x in E. 


EXAMPLE 

Let* % (a:) ™ 0, at all points of the interval (0, 1), except at the point where {x) ~ 1. 
Let «2 (^) ~ ~ at ir = i, and (.r) = 1 at a? = I, J, and ?/2 (x) = 0, everywhere else; 
let u.^ (a;) = - 1, at a: = and (x) = 1 at f, and % (x) ~ 0 at all other points of 
the interval; and so on. Thus (x) is zero, except at x where (|) = 1 ; ^2 (‘^) 

except that (J) = ^2 (J’) — 1; ^^3 (^) is zero, except that (J) -- (|) (f) = I ; and 

so on. The function s (x) is everywhere zero, and therefore is continuous in (0, 1 ) ; but the 
series converges non-uniformly at every point of the interval, since, in the neighbourhood 
of every assigned point, there are discontinuities of (.r), of measure 1. 


It has hitherto been assumed that s (x) is everywhere finite ; this 
restriction may be removed by employing the transformation 

^ 1 + I « (x) I ’ 

of § 62. A point of continuity of a (x) corresponds to a point of continuity 
of s (x), or to a point of continuity in the extended sense, according as 
I <7 (x) I < 1, or I C7 (x) I = 1. We have accordingly the theorem: 


If the sequence {«„ (a:)} is convergent or divergent {to + cc , or to — <x ) at 
every jxrint of the closed set E, and the functions s„ (a:) are all continuous, at 
least in the extended sense, at every point of E, the points of discontinuity of 
s (x) form a set of the first category relative to E, and the points of continuity 
of s (a:), at least in the extended sense, are everywhere-dense in E. 


95. If the functions s„ (x) are not all continuous in the closed set E, 
the closed set O^, of points at which the measure of non-uniform is £ ct 
may be everywhere-dense in the whole, or in a part of E ; and then this is 
also true of the set of all the points of discontinuity of s {x). In any case 
the set of points of continuity of s {x), when it exists, forms an inner 
limiting set. 


* See W. H. Young, Proc. Lond, Math, Soc, (2), vol. i (1903), p. 94. 
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It has been shewn by W. H. Young* that, for the case in which E is 
a linear interval, when the functions u„ {x) are point-wise discontinuous 
functions, the visible points of non-uniform convergence maybe dense in the 
whole or in a part of E, and the iiivisible points of non-uniform convergence 
form a set of the first category relative to E. He has shewn how to construct 
a series of point-wise discontinuous functions, for a given linear interval, 
which have an assigned inner limiting set F for the set of its points of uni- 
form convergence of the sum-function, and such that the sum-function 
is non-uniformly convergent at all points of C (F). 

96. The following general theorem has been established by Hahnf : 

If E be a set in any number of dimensions it is necessary and sufficient 
in order that a sequence (x)}, convergent in E, may exist which converges 
non-uniformly at all points of E ^ , a part of E, and uniformly at all points 
of E — El, that El shonld be the outer limiting set of a sequence of sets which 
are closed relatively to E. 

The proof of this theorem requires the theorem or assumption! that 
every set of points which is dense in itself can be normally ordered. With- 
out assuming this, the following less general theorem, also given by Hahn, 
can be established: 

If E be a set of points in any number of dimensions, and F be a part 
of E which is of the first caieqory relatively to E, a sequence {/„ (a:)} of 
functions such that 0 5 /„ {x) ^ 1 can be defined, which converges everywhere 
ill E to the limit zero, the convergence being non-uniform at every point of F, 
and uniform, at every point of E — F. 

A part El of a set E, of points in any number of dimensions is said to 
be closed, relatively to E, if every limiting point of Ei that is in E, is a point 
of El itself. This is a generalization of the definition in i, § 55. The set Ei 
is closed in the absolute sense in case E is closed. 

The complement E — Ei, relatively to E, of a set Ei , closed relatively 
to E, is said to be open relatively to E. If is a part of E which is the outer 
limiting set of a sequence of sets, each of which is closed relatively to E, 
and non-dense in E, the set F is said to be of the first category relatively to E. 
This is a generalization of the definition given in l, § 93. 

First, let F be closed relatively to E, and non-dense in E. Let the 
continuous function Xn (0 I*® defined for all non-negative values of the 
continuous variable t, by the prescriptions, Xn (0 — ^5 when t = 0, and 

when f ; Xn (0 = L when < = -; Xn (0 = in the interval (o, 

Xn (1) = — nt -h 2, in the interval 

* Loc, ciL; see also Proc, Lond. Math, 8oc, (2), vol. i (1904), p. 356. 
t See Theorie dcr redlen Funktionen, vol. i, p. 274. f Ibid, p. 200. 
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If X be any point of E, and d (x, F) be its distance from F (see i, § 104), 
then {x) is defined to be x„ {d {x, F)}. The function {x) is continuous 
with respect to E, and vanishes at aU points of F\ also OS (a;) is 1, 
and lim {x) = 0. 


Let ^ be a point of E that does not belong to F, then d F) > 0; a 
neighbourhood A, of i, can be so determined that, for all points of E in that 
neighbourhood, d (x, F) > a, where a is some fixed positive number. 

2 

In A, we have s„ (x) = x„ {d (x, F)} = 0, provided d{x, F) > ~, yrhich 

Ifh 

2 

condition is satisfied if ^ ^ ! therefore the convergence of (x) to zero 

is uniform at the point 


If ^ be a point of F, in any neighbourhood A, of there are points x, 
of E, which do not belong to F, for which d (x, F) has some value ^ (> 0), 
and for each such point there is a value of n for which {x)> \ \ for there 


1 3 1 3 . 

is at least one value of n, such that or 2%^ 

be sufficiently small. Such a value of n increases indefinitely as the 
distance of x from ^ is diminished. It follows that the convergence of 
{s„ (a;)} at the point $ is non-uniform. Thus the theorem has been estab- 
lished for the case in which F is closed relatively to E, and non-dense in E. 


Next let F be the outer limiting set of a sequence {F^} of sets F^, each 
of which is closed relatively to E, and non-den.se. Let s^n (*)> where 
n=l, 2, 3, ..., is the sequence, defined as above, corresponding to F^l 

and let us consider the double sequence of functions ^ (x), where 

Ififh 

m and n have all integral values. This double sequence can be arranged 
as a single sequence {/^ (a:)} ; and it will be shewn that this single sequence 
has the required properties. If e be any prescribed positive number, it is 
impossible that, at any point /p (^) = c for an infinite set of values of p. 

For we have 0 < — (^) < e, if m > - , and for all values of n ; if a 

Dfh € 

be the greatest integer which does not exceed - , the only values of m for 

which Smn ii) S e, are 1, 2, 3, ... a; for each of these values there are only 
aft 

a finite number of values of n for which - (f ) S c, and therefore only 

a finite number of values of n for which this condition is satisfied for any 
of the values 1, 2, ... a, of m. It follows that, except for a finite set of 
values of p, we have /„ (^) < e. Since e is arbitrary, {/j, (^)} converges to 
zero. 
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Since the sequence — (®)> - ••• is a part of the sequence 

in m 

{fp i^)}> i'll® upper boundary of /p (x), in the neighbourhood A of a point 
of E, cannot be less than the upper boundary of the first sequence. When $ 
is a point of this upper boundary converges, as A ~ 0, to a value greater 
than zero, hence the same must hold for the sequence {/j, (a;)} ; and this 
must be the case for each value of m. It is therefore the case for any 
point of F; the convergence of {/„ («)} at ^ is therefore non-uniform. 

If ^ be a point of ^ — jp’, in a properly chosen neighbourhood A, of 
we have fp (x) < e, for all values of p greater than some fixed number 

dependent on c. Since — s^n i^) < all values of n, provided m > - , 

m € 

we need only consider those values 1, 2, 3, ... a, of m, for which a S - . For 

each of these values r, of m, — (^) < for ^ > provided A is 

m 

properly chosen. 

Hence if be the greatest of the numbers we have — s„„ (x) < e, 

m 

for w = 1, 2, ... a, and for n> ne. Thus/p (x) < e, in A, for all values of p, 
except a finite number; therefore | is a point of uniform convergence of 
the sequence. The theorem has now been completely established. 


FUNCTIONS INVOLVING A PARAMETER 

97. The theory of uniform and non-uniform convergence of sequences, 
or series, may be extended, by a slight modification, to apply to the case 
of a function / (x, a), defined in a domain of x, of any number of dimen- 
sions, for each value of the parameter a which is in an assigned linear 
interval, closed or open. Let it be assumed that / {x, a) is defined for 
values of a such that Oq < a ^ cc^ + c. If at a point f , of the domain of x, 
there is a definite value of lim / (^, a), a varying continuously, the function 

/ {x, a) is said to be convergent at the point as a converges to Oq. 

In case a diverges to oo , we shall suppose / {x, a) to be defined for all 
values of a greater than, or equal to, some fixed number C. 

The following definitions of uniform convergence in the domain E, 
of X, are precisely similar to those in which a is confined to have values in 
a sequence, given in § 66. 

If, as tt''-’ O q, f {x, a) converges to a definite number f) (x), the convergence 
is said to be uniform in E, provided that, if e be any arbitrarily chosen positive 
number, a number h^ can be so determined that \f {x, a) — <f> (x) | < e, for all 
values of x, in E, provided a lies in the ivterml {a^, + he). 
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If «o is infinite, and f {x, a) converges to a definite number (f> (x), for each 
value of X, in E, and if e be an arbitrarily chosen 'positive number, then 
f {x, a) is said to converge uniformly to <f) (x), os a ~ qo , provided a number 
Ct can be so determined that \<f>{x) —f {x, a) | < c, for a> Ge, and for all 
values of x. 

The definition of a point ^ of uniform convergence of / {x, a) to <f> (x) 
is then precisely similar to that in § 70, a neighbourhood of ^ being 
employed. 

The theorems of §§ 82, 83, relating to the continuity of ^ {x) can readily 
be stated so as to apply to the fimctions / (a;, a). 


THE UNIFORM CONVERGENCE OF INFINITE PRODUCTS 

98. If Ui (x), U 2 (x), ... Un {x), ... be a sequence of functions defined in 
a domain of one or more dimensions, the infinite product II {\ +u„ (x)} 

n^l 

is, in accordance with § 39, convergent at a particular point x if, corre- 
sponding to each prescribed positive number e, the condition 

I {1 u„+i (a;)} {1 -t- 

'W'n+2 (x)} ... {1 + 

'^n+m (a:)} - 1 I < e 

is satisfied for m = 1, 2, 3, ..., provided n is greater than some integer ne, 
dependent on e. 

In case the infinite product converges at each point a; of a domain E, 
if the integer ne corresponding to each value of e, can be so chosen as to 
be independent of x, then the infinite product is said to converge uniformly 
in the domain E. 

The theory of uniform and non-uniform convergence of infinite products 
is similar to that of infinite series, and indeed may be deduced from it by 
the method of taking logarithms. It is the particular case of the theory 
of uniform and non-uniform convergence of a sequence {s„ (a:)} which 
arises when {x) has the special form 

{1 + % (a;)} {1 -t- U 2 (x)} ... {1 + u„ (a:)}. 

On account of the importance which this method of representation of 
functions has in Analysis, a short statement will here be given of the 
properties of infinite products in regard to their uniform convergence. 

In analogy with Weierstrass’ test for the uniform convergence of series, 
the following test may be applied to the case of infinite products : 

If, in the domain E, of x, \ u„ (x) | S w„, where the infinite product 
n (1 -f- w„) is convergent, then the infinite product 11 {1 -|- (a:)} converges 

n-1 

uniformly in E. 
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For 

I {1 4* '**«+! (^)} {1 4" '^n+i (^)} {1 4" ^n+m (a^)} - 1 1 

= (1 4'V„^j)(l + ••• (1 4" ^n+m) !• 

kSince rie can be so chosen that, for n> Ue, the expression on the right 

hand side is < e, it is seen that the condition for the uniform convergence 

of the infinite product 11 {1 4- («)} is satisfied. 

1 

It is easily seen, as in § 78, that; 

If the infinite product IT {1 4- | (») | } converges uniformly in a 

n - ‘ 1 

domain of x, so also does the infinite product 11 {1 4- (a;)}. 

n - 1 

The definition of a point of uniform convergence of a product 

n {1 4- {x)} 

n^l 

at a point f of a closed domain E is similar to that of § 70 for the case 
of a series: 

If, for a pnnt ^ of the closed domain E, linear err p-dimensional, a neigh- 
bourhood ii — de, f 4- d() {linear or p-dimensional) exists such that, for 
n^Ut, a number dependent on e, 

I {1 4- (a:)} {1 4- %„+i («)} ... {1 4- «„+„ (a:)} - 1 | < e 

for all values of m, for all points x in Ifi ~ de, ^ de), the point ^ is said 
to be a point of uniform convergence of the infinite product 11 {1 4- (a:)}. 

n = 1 

The following theorem corresponds to the theorem of § 81 : 

If the infinite product FI {1 4- {rn)} is uniformly convergent for all 

71 1 

positive integral values of m {or for all positive continuously varying values 
of m), and if lim (m) has a definite value w„, for each value of n, then if 

m^oo 

f (m) denotes the limiting value of II {1 4- (w)}> lim/(w) has a definite 

71-1 TU'^OO 

value, and the infinite product II (1 4- v„) is convergent and has lim/(w) 

71^1 Tll'^cc 

for its value. 

nr-N 

We have, for all the values of m, f (m) — 11 {1 4- (m)} < e, 

71—1 

provided N is not less than some fixed integer Ne, dependent on e. It 



follows that lim/ (m) — 11 (1 4- ^ e, from whence we deduce that 

?l = 1 

lim/(m) — lim/(m) =*5 2e. Since e is arbitrary, it follows that lim/(m) 

Tfi'^ca m'^ow 

71-N 

exists. Again we see that lim/(m) — II (1 4- v„) £ e, for N ^ Ne’, hence 

n=l 

n (1 4- «„) converges to lim / (m). 

n-l m'^oo 
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EXAMPLE 


It can be shewn that, if m is an even integer. 


sin X 


sin-* 


. X X 

msin cos 
m m 


= 1- 


sin-* 


m 

n 


sm^ 


1 ~ 


m 

, 2ir 


sin-* 


1 - 


sin2 


m 

rw 

m 


where r-^(m - 2). Let 0 < a; < (s + 1) tt, and ^ is a fixed integer < r. We can write 
the above result in the form 



• 2 ^ 

sin S TT m x^ 

Since —tt- diminishes as S increases from 0 to ^ < - 2 ~ 2 » where .9 + I ^ 


e 


sin- 


^pn pV* 
m 


Keeping x and s fixed, the product on the right hand side is loss than the convergent product 

0 ^ \s+2fj) •••(’+ •••• 

Thus, for the fixed value of x, the above theorem is applicable; hence the infinite product 

(i 5.L__A \ 

\ (s+ l)^ny y (5+ 2)2^*" 

converges to the limit, as m oo , of the expression on the left hand side, which is 

Therefore the infinite product a; ~ ’*• converges to sin a;. 

1 \ M _ 32 ~^) ’*• converges to 


cos X. 


THE CONVERGENCE OF A SEQUENCE IN A MEASURABLE DOMAIN 

99. If the domain E, of any number of dimensions, be measurable, 
and have its measure finite, and the functions of the sequence (a:)} be 
all measurable, the following theorem expresses the condition that {«„ (a;)} 
should converge to a function s (x) almost eyerywhere in E, tl^at is, at every 
point with the possible exception of the points of a set of which the measure 
is zero. 

If E be a measurable set {in any number of dimensions) of finite measure I, 
the necessary and sufficient condition that a sequence {s„ (a;)}, of measurable 
finite functions, should converge to a finite function s {x), almost everywhere 
in E, is that a set H(, contained in E, and of measure greater than I — 
where is an arbitrarily chosen positive number, exists, such that (a:)} 
converges uniformly in to s (x). 
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This theorem was given by Egoroff*. That the condition is sufficient 
is clear, for if, however small ^ may be chosen, there is a set of measure 
> Z — ^ in which the sequence converges, the set of all points of convergence 
has its measure > I — for all positive values of and therefore its 
measure is 1. 

To prove that the condition is necessary, let {€,} be a monotone sequence 
of positive numbers which converges to zero. Let e„ denote the set of 
points of E, at each of which | s (x) — Sn+s (*) | < s = 0, 1, 2, 3, .... 

Considering the sets e„, e„+i, ..., it is clear that each of these sets is 
contained in the next. Each point of E, with the exception of a set 
of measure zero, belongs to all the sets of the sequence {e,,}, from and 
after some value of n dependent on the particular point. The set of 
all such points of E, of measure I, is the outer limiting set of the 
sequence {e„}. Let iji, %, ... be a diminishing sequence of positive 
numbers whose sum converges to the arbitrarily chosen number 
There exists a least value of n such that m (e„) > I — (see i, § 131) ; and 

let this set be denoted by F^. The sets F^, F^, ... denote the sets 
Ff which correspond to ... respectively. We have m (Fj) > I — rji; 

m (F 2 ) > I — 7)2, m (F-i) > I — 7)2, .... There exists a set of measure 

> I - 7)1 - 7)2 - Tjs - ..., 

or > Z — of points each of which belongs to all the sets Fi, F 2 , .... In 
this set H ( , of measure > Z — we have | s (a:) — (x) | < e, , for each 

value of r, provided m, is not less than some integer dependent on the value 
of Therefore the sequence converges uniformly in the set H^‘, and thus 
the necessity of the condition in the theorem has been established. 

100. In the above theorem it has been established that, if {^„} be a 
diminishing sequence of positive numbers which converges to zero, there 
exists a sequence of sets, such that m > Z — , so that 

lim m {H{J -= Z, 

in each of which sets the convergence of the sequence is uniform. This 
mode of convergence has been termed by Weylf, essentially uniform 
convergence {wesentlich gleichmassige Cemvergenz). Thus the theorem of 
Egoroff establishes the equivalence of the convergence of the sequence 
almost everjrwhere in the measurable set with essentially uniform con- 
vergence in that set. It can be shewn that the sets can be so deter- 
mined that each one is contained in the next. For let in = Cn — Cn+i> 
for all values of n, and consider a sequence of sets, such that 

m > I — i„, and such that the convergence is uniform in K(^ . Let 


H n 


* Gomptes Bendus, voL cui (1911), p. 244. 
t Math, Annalen, vol. lxvii (1909), p. 225. 


10 



146 


Functions Defined hy Sequences or Series [oh. ii 

be the set of points common to all the sets .... It is then clear 

that the convergence of the sequence is uniform in ; also 

»» (.Hin) >l-L- L+1 - L, 

and is contained in . Thus the sequence {H^J has the required 
property. 

Egoroff ’s theorem cannot be applied when the domain is measurable but 
of infinite measure. To see this, let such a domain E be the outer limiting 
set of a sequence {E^, where m {E„) is finite, and E„ is contained in E„+i. 
Let s„ (x) = 1 in the set E„^i — E„ , and (x) = 0 for all points not in 
that set. The function s (x) exists at every point of E, and has the value 
zero, but it does not converge uniformly in any set of infinite measure 
contained in E. 

Egoroff’s theorem has been extended by W. H. Young* to the case in 
which the sequence (x)} is non-convergent in the measurable set E of 
finite measure. The main results of his investigations may be stated as 
follows : 

If (a:)} be a sequence of functions defined for all points of a measurable 
set E, of finite measure, and the upper {lower) function of the sequence is 
finite at almost all points of E, then (1), there exists in E, a set E^ of measure 
> m (E) — I, so that in E^ the sequence {«„ (a;)} has uniform oscillations of the 
first kind (§ 1 14) ; and (2), there exists in E a set E^, of measure > m {E) — C, 
in which the sequence has uniform oscillations of the second kind; also (3), there 
exists a set E^, of measure > m {E) — C, i'f^ which the sequence has uniform 
oscillations both of the first and of the second kinds. 


101. Egoroff’s theorem may be applied to obtain the following pro- 
perty! of double sequences : 

If E be a measurable set of points, of finite, or of infinite, measure, and 
{«»Bn i^)} ® double sequence such that lim s„,„ (x) exists and has a value s^ (x) 

n-'^QO 

almost everywhere in E, for each value of m, and such that lim 5 „, {x) exists, 

and has a value s {x), almost everywhere in E, then two increasing sequences 
{m,}, {%,} of integers can be so determined that {s„i„i (a:)} has the unique limit 
s (x), almost everywhere in E, as i is indefinitely increased. 

By employing, when necessary, the transformation 



the theorem can be reduced to the case in which all the functions (a;). 


s (x) are bounded ; thus it will be sufficient to assume this to be the case. 


Quart. Jmirn. Math. vol. xuv (1913), p. 129; and Proc. Land. Math. Soc. (2), vol. xn (1913), 
p. 363. 

t See Frechet, Rend, di Palermo, vol. xxn (1906), p. 16, where the theorem is established 
for the case in which is a finite linear interval. 
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Let E be the outer limiting set of a sequence {£?;}, of measurable sets, 
each of which is contained in the next, and each of which is of finite 
measure. If E has finite measure, we may take all the sets Ei to be 
identical with E. 

In Ei there exists a set Ki of measure > m (Ei) — where is arbi- 
trarily fixed, in which (a:)} converges uniformly; thus there exists a 
least integer m,-, such that | s (a;) — (a:) | < in the set iT,-; where 

{€,} is a diminishing sequence converging to zero. 

The integer m,- being fixed, there exists a set L^, in Ki, of measure 

> m (Ef) — 2^i, and a least integer (> Ui-i), such that 

1 (x) - 

^mini (x) 1 < 6 ,-, 

in Li. Therefore, in the set L,-, we have | s (x) — (x) | < 2ef. Now let 

oo 

the sequence be so chosen that S ^,. < ^, where I is an arbitrarily 

chosen positive number. The part D {Li, Ep) of the set Li that is in 
Ep , where i S ii > p, and iy is chosen arbitrarily, has its measure 

> m (Ep) — 2^i ; and all these sets have, for a fixed value of iy , a common 

00 

part, of measure >m(Ep) — 2 S In this set, contained in Ep, we 

have I s (x) — (x) | <2€i, for i^iy", the measure of this set is less than 

m (Ep) by an amount which can be made arbitrarily small by taking iy 
sufficiently large. It follows that, in Ep, the sequence (x)} converges 
to s (x) almost everywhere. Since this is the case for each value of p, it 
follows that (x)} converges to s (x) almost everywhere in E. 

The following theorem for double sequences is a simplification of the 
above theorem, of less generality: 

If {Smn (*)} ® double sequence, defined in a set E, of any number of 

dimensions, then if, for each value of m, the sequence {sTOn(®)} converges 
uniformly in E to a function s^ (x), a,nd the sequence {5„, (x)} converges 
uniformly in E to a function s (x), sequences {m,), {n^, can be so determined 
that the single sequence (x)} converges uniformly in E to s (x). 

If {c,} denote a diminishing sequence of positive numbers which con- 
verges to zero, a least integer can be determined, such that 

!«(«)- («) I < 

at all points of E. 

Again, when m, has been fixed, a least integer can be determined, 
such that I s,py (x) — s„,^„^ (x) | < e,-, at all points of E. We have then 
I 5 (x) - s„,ipi (x) I < ep at all points of E -, and since [ s (x) - s„,^p. (x) !<€,•, 
for j S i, at all points of E, it follows that the sequence (x)} converges 
uniformly in E, to the value s (x). 


10-2 
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MONOTONE SEQUENCES OF FUNCTIONS 

102. A monotone sequence of functions {«„ {x)} defined for a domain E, 
of any number of dimensions, is such that, for every point x, of E, 

«n+l («) = (») 

for every value of n\ or else such that (a:) S («) for every value of n. 
In the former case the sequence is said to be monotone non-diminishing, 
and in the second case it is said to be monotone non-increasing. It is clear 
that, at every point there is a single-valued sum-function, since, the 
sequence {«„ (f)}, being monotone, either converges to a definite limit, 
as w ~ 00 , or diverges. Thus the sequence cannot oscillate at any point 
of E. We need only consider the case in which the set E is dense in itself, 
so that every point is a limiting point. We shall here consider monotone 
sequences of functions which are either continuous, or semi-continuous, 
functions in the set E, and also certain less simple types of fimctions which 
occur in this connection. The following preliminary proposition* is of 
fundamental importance in this theory: 

A monotone non-increasing sequence {s„ («)} of functions which are all 
upper semi-continuous at the point i, of the domain E, dense in itself, is such 
that s (x) is upper semi-continuous at 

In case s (^) is finite, n can be so determined that (^) < « (^) -f ie; 
and since s„ (x) is upper semi-continuous at i, a neighbourhood D, of 
can be so determined that, for every point x, of E, that is in D, the condition 
(X) < Sn (a + I € < 5 (I) -I- € is satisfied. Since s (x) £ (x), we have 

s{x) < s (i) -h e, for all points x, of E, in D. Therefore s (x) is upper semi- 
continuous at 

In case s {i) — — <X) , for a sufficiently large value of n we have 
Sn{i)< — N, and a neighbourhood of $ can be so determined that, in that 
neighbourhood, s„ {x) < s„ {^) -{- rj < — N -f 17 ; where t) is arbitrarily 
chosen. It follows that, in that neighbourhood, s {x) < — A -f ij ; and since 
N and ij are both arbitrary, s (x) is upper semi-continuous at 

If 5 (f ) = oo , which involves (^) == 00 , for all values of n, the point 
f is regarded as one of upper semi-continuity of s (x). 

If we consider the sequence {— (a:)}, we observe that it is a non- 

diminishing sequence of functions aU of which are lower semi-continuous 
at the point and its sum-fimction — s (^) is lower semi-continuous at $ ; 
we thus deduce the theorem that: 

A monotone non-diminishing sequence {«„ (x)} of functions which are all 
lower semi-continuous at the point $ is such that s (x) is lower semi-continuous 
at $. 

♦ See Baire, BvU. Soc. Math, de France, vol. xxxn (1904), p. 126; also W. In Young, Meas. of 
Math. vol. xxxvn (1908), p. 148. 



102-104] Monotone Sequences of Functions 149 

103. If the functions s„ {x) be all continuous at the point we deduce 
from the above theorems, since a continuous function is both upper semi- 
continuous and lower semi-continuous, that : 

If the functions of the monotone non-increasing sequence (a;)} be all 
continuous at the point the function s (x) is upper semi-continuous at 
If the sequence be monotone non-diminishing, and all the functions s„ {x) 
are continuous at s (x) is lower semi-continuous at f . 

From the theorems that have been established, the following at once 
follow : 

If the. sequence {x)} be monotone non-increasing, and the functions 
Sn {x) are all upper semi-continuous in their domain E, which is dense in 
itself, the limiting function is upper semi-continuous. 

If the sequence be monotone non-diminishing, and the functions s„ (x) 
are all lower semi-continuous in their domain, the limiting function is lower 
semi-continuous. 

The limiting function of a non-increasing monotone sequence of con- 
tinuous functions is uqyper semi-continuous, and that of a non-diminishing 
monotone sequence of continuous functions is a lower semi-continuous function. 

104. If the domain E be perfect, the following theorem may be 
established : 

If a monotone non-increasing sequence of upper semi-continuous functions 
converges in the perfect domain E {of any number of dimensions) to a con- 
tinuous function, the convergence is uniform in E. 

The corresponding result holds for a non-diminishing sequence of lower 
semi-continuous functions, if the limiting function be continuous. 

Let s (x) be continuous, and suppose the sequence to consist of upper 
semi-continuous functions, and to be non-increasing. If f be any point of 
E, an integer n can be so chosen that (^) — s {^) < ; and a neighbour- 

hood Dj of ^ can be so determined, that {x) < s„ (^) -f ^e, for all points of 
E that are in Dj , where e is an arbitrarily chosen positive number. Again, 
a neighbourhood 2 ) 2 , of can be so determined that s (x) > s (I) - 
for all points of E in D^, since s (x) is continuous at If a neighbour- 
hood D, of i, be chosen that is interior both to and we have 
s„ (x) < Sn (i) -f- y, and s (x) > 5 {$) — ^c, for all points x, of E, that are 
in hence s„ (x) - s (x) < s„ ($) — s (f) + |e < e, for all points of E that 
are in D; and this must hold for all greater values of n. Thus the point 
^ is a point of uniform convergence of the sequence {s„ (a:)}, and since it 
is an arbitrary point of E, the sequence is um'formly convergent in E. 
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105. The converse of the theorem that a monotone sequence of con- 
tinuous fimctions has for its limiting function a semi-continuous function 
may be stated as follows : 

Every function defined for a set E, of one or more dimensions, which is 
lower semi-continuous in E, is the limit of a non-diminishing sequence of 
continuous functions. If the function is wpper semi-continuous, it is the 
limit of a monotone non-increasing sequence of continuous functions. 

This theorem was first established by Baire*. Proofs have also been 
given by W. H. Youngf, TietzeJ, and Hahn§ and by Caratheodory||. The 
proof here given is essentially that which has been given by Hausdorff^. 

It is sufficient to prove the first part of the theorem, as the second part 
is then immediately deducible. 

It will in the first instance be assumed that the lower semi-continuous 
fxmction s {x) is bounded in E. At a point x, of E, let (a;) be defined as 
the lower boundary of the function s {x') -f- nD (x, x'), with respect to 
x', for aU points in E, where D {x, x') denotes the distance between the 
points X and x'. It will be shewn that the function s„ (x) is continuous in 
E. Let Xi be a point so chosen that D {x, xf) < h. 

We have then s„ (aii) £ s {x') -h nD (xi , x'), for every point x', in E ; 
also D {Xi, x') £ D {x, x') + D {x, xf) <h D (x, x'). Thus 

s„ (ajj) < nh {s (x') 4- nD (x, x')} ; 

and since x' may be so chosen that s (a:') -f nD {x, x') < s„ (x) -f h, we have 
(*i) < («) -f (re + 1) h. Since it may be shewn in the same way that 

-I- (re 4- 1) h, we see that j (Xy) — (a;) | < (re 4- 1) 

provided D {x, Xy) < h. Since h is arbitrary, the continuity of (a:) at 
the point x has been proved. 

It is clear from the definition of s„ (a;) that (a:) £ (a:), and that 

Sn {x) cannot be less than the lower boundary of s (x) in E. Thus {«„ (a:)} 
forms a non-diminishing monotone sequence, and it has a limiting function 
tp (x). Also, since s„ (a:) £ s {x') 4- nD {x, x'), we have (a:) £ s {x). 

If a point Xn satisfies the condition s (x„) 4- nD (x, x„) < s„ (x) 4- , 

71 / 

we have D {x, xf) ^ (*) ~ where I is the lower boundary of 

s {x) in E. It follows that D {x, a;„) converges to zero as re ~ oo , or the 
sequence {a;„} converges to x. Since s (x) is lower semi-continuous, we 

♦ Bull, Soc. Math, de France, voL xxxn (1904), p. 125. 

f Proc. Camh, Phil. Soc. vol. xiv (1908), p*. 523. 

{ Crelle^s Journal, vol. cxlv (1914), p. 9. 

§ Wien. Sitzungsber. vol. cxxvi (1917), p. 100. 

II Vorlesungen \)iher reelle Funktionen, p. 401. 

^ Math. Zeitschr. voL v (1919), p. 293. 



105 , 106 ] Monotone Sequences of Functions 151 


have s (x) 5 lim s (a:„) ^ lim (») + il ^ ^ (a;); but since s„ (x) ^ s (x), 

we have ift{x)^s (x) ; and from the two inequalities we have s (a:) = ^ (a:), 
and thus (a;)} converges to s (x). If x is an isolated point of E, a;„ will 

coincide with x, from and after some value of n , and s (x) < (a;) + - , 

* 7t 

and then, as before, s (x) ^ (a;). 


The above proof is applicable even if s (x) have no upper boundary, 
provided it have a finite lower boundary. In order to remove this restriction 

« (») 


we employ the transformation a (x) = 


then a (x) is in the 


1 + 1 s (a:) 

interval (— 1, 1), and is lower semi-continuous provided s (x) be so. 
Applying the result already obtained, a (x) is the limit of a sequence of 
continuous functions or„ (a:), where | (a:) | S 1 in the set E. The functions 

O'M («) 


Sn (») = 


which are all continuous, at least in the extended 
00 , to « {x). 


\-\aAx)\ 
sense, converge as ri' 

If the function s (x) be finite, although unbounded, it is possible to 
determine s„ (x) so that it is finite for each value of n, and consequently 
continuous in the ordinary sense ; whereas when o-„ (x) has one of the 
values 1, — 1, (a;) has the value oo or — oo , and is therefore continuous 
only in the extended sense. 

If any of the functions ct„ (x) have the value 1 or — 1, so that (a:) 
has the value oo , or — oo , we can modify the transformation so as to ensure 
that Sn (x) shall be finite for each value of n. Let {e„} be a sequence of 
increasing positive numbers which converge to 1. Instead of the sequence 
{a„ («)} we may employ the sequence {e„or„ (a;)} which converges to a (x), 

C (J (x) 

and is monotone increasing; then (a:), being defined by I > 

1 — I cr„ (aj) I 

-\z 6 

lies between finite boundaries :r — — , and has the required property. 


106. In case the set E consists of a closed linear interval (a, b), a simple 
proof of the above theorem can be given which includes the fact that the 
continuous functions can be so chosen as to be polygonal, and thus possess 
derivatives on the right and on the left which are continuous except for 
a finite set of values of the variable. Thus: 

If a function f (x) be upper semi-continuous in the interval (a, b), and 
have a finite upper boundary, it is the limit of a monotone rum-increasing 
sequence of continuous polygonal functions. 

Also if the function be lower semi-continuems, and have a finite lower 
boundary, it is the limit of a monotone rum-diminishing sequence of continuous 
polygonal functions. 
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It will be sufficient to establish the first of these theorems. Let a system 
of symmetrica] nets with closed meshes be fitted on to (a, b ) ; we may 
suppose the breadth of each mesh of the net of order n to be (6 — a)j2”. 
Let the values of <f>n (x) at the ends of the meshes of the nth net be defined 
thus : Let <f>„ (a) be the upper boundary of / {x) in the mesh with a at its 

end ; let the value of </>„ (x) at the point a + be the upper boundary 

of / (x) in the interval (a + — — , a -f- ^ aiid let the 

value of <f>„ {x) at the point b be the upper boundary of the function / (x) 

b'j . Let the continuous polygonal function (x) 

be defined by its values at the end-points of the meshes, as thus specified. 
It is clear that (x) S (x) ; so that (x)} is a non-increasing 
sequence of continuous fimctions. 

If i be any point in (a, b), a neighbourhood of i can be so determined 
that f(x)<f (i) -f- e, for every point x, of that neighbourhood. For a 
sufficiently large value of n, the interval 


in the mesh 1 6 




a- 


(r-2){b-a) _ (r + 2) {b- a) 


a + - 


2 ” ’ " ' 2 " 
is contained in this neighbourhood of where f is contained in 


(a 


(r- l)(b-a) (r -H 1) (ft - a)> 

' m Cl 


2^ 


2n 


The values of <j/!>n (x) at the points 


u + 


(r - 1) (ft - a) 


d “t" 


r {b — a) 


a + 


(r + 1) (6 - a) 


2n j w i ^ , 2^ , 

are between / (f ) and / (^) -t- € ; hence also (^) lies between / (^) and 
f(i) -f e. Thus the function <f)„ (|) differs from / (^) by less than e. It now 
follows, by considering a sequence of values of c, converging to zero, that 

lim 4>„ (0 =/(f); 


and thus the theorem is established. 


107. The following theorem was established by Hahn*: 

If 5**) (a;), «(“)(«:) be functions, defined for a domain E, of any number 
of dimensions, s^^^x) being lower semi-continuous, and s(“)(a;) upper semi- 
continuous, and such that 5(**(a;) = «<“>(«), there exists a ccmtinuous function 
8 (x), such that s^^^x) S s (a;) S s(“)(a:). 

X (1) = ^ when t> 0, and x (0 = 0, when < ^ 0 ; this function 
X (t) is a continuous, monotone non-diminishing function of the real 
variable as < increases in the indefinite interval (— 00 , 00 ). 

♦ Wien, Sitzungsher, vol. cxxvi (iia) (1917), p. 103. The proof in the text was given by 
Hausdorff, Math, Zeitschr, vol. v (1919), p. 295. 
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The functions «<')(«), «<“>(«) are, in accordance with the theorem of 
§ 105, the limits of sequences of continuous functions ; the 

first sequence being monotone non-diminishing, and the second monotone 
non-increasing. 

Since («) - («) = ^ i^) - Sn\i{x) S si+i {x) - (a;), 

for » = 1, 2, 3, ... , we have 

X ^ (a?) - («)} = X (*) - {^)} = X {«»+! («) - «»+i («)}• 

The series 

-sf («) + X («)} - X - sf{x)} 

+ X - «2^(a;)} - X - «3\a;)} 

+ ... 

of which the terms are continuous in E, and of alternate signs, after the 
first term, is such that each term, after the first, is numerically not less 
than the next, for each fixed value of x; and it is seen that the general 
term converges to zero. The series is accordingly convergent at every 
point X, oi E‘, the partial sums of even order form a monotone non- 
diminishing sequence which accordingly converges to a lower semi- 
continuous function, and the partial sums of odd order form a monotone 
non-increasing sequence which must converge to an upper semi-continuous 
function. The sum-function of the series, being both upper and lower semi- 
continuous, is a continuous function, s {x). It will be shewn that s («) 
satisfies the conditions of the theorem. 

At a point at which we have 

(«) - 4!* («) = 0, sf (a;) - (») = 0 ; 

and thus s (x) = Si\x) -f- — Si\x)} — — 52^ (x)} -H ..., 

whence s (x) = lim (x) = lim (x) = (x) = (x). 

Ti'^oo n-^oo 

At a point x, at which (x) > (.x), let the first term with negative 

argument, of the series which defines s (x), be x {x) — (*)} '> then s (x) 

is given by the finite series 

sfix) + - {4“\x) - sf{x)} -t- ... - - s^{x)}, 

or s (x) = 4/? (x) ; then (x) ^ (*) S (x) S (x), and thus 

5**^(x) S 5 (x) i 5("'(x). 

Similarly, if the first term with a negative argument in the series which 
defines s (x) be x (*) ~ «»t+i (*^)}> it can be seen that s (x) = (^)> 

thence, as before, that s^^\x) S s (x) ^ '?^"^(x). 

Thus the theorem has been established. 
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THE EXTENSION OF FUNCTIONS 

108. From the last theorem, the following theorem, due to Tietze, may 
be deduced: 

If H be a closed set contained in the set E, and s {x) a function defined in 
H, and contimuom relative to H, then a function exists in E which is con- 
tinuous in E, and has the value s (x) at every point of H. In particular, a 
function exists which is continuous in the whole linear, or p-dimensional 
space, and has at all points of the closed set H, the values of an assigned 
function s (x), continuous relative to H. 

Let U and L denote the upper and lower boundaries of s{x) in H; 
U and L will at first be assumed to be finite. The function (x) defined 
in E by the' conditions = s (x), in H, and s(*)(x) = U, in E — H, 

is lower semi-continuous in E-, also the function s(“)(x) defined by the 
conditions (x) = s (x), in H, and «(“) (x) — L, in E — H, is upper semi- 
continuous in E. Since s(*)(x) S s<“)(x), in E, a function / (x), continuous 
in E, exists, such that s<*>(x) S/(x) ^ 5(’‘)(x). This function /(x) has 
the value of s (x) at every point of H ; and is the function which has the 
required properties. 

In case U and L are not both finite, so that s (x) is continuous, in H, 

only in the extended sense, we employ the transformation ct(x) = ^ |'[V(a;)[ ‘ 

Then <t (x) is bounded and continuous in ; if F (x) be the function which 
is continuous in E and = cr{x) in H; the required function /(x) may be 

defined to be . . . 

1 - I F (x) ! 

109. A direct method of constructing a function / (x) which satisfies 
the conditions of the last theorem has been given by Hausdorff {loc. cit.). 
The method may be applied to the construction of a function which satisfies 
a less restricted condition as regards its values in the closed set II. The 
following general theorem* is relevant to the theory of Jordan curves: 

If E be any set of points in one or more dimensions, and H be a closed set, 
contained in E ; then, if s (x) be any function defined in H, a function f (x) 
can be defined in E which has the value s (x) at each point of H, and is con- 
tinuous at all points of E — H, and also at each point of H at which s (x) 
is continuous relatively to H. 

It wUl in the first instance be assumed that s (x) is bounded in H, 
so that U ^ s (x) ^ L, in H. Let f (x) — s (x), in II, and let / (x) at each 
point X, of F — H, have the value of the lower boundary of 

D (x, x') 


« (x') + 


d(x) 


h 


* See Pal, Crelle's Journal^ vol. cxuii (1913), p. 294; also Brouwer, Math, Annalen, vol. lxxix 
(1918), p. 209. 
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for all points x', of H ; where D {x, x') denotes the distance between the 
points X, x', and d (x) is the lower boundary of D {x, x') for all points x', 
of H. Consider a point x, of the set E — H, which is open relative to E ; 
it will be shewn that/ (x) is continuous at x. We need only consider points 
x', of H, for which 

, ,, D (x,x') , / X , 1 D (x, x') „ r , o 

* ^ 

which may be written D {x, x')<kd (cc). Let ^ be a point oi E — H in a, 
neighbourhood of x for which D (x, is less than an arbitrarily chosen 
positive number Jt, and which contains no points of H. The point x', of 
H, can be so chosen that 

D {x, x') 
d (x) 


s (x') + 

and that I> (x, x') < kd (x). 
We have 


- — 1 </(x) + h. 




1 


^ f (-r\ 4- h 

<f(x)+h+ 


<f{x) + h + 


D {x, x') 
d {x) 

D a, x') - D {X; x') 


d{i) 


^ ' + M {x) 


1 

d (I) 


_1_ 

d {x) 


Cf(x) + h+ — + 
k + 1 


<f{x) + h{l + <f{x)+h{l + — ). 

where a is a positive number dependent on the neighbourhood of x in 
which $ is taken. This holds for all points ^ in that neighbourhood. It 

f ^ 4 " 1 \ 

may similarly be shewn that / (a;) < f{0 + ^(1 + J • Since h is 

arbitrary, it follows from the two inequalities that / {x) is continuous at 
the point x, ot E — H. 

Next, let a; be a point of H which is on the boundary of H relative to 
E — H ; consider a point oi E — H, such that D (x, $) < h < 1 . Let x' 

D x') 

be a point of H such that — /- A. — < 1 + 7i, then 

d (?) 

{X') + -Ks (X') + h. 

Since d{$)^ D {x, < h, we have 

D {x, x') &D{x,$)+D a, x')< h + (1 + h)k< 3h. 
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If now a; is a point of continuity of s {x) relatively to H, we have 

8 (*') < 5 (a:) + T], 

where rj and h converge to zero together; therefore f {$) < s {x) + t] h. 

As before, in the definition of / (^) we need only consider points x", of H, 
for which D {$, x") < kd (^) < kh, or for which 


D {x, x") < D {x, i) + D (^, x") < (1 + I:) h, 
and for all such points s {x") >s{x) — rj', where rf' converges to zero with h. 


Then / (^) is the lower limit of s (x") + 




1 which is S the lower 


limit of 8 (x"), and this is > « (x) — -q'. Since / {$) lies between 8 (x) ~ q 
and 8 {x) q h, where q, q', h converge together to zero, it follows that 
/ {x) is continuous at the point x, of H, at which s [x) is continuous relatively 
ioH. 


If a: be a point of H that is not a limiting point oi E — H, f (x) is 
continuous at a; if s (x) is continuous at x relatively to H. The theorem has 
now been established. 


The theorem can be extended to the case in which 8 (a:) is unbounded 

8{X) 


by emplojdng the transformation a (x) 


, and applying the 


1 + I s (a;) 

theorem to the bounded function a (x ) ; continuity will then be understood 
in the extended sense. 


110. The method employed in § 109 can be used to establish the following 
theorem due to Tietze {loc. cit.): 

If 8 {x) be defined in a 8et E, and ie continuous with respect to E at every 
point of the closed set H contained in E, a function f (x), continuous in E, can 
be defined such that, in E, f{x) ~ s (x), and in H, f{x) = s (x). 

When 8 {x) is bounded, the required function can be defined at a point 

ID ioc 

X, ot E — H, as the lower boundary of s {x') H — points x', 


of E, and f (x) = s (a;), at every point x, of H. That this function is con- 
tinuous can be shewn as in § 109. The extension to the case in which 
8 {x) is unbounded can be made as before. 


The following theorem is also due to Tietze : 

Every function s (x) defined in the set E, and lower semi-continuous in E, 
but continuous with respect to E at every point of the closed set H, contained 
in E, is the limit of a sequence of continuous functions {«„ (x)} suoh that 
Sn (*) = s (*)» w H. 

In the first instance s (x) may be taken to be bounded in E, and the 
result may afterwards be extended. In accordance with the last theorem, 
there exists a continuous function f {x)& s (x), such that f{x) = s (x) 
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in H. By the theorem of § 105, s (a:) is the limit of a non-diminishing 
monotone sequence {/„ (a;)} of continuous functions. Let {x) at each 
point, denote the greater of the two numbers /„ (x), f (a:) ; the sequence 
{«„ (a:)} is then monotone non-diminishing, and its limit at each point 
must be the greater of the two numbers s {x), f(x); that is s (x). At a 
point X, of H, we have s„ (a;) = a {x). 


CLASSES OF MONOTONE SEQUENCES 

111. With a view to application to the theory of integration the 
properties of functions formed by taking a succession of monotone se- 
quences, the first of which sequences is a monotone sequence of continuous 
functions, have been investigated by W. H. Young*. 

In a domain E, of one or more dimensions, which may be taken to be 
dense in itself, a function which is upper semi-continuous in E is termed 
a M-f unction; as has been shewn in § 105, a w-f unction is always represent- 
able as the limit of a monotone non-increasing sequence of continuous 
functions. Similarly a lower semi-continuous function is termed an 
Z-f unction, and is the limit of a non-diminishing sequence of continuous 
functions. 

It is easily seen that the sum of two w-f unctions is a ?i-f unction, and 
that the sum of two Z-f unctions is an /-function. A similar statement may 
be made for the product of two ^-functions, or of two /-functions, provided 
both functions are = 0. 

It is also easily seen that, if we have two semi-continuous functions of 
the same type, the function which has at each point the value of the 
greater of the two functions is also semi-continuous, and of the same type. 
Also the function which has at each point the value of the lesser of 
the two functions is semi-continuous, and of the same type. It is clear 
that this statement may be extended to apply to any finite set of semi- 
continuous functions, all of the same type. 

A monotone non-diminishing sequence of upper semi-continuous, or 
w-functions, converges to a function which may be termed a lower-upper 
semi-continuous function, or shortly an /%-function. Similarly, a mono- 
tone non-increasing sequence of lower semi-continuous functions con- 
verges to a function which may be termed an upper-lower semi-con- 
tinuous function, or ^/-function. Thus an ascending sequence is spoken 
of as lower, and a descenditig sequence as wp'imr, in consonance with the 
fact that an ascending sequence of continuous functions converges to a 
lower semi-continuous function, and that a descending sequence of con- 
tinuous functions converges to an upper semi-continuous function. 


* Proc. Lond, Math, Soc, (2), voL ix (1910), p. 15. 
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In accordance with § 103, an upper-upper semi-continuous function, 
or %M-function, is a w-function ; and similarly an ZZ-f unction is an Z-function. 

The «Z-fimctions and the Zit-functions are both functions of new types, 
but each of them includes both w-f unctions and Z-functions as sub-classes. 

By considering monotone sequences of «Z-functions and of Zw-functions, 
we appear to obtain functions of the four types uul, lul, ulu, llu. 

It can however be shewn that only the Z^iZ-functions, and the ulu- 
fimctions are of new types ; in fact it may be shewn that a uul-function 
is a vl-function, and that an llu-function is an lu-function. 

Let s {x) = lim s„ (x), where s„ {x) £ («), for all values of n, and 

where (x) = lim s^m {x), where (^) ^ for all values of 

ni'^co 

n and m, and the fimctions (^) -z^-functions, so that {x) is 

an Ztt-function, and s (x) is an ZZ%-function. 

Let a„ (x) denote the function which has at each point the value of 
the greatest of the functions «!«(*)> « 2 n (^)> ••• (^)> (*) is a 

tt-function. 

Since 5,.„ (x)^ Sr,n+i(x),iorr =1,2, 3, it is clear that <T„(a;)£ cr„+i(x). 
Thus the limit of the monotone sequence {cr„ («)} is an Z%-function, and it 
will be shewn that this limit a (x) = s (»). Since s„m («) - {x) .4 s {x), 

for aU values of n and m, it follows that a„ (x) 4 s (;r), and therefore 
o- (a:) 4 5 (x). A value n^, of n, can be so determined that s„^ (x) > s (x) — e, 
and a value , of m, can be so determined that 

Sntmt (a?) > (a:) - € > 5 {x) - 2€. 

If tn^ 4 n-^f ^niTTii (a^) = ^ni (a^)> hence (a?) = ^nimi (a') ^ ^ (a^) If 

Wj > rii, < 7^1 (x) S (a:) >s{x)- 2c. In either case an index n can 
be so determined that a„ {x) > 5 (a;) - 2e; since e is arbitrary, it follows 
that a {x)^s {x). It now follows that a {x) — s (x), and thus that 5 {x) 
is an Zti-function. Similarly it may be shewn that a wwZ-function is a 
ttZ-function. 

It is easily seen that the sum of two functions of the same type lu, 
ul, lul, or ^llu is a function of the same type, and that the product of two 
functions, both of which are ^ 0, and of the same type, is also of that type. 

It can also be shewn that the function which has at each point the 
value of the greater (or of the lesser) of two functions of the same type, is 
also of that type. 

It is clear that, proceeding from the Z«Z-fimctions and from the ulu- 
functions, new classes of functions may be obtained, but these are not 
of importance in the theory of integration, although they are of interest 
in connection with the classification of functions. 
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112. Let (a:)} be any sequence of lower semi-continuous functions, 

not necessarily convergent, defined in a set E. Let F„ {x) denote the 
function which has as its value at each point x the greatest of the numbers 
Si (a:), «2 (*),••• (aj). 

The sequence { F„ (a:)} is a monotone non-diminishing sequence of 
lower semi-continuous functions, and it must converge to an Z-function 
fVi (x). At each point x, (x) has the value of the upper boundary 
of all the numbers Sj (x), s^ix), .... The function (x) is formed in a 
similar manner from the functions (*), Sm+i (a;), .... The sequence 
{Wm (*)} is a monotone non-increasing sequence of Z-functions, and it 
converges to the upper function s (x), which is therefore a ?tZ-function. 
If the functions s„ (x) were all ti-functions, the functions F„ {x) would all 
be u-fvmctions, and the function 1F„ (x) would be an Zzt-function ; it then 
follows that s {x) would be a wZw-f unction. 

In a similar manner, a non-diminishing monotone sequence {w„ (a;)} can 
be formed, which converges to § {x) ; and it can be seen that, when the 
functions (a;) are all ^-functions, the function § {x) which is the limit of 
the non-diminishing monotone sequence (a:)}, is an Z-w-function; and 
when the functions {s„ {x)} are Z-functions, s (x) is an ZitZ-function. 

The monotone descending sequence {TF„ (a:)}, which converges to 
s (x), and the monotone ascending sequence {tv„ (a;)} which converges to 
§ (x) may be termed the monotone sequences associated with any sequence 
{«„ (a:)}, whether the functions {x) are semi-continuous or not. 

Since a continuous function is both an Z-function and a M-fimction, it 
follows that: 

The u'p'per function s (x), of a sequence {5„ (a:)} of continuous functions, 
is a ul-function, and the loiver ftinction s (x) is an lu-f unction. If the sequence 
{s„ (a:)} of continuous functions is convergent {even in the extended sense which 
includes divergence), the limiting function s (x) is both a ul-function and an 
lu-f unction. 

113. If a sequence {«„ (a;)} of ul-functions converges uniformly to a finite 
limiting function s {x), the function s {x) is also a ul-function. If a sequence 
of lu-functions converges uniformly to s {x), then s {x) is also an lu-function. 

It will be sufficient to prove the first part of the theorem. It will be 
shewn that s (x) is the limit of a monotone non-increasing sequence of 
liZ-f unctions, and is therefore a ttuZ-fimction, that is a itZ-function. 

If {cj,} be a diminishing sequence of positive numbers which converges 
to zero, integers {np} can be so determined that | s (a:) — s„p (x) | < Cp for 
all values of p, and for all points x, in E. We have now 

% (ic) + 2ep > s (x) -t- Cp ; s„^^^ (x) -1- 2e^+i < s (a:) -f- 3e^+i ; 
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if now we have (a;) + 2e, > s {x) + Se^+j. Choosing the 

sequence {c^} so that this condition is satisfied, the monotone decreasing 
sequence (a?) + 2€j,} has the limit s (x), and s„p (x) + 2€p is a wZ-function. 
Therefore s (*) is also a w?-function. 

This theorem is a particular case* of the general theorem that : 

The limiting function of a uniformly convergent sequence of functions all 
of the same type, is also of that type. 


TJNIFORM OSCILLATION OJ)' A SEQUENCE OF FUNCTIONS 

114, The theory of imiform convergence may be generalized so as 
to apply to a sequence {«„ (a;)} of functions defined in a set E, of any 
number of dimensions, the sequence being in general, at least, non- 
convergent. If p be the number of dimensions of the domain E, we may 
regard s„ (x) as a single valued function in the {p + l)-dimensional domain 
S, which is constituted by x in E, and n in the integer sequence 1, 2, 3, .... 
If the transformation n = Ijy be employed, s„ {x) becomes s (x, y), 
which is defined for the domain defined by 
{x in E, y in the sequence (1, 

Denoting by s (|) the multiple- valued function defined, as in § 61, 
as having the values of the limiting points of the hnear sequence {s„ (^)}, 
the values of s (f ) consist of the values of lim s„ (i), or of lim s (i, y), 

and they form a closed linear set, of which s (^), s {^) are the upper and 
lower boundaries, either of which may be either finite or infinite. We 
may suppose that s (^, 0) has for its values all the values of s (f). 

Let us consider the associated functions, defined, as in § 64, with 
reference to the function s {x, y) at the point {i, 0), or of s„ (x) at the point 

a, )• 

These functions A[{s„},x\, «[{«„},»], associated with the sequence 
{«„ (x)}, will be defined, at each point i, as the upper and lower double 
limits of s (x, y), or of {x) at the point (^, 0) of or the point « ) 
of S. 

Stated more explicitly, the numbers A [{«„}, ^], a [{«„}, i] are defined 
as follows: 

If A be a neighbourhood of the point i, and n^ a value of n, and the upper 
boundary of {x), for all points x, of E, in A, except the point for all 
values of n that are S n^ be considered, the lower limit of this upper boundary, 
as A converges to $, and n^ diverges to oc , defines the value of A [{s„}, |]. 

* See W. H. Young, Proc. Land. Math. Soe. (2), vol. xu (1913), p. 357, where a different 
proof is given. In Hahn’s Theorie der reeUen Funktionen, vol. i, p. 334, a proof similar to that 
above is given. 
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If the lower boundary of s„ (x) in the neighbourhood A, with the same re- 
striction, for all values of n^n^ be considered, the upper limit of this lower 
boundary, as A converges to $, and ~ oo , defines the value of a [{5„}, ^]. 

In case, in the above definition, the point ^ itself were not excluded, 
functions M [{s„}, *], m [{«„}, a;] would be defined, which, at any point 
would have the values of the maximal and minimal functions associated 
with the sequence (a:)}. 

The two functions A [{«„}, a:], a [{«„}, a;] were defined by W. H. Young, 
who gave to them the names peak function and chasm function respec- 
tively. It is accordingly frequently convenient to denote them by p {x) 
and c {x). 

It is clear that, at the value of the maximal function for the sequence 
is the greater of the numbers p {$), s (^), and that of the minimal function 
is the lesser of c (^) and s (^). 

The function p (x) is upper semi-continuous, and c (x) is lower semi- 
continuous. A similar statement ap'plies to the maximal or minimalfunctions. 

That this is the case can be established as in § 65. If we denote 
by (j> {x) the function A {s {x), a:} associated with the function s (x), and 
by ift {x) the function a {§ {x), a:} associated with the function s (x), it is 
easily seen that p <f> (^) S t/t (^) 2 c (f). For, at each point x of the 
neighbourhood A, of i, the upper boundary of s„ (x) for all values of n 
that are £ is = J (a;), and the lower boundary of s„ (x) is £ s (a;). 

115. More than one mode of generalizing the conception of uniform 
convergence at a point, or in a set E, so as to apply to a sequence which 
oscillates, is possible. 

In accordance with the definition of uniform convergence of a sequence 

(a;)} at the point at which s {i) = s (^), given in § 70, having given a 
positive number e, a neighbourhood A and an integer ne exist, such that, 
at every point x, of E, in A, the two inequalities 

S„ (x) < S {x) 4 - €, Sn (pc) > s{x) — ^ 
are satisfied provided n^ne. In case the first condition is satisfied for 
every value of e, but not necessarily the second, the convergence of the 
sequence at ^ may be said to be uniform above, it being assximed that the 
sequence is convergent at f If the second condition is satisfied, but not 
necessarily the first, the convergence may be said to be uniform below 
Uniform convergence at where s (^) exists, occurs when the convergence 
is uniform both above and below. 

If the sequence be oscillatory at it is said to be uniformly oscillatory 
above, in case, for each e, a neighbourhood A exists, and an integer ne, 
such that s„ (x) < s (x) -h e, when n £ ne, for all points of E, in A. Similarly 
if the condition s„ (x) > s (a;) - e is satisfied, for n £ ne, the sequence is 
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said to be uniformly oscillatory below. If both conditions are satisfied 
the sequence is said to be tmiformly oscillatory at 

The sequence {«„ (x)} is said to oscillate uniformly above in the set E, 
if, € being an arbitrarily chosen positive number, an integer n^ exists such timt 
s„ {x) < 5 («) + c, at all points of E, provided n^ne. If s,, (x) > § (x) — e, 
at all points of E, the sequence is said to oscillate uniformly below in E. 
When both conditions are satisfied the sequence is said to oscillate uniformly 
in E. 

This definition was given by W. H. Young, who developed the theory 
of uniform oscillation. In view of a different definition to be considered 
below*, this mode of oscillation was termed by him uniform oscillation of 
the second kind. It will here be spoken of simply as uniform oscillation, as 
it appears to be the simplest and most direct generalization of uniform 
convergence as defined in § 66. In case the sequence is convergent, the 
uniform oscillation becomes uniform convergence. 

It can be shewn, as in § 70, that, if the set E be closed, and the sequence 
be not uniformly oscillatory in E above (below), there must be at least 
one point i, of E, at which the sequence is not uniformly oscillatory 
above (below). 

For, at each point of E, we have (x) <s (x) + e, provided % is some 
integer dependent on x; let ifti (e, x) denote this integer for the point x. 
If (e, x) is bounded in E, for each value of e, it is clear that the function 
is uniformly oscillatory above at every point of E. If, however, there 
exists a value of e, such that (c, x) is unbounded in E, there exists at 
least one point of E, in the arbitrarily small neighbourhood of which 
(€, x) is unbounded. At this point f, there exists no neighbourhood A, 
such that Sn (x) < J (x) -H e, in it, for all values of n greater than some 
fixed integer; thus the oscillation above, at $, is not uniform. 

It has been assumed that s {x), s (x) are both finite at each point of E. 
If, in a part E^ , of E, we have J (a;) = + oo , whilst s (x) is finite, the sequence 
is regarded as uniformly oscillatory in A\, in an extended sense, if it is 
uniformly oscillatory below in E^. When this condition is satisfied, 
employing the transformation in § 62, we see that {a„ («)} is uniformly 
oscillatory in Ej^ . 

A similar definition applies to the case in which E contains a part E^, 
in which s (x) is finite and s (x) — — cc . If in a part E^, of E, we have 
s (x) = + CO , § (x) = — CO , the sequence is uniformly oscillatory in E^, in 

* Proc, Land, Math, Soc, (2), vol. xn (1913), p. 346, where, however, the statement of the 
definition requires amendment. The correct definition is given in Quart. Journ. vol. xliv (1913), 
p. 132. Earlier investigations of uniform oscillation were given by W. H. Young in Proc, Lond, 
Math, Soc. (2), vol. vi (1908), p. 398, and in Camb. Phil, Trans, vol. xxi (1909), p. 241. 



115 - 117 ] Uniform Oscillation of a Sequence of Functions 163 

the extended sense. In this case (a:) < ct (a;) + e, (t„ (x) > sz.{x) — e for 
all values of n, since a (a:) = 1, 2 (a;) = — 1. 

The sequence is said to be uniformly oscillatory in E, in the extended 
sense, if it be uniformly oscillatory in each of the sets Ej, E^, E^, and also 
in E — E^ — E^ — E ^ . 

116. The following property of a sequence that is uniformly oscillatory 
either above or below, or both, will be established. 

If the sequence (a:)} consist of functions which are lower {wpper) semi- 
continuous at and the sequence oscillates uniformly above {below), the wpper 
{lower) function is lower {upper) semi-continuous at 

We have 

s {$) -s{x)^ (I) - (^)} + {«„ {i) - s„ (a:)} + {s„ {x) - s {x)}. 

A neighbourhood A, of can be so chosen that s„ {x) — s {x) < if x 
is in A, for » S ; a value of n (S n^) can be so fixed that 

« {i) - (i) < h- 

Also, a neighbourhood Aj, contained in A, can be so chosen that, for the 
fixed value of n, Sn {{) — (a;) < It follows that, in A^, we have 

s {x) > s {i) — €. Since e is arbitrary, s {x) is lower semi-continuous at i. 

It follows that; 

If the functions (a;) are continuous at and the sequence oscillates 
uniformly at s {x) is lower semi-continuous, and s {x) is upper semi- 
continuouo at 

A point $ at which p {i) = s {i) will be said to be a point at which the 
sequence (a;)} is continuously oscillatory above. A point at which 
c {$) — s {$) will be said to be a point at which the sequence is continuously 
oscillatory below. The point ^ will be said to be a point of continuous 
oscillation of the sequence {«„ (a;)}, if both the conditions p{^) = § {^), 
c {^) = s {i) are satisfied. This definition may be stated in the form that: 

A point i, of continuous oscillation of the sequence {s„ (a:)}, is one at 
which s {^) is the upper multiple limit at {^, ao) of s„ {x), and at which s {^) 
is the lower multiple limit of s„ {x). The two conditions, taken separately 
denote continuous oscillation above and below respectively. 

The condition of continuous oscillation at ^ may be also stated in the 
form that M [{5„}, ^] = s (^), m [{«„}, f s (f). This is a generalization of 
the definition given in § 75, of continuous convergence, that 

P (^) = c (a = « (f). 

117. If, in a set E, p {x) — s {x), at all points, the sequence is said to 
oscillate continuously above in E, and if c {x) = s {x) the sequence is said to 
oscillate continuously below in E. If both conditions are satisfied the sequence 
is said to oscillate continuously in E. 


11-2 
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It can be shewn, as in § 115, that if a sequence does not oscillate con- 
tinuously above (below) in a closed set E, there must be at least one point 
of E at which the sequence does not oscillate continuously above (below). 
It will be shewn that: 

If the sequence {s„ (a:)} consist of functions which are lower {upper) semi- 
continuom at and the sequence oscillates continuously above {below), 
the upper {lower) function is upper {lower) semi-cordinunus at 

For we have 

lim s {x) = lim lim {x) S lim {x) S p {$), 
and since p{i) = s {^), we have lim s {x) ^ s {i), and therefore s {x) is upper 

x~( 

semi-continuous at 

From this theorem it follows that : 

If the functions {x) are all continuous at f, and the sequence (a:)} 
oscillates continuously at s (a:) is upper semi-continuous, and § {x) is 
lower semi-continuous at i. 

These results are in contrast with those of § 116, relating to uniform 
oscillation, as the resulting properties of s {x), s {x) are reversed in the two 
cases. 

It follows that, if the functions (x) are all continuous at $, the 
sequence (x)} cannot be both uniformly oscillatory and continuously 
oscillatory at ^ unless both s (x) and s (x) are continuous at In order 
to obtain a more precise knowledge of the relation between continuous 
and uniform oscillation of sequences, we require the following theorems : 

If (x)} oscillates uniformly above, at the point $, and s (x) is upper 
semi-continuous at then the sequence oscillates continuously above, at the 
point f . 

If (x)} oscillates continuously above, at the point f , and s (x) is lower 
semi-continuous at $, then the sequence oscillates uniformly above, at the 
point i. 

To prove the first theorem, we have, for points of ^ in a neighbourhood 
A, of s„ {x) < s {x) -\- € < s {i) + 2c, for % S w? , provided A be taken 
sufficiently small. Hence the result, since e is arbitrary. 

To prove the second theorem, we have s„ {x) < s {i) -h e < s (x) -)- 2c, 
for n S We, in a sufficiently small neighbourhood of f. Thus the condition 
for uniform oscillation above, at i, is satisfied. 

From these theorems it follows that, if s {x) is continuous at and 
{«„ (x)} is either uniformly convergent above, or continuously oscillatory 
above, at it is both. A similar result holds as regards s (x) for uniform 
and continuous oscillation below. Thus we have the theorem : 



117 , 118 ] Uniform Oscillation of a Sequence of Functions 165 

If s (x) is continuous at uniform oscillation above, and continvous 
oscillation above, at are equivalent to one another in the sense that the exist- 
ence of either entails that of the other. Similarly, if s {x) is continuous at f , 
uniform oscillation below, and continuous oscillation below, are equivalent 
to one another. 

Even in case the functions {x) are all continuous, we cannot infer 
that a point at which the sequence is uniformly oscillatory is also one at 
which it is continuously oscillatory imless it is known that the functions 
s (x), § (x) are both continuous. In fact the condition satisfied at a point 
where the oscillation is continuous is more stringent than the condition 
satisfied when the oscillation is uniform. 

118. We proceed now to connect with the theory the monotone 
sequences {W„ (a:)}, {w^ {x)}, of § 112, associated with the sequence {«„ (a;)}, 
which converge respectively to s (x)’, s (x). It will be shewn that: 

The 'peak functions for the two sequences (a:)}, {W„ (a:)} are identical, 
and the chasm functions for the two sequences {s„ (a:)}, {Wn {x)}, are identical. 

Denoting by p' (a:) the peak function for {W„ (.t)}, since s„ (a:) ^ W„ (x), 
it follows that p (x) S p' (x). Let {nfi, {a:,} be sequences of n and of x, 
where {a;,.} converges to x, and n^ increases indefinitely with r, such that 

lim W„^ (Xr) — p' (a;). 

f ^oO 

Since 1F„, {xf) is the upper boundary of all the numbers 

^nr (^r)> ^nr+l(p^r)> •••> 

an integer n\ (= nf} exists such that s„.^ {xf) > W„^ (x^) — e,., where {ej 
is a descending sequence of positive numbers which converges to zero. 
The sequence {s„y (a:,.)}, as r ~ oo , has all its limits S p' (x) ; it thus follows 
that p (x) ^ p' (a:). Since also p (a;) 5 p' (a:), it is seen that p {x) = p' (a:). 
The second part of the theorem can be proved in a similar manner. 

The following theorem exhibits clearly the fact that uniform oscillation 
is an extension of uniform convergence : 

It is necessary and sufficient in order that a sequence may oscillate uni- 
formly above {below) at a point i, or in the whole domain E, that the descending 
{ascending) associated monotone sequence {}¥„ (a;)} should converge uniformly 
at the point, or in the domain, to the upper f unction s {x) {the lower function 
s {X)). 

To shew the necessity of the condition, we see that, if s„ {x) < s {x) -{- e, 
for n^ne, either in a neighbourhood Ae of the point or in the whole 
domain E, then also Wn {x) ^ s {x) + e, for n g Ue, since Wn {x) is the upper 
boundary of {x), s„+i (a:), .... This is the condition of uniform con- 
vergence of {Wn (»)} to s {x). Conversely the first inequality follows from 
the second, since s„ (a:) ^ W„ {x) ; thus the condition is sufficient. 
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If we denote by F„,,„ {x) the function which has as its value at each 
point the largest of the numbers s„ {x), (a;), ... {^)> the sequence 

F„, 1 (x), F„, 2 {x ), . . . , is monotone non-diminishing, and converges to 1F„ (x). 
It will be shewn that : 

It is necessary and sufficient in order that a sequence of continuous 
functions («)} in the domain E should oscillate continuously above, that 
the sequence V„,i{x), F„, 2 ^), •••, should, for each value of n, converge 
uniformly to W„ (x). This condition may be applied either at a point 
of E, or in the whole domain. 

To shew that the condition is sufficient, we observe that, as all the 
functions s„ {x) are continuous at or in the domain E, the functions 
^n,i (*)j ^n ,2 (*)> •••> continuous in the same sense. If the con- 

vergence of this sequence to 1F„ (a;) is uniform, it follows that TF„ (x) 
is continuous, either at or in the demain E, as the case may be. The 
function s (x) is accordingly upper semi-continuous, at or in E. 

We have 1F„ (i) — s (i) < e, for n ^ n^; and choosing a first value of n 
which is S ne, we have 1F„ (x) — 1F„ (^) < e, provided x is in a certain 

neighbourhood of therefore 1F„ (x) — s (i) < 2e, for this value of n, 

and for all greater values. It now follows that p' (^), the upper multiple 
limit of Wn (x) aa n <x , X is s ($} -\- 2e. Since e is arbitrary, we 

have p' (i) £ s (f). Again, since W„ {$) — J (^) S 0, and 

1F„ {x) - W„ {i)> - e 

in a certain neighbourhood of $, dependent on the value of n, we have 
W„ (x) — 5 (^) £ — e ; it now follows that p' (^) — s (^) S — e, or 

P' ii) S ii), 

since e is arbitrary. From the two inequalities we see that p' {^) — s {$). 
Since now p' (i) = p (f), we have pH) s H) and therefore, at f, the 
oscillation of {s„ (a:)} is continuous above. 

To prove the necessity of the condition in the theorem, let it be assumed 
that p H) = s (i). Then we have 

s„ (x) < pH) + €< H) + e, 

provided a; is in a neighbourhood Ae, of i, and n^nt,m having any value. 

A neighbourhood A'«, contained in Ae can be so chosen that 

ix) <S^H) + ^< ii) + C, 

provided r&n, and n has one of the values 1, 2, 3, ... We — 1. From the 
two inequalities, it follows that, in A'e, (a;) < IF, (^) -f €, for all values 
of n, provided r^n. Since IF, (a:) is the upper boundary of 5, (a;), ix ) ..., 
it follows that IF, (a;) & IF, (^) -f c. Hence the function IF, H) is upper 
semi-continuous at $, or in the whole of E, as the case may be. But 
IF, (a:) is lower semi-continuous, since it is the limit of an ascending 
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sequence of continuous functions. Therefore {x) is continuous, either 
at- or in E. Since the monotone sequence of continuous functions 
••• Converges to the continuous function Wf (x), either 
at one point, or in E, the convergence is uniform either at the point, or in 
the set E, as the case may be. 

119 . A mode of defining uniform oscillation of a seqxience in a domain, 
or at a point of the domain, has been given* by W. H. Young, and has 
been termed by him uniform oscillation of the first kind, and by Hahnf 
secondarily uniform oscillation (sekundar-gleichmassig oscillirend). 

Denoting by F„, ^ {x) the function which has, at each point x, the 
value of the greatest of the numbers (x), (x), ... (x), we have 

(x) = lim V„^r (^); where (x) has, as in § 111, the value of the 

upper boundary of the numbers s„ (x), (x), .... 

When the convergence of the sequence { Vn, t (*)} ^ (*) 

value of n, uniform at a 'point f, or in the domain E, the sequence {«„ (a;)} is 
said to be uniformly oscillatory above at the point or in the domain E. 

In the case of continuous functions, when this definition is satisfied, 
it has been shewn in § 1 1 8 that the sequence oscillates continuously above. 
Uniform oscillation below is defined in a similar manner, by employing the 
sequence {w^ (a;)} and the sequences {v„^ ^ (a:)} , when v„^ ^ {^) denotes at 
each point the least of the numbers s„ (x), s„^.l (x), ... (x). 

When the sequence has both upim and lower uniform oscillaiion at a 
'point, or in the domain, it is said to be uniformly oscillatory at the 'point, or 
in the domain. 

In case the sequence converges uniformly, ,. {x) converges for each 
value of n, uniformly to 1F„ (a;) ; and also 1F„ (x) converges uniformly to 
s {x) , or s (a;) . It can however be seen that, when the sequence i s convergent, 
but the functions (a:)} are not continuous, the sequence can satisfy the 
definition of uniform oscillation without necessarily converging uniformly. 


FAMILIES OF EQUI-CONTINUOITS FUNCTIONS 

120. Let a family of continuous functions / {x) be defined in a given 
interval, or cell (a, b), the number of functions in the family being infinite, 
and not necessarily enumerable. If e be an arbitrarily prescribed positive 
number, then in virtue of the theorem of i, § 217, the interval or cell can 
be divided into a finite number w* , of sub-intervals or sub-cells such that 
in each one of them, all of which may be taken to be closed, the fluctuation 
of a continuous function is less than e. In case the family of continuous 

* Proc. Lond. Math, Soc, (2), vol. xii (1913), p. 359. 
f Theorie der redleii Funktionen, vol. i (1921), p. 257. 
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functions is such that, for each value of e, a single set of sub-intervals or 
sub-cells can be so determined that, for every function / (x), of the family, 
the fluctuation in a sub-interval, or a sub-cell, of the set, is less than €, 
the family is said to consist of eqni-continuom functions. When ( / (x) | < 
for every point x, and every function/ (x), the family is said to be bounded. 

The following fundamental property of a family of bounded equi- 
continuous functions was given* by Arzel&, for the case of a linear interval : 

// { / (x)} be a bounded family of equi-continuous functions defined in a 
linear interval {a, b), or in a cell {a, b) of any number of dimensions, there 
exists a sequence {/„ (x)} of functions, all of which belong to the family, which 
is uniformly convergent, and therefore converges to a continuous function <j> (x). 

The positive number being arbitrarily chosen, let (a, b) be divided 
into m intervals or cells, such that, in each of them (taken to be closed) 
the fluctuation of every function / (x), of the given family, is < ei. Let 
Xj, Xj, ... x„, be the centres of the m cells or intervals, then, if / (x) be any 
function belonging to the family, we may regard {f {xf), f {x^), -../(^m)) 
as defining a point in m-dimensional space. Assuming the family to be 
bounded, the set of all such points, when all the functions / (x) are taken 
into account, has at least one limiting point, and a sequence { / (x)} of 

functions, all of which belong to the given family exists, such that the 
points (/("' (iPi),/*”* {xf) .../<”) (x„)) converge to a limiting point; it follows 
that |/(") (x,.) —/<"'> (Xr) I < Cl, for r = 1, 2, 3, ... w; provided n and n' 
are both greater than some positive integer ne ^ . 

If X be any point in the cell, or interval, of which x,. is the centre, we 
have I /W (xf) — /("> (x) | < ci, for all vahies of n\ and it thus follows that 
I / {^) — f * {^) I < 3ei , provided n> n^^, n' > ne^ . 

Now let {c„} denote a sequence of decreasing numbers which converges 
to zero. It is convenient to denote the sequence {/^") (x)} which has been 
determined, by {fm {x)}, where n = 1, 2, 3, — By the same reasom'ng as 
before, a part {/pj^„ (x)} of the sequence {/i„ (x)} can be so determined 
that I /j,j (x) — /pj,„- (x) I < 3e2, for all points x, in the given interval, or 
cell, provided n and n' are not less than some integer n^^. Proceeding in 
the same manner, the sequence {/pj,„ (a;)} contains a sequence {/ 3 ,,,„ («)}, 
such that ( /j,3,„ (x) — / 3 ,,.„. (x) | < 3c3, provided n and n' are not less than 
some integer ne,; and so on indefinitely. 

Let us consider the sequence of functions 
fn (»). fp 2.2 (^)» A.., (*) 

it will be shewn that this sequence converges uniformly in the given 
interval or cell. Taking a fixed integer m, if n is greater than m, /j,^ „ (x) 

* Memorie Acad. Bologna (5), vol. v (1895), p. 55, and (5) vol. viii (1899), p. 176. 
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is equal to/j,„ ^ (x), for some value of r (S n). Hence we have, if n' > n, 
\fpn,n (^) I = \ fpm.r i^) - f Pm, f i^) \ < ptovided r and r' 

are both S %e,„; that is provided n and n' are both not less than Some 
integer dependent on €„. Since this holds good for every value of m it 
follows that the sequence { ^ («)} is uniformly convergent ; and it there- 
fore converges to a continuous fimction (x), which may, or may not, 
belong to the given family of equi-continuous functions. 

HOMOGENEOUS OSCILLATION 

121. If, not only the sequence {/„ (a:)} has a certain property, but also 
all the sub-sequences (see § 61) have the same property, the sequence 
{/„ (a;)} is said to be homogeneous in respect of that property. Thus, if 
{fn {^)} fl-nd its sub-sequences oscillate uniformly at a point, or in a set 
of points E, the sequence {/„ (a:)} is said to oscillate uniformly and homo- 
geneously at the point, or in the set E. In the same way, if {/„ (a:)} and all 
its sub-sets oscillate continuously, the sequence is said to oscillate con- 
tinuously and homogeneously. A similar statement applies if the continuous 
oscillation, or the uniform oscillation, is above, or is below. The term 
homogeneous was introduced by W. H. Young, who has investigated* the 
properties of sequences which oscillate uniformly and homogeneously. 
Any oscillating sequence {«„ (a;)} has the following property: 

If all the functions of the set of lower functions of the sequence {«„ (a:)} are 
lower semi-continuous, then all the upper functions are also lower semi- 
continuous. 

By changing the signs of all the functions, we see that if all the upper 
functions are upper semi-continuous, then all the lower functions are also 
upper semi-continuous. 

To prove the theorem, let u (x) be the upper function of a suu-scquonce 
{Snp (a;)} ; we can then choose a sub-sequence of («)} which converges 
at the point $ to the unique limit u (^). The upper function u (x) of this 
last sub-sequence is £ m (a:), and u{^) = u (^). Denoting its lower function 
by I (x), we have, since I (x) is lower semi-continuous, 

u {i) = u {$) = Z (f ) £ lim I (a:) -5 lim u (x) £ lim u (a:) ; 

and it follows that u (x) is lower semi-continuous at $. Since i is an 
arbitrary point, u ($) is a lower semi-continuous function. 

It is easily seen that the semi-continuity assumed may be on one side 
only, and the semi-continuity proved will be on that same side. 

* See Cambridge Phil, Trans, vol. xxt (1909), p. 241; also Proc, Loud, Math. Soc. (2), voL viii 
(1910), p. 353. 
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128 . We proceed to establish the following theorem : 

If either all the upper functions, or all the lower functions, of a sequence of 
functions, are continuous functions, then, in any subsequence, a subsequence 
can be determined which converges to a continuous function. 

The theorem holds good if the continuity presupposed is on one side 
only, the same side for all the functions, and the limiting function whose 
existence is asserted will then be continuous on the same side. 

Let us assume that all the upper functions are continuous. Let an 
enumerable set of points ^35 ••• ^n> ••• be so defined as to be everywhere 
dense in the domain of the functions of the sequence. 

A sub-sequence (x)} can be so chosen as to converge at the point 
to a unique limit. Omitting the function s^^ (x), a sub-sequence {s^n (*)} 
belonging to the sequence .912 {x), {x), ... can be defined, w'hich converges, 

at fo a unique limit. Proceeding indefinitely in a similar manner, we 
obtain a set of sub-sequences {x)} , {«2n (a;)} , {Sgn (a;)} .... The sub-sequence 
% (aj), -S22 («), «33 (a?). ••• (») ... has unique limits at ^2 > ! for 

it belongs to (x)} and therefore has a unique limit at , it also belongs 
to (a;)} , and therefore it has a unique limit at ; and so on. Since the 
set of points ^ is everywhere-dense, the values of the unique limits deter- 
mine at most one continuous function having those values at the points 
Since the upper functions of the sequence (a;)} are continuous, and 
therefore upper semi-continuous, it follows from the last theorem that its 
lower function is upper semi-continuous. Denoting by u (a;), I {x) the upper 
and lower functions of the sequence {«„„ (x)} , we have, since I {x) is upper 
semi-continuous, I (x) S lim I (^) = lim u{$)^u (x), since u (x) is con- 

tinuous. But I (x) & u {x), and therefore I (x) = u (x), or the sequence 
{s„„ (a:)} if convergent at x. Thus (a:)) has ever3rwhere a unique limiting 
function, and this is continuous, since all the upper functions are continuous. 

123 . The following theorem is an extension of, and includes, Ar/ela’s 
theorem given in § 120 : 

If a sequence of continuotis functions (a;)} oscillates contimumsly and 
homogeneously, then all the upper functions and all the lower functions of the 
sequence are continuous, and in every subsequence there is contamed a 
sequence of functions which converges to a unique limiting function which is 
continuous. 

The oscillation may be taken to be continuous and homogeneous on 
one side only, then the continuity is on that side only. 

Since the sequence oscillates continuously, from a theorem proved in 
§ 117 it follows that s (x) is upper semi-continuous, and that § {x) is lower 
semi-continuous. From the theorem in § 120, it follows that s {x) is lower 
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semi-continuous, hence it must be continuous. Similarly it can be shewn 
that § {x) is continuous. As this may be applied to any sub-sequence it 
follows that all the upper functions and all the lower functions are con- 
tinuous. The second part of the theorem then follows from § 122. 

In order to exhibit the connection of this theorem with that of Arzela, 
let it be supposed that the sequence is such that, for a fixed point and 
for each arbitrarily chosen positive number e, a neighbourhood A, of 
exists such that, for each function {x), of the .sequence, the upper bound- 
ary of s„{x) in A . exceeds s„{$) by less than e. It then follows that 
p {$:) — s {$) & €■, and since e is arbitrary, p — s {^), or the sequence is 
continuously oscillatory above at f . If the neighbourhood of can be so 
determined that the lower boundary of (x) in A is, for every value of n, 
less than § ($) by less than e, it follows that c ($) = s (^). When both these 
conditions are satisfied the sequence oscillates continuously. As the same 
argument can be applied to any sub-sequence, the continuous oscillation 
is homogeneous. 

When the field of the functions is a continuous interval or cell, aU the 
points of that field are, by the Heine-Borel theorem, interior to a finite 
set of the neighbourhoods A corresponding to all the points of the field. 
Accordingly, every interval, or cell, of length or .span less than a number 
d, dependent only on e, may be taken to be the neighbourhood A of the 
point which is its centre. When the conditions are satisfied, the fluctuation 
of each of the functions s„ (x) in every such cell or interval is < 2c. Hence, 
the theorem reduces to Arzel^i’s theorem. 



CHAPTER III 


POWER-SERIES 

124. A series of which the (n + l)th term is a„a:" is said to be a power- 
series for the variable x, when the coefficients are assigned in accordance 
with some norm. It will be shewn that : 

If Uq + a^x a^x^ ... + a„a;” -i- ... be a 'prescribed power -series, then, 
either (1), there exists a positive number B such that the series converges 
ahsoluidy for ever'y ■value of x for which | a; | < R, and does not converge for 
an-y 'value of x stich that \ x \ > B, or (2), the series converges for each ■value 
of X, positive or negative, or (3), the series does not converge for any value 
of X, except zero. 

The cases (2) and (3) may be regarded as arising from (1) when i? = -f- oo , 
or .R = 0, respectively. 

It has been shewn in § 13 that, in accordance with Cauchy’s test, the 

1 

series | Oq I + 1 i + ••• + I 1 + is convergent if lim | a„a:" |“ < 1, 

Tl'^CO 

1 1 

and is divergent if lim | |” > 1. Writing lim | a„ | ^ = R, and assuming 

* n-^oo 

first that 0 < JS < 00 , the series Oq -t- a^x a„a;" -f- ... is seen to be 

/I I 

absolutely convergent if | a? | < J?. If | a: | > JR, | | == ( ) | I 

and therefore lim | a„a;" | = qo , and thus the series 

ri'^QO 

Uo + a^x + ... + OnX" + ... 

cannot be convergent wfien \x\> R, but must be divergent or oscil- 
latory. In case lim \ a„\ " = oo , the series a^ + a^a; -f ... -f -1- ... is 

_L 

convergent for every value of x. In case lim | a„ | ” = 0, the series cannot 
converge when | a; | > 0. 

fJC 

By writing ^ instead of x, the series may always be changed, provided 

0 < .R < oo , into a series which converges when | a; | < 1, and is non- 
convergent when | a; | > 1 . 

The interval {— R, R) is said to be the interval of convergence of the 
series a^-k- a^x + ... -1- a„a:" -l- .... This interval must be in general re- 
garded as an open interval, since the question of the convergence of the 
series when x = R, and x — — R remains undecided, until further in- 
vestigation, in any particular case. 
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It will be shewn that : 

^ fjohere k is a fixed number, and the series S a„ be 

n“0 

divergent or oscillating, the series S a„a:” has the interval (— 1, 1) for its 

'n“0 

interval of convergence. 

If X have any fixed value numerically less than 1. the series S n* j a: |” 

' n-O 


( 71 + 1 \* 

- — ) I a: I < 1. Since each term of the series 

71 ) 

S a„cc" is less, in absolute magnitude, than a fixed multiple of the corre- 




spending term of the convergent series 2 n* | a: |", from the last theorem 

n = 0 

in § 24 it follows that 2 a„a:" is absolutely convergent. Since 2a„ is not 


n = 0 


convergent, the interval of convergence is not greater than (— 1, 1); hence 
it must be (— 1, 1). 


125. It will now be shewn that, in the case of a power series with a 
finite, or infinite, interval of convergence : 

The series converges uniformly in any interval interior to the interval of 
convergence. 

It is sufficient to consider the cases in which (— l,l)or(— oo,co) are 
the intervals of convergence, since any finite interval of convergence 
may be reduced to (— 1, 1) by a change of the variable x. 

If (a, j8) be any interval interior to the interval of convergence, a 
point p, exterior to (a, fi) may be chosen, so that p is greater than | a \ 
and I |, and is itself interior to the interval of convergence. 

If X be any number in the interval (a, ^8), we have | xjp i < 1 ; and the 
partial remainder 

ix) = «««" + + ... + 

= Rn.X ip) Q {K.. ip) - K.-X ip)) Q 


If n be chosen so large that | 

la; ” 

p 


{p) 1 < €, for p = 1, 2, 3, ... , we have 


2-^ 

P 

— 

X 

P. 

de 


1 - 

X 


1 - 

FI 


p 



\P 1 


Since 


X 


values of x 


j is less than some fixed positive number less than 1, for all 
in the interval (a, j8), it follows that | i^) | < Ae, for all 
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values of x in (a, j8), and for all values of m, the value of n having been 
chosen when c has been assigned; the number A is fixed, being dependent 
only on a, )8, and p. Since Ae is arbitrarily small, the condition for uniform 
convergence of the series in the interval (a, j8) is satisfied. 


Let (—1, 1) be the interval of convergence for the series 

do + + a^x^ + ..., 


and let it be assumed that the series is convergent at the point a: = 1. 
In the transformation used in the proof of the last theorem we may then 
take /o = 1, and thus 

I («) I < € (1 - X) + €, 


for j a? I < 1, if % is so chosen that | (1) | < e, for m = 1, 2, 3, — 

Let X be any point of the closed interval (— a, 1), where a is positive and 
I — X 

< 1. We have — 1, if x is such that 0 S a; < 1, and if x is in the 

1 - a: 


1 


interval (— «, 1) we have | — 


X 

X 


1 + a 


a 


; therefore in the closed interval 


(— «, 1), we have | (a:) | < :r , for m = 1, 2, 3, ... , provided n has 

JL ““ CC 

a sufficiently large value. It follows that the series converges uniformly 
in the interval (— a, 1). 


In case the series converges when a: — — 1, the series 

du — ttiX + — dga^ + ... 

converges when a; = 1. Applying the result obtained to this series, we 
see that, in case the series do + dj a: 4- d^a^^ + ... is convergent when 
a; = — 1, it converges uniformly in the closed interval (— 1, j3), where 
P<1. 

If the series is convergent both for a: = 1, and for a: = — 1, it is uni- 
formly convergent in both the intervals {—a, 1) and (— 1, ^), where 
a and jS are positive and less than 1 ; since these intervals overlap one 
another, it follows that the convergence of the series is uniform in the 
closed interval (— 1, 1). It has now been established that: 

If 1, 1) be the interval of convergence of a 'power series, then, if the 
series converge when a: = 1, the convergence of the series is uniform in any 
interval {a, 1), where a> — 1; if the series converge when x — — \, the series 
converges uniformly in any interval (— 1, /3), where ^ < 1; and if the series 
converges both wJwn a; = 1 and when a: = — 1, the convergence is uniform in 
the interval (— 1, 1). 
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126 . Since a series, all the terms of which are continuous, has a sum 
which is continuous in any interval of uniform convergence of the series, 
it is seen that : 

A power series + a^x + a'^x^ + ... has a sum s (x) which is con- 
tinuous at any point interior to its interval of convergence. 

Moreover, if (— 1, 1) be the interval of convergence, and the series 
be convergent for a; = 1, the sum-function s {x) is continuous in any interval 
(a, 1), where a > — 1 ; the continuity being reckoned only on one side at 
the point 1. A proof of Abel’s theorem* has thus been obtained, that: 

If {— 1, 1) be the interval of convergence of the power -series 

Oq + a^x + a^x'^ + ... ; 

s {x) denoting the sum-function, and if aQ + ai + 0^ + ... is convergent, having 
s (1) for its sum, then lim s {x) = « (1), when x converges to 1 through values 

< 1 . 

Abel’s theorem may also be deduced from the theorem in § 80. For 
we have a:" S a;”+^, for 0 ^ x ^ R\ hence, since the series S a„ is, by 

00 n = 0 

hypothesis, convergent, it follows that the series S a„a;“ is uniformly 

convergent in the interval (0, i?) ; and thus the sum-function is continuous 
in that closed interval. 

It should be observed that Abel’s theorem has been established only 
for a series in which the powers of the variable are ascending, and that it 
is not necessarily true in any other case. For example, the series 

X — \x^ -1- \x^ — ... 

is convergent within the interval (— 1, 1); and as the series is absolutely 
convergent, for such values of x, the series 

X -\- — \x^ -1- -t- i^x’ — ^x*^ + ... 

has the same sum-function log« (1 -t- a:), as the original series within the 
interval. At x = 1, the series 1 — ^ -f- ^ — ....is convergent, and in accord- 
ance with the theorem, its sum is log^ 2 ; but the series 

1 + 3 — 2+X + T~4 + "-> 

although it is convergent, has the sum | log* 2 (see Ex. I, §26); which is 
not continuous with the sum of the series x -h ^x^ — ix^ -f ... for x < 1. 

127 . With a view to the extension of Abel’s theorem, the following 
lemma will be established : 

If S a„x”, S j8„x" both converge within the interval (~ 1, 1), a„ being 

71 = 0 n = 0 

00 . i8 

positive and such that S a„ is divergent, and if — oscillates between the 

n - 0 

♦ Crelle's Journal, vol. i (1826), p. 314, also (Euvres, vol. i, p. 223. See also Pringsheim, 
Munch* Sitzungsber. vol. xxvir (1897), p. 344. 
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limits U and L, then the u'p'per and lower limits of , as x coftwerges 

o 

to 0, are in the interval {L, U). In particular, if converges to a definite 


limit, as n cc , 


S )8„a:» 


converges to the same limit, as x converges to 1. 


S a„a;" 

?i*=0 


Q s p„x« 

If — diverges to oo ,so also does , as a; ~ 1. 

S a„a:« 

n-0 


Let Urn, Im denote the greatest and least (algebraically) of the numbers 
j , . . . ; and let , l^n denote the greatest and least (algebraically) 

CCq ' ^m-1 

of the numbers §’"■+ 1 ^ where m <n. 

®«i+l 

We have then 

jSo + + ••• + < %„ (ou 4- aiX + ... + a^-i 

+ (a„a;« + ... + a„x”); 

therefore 


Si8„a:» 


n 

S 

n-O 


^ {'^m '^mn) 


0^0 + + ... + 

n * 

2 a^x'^ 

n-=0 


and similarly, we have 


._o^ ^7 j . Oo + ai^; + ... + a^-iJ 

^mn ~ \^mn ^m) ' ji 

S a„x” S a„a:” 

-0 M-O 


If € be a prescribed positive number, m may be so fixed that u^n <U + e, 
lnn> L — €, for all values of n. Moreover u„, — Imn — Im a're numeri- 
cally less than fixed positive numbers. 

Keeping m fixed, let w ~ oo , we have then, if A and B denote certain 
fixed numbers, 

+ g 4- ^ «o + «!«; -f- ... -f- 


S a„a;” 


SiS„a;» 


>L-e + B 

21a„a:" 

0 


Oo + aiX -f ... -f a^-iX” 


S a„a;” 

n=0 



127 ] Power-Series 1 77 

for all values of x such that 0 <x < 1. Now let x converge to the value 1 ; 

n 

since 2! is monotone increasing both with respect to n and with 

II =0 

respect to x, the repeated limits- (see § 30) 

n n 

lim lim S lim lim S 

X'^1 n^QO n-0 X'^1 n-0 

QO 

have the same value oo ; thus lim S«„a:“ = °o . Accordingly, we have 

a;~l 0 


__ SiS„a:« 

t7 + € > lim " S lim ® > L-e; 


and, since e is arbitrary, we have 


oo CO 

£/ S lim I S Hm “ S 
0 0 

It follows that ii U = L 


lim 

X^l 






In case ~ diverges to oo , as n ~ oo , n can be so chosen that Z„,„ > N, 

where N is a prescribed positive number, for every value of n. We have 
then, for x < 1, 


0 > N 

Sa„a;” 


Op -f «!«;+■•• + 

00 

S a,,a:” 




where i! is the lower boundary of all the numbers 


(Xq “I" cc^x “I" ^ 

— ___ ^ 

2a„a;” 

0 

^0 §1 
«o’ «i’ 


We have now 1^ S A ; and since A is arbitrarily large, it 

^ Sa„a:” 

0 


Sj8„a:” 

follows that £ — diverges to oo , as a; ~ 1. 

S a„£C” 

0 


HH 


12 
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128. In order to apply the above lemma, let % + aiX + ... be a 
power series of which the interval of convergence is (— 1, 1). 

(1) Let a„ = 1, jSo = Oq, = Oq + ••• in general, 

“ ®0 "I" ••• + “ ^n* 

We have then the limit, as a; ~ 1, of 77^ — r-r . or of Sa„a:”. 

(l-a:)-i 0 

It follows that, if is bounded for all values of n, with U and L as 
upper and lower boimdaries, 

U S lim s (x) S lim s (x) ^ L. 

X '^1 

Moreover, if 5„ diverges to 00 , or to — qo , so also does lim s (x). 

X~1 

Thus, if the series Uq + + ... + a„ + ... oscillates between finite limits 

of indeterminancy, the u'pper and lower limits of s (x), as x I, are in the 

interval formed by the limits of 2a„; and if the series diverges to cc , or to 

0 

— oc , then lim s (a:) = + qo , or — 00 . 

U'^OO 

This is a generalization of Abel’s theorem, which includes that theorem 
as a particular case. 

For the case in which a„ > 0, for n i 0, the last part of this theorem 
was proved by Abel*. 

(2) Let denote, as in § 47, the sum 

•Sf. + «n-i + ••• +So, or a„ + 2a„_i + 3a„_2 -f ... + (w -f 1) ao> 
and let = Sn \ «« = w + 1 ; we have then to consider the limit, as a; ~ 1, 

1 + 2 x + +Si x + S, x^ + ...}, 

which is equal to a^ + a^x + a^x^ + — 

^(1) 

The Cesaro sum of the series is defined as the limit of when 

w + 1 

that limit exists. In accordance with the lemma we obtain the following 
theorem due to Frobeniusf : 

If the series Oq + % + <*2 + ... is summahle {C, 1), then the sum-function 

a? 

s (a:) converges, as x ~ I, to the Cesaro sum of S a„. 

71 “ 0 

Moreover we obtain the following extension of this theorem: 

00 

If the series S a„ is bounded {G, 1), then the sum-function s (x), as a; ~ 1, 

n^O 

has its apper and lower limits in the interval bounded by the upper and lower 
Cesdro sums of S a„ . 

71 = 0 


* See Crdle^s Journal^ vol. lxxxix (1880), p. 262. 


t (EuvreSt vol. n, p. 203. 
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(3) Let denote, a.8 in § 47, 


s« + (i) s»-i + (^ 2 0 


+ ... + 


r + n — 1 
n 




(?•) (t) / [T “4" TiN 

then (jn denotes ^n /( ^ ). It will here be assumed that r has some 

value, not necessarily integral, that is £ 0. 

(r) /y* "4“ 72/\ 

Let j8„ = /Sn , a„ =: ( ^ j ; then the limit in the lemma is that of 


0 


“/r + m 

0 V / 


X" 


, or of (1 — «)’■+! X", 

0 


which is equal to Uq + aiX + ... + a„x” + 


We thus obtain the following theorems wliich include as particular 
cases those given above in (1) and (2) : 

If the series a,, + Uj + Uj + ••• summable (G, r), for some value of 

r (S 0), the sum-function s (x) converges, as x to the sum (C, r) of the 

series 2a„. 

0 

If the series Uq + Ui + <*2 + ••• bounded {G, r), for some value of 
r (£ 0), then lim s {x) has finite limits of indeterminancy, in the interval 

bounded by the upper and lower sums {G, r) of 2 a„ . 

n^O 

It should be observed that lim s (x) may exist in a case in which 

X'^1 

2 a„ is neither convergent nor summable {G, r) for any value of r. An 

71 =0 

example of this has been given by Landau*. 


Let fm {x) = (1 + x)-”*-^ = 2 (— 1)" ^ X", so that 

n = 0 \ TTl J 


lim/,„ (») = and | /„, {x) | < 1, for 0 < a: < 1. 

X'^1 ^ 

1 ~ « 1 

Consider the function / (a:), or , — defined by 2 - ,/„(«); it is 
easily seen that, for | a; | < 1, / (a:) = Uq + a^x + ... + + ... where 


It is seen that 


(- 


QO 


l)»a„ - 2 

7/i = 0 


ml 



lim /(a:) =iei; 

X'^l 


* Darstellung und BegrUndung einiger neiierer Ergebnisse der Funktionentheorie, Berlin, 1916, 
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but the series Ue + + <*2 + ... is not summable (< 7 , r) for any value of r; 

for if it were so summable, a„ = o (w’’), for some integral value of r (S 0). 


{(r+l)!P’ 


It appears, however, that (- l)"a„ > ) > 

which is inconsistent with a„ — o {n’’). It should be observed that the 
series for/„, (1) is summable {C, m + 1), but is not summable {C, m); and 
thus / (1) appears as the sum of terms which are summable (C, 1), (C, 2), . . . , 
respectively; and thus the series for / (m) is not summable with any order. 
This principle of construction may be employed to construct other series 
which have the required property; for example, 

(x) = 6^ ^ _j_ p^/ 3 ^3 


( 4 ) Let 




X — ^ 

p (p + 1) ... (p + w - 1) 


n\ 


a„n! 


then lim [(1 — a:)*’ s (a:)] = lim — ; ^ , , , 

provided the limit on the right-hand side exists. It is easily seen by 
means of Stirling’s theorem that 

lim (y) r (^ + 1) p . . j. 

Thus we have the following theorem* : 


a„ 


If ]()> 0, and lim — c, then lim [(1 — xY s (a:)] = cF (p), 

(p -4- 1) (p -f 2) ... (p + n), 


TO~0O n^ * a;~l 

In a similar manner, by taking j 3 „ = , a„ 

it can be shewn that: 


71 ! 


// p > 0, and hm — 

ri'^ao ^ 


= c, then lim [(1 — xy s (a:)] = cF (p -f 1). 


These theorems express the mode of divergence of s{x), as a:~l, in 
the cases in which the coefficients satisfy the prescribed conditions. 

The following very general theorem has been established by Pring- 
sheimf : 


Denoting (log (log log %)“« (log log log ?<)“» ... by L (u); if 


lim 


nZn‘^L{n) 

where a = 0, the indices «!, Oj, 03, ... being such that n^L (u) tends to infinity, 

cF (a -k 1 ). 


then lim | s (x) 




♦ See Appell, Comptea Eendus, vol. Lxxxvn (1878), p. 689; see also Pringsheim, Acta Math 
vol. xxvni (1904), p. 11. 
t Loc, cit., p. 29. 
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Appell’s theorem is the case which arises when, a^, a^, ... are all zero. 
A theorem closely related to the general theorem was given by Lasker* * * § . 

Various theorems of a similar character will be found in Hardy’s tractf, 
Orders of Infinity, p. 56. Reference may also be made to a memoir by 
BromwichJ in which various extensions of Abel’s lemma are utilized. 

The converse of this general theorem has been proved by Hardy and 
Littlewood§, in the case in which all the coefficients are positive. Thus, 
for example, if Urn [(1 — xf s («)] = A;, S 0; a > 0 then 

x~l 

1 * ^ 
lim r, i-i : — \ • 

^ 1* (1 -f- tt) 

The condition a„ S 0 is essential, as may be seen, for example, by 
taking s(a;) = (l — a:)~l + (l + a = J . 


129. It may be observed that the lemma of § 127, which has been applied 
in these cases, can be made wider in its scope. Instead of 

^0 + ^iX + 

Oq + aiX + + ... ’ 

we may take the equivalent form , which is obtained by multi- 

n^O 

(t) (r) 

plying the numerator and the denominator by (1 — Here Sn , 8'n 

denote, as in § 47, the expressions 

R 4 (r U UR 4.^^ + 1) (y + 2) o 
Pn "h A) Pn -1 “1“ 9 Pn--2f ••• f 


a. + (r + 1) a... + ... . 

Since Oq, a^, aj, ... are all positive, so also are jS"o , S'W 8% where 
r > 0. By applying the lemma, in the case in which lim — exists, we 
have the theorem that : 

If Sa„x”, doth converge within the interval {— 1, 1), a„ being 

positive and such that 2a„ diverges, then, if — ^ (r S 0) hm a limit, finite 


0 


8‘ 


or infinite, as n , lim = lim - . 




* Phil, Trans, (A), voL cxcvi (1901), p. 444. 

t Cambridge tracts in Mathematics and Mathematical Physics, No. 12 (1910). 

J Proc, Lond, Math, Soc, (2), vol vi (1908), p. 58. 

§ Ibid, (2), vol. xiii (1914), p. 174. 
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3!” ft _l_ fl 4. I Q 

In particvlar, if r = 0, lim ^ = lim -- ' - ^ , provided 

X'^1 -y ^ Ti'^oo "T" 

JmJ Ctlf^ X 

0 

the limit on the right hand side exists. 

The particular case of the theorem was given by CesS-ro. 


130. Abel’s theorem suggests the general question as to conditions 
under which the two repeated limits 

lim lim («„ + + ... + lim lim (a^ + a^x + ... + an^”) 

ri'^oo X'^\ X'^1 ri'^oo 

have one and the same value, where (— 1, 1) is the interval of convergence 

00 

of the infinite series S a„a:“. The first of these repeated limits is the single 
limit lim (a,, + <*1 + ... + a„), or lim s„ (1); and the second is lim s {x), 

U'^cc 71'^co a^'^1 

where s (a:) denotes the sum-function of the infinite series. Abel’s theorem 
itself asserts that, when lim (1) exists, as a finite number, or is infinite, 

71-^00 

then lim s {x) exists, and has the same value as lim s„ (1). The converse 

question arises, whether it is possible, with suitable restrictions to infer 
the existence of lim (1) from hypotheses concerning s (x) ? In connection 

n.'^oo 

with this question, a series of investigations have been made, leading to 
theorems which are converse to that of Abel, or to its extensions ; and in 
view of the fact that the earliest and simplest of them was given by 
Tauber, they are designated Tauberian theorems. 

If all the numbers Oq, Ui, a^, ... are positive, the function 

Oq + a^x + ... -I- 

is monotone increasing, both with respect to x and with respect to n. In 
accordance with a theorem of § 30, the existence of either of the repeated 
limits involves that of the other, and the equality of the two. We have 
accordingly the following theorem : 

If Ufi + a^x + ... + a^x" + ... has (—1, l)/or its interval of convergence, 
and all the numbers a^, a^, a^, ... be ^ 0, then lim «„(!) = lim s {x), pro- 

Tl'^QO X'^l 

vided either of these limits exists as a finite number, or is infinite. 

It is easily seen that the theorem remains correct if, for a finite set of 
values of n, the condition o„ S 0 is not satisfied. 

The theorem first established by Tauber* is the following : • 

If Of, + a^x -f ... + a^x'^ -f ... have (— 1, \) for its interval of Convergence, 
and if na„ = o (1), then if lim s {x) has a definite value s (1), the series 

X'^1 

«o + <*1 + ... + + ••• converges to s (1). 

* See Monaishejte f. Math. u. Phys. vol. vm (1897), p. 273. 
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That the converse of Abel’s theorem does not hold without restriction 
is exemplified by the series 1 — x + , for which s {x) ~ 

and lim s (x) == whereas lim (x) does not exist, but oscillates between 

X'^1 X'^1 

0 and 1. In this case the theorem of Frobenius is however applicable, 
since the sum C (1) of the series 1 — 1 + 1 — 1 + ... is J, which is equal 
to lim s (x). Historically this example is of interest, as it was supposed 

X'^1 

by Leibnitz and subsequent writers that the sum of the series 

1 - 1 + 1 - 1 + ... 
might in some sense be regarded as J. 

To prove Tauber’s theorem, let m be so chosen that n | «„ I < e, for 

QO 00 ^ €“1 

then Sa„x" < S - x" < — < e, if x be chosen to be equal to 

m rn'!^ m\-X 

1 . Next we have 

m 

m-1 00 

2 a„ - 2a„x" < € + (1 - x) {| | + 2 | Og I + ••• + ("^ - 1) I I) 

■ 0 

since | a,. (1 — x*") | < (1 — x) r | a,. |. 

Using the theorem of § 6, Ex. 2, we see that, as « | a„ | == o (1), we have 

7/1-1 J 

2 % I I — o (m) ; and therefore, when x = 1 — ^ > 

m~ I / l\ \ m~\ 

2 - s ( 1 - - ) < e + - 2 w I ( < 2e, 

provided m be chosen sufficiently large. Letting m increase indefinitely, 
00 00 
we have 2a„ — lim s (x) £ 2e; and since € is arbitrary, 2a„ = lim 5 (x), 

0 X'^x 0 X'^l 

which establishes the theorem. 

This proof also suffices to shew that if lim s (x), lim s (x) are finite, 

X'^1 X'^X 

and different from one another, 2 oscillates, and has these two numbers 
for its upper and lower limits. 

It has been proved that, when == o (1), then 

lim 2 a„ - 2 a„ (1 - -) =0. 

T/l'^QO I 71 = 0 7*, = 0 V 

This suffices to prove the more general theorem that : 

00 QO 

If nan = 0 (1), a,nd if either of the limits 2 a„, lim 2 a„x” exists, then 

71 = 0 aj'^l 71 = 0 

the other exists, and the two have the same value. Moreover if either 
00 

2 a„, lim 2 a„x” oscillates between finite limits, then the other oscillates 

71 = 0 X'^ln^O 

between the same limits. 
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131. The following more general theorem is also due to Tauber: 

If + Sua + ... + = o (n), and lim s {x) exists, then Y a„ 

71 = 0 

cmmrges to lim s {x). The two conditions are both sufficient and 'necessary 
for the convergence of S a„ . 

n=- 0 

Let = ttj + 2a2 + Sug + ... + mi„; then where 

n> 0, Uq = a. We have then 


n 


S arX'^ = Y — X 


r -1 


.1 r 


r-"7l-l n, 

- Y 

r + 1 

1 7t — 1 /fj 

= - + 2 — f-yr 4- (1 — «) 2 

n ” r irir + 1) r + 1 


71-1 


Ur 


X^. 


The series S u^x*^ is convergent, since ^ o (n) (§ 124), and thus 

71 1 

h'm u„x" = 0. It is thus seen that 

Tl'^QO 


2 a, - 2 

r = l 




X^. 


u„ 


Employing the theorem of § 128 (4), since lim - = 0, we have 

7J,^0O ^ 


lim 


QO /ft 


X’^ 


= 0 ; 


and thus it appears that 


Ur 


lim 2 . , - . 

x^ivirir + 1 ) 


X’' = lim s {x) — a ^ . 


The coefficient in the series on the left-hand side is 




and therefore 


u 

2 ~ converges to lim s {x) — Uq. 

r-i r {r + l) a:~l 

J 71-1 


We have also 


Ur 




r (r + ij M + 1 ’ 

and therefore lim = lim s (a;), which is the result to be proved. That 

Tfc'^oo X'^1 

the conditions are necessary has been shewn in § 6, Ex. 1. 


132. The theorem of Tauber, established in § 130, that when lim s (x) 
exists, and na„ = o (1), then 2 a„ converges to lim s (x), was extended by 

71-0 X'^l 

Littlewood*, who obtained the remarkable result that the condition 
na„ = o (1), can be replaced by wa„ = 0 (1). This result has been shewn by 
Littlewood to be final, in the sense that, in na„ — 0 {!), O (1) cannot be 

* Proc. Lond. Math, Soc, (2), vol. ix (1910), p. 434. 
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replaced by 0 {<f> (re)} , where <f> (re) is any function which diverges to + <» 
as re ~ 00 . Ingham* has proved that, if <f> (re) be any such function, a 
function s (x) = S a„a;” can be so defined within the interval (— 1, 1) 

that (1) an = 0 (2) lim s {x) has an arbitrarily assigned value, 

and (3) S a„ is either not summable or has an assigned index of sum- 
mability. Littlewood had surmised the correctness of (3). 

The still more general theorem was obtained by Hardy and Littlewoodf 
that, in Littlewood’s theorem, the condition that na„ should be bounded 
on one side may replace the condition na„ = 0(1), in Tauber’s theorem. 
This result includes that of Littlewood as the special case when reo„ is 
bounded on both sides. It will accordingly be sufficient to prove the 
general theorem of Hardy and Littlewood. This will be done in § 133. 

In the first instance the following theorem duo to Hardy and Littlewood 
will be established];: 

CO 

If the series S a„a:” is convergent for 0^.x< 1, and the coefficients a„ 
are all non-negative, then if lim {(1 — x) s (x)} = 1, the relation lim -” = 1 

a:~l ^ 

is satisfied, where = a(, 4- Uj -H ... -f- o'n. 

This theorem is a particular case of the general converse theorem 
referred to in § 128. 

It is convenient to prove three Lemmas which can be employed in the 
proof of the theorem : 


Lemma I. If f (x) be a function which has a differential coefficient at 
each point of the open interval (0, 1), and if lim [(1 — xY f (a:)] = 1, where 

x~\ 

a > 0; and if further f (x) continually increases ivith x, thert 

lim [(] — .'r)“+i/' (x)] = a. 

Let X, Xi be two points such that 0 < a; < < 1 ; then, from i, § 262, 

If Xi — X — A (1 — x), we may suppose x and Xi to increase together 
in such a manner that A has a constant value ; then 


lim 


(1 _ -f(x) ~ 

' * /V* /v» 


(1 - A)-« - 1 
A 


* Vroc. Lond. Math. Sor. (2), vol. xxiii (1924), p. 320. 
t IbuL (2), vol. xm (1913), p. 188. 

J Proc. Lond. Math. Soc. (2), vol. xra (1913), p. 174. The form of the proof in the text is 
founded upon that given by Landau in his work, Darstellung und Begrundung einiger neuerer 
Ergebnisse der Funktionentheorie, pp. 45”55. 
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lim[(l-a:)“+V'(^)] = 


(1 - A)-“ - 1 
A 


S [(1 - a;)“+V' («i)]; 


for every value of A in the open interval (0, 1). Since lim ^ — 

A~0 

we have 

lim [(1 — xy+^f (a:)] S a, 

X '^1 

and [(1 - a;i)“+V' («i)] ^ X(T-"A ') ^^ ~ ^ 


Therefore 


lim [(1 — xy+^f (a;)] = a. 


Lemma II. If s {x) denote the sum-function of the series 2 a„a:", 

n “*0 

convergent in the open interval (0, 1), and all the coefficients a„ are non- 
negative; and if Mm [(1 — xy s (a;)] = 1, where )8 > 0, then 

X'^1 

lim [(1 - a:)0+>- 2 a„»’'a:»] = ()8 + 1) ... (jS + /• - 1), 

X'^1 n-==0 

when r may have any positive integral value. 

If, in Lemma I, we write jS for a, and s (a;) for / (a;), we have 

lim [(1 — a;)®+^ 2 na„a:"] = 

and thus the theorem holds good for r = 1 . Assuming that it is true for 
r — 1, or that 

lim [(1 — x'f+^-^ 2 TO’'~^a„a;"] = jS -f 1) ... (jS + r — 2), 

x^l 71=*! 

GO 

by writing in Lemma 1, a = ^ r — 1, f (x) = 2 n’'"^a„a;", we have 

X”l 

lim [(1 — xY+’^ 2 w''a„a:”] = /8 (/8 + 1) ... (/3 + r — 1). 

X'^l 71-1 

If we introduce, instead of x, the variable t, where x = e~\ then t is 
capable of having all positive values; and the lemma may be stated in 
the form 


provided 


lim 2 = j8 (jS + 1) ... (jS 4- r), 

«~o n~l 

lim 2 a„e-”'] =1, a„ S 0. 

71-0 


Lemma III. If e (> 0) be a prescribed number, (m), (^) 

determined as functions of m, which is restricted to be a positive integer, 
so that (f>i (m) <m < <f >2 (m), m — (m) = o (m), <j)^ (m) — m = o (m), and 

that 

n'xh^ (TfiSU t 


2 

7l><^a {m)lt 
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for all values of m, not less than an integer me dependent on c, and for 

0 < << 1. 

The first summation is from n — 1, to the largest integral value of n 
not greater than <f>i {m)jt, and the second is taken for all integral values 
of n greater than (f)^ (m). 

We have, since has, for 0 < <, its maximum for a; = — , 

V 

'V' /vkTn fi'—nt ^ mUi (m))*» 

<f)t (w^ ^ _A />loer m+ w1o2 6 i — (m) 


n%4,i(m)tt t ( t 


^-4)1 (w) glog w+ m log 4 >i (w) - 01 (m) 


where it is assumed that (m) < m. 

Let it be assumed that <f>i (m) = m — m*=, where 0 < < 1 ; we then 


log m + m log (m) — (f>i (m) — log m + m [log m — 

— — 0 (m®*~®)] — m + m*’, 

and this is equal to log m + m log m — m — — O or to 

(m + 1) log m — m — \ + O (m®*~^). 

From Stirling’s theorem we have 

log ml = m log m — m + 0 (log m), 
or ^ f = log m-m^O (log m ) . 

! 

thus we have S 

If we take \ <h<\, the exponential factor converges to 0, as m ~ , 

since log m~o and 0 — o An integer me can be so 

chosen that the factor is < e, provided m S me . The first part of the theorem 
has thus been established, the value of ^ (m) being m — m*, where k is 
any number such that | ^ < 1. 

To prove the second part of the theorem, we have 

V ^ /I L i I j > 


n>ff>2 0n)It \ t J 




/ t 

where A is not less than ( 1 + . , we have then 

\ (m)J 


S < 

n>(l>a (?n)/t 


V < / 1' 


Since 


<f>2 i'm) 


n ^ t -t 

< e 


r0a(m)-m\ 

\ 0a (m) ) 


let us take ^2 (^) = m — 2, where ^ < k < 1; it is then sufficient 

to take A = 6 t/hus r = „ . < , where a denotes 

' 1— Ae^— IjLt' ^ 

2 

— . — ^ t, which is positive when m > 3, and is < 1. 

m + m* — 2 ^ 
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The sum of the series is less than 


im+l w* — 2 ’ 


and this is equal to 


1 

fm+X 


log (m+m*)— m—w^+2— log (wi*— 2)^ 


which is 


gO(log wi)+wilog w— 2)— w — hO(m3*-2) 

im+X 


Employing again the expression m! = e'^iogm-m+o(\ogm)^ ggg 

y ^mp-nt ^ ^-ijn2*-i+0(logTO)+0(»n»t-2) - * 

provided m is sufficiently large, say S me, where me may be taken to be 
the same number in both parts of the theorem ; the function <f >2 {m) being 
taken to be m + — 2, where h is between | and 1. 


It is clear that (m + \) — {m + \)^ > m — m^, for all values of m that 
are sufficiently large; also we have (m + 1) + (w + 1)** — 2 < m + m*. 
In the theorem, we may change m into m 4 - 1, then, emplo 3 dng these 
facts, we have the following corollary : 




e (w + 1)! 

^m-f2 ^ 


2 

where e is a 'prescribed positive number, provided m is not less than some 
integer, dependent on c, and Jc is a fixed number between J and 1. 

We are now in a position to prove the theorem of Hardy and littlewood 
stated above. 

r-n r = n r^n oo _y 

We have = S 2 a^e ” ; therefore 5„<e 2 ”<e 2 a^e 

r = 0 rO r=”0 r^O 

hence < es (e ”), or = O (n.). We may suppose that < cn, where c 
is some positive number. Since 


“ 1 

2 a;" = — - s (x). 


where 0 < a: < 1, we have 

lim [( 
x~i L 


(1 — x)^ 2 s„a:"l = 1. 
n-o J 

Employing Lemma II, we have, for every integer m (> 0), 

(m + 1) ! 


lim 

X'*'! 


(1 -a:)’"+2 2 

71-0 


or 


lim <”*+® 2 

L w-o 


= (m + 1)!. 
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132] 


The particular case when a„ = 1, for every value of n, gives 

= m\. 


lim 

«~o 


= 0 


If I denote the interval (m — £ %< (m + we have, by means 

of Lemma III, and the corollary. 


and also 


n-0 I 


Tl-O I 


< 2em! 

< 2ce (m + 1) ! 


since < era. These results hold for all values of m not less than an 
integer me . 

For each value of m (S me), there exists a number , such that, for 

0 < i < tfin, 

(1 - 3e) m ! < i:ra»"e-”< < (1 + 3e) m ! 

/ 

and (1 — 3 c 6) (m + 1) ! < (1 + 3ce) (m + 1) ! 

I 

Since «{„_„»)/ « S ra”* e-”< ^ S ra”* e-”< , S ra« e-”‘, 

II i 


we have 


and 


^ 1 + 3c€ m + 1 
^ 1 — 3 c€ m + 1 

t ^ j _|_ ^ ~ • 


Since (m — m’‘)lt, as t converges continuously to zero, takes successively 
all sufficiently large integral values, we have, for all values of n greater 
than some integer depending on e and m, 

1 — 3c€ m + 1 5„ 1 + 3 c€ rra + 1 


< ~ < 


1 + 3e m + m* ^ n " 1 — 3em — m*=' 

If Tj be an arbitrarily chosen positive number, e can be so chosen that 

1 — 3ce , , 1 + 3ce 

iVSc- *+’'> 1 ”37’ 


then m can be chosen so that 


1 — ->? < 


1 — 3c€ m 1 


1 + 3c€ m 4- 1 


1 + 36 ‘ m + m* ’ 1 — Sc ’m — m^ ’ 

It is now seen that, for all sufficiently large values of ra, the in- 
equalities I — < -< 1 + 1 ^ are satisfied. Since -q is arbitrary, it follows 

71 


that lim — = 1. 

n^oo 71 
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133. The important theorem of Hardy and Littlewood, already re- 
ferred to in § 132, will now be established; the theorem may be stated as 
follows: 

00 

If the series S a„a;”, of which the sum-function is s (x), converge for 

n-0 

jg- 

0 S a; < 1, and if lim s {x) has a definite value, then if a„ < — , where K 

X^l ^ 

is a fixed number^ for all values of n, the series S converges to the value of 

n-O 

lim s (x). 

a!~l 

K K 

The condition an< — may be replaced by a„> for we have only 

to change the sign of all the terms of the series to reduce the latter con- 
dition to the former one. There is no loss of generality if we suppose 
lim/(a:) to have the value zero, as this only involves an alteration in the 

value of ag. 

Besides the theorem of § 132, two further lemmas will be required. 

oo 

Lemma I. If w^— S wa„ = o (m), and s(x) = E a„x’^, where 

CO 

lim s (x) = I, then IL a„ = l. 

X'^l 71-0 

This has already been proved in § 130. 

Lemma II. If f{x) be a function defined for 0<x< 1, stich that 
lito-fix) = 0; and if further f" (x) exists everywhere in the open interval, 

x~X 

and is such that (1 — (a;) < K, where K is a fixed positive number, 

then lim [(1 — x)f' (a:)] = 0. 

£C^1 

I^t a; < a:i < 1, then / {x-f) - f {x) = {x^ - x)f {x) -f - «)V" ii)> 
where ^ is in the interval {x, Xj). Let a;i — a; = A (1 — a;), where A is kept 
fixed as x, x^ vary continuously; we have then 

(1 - x)f {X) = ^ - 1 (1 - (0 

fi^i) -fi^ ) _ AZ 

A 2 \l-xj A 2 (1 - A)2’ 

If X converges to 1, we have, A being constant, 

A K 

lim [(1 - «)/' (a:)] S - 2^;— 

and therefore since A is arbitrary within the interval (0, 1), we have 
lim [(1 - x)f' (a:)] S 0. 
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Using the equation / (a;i) -f{x) = {x^ — x)f' (Xj) - i^')> 

where is in the interval (a;, iCj), we find that 

(1 - *,)/' (a:,) < {/ M -fix)) + (i' Z0 ^ • 



and hence hm [(1 — Xi)f' (xi) ^ ^ . As before, we have 

a,~X Z{L — A) 

lim[(l - Xi)f (a;i)]S 0; 

Xi'^l 

and it is now seen that lim [(1 — x)f' (a;)] = 0. 

“ K 

In order to prove the main theorem, if s {x) = S a„a;", where „ 5 

n-O ^ 

and lim s {x) — I, we have 

X'^l 

s" (x)— S n(n— 1) a„a:"“^ <K S (w. — 1) x"-^ < K H nx^~^ < .. ^ 

7i=-2 n = 2 n-1 

Since (1 — x)^s" (x) < K, we have, by Lemma II, lim[(l — x) s' (a:)] = 0; 

^ TlCt 

and therefore lim [a; (1 — x) s' (x)] = 0, or lim (1 — a;) S — 0. 

This is equivalent to lim {l—x)h(l — = 1 ; and since 1 — > 0, 

x^l[_ rc-lV ^ ^ J 


we have, by applying the theorem of § 132, lim ] S 1 — = 1, or 

m'^oo n«*l \ XV / j 

/' 2 m '1 71 ^rn 

lim 1 — S na„\ == 0, which may be written in the form S na,^ — o (m). 


) 71^1 

QO 00 

Employing Lemma I, we have S a^^l. Therefore S a„ converges to 

w » 0 n = 0 

QO 

lim S a„a:”, which is the theorem to be established. 

X'^1 n 1 


It will be observed that the differentiation of a large number of terms 
of the series Sa„e-"* is the essential means by which this striking theorem 
is established. This process is exhibited in Lemma III of § 132; the reason 

for adopting it may be explained in general terms. The behaviour of a 

00 

function S c„a:”, in the general theory of functions, when it converges for 

?i-0 

all values of x, is more or less dominated by that of the maximum term. 
In case the interval of convergence is finite, this phenomenon of the 
maximum term does not naturally occur. By introducing a factor w”* by 
means of differentiation a large number of times, we may obtain a series 
in which it does occur. For has a steep peak, when m is very large, 
which naturally accentuates the importance of the far away terms. 
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PKOPERTIES OF POWEE-SEEIES 

134. A 'power-series 'with an interval of convergence, finite or infinite, 
cannot be such that ever'y inter'val (— S, 8), interior to the interval of con- 
vergence, contains a 'point x, distinct from zero, for which s {x) has the 
value zero. 

The function s (x) is continuous in any interval (— 8, 8), interior to 
the interval of convergence ; the number 8 may be so chosen that 

I 5 (a;) - Uo I < €, 

if X is in the interval (— 8, 8), where e is an arbitrarily fixed positive number. 
If there be a value of x in (— 8, 8) for which s (x) = 0, we have | Uq | < e; 
and, since € is arbitrary, it follows that a^ — 0. 

The series a^ + a.^x + a^x^ + ... converges in the same interval as 
the original series, and its sum-function vanishes for some value of x 
which is not zero, and is contained in an interval (— 8', 8'). Hence, by 
the same argument as before, it is seen that a^ — 0; proceeding in the 
same manner, it can be shewn that a^, Og, ... , all vanish. Thus no power- 
series with an interval of convergence exists which satisfies the prescribed 
condition. 

The following theorem is an immediate corollary from the foregoing : 

There cannot be two distinct 'power-series, each of which converges xvithin 
some inter'val, such that, in ever'y inter'val (— 8, 8) interior to the intervals of 
convergence, there is a 'point, distinct from zero, at which the sum-functions 
have an identical •value. 

135. Let us suppose that the series 

Ujj -f- "1“ ^13^^ ... 

«21 + + ^23^^ + ... + a^rOtf-''^ 4- ... 


«nl + «n2»^ + + ... -h + ••• 

are aU absolutely convergent at the point x = 1, where n may have all 
the values in the sequence of positive integers. Each series is then abso- 
lutely and uniformly convergent in the interval (— 1, 1). 

Let Un (x) denote the sum of the »th series in the interval (— 1 , 1 ), 
and let t7„ denote the sum of the series 

I I + I ®n2 I + ••• + I Ctnr I + •••• 

If the series Uj -f f/j -f ... H- -f- ... be convergent, the series 
% {x) -f Ui (x) -f ... u„ [x) -f ... 

is, in accordance with § 77, uniformly and absolutely convergent in 
(— 1, 1); it follows that s (x) the sum of the series is continuous in the 
interval. 
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The series {x) + Wg (») + ... + (a;) + ... can be arranged as a 

series of type <jo\ by substituting the various power-series for 

% («), u^ix), ..., 

and the series so obtained is absolutely convergent; for the terms of the 
series 1 On | H- | | 4- ... -1- 1 airX''~^ I + ••• + I I + I <* 22 * I + ••• each 

less than the corresponding terms of the series obtained by putting 1 for 
x; and the latter series is U^ + which is convergent. 

Since the series (a:) -H ^2 (*^) + ••• is absolutely convergent when the 
power-series are substituted for % (a:), u^ix),..., it remains (see §29) 
absolutely convergent when it is arranged in the form 

61 + b^x -f -h 

where 61 = Un + + a^i -1- ... -f a„i -f- ... 

^2 ~ ®12 "t" ®22 ^32 -f- ... -{- ttn2 + ••• 


bf = Ctif + 2r -]-...+ (i'nr "I* • • ■ > 

and its sum is unaltered. It has thus been shewn that the continuous 
function s (x) can be represented in the interval (— 1, 1) by the power- 
series bi 4- ftjaj 4 - 63a;® 4- ... . 

The following theorem has now been established : 

If (x), u^{x), ... Un {x), ... , be functions which can be represented by 
power-series that are all absolutely convergent at the point R, and therefore in 
the interval {— R, R), and if the series Vi (R) v, {R) ... 4- (i2)4-..., 

where v„ {R) denotes the sum of the series obtained from that for u„ (R) by 
replacing each coefficient by its absolute value, is convergent, then the series 
Ui (x) -f M2 (a;) 4- ... converges in the interval {— R, R) to a sum-function 
s (a;) which is the sum of the power-series obtained, by substituting the various 
power-series for the terms u^ {x), u^, {x), ..., and rearranging the resulting 
series as a single power-series. 

It should be observed that the absolute convergence of the series 
Uy {x) u^ix) + ..., at a: = R, is not sufficient to ensure the convergence 
of the power-series obtained by substitution and rearrangement of the 
power-series for Uy (x), u^ (x), ... ,to the sum of the series Uy (x) + u^{x) -\- .... 

For example, the series 

1— a;4-a:2 — a;^4-... = — 

1 + 2a? 3a?^ + ... “ ^ 

(1 + xY 

. 1 - 3a? + 6a;2 - ... = -J-vg 

(1 + xY 


H II 


13 
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are all absolutely convergent when a; = and the series 

1 1 1 
1 + a; (1 + a;)2 (1 + xf 

is absolutely convergent when x — but the coefficients in the rearranged 
series are not definite, and thus the series cannot be rearranged as a single 
power-series. The condition required by the above theorem is that 

r~l[; ^ ^^3 + ... should be convergent when a: = ^; and 

this condition is not satisfied. 


THE MULTIPLICATION OF POWER-SEBIES 

136. If the two power-series Uq + a^a: -f a.^x^ -f ...,6o + + ^2*^ + ••• 

both converge within the interval (— 1, 1), since their convergence is 
absolute, in accordance with the theorem of § 38, the Cauchy-product 
series 

^0 -H ..• -I- c„a;™ -1- ... 

where c„ = aab„ + aib„_i + ... + a„bo, is absolutely convergent when 
I a; I < 1, and (x) {x) = s (x), where (x), {x), s (x) denote the 

sum-functions of the three series. 

If all three series converge when a: = 1, their sums, in accordance with 
Abel’s theorem (§127) are lim Sj (a;), lim Sg (*)> lims(a:); consequently 

X'^1 X'-^l X'^l 

we obtain the theorem, already established in § 37, that if the series 
S a„, S 6„, S c„ are all convergent, then the product of the sums of the 

n-O n-0 

first two of these series is the sum of the third. 

Employing the extension of Abel’s theorem given in § 128 (3), that, if 
S a„ is summable {C, r), for any positive value of r, then lim {x) exists 

TO-O 

and is equal to this Ces^iro sum, we obtain the following theorem : 

If the two series 2 a„, 2 6 „, are summable {C,r), (C, 5) res'peetively, 

n=0 n^O 

then the 'product of the Cesdro sums of the first two series is the Cesdro sum 
{C, r + s + 1) of the third series. 

That the sum ((7, r -f 5 -1- 1) of the third series exists has been proved 
in § 51. 

137. A special case of the multiplication of a power-series 

Uq + a^x 4 - a^x^ + ... 

which is convergent within a finite or infinite interval (— A, A) arises when 
the series is multiplied by itself. If y denote the sum of the series when 
it is convergent, the series Uq® 4- ^aQa^x 4- If^aQa^ 4- a^) a;* 4 - ... formed as 
before, has the same interval of convergence as the original series, and 
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its sum within that interval is y^. Proceeding in a similar manner, series 
may be formed which represent y®, y*, ... within their intervals of con- 
vergence which are the same as that of the original series. 

It is sometimes of importance to possess sufficient conditions for the 
convergence of the series obtained by substitution of the series for 
y-, 2/^ ••• in the terms of a series 60 + ^1^ + + •••> of which the 

interval of convergence is k), when the resulting series is rearranged 
as a series in powers of x. 

In accordance with the theorem given in § 135, it is sufficient for the 
convergence of the resulting power-series obtained by substitution of the 
series for y, y*, ... in +biy + b-^y^ -I- ... , and rearrangement of the result, 
that the series [ 60 I + I I ■>? + I I ^7^ + ••• should be convergent; where 
r] denotes the sum of the series | ao | + \aix\ + | | -t- ... which certainly 

converges when | a; | < A. It is in fact clear that the series for rj, ... 
are obtained from the series for y, y^, ... by replacing all the coefficients 
tto , «! , <*2 > • • • their absolute values. It 7} < k, the series 

I ^0 I + 1 61 1 1? + I 62 1 + ••• 

is convergent; and thus | x | must be such that | a: | < A, and 

I I + I 1 + I I ■+•... < k. 

Choosing a positive number p (< A), ] | P” converges to zero as qo ; 

let then M be the maximum value of 1 a„ | /»” for all values of n. 


The sum of the series | c^o I + | | -t- | | -4- ... is then less than 

. ,,(1X1 . \X\^ ) II. M\X\ nr. . 


tto I + M i H — — g- — h or than | | + 


cient that | a; | < A, and that | ao I + 


M I X 
i^\~x 


p -\x 


It is then suffi- 


<'k, or \ x\< 


< k, it follows that | a: | < p < A; thus it is sufficient that 
' ao I < ifc, I a: I < ~ 


(^ - I «o I)P 
M + k — \ OqY 


M -{■ k — \ao 


In case ao = 0, it is sufficient that \x \ < 
the condition I a; I < A is sufficient. 


M + k 


. In case k is infinite, 


The following theorem has been established : 

If the series + a^x + a^x^ of which the interval of convergence 
is (— A, A), and of which the sum-function is y, be substituted in the series 
bo + biy + b^y^ -f- ..., of which {— k,k) is the interval of convergence, and 
the resulting expression be rearranged as a power-series in x, the resulting 
series converges to the sum of the series in powers of y, provided \ao \ <k 

and I « I < I I , where p is some number < A and | a„ | p" £ M, 


13-2 
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/or 71 = 1, 2, 3, 


In case = 0, it is sufficient that | x 


< 


kp 

W+k 


. If the 


series + b^y + + ... converges for all values of y, it is sufficient that 

X should be within the interml of convergence of the series 


Uq *4" a^x “1“ a^x^ -f" ... . 


As an example of the last case of the theorem, it will be seen that, since 
the power-series for e*' converges for all values of y, the value of " 

may be expressed by rearranging as a power-series the terms of the series 


1 -1- ( 2 -f ~ ( 2 a„a:")2 

n -0 "i n =*0 

for all values of x for which the series 2 a„a;” is convergent. 

71 -=0 

138. In order to obtain a power-series for r when 

^ aQ-\- a-^x + a^x^ + ... 

X is within the interval of convergence of the power-series in the denomi- 
nator, let y denote the sum-function of the series a^x -1- a.j,x^ -f .... Now 

1 1 f v 7/2 ) 

can be represented by — 4 1 — ^ + ^ ^ I provided | y | < | fto I • 

^0 y Q'o K ^0 ^0 ) 

It now follows from the foregoing theorem that a power-series for 

1 

Uq ajOJ + a^x^ -H ... 


may be obtained by substituting in - -j 1 
ment, if | a; | < 


y 

dn 


+ K - 

at? 


, and rearrange- 


«o I P 


„ I where p is a number less than A, (—A, A) being 

4" I ^0 I 

the interval of convergence of a^ -{• a^x + a^x^ + ... , and | a,„ | p" £: Jf, 
for 72. = 1, 2, 3, .... The precise range of values of x for which the resulting 
power-series is convergent can be obtained by emplojdng the theory of 
complex variables. 


TERM BY TERM DIEEERENTIATION AND INTEGRATION OF POWER-SERIES 

139. Let s (x) denote the sum of the power-series aQ + a-^x + a^x^ + ... 
which converges at all points within the interval (— R, E) of convergence. 
Provided ] a; -f I: | is less than M, the series 

ao + ai{x -{■ h) + a^ (x -H h)^ -f- ... 

converges to s (a: -1- h). Assuming that x also is within {— E, E) it will 
be shewn that, if | « | -f | ^ | < J2, the series may be rearranged in a power- 
series according to powers of h, without altering the sum ; that series is 
(Oo ■+• a^x + a^x^ -f- ...) -f (Oi -H ^a^x -I- ... -t- 7Mi„a;"“^ -I- ...) h 

-b {a^ -f- 303a; -f- ... -j 2 .j. 
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That this may be the case it is sufficient that 

I I + I <*i I (I 3 ; I 4- I 1) 4- I <*2 I (I a; I + I /t 1)^ 4- ... 

should be convergent, which is the case, since | a: | + | A | < i2. The above 
power-series in yi is convergent within the interval (— — |a;|) 
of li, and its sum is s {x + h). The coefficients of Ji are all absolutely 
convergent when | a; | < ^. 

We have then 


5 (a: + i^) — 5 {x) 

_ 


= ai + 2 a 2 X H- ... -1- na„a:”~^ + ... -f {x) 1i -t- (x) -f 




where («), {x), ..., are all continuous functions of x, provided 

\x \ < Rf I a; I I I < i?. 

For a fixed value of x the series (x) h -f Vg (a:) -f ... has for its sum 
a continuous function of h, which converges to zero as A ~ 0. It follows 


that 


lim 

A ~0 


s (a: -f- A) — s («) 
A 


% -I- 2a2X -f ... -f wa„a;”~^ + ..., 


and thus s (x) has a differential coefficient s' (x) which is the sum-function 
of the series obtained by differentiating the terms of the series 

Ug -f a^x -I- a^x^ -H ... . 

It has thus been shewn that: 


If s (x) be the sum-function of a 'power-series which converges within 
an interval, the function s (x) has a differential coefficient s' (x) at each point 
within the interval of convergence; moreover the 'power-series obtained by 
term by term differentiation of the given series converges at such a point to 
s' {X). 

By successive employment of this theorem it is clear that: 

If s (x) be the sum-function of a power-series, then s (x) has differential 
coefficients of all orders at any 'point interior to the interval of convergence of 
the given power-series; 'moreover, if term by term differentiation of any order 
be applied to the given series, a 'power-series is obtained which converges at 
all points ‘within the interml of convergence to the 'value of the differential 
coefficient, of the corresponding order, of s {x). 


140. If r<R, we have s {x) = ag-\- a^x a^xi^ ->r p {x), where, for 

all sufficiently large values oin,\p (x) j < e, for all points x in the interval 
(— r, r) interior to the interval of convergence (— R, R) of the power-series. 
This is equivalent to the statement that the series converges uniformly in 
{—r,r) (§ 66). We have now 

fx I r* 

{s (a:) — (ttg 4 - ctiX -f ... -f a„a:“)} dx\& \ | p (a:) I da: < eR, 

Jo \ J 0 
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r. Since e is arbitrary it follows that the integrated series 


X* 


^n+l 


2' + n + 1 “* 

converges to [ s (x) dx uniformly in the interval {— r,r). Thus we have 

J 0 

the result that: 

Term by term integration of a power-series produces a new power-series 

which converges to f s (x) dx, for all points interior to the interval (— R,R) 
■'o 

of convergence of the given series. 

jga ^3 

In case the series a^R + <*1 + Ug is convergent, its sum, 


in accordance with Abel’s theorem, is lim s {x) dx, or 


x~R 0 


eR 

s (x) dx. 
Jo 


This 


may be the case when the series ag -h a^R -h a^R^ + ... is not convergent. 

R2 

In case the series a^R + + ... is summable {C, r), (r > 0), its sum 


rR 

{C, r) is 5 {x) dx. 
Jo 


taylob’s series 

141. It has been shewn in § 139 that, if a function f{x) be such that, 
within the interval {— R, R), it is the sum of the convergent series 

ag + ajX + a^x^ + ... , 

the differential coefficients /<’■' (x) exist, for all values of the integer r, 
and that (x) is the sum -function of the series 

1.2.3 ... ra^ + 2.3 ... (r -f 1) a^+iX + 3.4 ... (r + 2) + .•• 

obtained by differentiating the terms of the given power-series r times, 
within the interval (— R, R). It has further been shewn that, if | a; | -H | ^ | 
also lies within the interval (— R, R), the series obtained by arranging the 
series Og + ai (x + h) + a 2 (x + h)^ + ... as a series in powers of h con- 
verges to f {x + h). The coefficient of h'' in this series is 

a^ + {r + 1) a,.+iX -f -f ... 

u- 1. ^ /<'■> («) 

which converges to - . 

It has thus been shewn that, if | a: | and \x \ -1- | ^ | are both less than 
R, the series 

f w + hf (x) + w + - + *]/'» w + - 

converges to the value / (a: -l- ^). 
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This theorem is a particular case of Taylor’s theorem for the expansion 
of a function f {x + h) in powers of h, and has here been established for 
the particular case of a function / (x) which represents, in some interval, 
the sum of a convergent power-series. It has, moreover, been shewn that 
such a function possesses differential coefficients of all orders, within the 
interval of convergence of the power-series. 

We proceed to investigate the necessary and sufficient conditions that 
a corresponding theorem may hold for a function defined in a more general 
manner. 


142. The following theorem will be established : 

If a function f (x), defined in the closed interval {a, a H- h), be such that, 
(1), the functions f ix), f (x), f" (x), {x) are all continuous in the 

closed interval (a, a -f h), and, (2), exists at every point of the open 

interval {a, a+ h), being either finite, or infinite with fixed sign, at each 
point, tlten 

f {a -t- h) =/ (a) -1- hf (a) + " ,/" (a) + ... 


+ 


hn-l 


(n — 1)1 


n, /<"-«(«) + 


h” (1 - ey 


(n — u) (n — 1) ! 


/" (Cl + eh), 


for some value of 9 such that 0 < 6 < 1 ; provided the number v, not necessarily 
integral or positive, is such that n — v> 0. At the points a, a + h, the 
differential coefficients are interpreted to mean the successive derivatives on 
the right and left respectively. 

It may be observed that the conditions (1) and (2) are not, as stated, 
reduced to the minimum number. ^ {j. 

Let F (x) =f(a^h)-f(x)-{a + h- x)f' (x) - ^ i /" («)-••• 

“ In -if r -(« + '»- K, 

where the number K is defined by 

L2 7,n-l 

f(a + h)-f{a)- hf (a) - (a) - ... - (a) = 


In the closed interval (a, a + h), F (x) is continuous, since n > v; also 
F' (x) exists everywhere in the open interval (a, a + h). Moreover J’ (a) = 0, 
F (a + h) — 0, and therefore, in accordance with the mean value theorem 
(i, § 262), F' (x) has the value zero, for some value of x interior 1 o the interval 
(a, a + h). Let this value be a -f dh, where 0 < 0 < 1. We find on 
differentiation. 


F' (*) = 


(a + h — x)^-i 
~(n-l)\ 


/(”) (x) + (n — v) (a + h — x)’‘-''-i K, 
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and thus K — 


h'’ (1 — 


{n - v) (» - 1) ! 


/<“> (a + Bh). Equating this value of K to 


the value by which it was defined, we have 
/(a + h) =/(«) + hr {a) + (a) + ... 


A” Q 

J_ _ " ^ f(n-l)(a\i 2_iL 


By 


,/«(« + m- 


v) (w - 1) !' 

In case the value of K, as defined, is zero, the proof remains valid; in this 
case we have /(”> (a + BK) — 0. 

It is clear that a corresponding result holds for an interval on the left 
of a, provided corresponding conditions are satisfied as regards differential 
coefficients, the derivatives at a being in this case on the left. 


If the conditions of the theorem are satisfied for the interval (a, a + h), 
they are clearly satisfied for any interval (a, a + h'), where 0 < /«.' < h. 

In case / (a;) be defined for the interval {a — h^, a + hj), the conditions 
of existence and continuity of /(«),/' (aj), {x) in a closed interval 

being satisfied in the closed interval {a — h^, a, + hi), and /<”> (x) being 
assumed to exist at every point of the open interval, the theorem holds 
for every value of h in the closed interval {- h^, hi), the value of B depending 
upon the value of h. 

The theorem which has been established above is frequently spoken 
of as Taylor’s theorem, although that name was originally, and is still 
usually, applied to the case in which it is possible to suppose n to be in- 
definitely increased, so that the series becomes an infinite convergent one. 


The expression R„ — 


h” (1 - BY 


{n v) {n 1) ! ^ n> V, is spoken 

of as “ the remainder in Taylor’s theorem.” In this general form it was 
obtained by Schlomilch* and by Rochef. The particular case in which v 

/i” 

is taken to be zero, = -. /*"' (a -f Bh) is known as Lagrange’s^ form of 

7h ! 

the remainder in Taylor’s theorem ; another particular case, due originally 
to Cauchy§, of the general form given by Schlomilch, is that in which 

A" (1 - 


V is taken to be w — 1, or = 


(»-!)! 


-/(”> {a + Bh). 


143. It was first shewn by Stolz|| that the theorem of § 140 can be 
extended to the case in which the functions/' (a:), f” {x), .../("~^) {x) are 

* Handhuch der Differential- und Inte^ralreclmuTig, 1847. 

f Mim, de VAcad, de Montpellier, 1858. See also Liouville'a Journal (2), vol. iii (1858), 
pp. 271 and 384, 

X Thdorie des fonctiona, vol. i, p. 40. § Ccdcul Diff. p. 77. 

|] See Orundzuge, vol. i, p. 97. It should be observed that Stolz omits to state the restriction, 
necessary to his proof, that v is not to be a positive integer less than n. 
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assumed to exist, and to be continuous, only in the half-closed interval 
X < a + h, so that their existence at the point a + is unnecessary. 
The following theorem will be here established : 


If a function f {x), continuous in the closed interval (a, a + h), he such 
that, (1), the functions f (x), f" (x), (a:) are all continuous in the 

domain a^ x < a ^h, and (2), the function f^”"^ {x) exists, as a finite number, 
or as infinite vnth fixed sign, at each 'point of the open interval {a, a + h), then 

f{a + h) =fia) + hf (a) + f (a) + ... 


+ 


in-l)\ 


/("-!) (a) 


(1 - ey 

(n — v) (w. — 1) ! 


/» (a + dh). 


for some 'value of 9 such that 0 < 6 < 1 ; where v ma'y have an'y 'value < n, 
'positive, negative, or zero, and not necessarily integral, except that it may 
not be a positive integer. 


We cannot in the present theorem take v to have the value n — 1, so 
that Cauchy’s form of the remainder is not here included in the result. 


To prove the theorem, let 

•P W -/(*) -/(<») - (rc - <•)/' {<•)-** 7 (») - - 

- W - P: W - (S (<•) ~(x-a) f (a) 

{x — aV , , (*— ®)”“^ #„/ \ 

- 2 ! ^ 

where <f> (x) denotes a function which possesses finite differential coefficients 
of the first n orders in the closed interval {a,a + h), and such that (x) 
is nowhere zero in the interior of the interval (a, a -f h). Let K have the 
value 

/(a + A) -/(a) - hf (o) - y- (a) - ... - («) 

^ (a + A) - ^ (a) - hf (a) - > («)’ 

it being assumed that the denominator is not zero. We have F (a) = 0, 
F {a + h) == 0-, hence, since F' (x) exists at every interior point of the 
interval {a, a -f h), F' (ajj) = 0, for some point x^ such that a < Xi< a + h. 


Since F' (a) = 0, F' {xf) — 0, and F" (x) exists at every point of the 
interval (a, x^), it follows that at some point Xg, such that a < x^< Xi, 
F" (xfi = 0. Proceeding in this manner we see that F”^ {x„) = 0, at some 
point x„ = a + dh, interior to the interval (a, a + h). 
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Thus we have (a + Bh) — (a + Bh) — 0. It has now been 
shewn that 

12 Itt-l 

/(a + A) -/(a) - M' (<•) - l^r («) - - - lizny,/’-" W 

^ (a + ^ (a) - (a) _ (a) - ... - (a) 

_/(«) (g -h 

~ \a + Bh) ' 

In case = 0, we have /<"> (a 4- Bh) — 0, and since (a + 0^) ^ 0, the 
result holds good. 

Now let ^ («) = (g + A — where v may have any value whatever 
(< n), except the values 1, 2, 3, ... w — 1; then 

(g + Bh) = (— 1)“ {n — v) {n — V — \) {n — V — 2) ... 

(- V + 1) /i-' (1 + 0)-^ 

Since n> v, the value of 

^ (* + A) - ^ (o) - ' (a) - I-, (a) - ■ ■ . - (<•) 

is - A- |l -(»-.) + (i --1^*) - ... 

-I- nn-1 - V- I ) ... (v + 2)1 

^ ^ (« - 1)! J ’ 

and it can easily be shewn that this is equal to 

nn j,n-o (n - V - 1) (n - V - 2) {n - V - 3) V + 1) 

' ^ (w - 1)! ' ■ 

We have thus shewn that, subject to the conditions stated in the 
theorem, 

f(a + h)=f{a) + hf (g) + (a) + ... 


4. J _ f{n-l) _! _. 




144. Let it now be supposed that / (x) is defined only in the open 
interval (a, a + h), and that all the functional limits 

/ (g + 0), / (g + 0), r (g + 0), .../<»-« (a + 0) 
exist as definite numbers, and that also /*”>(a;) exists everywhere in the 
open interval, as a finite number or as infinite with fixed sign. The proof 
of the last theorem may be employed to prove that 


/(a + h - 0) ==f(a + 0) + (x - a)f' (g + 0) + f" (a + 0) + ... 


+ + (n - iy <“ + 
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where / (o + A — 0) is any one of the limits of / (x) at the point a + h. 
In case f{a + h—0) is not unique, it is known that /' {x) takes every 
finite value within (a, a + h) (see i, § 266). 

Let us next suppose that {x) has no definite hmit at a, on the right, 
so that it has a discontinuity of the second kind at that point, and that 
/ (") (x) is everywhere finite. Let F {x) be defined by 

F {x) = f (x) — Cq — Ci{x — a) — Cj {x — a)® — ... 

— c„_i {x — — K{x — a)", 

where K.h^ =f {a + h) — c^ — cji — — ... — 

the numbers c^, c^, Cj, ... c„_i being arbitrarily chosen, and f {a + h) 
being a definite number. 

We have jP*”) (o:) ==/<"J {x) — Kn\, where a < x < a + h. Now since 
(a:) has a discontinuity of the second kind at a, and F^”'^ (x) exists 
in the open interval (a, a + h) and is finite, it follows, by a theorem 
established in l, § 266, that {x) has the value zero at interior points 
of the interval. Hence 6 can be so chosen that 

jF” (a + Bh) =/(«) (a + Bh) — Kn ! = 0; 
and thence we have 

/(a + ^) = Co + Cj/i + + ... + c„_i^”-^ + (a + Bh). 

The following theorem has now been proved : 

If f {x) be defined in the interval a < x a + h, and {x) exists in 
the open interval a < x < a + h, but has no definite limit on the right at a, 
and ifT"^ (x) exists in the open interval, being everywhere finite, then 

f {a + h) = Ca + Cih + c^h^ + ... + + -”/<«) (a + Bh), 

7h I 

where Cg, c^, Cg, ... c„_i are arbitrarily chosen numbers, and B is a number 
such that 0 < B < 1. 

Theorems of a similar character have been given by W. H. Young*, 
based upon the lemma that, if f {x) is continuous in the open interval 
a <x<b, and that / {x) either has a differential coefficient, or else that 
there is no distinction between right and left with regard to its derivatives 
in the open interval, then there is a point x of the open interval such that 

f {b - 0) -f{a + 0) = (b - a)f (x), 

where f (a + 0), f (b — 0) denote any two of the limits of / (a:) on the right 
at a and on the left at b. It should, however, be observed that, unless both 
the limits f{b — 0), / (a + 0) are unique, /' (x) takes every finite value 


* See Quart Journ, voL XL (1909), p. 146. 
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at points in the open interval (see i, § 266), and thus the lemma in that case 
is unduly restricted, unless either/ (6 — 0) or/ (a + 0) is capable of having 
all finite values. 


146. If /(a:) possess differential coefficients of all orders within a 
prescribed interval (a — A', a + A), of x, then, provided i?„ have the limit 
zero, when n is indefinitely increased, for eaeh value of h, the series 

/ («) + ¥' (a) + («) + — + ^f/” (®) + •••’ 

where — A' < A < A, is convergent, and has / (a + A.) for its limiting sum. 
This is Taylor’s theorem in the original meaning of that theorem. 


It will be observed that the existence of the differential coefficients at 
the extreme points a — A', a + A has, in § 143, not been presupposed, but 
only their existence everywhere in the open interval (a — A', a + A). If 
the condition lim /?„ = 0 be satisfied for eaeh value of h within the interval 

Tl'^cc 

{— A', A), and if the series converge also for h = A, then since it is a power- 
series, it foUows from the theorem of § 124, that, at ^ == A, it converges to 
f (a + A), provided / («) is continuous on the left at the point a -f- A. 


The value of 6, in any of the forms of the expression for R„, is in 
general dependent upon n ; and consequently it is not a sufficient condition 
of convergence of the Taylor’s series throughout the half-open interval 
0 & h <X that B„ have the limit zero whilst 6 remains fixed, even if this 
be the case for each fixed value of 6 in the open interval (0, 1). In con- 
nection with the theory of non-uniform convergence of series, we have 
already seen, in § 84, that a function B„ {x) may have the limit zero, 
as w ~ 00 , for each value of x in the interval, and yet that lim B„ («) 


I'^CO 

ndh 


may not be zero when x varies with n. For example, if 

then has the limit zero for each fixed value of 6] but if 9 — Ijn, B„ has 
the limit he-’'. 


A sufficient condition for the convergence of the series, within a given 
interval of h, is that B„, for each fixed value of Ji, within the given interval, 
should converge to zero, as ~ qo , uniformly for all values of 9 in the 
interval (0, 1). Thus, for each value of h, and each value of an arbitrarily 
chosen positive number e, a value , oin would exist, such that 


h” (1 - 9)” 

(n — v) {n — 1) ! 


/(”) (a -f 9h) 


< e. 


provided n S We, for every value of 9 in the closed interval (0, 1). 


This condition, though sufficient to ensure the convergence of the 
series, has not been shewn to be necessary. An investigation, due in its 
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original form to Pringsheim*, wiU now be given of necessary and sufficient 
conditions for the convergence of Taylor’s series. 

146. The following lemma will be first established : 

///(“)(«) be defined for every valv^e of n, where x is in the semi-dosed 
interval a ~ x < a + R, and if, for some fixed value of p which is a positive 
or negative integer, or which may be zero, the condition is satisfied that 

converges to zero, as n ~ oa , uniformly for all values of h and k such that 
OS, h&h-{-k&r, for each value of r that is < R, then the same condition is 
satisfied when p has any other value which is a positive or negative integer, or 
zero, and such that p -{-n> 0. 

Denoting ^ |/<"> (a -t- h) by [h, k), we have 

and hence, since k Sr, we have 

\F,^^.Ahk)\<\i\,Ah, A:) I, 

provided n + p + 1 > r. It follows that ■Pp+i.n {h, k), and more generally 
F»+Q,n (h, h), for g > 0, converges uniformly if {h, h) does so. 

Again, we have 

k) - (j +■8)”"'' F,., (7., i + 8); 

if r (< R) be fixed, S can be so chosen as to be positive and such that 
r + 8 < 5. Hence, if 0 S lb £ r, 

I ■5'.-.,. {h. k) I < I F,„ (k. 7: +8) |. 

\ n+p—l -f- 7? 

- - - - g j — ^ ^ 1, and if | {h, h)\ < e, 

for 0 S h S h -k- k s r + h, and n^n^, we have then | F^_x,n (h, A;) | < e, 
for Oshsh-hksr, provided n is not less than some integer ne'. This 
can at once be extended to shew that | Fj,_g,„ {h, it) | < e, if > 0, pro- 
vided n is not less than some integer dependent on e. The lemma has now 
been estabHshed. 

For the above lemma given by Pringsheim another lemma, which 
does not involve the notion of uniform convergence, has been substituted 
by W. H. Youngf: 

* Math, Annalen, voL xuv (1894), p. 57. See also Munch. Sitzungsber. (1912), p. 137. 
t Quart, Journ. vol. XL (1908), p. 157, also his Tract, The Fundamental Theorems of the 
Differential Calculus y Cambridge (1910), pp. 57-8. 
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If, for some given value of p which may be a positive or negative integer, 
or zero, the condition is satisfied that 

for each value of r (< i?) is less than some fixed positive number dependent 
only on r, for all values of h, k, n such that O^h^h + krir, n + p>0, 
the same condition is satisfied when p has any other value, which is a positive 
or negalive integer, or zero. 

The foregoing proof can easily be adapted to prove the second lemma. 
As before, if Fp,„{h,k) satisfies the condition, so does (h, k); 

and if Fj,, „ (h, k) satisfies the condition when r + 8 is taken instead of r, 
Fp_i,„ (h, k) also satisfies the condition. 

147. We proceed to investigate the necessary and sufficient conditions 
of convergence, which may be stated as follows : 

00 

Necessary conditions that the series shall converge for every 

0 

positive value of h that is < R, are that, if f{x) denote the sum of the series 
00 

Sc„ (a; — where a is a fixed number, and 0 x — a < R, {l),f{x) 
0 

possesses, for every value of x such that a ^ x < a + R, a definite finite value, 

(2) , that, for every value of x such that a < x < a + R, f {x) possesses finite 
differential coefficients of every order, and at a, definite derivatives on the 
right, of every order; and (3), that, for each fixed value of p{> — n) which may 

be a positive or negative integer, or zero, ^ ^ /(”> (a 4- h) k”+^ converges 

uniformly for all values ofh, k such that 0^h^h-\-k<rto zero, as n co , 
for each value of r (< R). Moreover if the condition (2) is satisfied, and if 

(3) is satisfied for any one value of p, this is sufficient to ensure the ccmvergence 
of the Taylor's series corresponding to f {x) for the interval a^ x < R. 

Instead of the condition (3), the following condition may be substituted : 
(3)', that, for some value of p, a positive or negative integer, or zero, and 

for each value of r (< R), (« + h) k‘^+^ is less than some fixed 

number, dependent only on r, for all values of n {for which n -{■ p>Q) and 
for all values of h and k such that 0 ^ h & h + k&r. 

A similar statement holds as regards an interval on the left of a; 
and it is clear that the theorem can be so stated as to apply to the more 
general case of a neighbourhood which contains a in its interior. 

00 

Assuming that S c„ (a: — a)" converges for a £ x < R, it follows from 
0 

§ 139 that its sum-function / {x) is differentiable in that interval, and that 
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f' (x) is represented in the interval a£a;<a + jBby the series obtained 
by term by term differentiation of the series hc„{x — a)”. The same remark 
applies to the function/' (x), and to the series which represents it, and then 
successively to the higher differential coefficients of / {x). We have 

QO 

therefore f^{x)= S » (n — 1) — s + 1) c„ (» — a)”-^ for all values 

of s ; hence / (a) = Cq , and (a) = nlc„, and thus 

fia + h) = i /(«' (a) /(»» (a + /O = | 

where 0 & h < R. 


Since a power-series converges absolutely at all points within the 

interval of convergence, we see that the function <f> (x) defined, for the 

00 

interval a ^ x < a + B, by ^ (x) = S I c„ | {x — a)", has properties similar 

0 

to those of / (x) ; and thus that 

<i>{a + h) = l\ c„ I = 2 ^ <^<”>(a) h\ 

0 0 ^ ! 


and 


(a -f- /») = E 


- S 


“(n-p)! 

n ! 


(a) iox 0 & h< R, 


I 


(» - p) ! ' " 




The functions ^ (a + h), + h) are continuous functions of h in 

the interval 0 ^ h < R\ and for each value of p, 

!/(»»(« + /i)|^ I <f>^^){a + h)\. 

In order to prove that the condition (3) is satisfied it will be sufficient 
to prove that the corresponding condition is satisfied by the function 
{a + h). 


If 0 £ /t ^ H- A; < i?, we have 

^ (a + /i 4- A:) = 2 (a) {h 4- A:)" = E (a 4- A) A:”; 

and it will now be shewn that the series E (a 4- h) A:" converges 

uniformly for all values of h and k which are such that O&h^h + k^r, 
where r is any positive number < R. 

Since the terms of the series are all positive, and the sum-function is 
a continuous function of {h, k), it follows from the theorem of § 78 that 
the series converges uniformly in the closed domain 0±h^h + k^r, 
where r < R; it is a necessary consequence of the uniform convergence 

that ^ j 4- h) k” should converge to zero uniformly in the domain 

QS-h^h + k^r, as n is indefinitely increased ; r being any assigned 
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positive number < B. It follows that (a + /«.) yfc” has the same 

property, and by using the lemma of § 146, it follows that 

also converges uniformly to zero, where p is any integer (> — n), positive 
or negative. Thus the condition (3) has been shewn to be a necessary con- 
dition. Moreover, when (3) is satisfied, the condition (3)' is also satisfied; 
thus (3)' is a necessary condition. 


In order to shew that, if (2) is satisfied, and if, for some particular 
value of p, (3) is satisfied, then the series converges to / (»), for all values 
of X such that a& x <a -V R, we observe that, in accordance with the 
lemma, the condition (3) must be satisfied for every value of p (> — n.). Thus, 


if p be a positive integer < n, i converges uniformly 

to zero in the domain 0^h&h+ h<r. Writing Bh for h, and — B)h 


for k, we see that 


1 


/" (a + Bh) ( 1 — 0)"-*’ converges uniformly 
B < 1, 0^ h&r. Referring 
P”'>{a + Bh), in § 142, we may take v = n — p, and the 


{n-p)\' 

to zero in the domain 0 < B < 1, 0& h&r. Referring to the expression 

A” (1 - By 

(n — v) {n — 

expression becomes — r. , /*” (1 — 0)""*’/” (a-t- 0/i) which can be 


written in the form 


p (n — 1 ) ! 


. - ... — + Bh) (1 - 

p {n — \) {n — 2) ... {n ~ p + 1) ((»— p)!'' ' j 

For any fixed value of p this converges to zero as w ~ <» , for every value 
of B, and for 0 ^ h ^ r. Consequently the remainder in Taylor’s theorem 
converges to zero for every value of h such that 0 £ /k B. 

It is clearly sufficient for the convergence of the remainder that 
(n -^p) 

should be less than some fixed positive number independent of n; thus 
the condition (3)' is sufficient, when (2) is satisfied. 


148. The necessary and sufficient conditions that Taylor’s theorem 
should hold for the function f {a + h), where 0 ^ h < R, can be most 
simply expressed when Cauchy’s form of the remainder is used, and they 
may be obtained as follows : 

The condition as to the existence of differential coefficients of all 
orders being assumed to be satisfied in the interval 0 £ A < i2, it has been 
shewn in § 147 to be necessary and sufficient for the validity of Taylor’s 
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series in the half -closed interval that should con- 

verge to zero, as w ~ 00 , uniformly for all values of h and k such that 
0&h^h-[-k<r, for each value of r (<R). Writing dh for h, and 
(1 — 0) h for k, the condition takes the form that 

(F=nT! + sh) 

should converge to zero uniformly in the domain O<0<1, 0 ^ h & r; 
and this is Cauchy’s form of the remainder in Taylor’s series obtained in 

§ 142. It is then necessary that — j^-j (1 — + dh) should 

converge to zero for each value of r such that 0 < r < .B, uniformly for 
all values of 6 such that 0 < 0 < 1 ; moreover, this condition has been 
shewn in . § 145 to be sufficient. The following theorem has now been 
established ; 

In order that the function f {a + h), defined for all values of h such 
that 0 & h < R, may be represented for all the values of h by the series 
1 . . . 

S it is necessary and sufficient^ (1) that f {x) have differential 

0 • 

coefficients of all orders, for a < x < a + R, and definite derivatives on the 
right at a, of all orders, and (2) that Cauchy's remainder 

for each value of h such that 0 h< R, converge to zero, asn cc , uniformly 
for all values of 0 in the closed interval (0, 1). 


149. In case Lagrange’s form of the remainder in Taylor’s theorem is 
employed, instead of that due to Cauchy, the necessary and sufficient 
conditions cannot be expressed in so simple a form. The following 
theorem has reference to this form of the remainder: 


In order that the function f {a + h), defined for all values of h such that 

QO 

0 h < R, may be represented, for all the values of h, by the series S — :/<") (a), 

0 ^ • 

it is necessary, besides the condition of unrestricted differentiability previously 

hn 

stated, that 4- 0h) should converge, for each value of h such that 

n 1 


0 A < \R, to the limit zero, as n , uniformly for all values of 0 in the 
closed interval (0, 1). It is sufficient, but not necessary, that the expression 
should converge to zero, for each value of h such that 0&h<R, uniformly for 
all values of 0 in the closed interval (0, 1). 


In accordance with the theorem of § 147, it is necessary that — r /(") (a -|- h) 

7t • 


should converge to zero, as n ^ oo , uniformly for all values of (A, k) such 

14 
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that + where r is an arbitrarily chosen positive number 

< R. Writing h for h, and dh for h, we see that this condition includes the 

J^n 

condition that — j /<") (a + Oh) should converge to zero, for each value of h 

such that 0 S A < uniformly for all values of d in the closed interval 

( 0 , 1 ). 

To shew that the convergence for each value of h such that h < R 
is not necessary, let us consider the function f{x) = (1 — defined in the 

interval 0 ^ a: < 1. The Lagrangian form of the remainder is ’ 

this converges to zero only when a; < 1 — ^a:, hence, if a: > J it does not 
everywhere converge in the interval (0, 1) of 0, but if a; < ^ it converges 
uniformly with respect to 0 in the interval (0, 1). This shews that the 
condition that the remainder shall converge for every value of h that is 

< jB is not always satisfied when the Taylor’s series converges in the 
interval 0^ h < R. 

150. It was remarked by Cauchy’*' that the scries S (®) I’© 

Tb 1 

convergent in an interval, and yet that its sum need not be / (a + h). This 
happens whenever the remainder in Taylor’s theorem, which is defined 
as the difference between f {a + h) and the sum of the first n terms of the 
series, converges, for each value of x, to a limit which is different from 
zero, as n is indefinitely increased. 

1 

Let the function/ (x) be defined by/ {x) = e ®*, for x^ > 0, and/ (0) = 0 ; 

it can easily be shewn that this function and all its differential coefficients 

exist, and are zero at the point a; = 0 ; and that for x^ > 0, the remainder in 

1 1 

the Taylor’s series has for its limit e ®*. If now <f> {x) — e’^ + e {x^ > 0), 

^ (0) = 1, and the series E -y ^<”>(0) in the neighbourhood of the point 

aj = 0 be formed, then the series converges, not to the value <f> (h), but to 
the value e*. 

EXAMPLES 

(1) Let/(a:) = (1 + then, in a neighbourhood of the point a: - 0, we have 


f{x) - 1 + px + 


P ( P- + ... + P^P^A\:^JP - + 2) 


(n-l)l 


+ R„, 


where R„ can be expressed in Lagrange’s form by 

p{p- 1 ) ... (p- n + 1) 


or in Cauchy’s form by 


nl (1 + 

P(p- 1) ... (p - » + 1) (1 


(n - 1)! 


(1 + 


* CaletU Diff. p. 103; see also P. Du Bois-Reymond, Math. AnneUen, vol. xxi (1883), p. 114. 
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Using Cauchy’s form, we see that 


Rn 


p(p- 1) .j^p - n + 1) „ 

“(w-ll! 


provided n> p. If | a: | < 1 , the expression 

P ^P-~Ih- (P „ 

■ (n - 1)! 

continually (Uminishes as n is increased: for, denoting it by we find 

< 1 - 




p - n 

— X 

n 


where 6 is a fixed positive number < 1 - | a; | , provided n be sufficiently great, and it follows 
that the limit of is zero; and thus MmR^— 0. The series therefore converges for all 
values of x such that I a; I < 1 . 


To find the limit of 


p{p - 1) ... {p -n^± l) 
n ! 


when n is indefinitely increased, suppose 


first that p + 1 is negative, say - k. We may write the expression in the form 

and this is > 1 + ^' + 2 + ••• + -^; thus the limit is indefinitely great. Next suppose 

that p + I is positive. Then the expression may be written in the form 


p(p - 1)^.. (p - X + 2) 
(X-1)! 




where X is the integer next greater than p + 1 ; this is less than 
p (p - X + 2) I 

■ ■ (X - 1)1' 




or than 


p(p - 1 ) • •• ^ +_ 2 ) 

(X - 1)! 


1 




hence the limit, when n is indefinitely increased, is zero. If p = - 1, the limit is unity. 

If a: ™ 1, Lagrange’s form of the remainder shews that the series converges if p > - 1. 
The series diverges if p < - I, because the general term of the series increases indefinitely 
with n. The series oscillates if p = - 1 . 

If .r = - 1, Cauchy’s form of the remainder shews that if - 1 > - 1, or^ > 0, the series 
is convergent. It is divergent if p < 0, for the sum of n terms of the series is 

nu-i (i? - 2) ... (p - n-h 1) 

^ ^ (n- 1)! 

uo lY a'p 

(2) Let* fix) - 2 where a >1. For this function 

^ r\ a + x^ 

/(O) = e-«, (0) = 0, /(^) (0) = (- l)*-(2fc)! 

thus the series fovf(x) is 

2 (- !)*■ e 
0 

which is everywhere convergent. 

The sum of the series, for a: = 0, is / (0), but in every neighbourhood of a: = 0, the sum of 
the series and the value of / (x) are different except at most at a finite number of points. 

* Pringsheim, Miinchener Sitzungsber,, 1892, p. 222. 
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00 J d^T 

(3) Let /(a?)= 2 where a> 1. For this function, the Maclaurin’s series 

y =» 0 r ! a + 3/ ® 

is 2 ( - 1)*^ which diverges for every value of x except x ~ 0. 

00 /_ IV* 1 

(4) Let* fix)— 2 ' — , where a> 1. This function is continuous on the 

' 0 w! 1 + 

right of the point x = 0, and has derivatives on the right of all orders at that point; the 
Maclaurin’s series 2 (~ 1)” ( - j ,x*^ thus obtained, converges for all positive values of x, 
but does not represent the function / (x). 

00 1 I 

(5) Let fix) = '2 -- • — , where a > 1. For this function the Maclaurin’s series does 

0 71 ! 1 4 - a^x 

not converge in any neighbourhood of the point a: = 0. 


MAXIMA AND MINIMA OF A FUNCTION OF ONE VARIABLE 

151. It has been shewn, in i, § 268, to be a necessary condition that a 
function / (x) may have an extreme at the point x = 0, that the differential 
coefficient at that point should be zero, provided the function be such that 
a differential coefficient at a; = 0 exists. Let us assume the function to be 
such that the first n differential coefficients f (x), f' (x), ... f^^^x) all 
exist and are continuous, at every point x such that — S < x < S. Let us 
further assume that f (0), /" (0), are all zero, and thus that 

(0) is that differential coefficient of lowest order which does not vanish 
at a; = 0. 

We have then /(«) — /(O) = —:f^”^{0x); where O<0< 1, and x is 

such that — 8 < a: < S. Since /<”> (x) is continuous at a: = 0, a neighbour- 
hood (— S', S') of that point, interior to (— 8, 8), can be so determined that 
/<")(^a:) has the same sign as /<”>(0), provided — 8' ^ x & 8'. If w be odd, 
the sign off{x) — /(O), in the interval (— S', 8'), depends upon that of a;; 
and therefore / (a:) has neither a maximum nor a minimum at the point 
a; = 0. If w be even, the sign of f (x) — / (0) is the same as that of /<”> (0), in 
the whole interval (— 8', 8'), and therefore f (x) has a maximum or mini- 
mum at a; = 0, according as /<") (0) is negative or positive. The following 
theorem for determining whether a maximum, or a minimum, exists at a 
point at which the differential coefficient of a function / (a:) vanishes has 
therefore been established : 

If the first n differential coefficients of a function f (x) all exist, and are 
contimums at all interior points of the interval (— 8, 8); and if fi^^{x) be 
the differential coefficient of lowest order which does not vanish at the point 
x = 0, then {!), if n be odd, there is neither a maximum nor a minimum of the 
function f {x) at the point a: = 0; and (2), if n be even, the point x — 0 is a 
maximum or a minimum off {x), according as /<”' (0) is negalive or positive. 

♦ Pringsheim, Math. Annalen, vol. xm (1893), p. 161, and vol. xuv (1894), p. 54. 
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It is unnecessary for the application of the criterion given in this 
theorem that / («) be capable of representation in a neighbourhood of the 
point a; = 0 by a convergent power-series. There exist fimctions with 
- differential coefficients of all orders, which all vanish at the point a; = 0. 

EXAMPLES 

_ 1 

(1) * Let /(*) = »*- e ■**, and /(O) = 0. In this case /'(O) = 0, /"(O) = 2; and f'(x), 
/" (x) are continuous in any neighbourhood of a: = 0. The theorem establishes that / {x) has 
a minimum at a: = 0, although / (a:) cannot be represented by a power-series in any neigh- 
bourhood of the point. 

(2) * The function defined by f (x) — e / (0) = 0, has a minimum at a: = 0; and 
yet the theorem is not applicable, because the differential coefficients of all orders vanish 
at ar = 0. 

_ 1 

(3) * The function defined by f{x) = xe /(O) •= 0, has neither a maximum nor a 
minimum at a; = 0. As in (2), the above theorem is in this case inapplicable. 


Taylor’s theorem for functions of two variables 

152. Let us assume a function / (», y) to be defined for all values 
of X, y in the domain defined by a — 8Sa:^a-|-8, 6 — 8'SyS6-t-S'. 
Under proper conditions as to the existence and continuity of the partial 
differential coefficients of / {x, y), of a finite number n of orders, it is 
possible to obtain an expression for / (a -|- h, b + k) — f {a, b) consisting 
of terms involving the first n powers of h and k, together with a remainder 
analogous to the remainder in Taylor’s theorem, such expression being 
valid for values of h, k, such that | ^ | < 8, | ^ | < 8'. It is however, for 
the present purpose, unnecessary to consider the least stringent set of 
conditions relating to the partial differential coefficients of the various 
orders, which are sufficient to allow the extension of Taylor’s theorem to 
the case of a function of two variables. It will here be assumed that, for 
all values of x and y such that a — h<x<a + h,h — h'<y<b + h', the 
partial differential coefficients of / {x, y) of the first n orders all exist, and 
are finite; and further, that they are all continuous, for this range of 
values of x and y, with respect to (x, y). In accordance with the theorem of 
I, § 314, the order of differentiation, in each of the mixed partial differential 
coefficients, is in this case immaterial. 

Taking values of h, and k which are numerically less than 8, 8' 
respectively, let / {a + th, b + tk) be denoted by F {t), the variable t having 
the domain (— 1, + 1). The conditions contained in the last theorem of 
I, § 309 being in this case satisfied, the differential coefficient F' (t) of F {t) 

♦ These examples are given by Scheeffer, Math, Annalen, voL xxxv (1890), p. 642. 
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( d d \ 

^ dy) ^ where x = a + th, y = b + tk. 

Similarly, it is seen that all the differential coefficients 

F" (<), F'" (t ), ... FM{t) 

exist, and are continuous ; and that 

In accordance with the theorem of § 142, we have 

F it) - F (0) -h tF' (0) + i?’" (0) + . . . + (0) + F^^net), 

where 0 is a number such that 0 < 0 < 1. 

Since this holds for < 1, we see that 


f{a + h,b + k)=^fia,b) + (h^^ + k-^^"jf(a, 6 ) + ») + ••• 


... + 


1 


(w-1)! 


(h 


da^ db) 






This is an extension of Taylor’s theorem to the case of a function of 
two variables. It has been established for all values of h, k such that 
( ^ ( < 8, I I: I < 8', on the hypothesis that / {x, y) and all its partial 
differential coefficients exist for all values of x and y such that 


a — 8<a;<a4-8, b — h' <y <b h', 

and that they are all continuous with respect to the two-dimensional 
continuum (x, y). 


MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES 

153. Necessary and sufficient conditions have been stated, in the 
theorem of i, § 321, that the point (0, 0) may be a point at which a function 
/ («, y) has a maximum, or a minimum. The general theory of maxima 
and minima of functions of two variables has been discussed by Scheeffer’*', 
Dantscherf, and StolzJ, the last of whom has extended Scheeffer’s method 
to the case of functions of any number of variables. The account which will 
here be given of the general theory is based upon the investigations of 
Scheeffer, as modified by Stolz. 

Let the function / {x, y) be such that either / (x, y) — f (0, 0) is repre- 
sentable in a neighbourhood of the point (0, 0) by a convergent series 

♦ M(Uh, Annalen, vol. xxxv (1890), p. 541. f Ibid, voL xlh (1893), p. 89. 

X Sitzurigaber, of the Vienna Academy , vols. xcix (lla), o(lla); also Orundzilge,voh i, p. 211. An 
account of the various theories is given in Hancock’s treatise, Theory of Maxima and Minima, 
Boston. 
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consisting of powers of x and y, or else that it is such that the theorem 
of § 152 is applicable, so that 

/ (»> y)-f (0, 0) = (x, y) + Rn+i [x, y), 

where 0„ {x, y) consists of terhas of dimensions not higher than n, in x 
and y, and i2„+j («, y) is either a convergent series of which the terms of 
lowest dimension are of the order n + 1, or has the form of the remainder 
given in § 152, consisting of terms of dimension w + 1 in dx, By, where 

0 <6 < 1 ; and in the latter case it will be assumed that the differential 
coefficients in that remainder are boimded in the whole domain. It will be 
shewn that, under a certain condition, the problem of determining whether 
the point (0, 0) is a point at which / (x, y) has a maximum or a minimum 
is reducible to the solution of the corresponding problem relating to the 
rational integral function G„ (x, y). The following general theorem will 
be established : 

The function f (x, y) having in the neighbourhood of (0, 0) the character 
above described, if an index n, and two positive numbers c, 8 can be so 
determined that (1), for all values of x such that 0 < | x ( < 8, the upper and 
lower boundaries of 0„ (x, y), for a constant value of x, and for all values of y 
in the interval ( — x, x), are in absolute value not less than c | x |"; and (2), that, 
i/ 0 < I f/ 1 < 8, the upper and lower boundaries of 0„ (x, y), for a constant 
value of y, and for all values of x in the interval \ — y,y), are in absolute value 
not less than c\ y |"; then the two functions f {x, y), G„ (x, y) have both either 
a proper maximum, or both a proper minimum, or both neither a maximum 
nor a minimum, at the point (0, 0). 

To prove this theorem, we first observe that B„+i (x, y) can be regarded 
as a homogeneous function of x and y of degree n + 1, in which the 
coefficients depend upon x and y. By giving each of the coefficients its 
greatest possible value, for | x | < 8, [ ^ | < 8, we see that 

i {x, y)\<Aa\x H 1 a; 1" | y | + ... + A„+i [ y l~+»; 
where A^, A^, ... A„_^i are positive numbers. 

If now I 1 $ I X I , we have 

I R«iiix, y) I < (A V Ai + ... -h ^„+a) | x j | x|»; 
hence we see that a number 8' < 8 can be so chosen that 

I Rn+i {x,y)\<e\x |«, 

where e is an arbitrarily chosen positive number, provided | x | < 8', 

1 ^ I ^ I X I . In a similar manner we can shew that 8' can be so chosen that 
I Rn+i {x,y)\<€\y I", provided | x | £ j y |, and | y | < 8'. 

Let now the upper and the lower boundaries of Gn {x, y), for a constant 
value of X, and for all values of y such that | y | S | x |, be denoted by 
G„ (x, ^(x)), G„ (x, (x)) respectively. Also let the upper and the lower 
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boundaries of 0^ {x, y), for a constant value of y, and for all values of x 
such that I a: I S I y I , be denoted by On iy), y)> 0„ (■^ (y), y) respectively. 
We have then, provided | a: | < S', and | y | ^ | a; |, 

0„ {x, 0 (a;)) - c I a: !"</(», y) -/(O, 0) < 0„ {x, ^ (a:)) + e\x [«; 
also, provided ( y | < S', | a; | .4 | y |, we have 

{f iy), y) - e\y\” <fix,y) -f (0, 0) < G„ (y), y) + € [ y |«. 

First, let us assume that (0, 0) is a proper minimum of G„ {x, y), and 
that the conditions of the theorem are satisfied. By the theorem of i, § 321, 
On {x, <f> («)), 0„ (y), y) are both positive, for sufficiently small values of 

X and y ; we may suppose S' to be so small that these conditions are satisfied, 
provided | a: | < S', ] y ] < S'. 

We have then On (x, 0 (a;)) S c | a; |", if 0 < | a; | < S', | y | 4 | a: | ; and 
fi'n if iy), y) = c I y I", if 0 < y < S', I a; I 4 I y |. 

It now follows that 

(c - €) I a; |» <fix, y) -/(O, 0), for 0 < | a; | < S', | y | 4 j a: |, 
and that 

(c - €) I y I” <fix, y) -/(O, 0), for 0 < | y | < S', | a: | 4 | y |. 

Since € can be chosen so as to be less than c, we see that/ (a;, y) — / (0, 0) 
is positive for all values of x and y such that 0 < | a? ] < S', 0 < | y | < S', 
and therefore / (0, 0) is a proper minimum of / {x, y). 

Next, let us assume that On (0, 0) is a proper maximum of (?„ {x, y ) ; 
then On (ar, 0 {x)), On if iy), y) are both negative, for sufficiently small 
values of x and y. We therefore assume that 

G„ ix, 0 (a;)) 4 — c I a; I", for 0 < | a: | < S', and | y | 4 | a: | : 

and that G„ if iy), y) 4 - c | y |”, for 0 < | y | < S', | a; | 4 | y |. 

We have then / (x, y) — / (0, 0) < — (c - c) | x |", for 0 < | x | < S', 
and I y 1 4 I X I ; and also / (x, y) — /(0, 0) < — (c — e) | y |", for 0 < | y | < S', 

I X I 4 I y |. Since e may be taken to be < r, it follows that / (0, 0) is a 
proper maximum of / (x, y). 

Lastly, let us assume that (0, 0) is neither a maximum nor a minimum 
of On ix, y). In this case we may, for example, assume that 

G„ ix, 0 (x)) S cx”, 0„ (x, 0 (x)) 4 — cx", for 0 < x < S. 

We have then, / (x, 0 (x)) — / (0, 0) > (c — e) x”, 

and / (x, 0 (x)) - / (0, 0) < - (c - c) x«, 

provided 0 < x < S'. Since € may be taken to be less than c, these two 
differences are of opposite signs; therefore / (0, 0) is neither a maximum 
nor a minimum of / (x, y). 
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It should be observed that this theorem does not always suffice to 
decide whether the point (0, 0) is a point at which / (a;, y) has an extreme 
value, or not. For it may happen that, for a given function / {x, y) of the 
assumed type, no value of n can be determined, for which the conditions 
stated in the theorem hold, and therefore the theorem is inapplicable 
however great n may be taken. 

If / {x, y) = [u {x, y)Y, where u {x, y) vanishes at points of a locus which 
passes through the point (0, 0), then the function / (a:, y) is one for which 
the theorem is inapplicable ; the point (0, 0) is in this case a point at which 
/ {x, y) has an improper minimum. 

In general the theorem is inapplicable in the case of any function which 
attains the value zero, at points other than (0, 0), in every neighbourhood 
of that point, but which has one and the same sign at all points at which 
it does not vanish. 

154. The simplest case in which the theorem of § 153 can be applied is 
that in which the fimction On {x, y) is a homogeneous function of degree n . 
For such a function On (x, y), three cases arise. 

(1) li On (x, y) be a definite form, i.e. if On (x, y) has one and the same 
sign for all values of {x, y) except (0, 0), then On (0, 0) is a proper minimum, 
•or a proper maximum, according as that sign is positive or negative. 

(2) If On [x, y) be an indefinite form, i.e. if there are points in every 
neighbourhood of (0, 0) at which (?„ {x, y) is positive, and others, at which 
it is negative, there are other points besides (0, 0) at which the function 
vanishes, and there is no extreme of the function 6r„ (x, y) at the point (0, 0). 

(3) If On {x, y) be semi-definite, i.e. if 6r„ {x, y) vanishes at points other 
than (0, 0), but has a fixed sign at all points at which it does not vanish, 
then On (0, 0) is an improper extreme of On (x, y). 

It should be observed that, if n be odd, 0„ {x, y) is necessarily an 
indefinite form . 

It will be shewn that, when Cr„ (a;, y) is definite or indefinite, it satisfies 
the conditions stated in the theorem of § 153; accordingly f {x, y) has a 
proper maximum or else a proper minimum, when (?„ {x, y) is a definite 
form; and / (», y) has no extreme when 0„ {x, y) is an indefinite form. 

When On (x, y) is a semi-definite form, no conclusion can be drawn as 
to the existence of an extreme of the function / (a;, y), as the conditions 
contained in the theorem of § 153 are not satisfied. 

If On {x, y) be definite, it is of the form 

(«. y) = A Yl{{y - y^xf + S,®a:®}, 

r»l 
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where n — 2k. Let us assume that A is positive ; then 

On (x, y)^ A h 8,2, a;«, 

r-l 

for all values of x and y \ it follows that the first condition of the theorem is 
satisfied. 


The case in which A is negative may be treated in a similar manner. 


Again 

(y - Yr«>f + 


(x^/y, 


.2 + 8 2 


_ 

8,2, 




+ 8,2 


r > 


8,2 


y ,2 + 8,2 




hence | (t (y), y) 1 > | (y), y) [ S | A | ft 

1 yr + Or 

and therefore the second condition of the theorem is satisfied. 


Next let 0„ (x, y) be an indefinite form ; in which case G„ {x, y) has 
neither a maximum nor a minimum at (0, 0). Let (x', y') be a point at 
which On (x', y') > 0; and first suppose that | y' | S | a:' |, so that | a;' | > 0. 

Let X, y be such that yjx — y'jx', and let x, x' have the same sign ; we 
have On {x, y) > 0, and it follows that 

(*, * (a;)) S I a: I" > 0. 

Next suppose that | a:' | S | y' | , so that | y' | > 0; we then shew in the same 
manner that 

where y has the same sign as y'. 

Since there are also values of {x', y') such that {x', y') < 0, we can 
shew as before that 

G^„(a:,<6(a;)).^^y|>|p|a:|«<0, 

where x and x' have the same sign, and that 

\y\’ <0. 

where y has the same sign as y'. It has thus been established that, when 
On {x, y) is an indefinite form, the conditions of the theorem of § 1 53 are 
satisfied. 


The following general result has now been obtained : 

Iff y) -/(O, 0) be of the form On {x, y) + i2„+i (x, y), where On {x, y) 
is a homogeneous function of degree n, then, if n be odd, f (0, 0) is not an 
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extreme of f {x, y). If n be even, and {x, y) be an indefinite form, f (0, 0) 
is not an extreme of f{x, y). If {x, y) be a definite form, f {0, 0) is a 
proper minimum, or a proper maximum, of f{x, y), axxording as On {x, y) 
is positive or negative. If On {x, y) be a semi-definite form, no conclusion can 
be drawn from the consideration of On {x, y) by itself, as to the existence or 
non-existence of an extreme of f (x, y) at the point (0, 0). 


156. When those terms in the expansion of / {x, y) in powers of x and y, 
which are of the lowest degree, give a semi-definite form, it is necessary to 
take a value of n greater than this lowest degree; we have therefore to 
consider the case in which On (x, y) is not homogeneous. We have then, in 
order to apply the theorem of i, § 321, to 0„ {x, y), to determine the four 
functions 0„ (x, ^ (a:)), (x, {x)). On (y), y), On {± (y), y). The values 

y — <f (x), y — (x), may be either in the interior, or at the ends of the 

interval (—a:, a;). In the former case they must be such as to satisfy the 
dCr (cc tJ^ 

condition 0; in the latter case they will in general not satisfy 

this condition, although they may do so. The method of procedure, by 
which 0„ (x, ^ (a;)), 0„ {x, ^ (x)) may be obtained, is to determine the various 

solutions of the equation — ~ which y is expressed as a series 

of fractional or integral powers of a:; only such values of y need be con- 
sidered as vanish for .r =- 0. 


Let y = (x), y = (x), ... y = Pr{x) denote these series; we then 

form the expressions 0„ (x, — x). On {x, x). On {x. Pi (x)), ... 0„ (x, P, (a;)). 


It is certain that the two expressions 0„ (x, (x)), 0„ {x, <l> (x)) must 

both occur amongst these r + 2 expressions, and a comparison of the 
leading terms of these expressions will enable us to identify the two ex- 
pressions required. If the indices of the leading terms in On (x, ^(x)). 
On (x, <l> (x)), are not greater than n, the first condition of the general 


theorem is satisfied. A similar method, in which the equation 


dOn{x,y) 

dx 


= 0 


is employed, will lead to the determination of (y), y), On (yjr (y), y). 


The details of the investigation have been fully carried out by Scheeffer, 
who employs the somewhat more symmetrical, but practically less simple, 
method, in which x and y are expressed as series involving a single 
parameter. 


When, for any value of n, the result of this process is that Cr„ {x, y) is 
such that the conditions contained in the theorem of § 163 are not satisfied, 
a larger value of n in which more terms of / {x, y) are included in (?„ {x, y) 
must be taken, and the process repeated until a definite result is obtained. 
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EXAMPLES 

(1) Let /(a?, y) - /(O, 0) = ax^ + 2hxy + (a?, y). The form ax^ + 2hxy + hy^ 

is definite H ah - is positive; in this case /(O, 0) is a proper minimum or a proper 
maximum of / (a;, y), according as a is positive or negative. If ab - is negative, then 
•ax^ -f 2hxy + hy^ is an indefinite form, and in that case / (0, 0) is not an extreme of / (x, y). 
If ah - — 0, the form ax^ + 2hxy + hy^ is semi-definite, and no conclusion can be drawn as 

to the existence of an extreme of / (a:, y). It wiU be necessary in the last case to consider 
terms of order higher than 2 as included in (x, y). By taking n = 3, 4, ... a function 

y) may be determinable which satisfies the conditions of the theorem of § 153. 

(2) * Let / (x, y) ~ ay^ + 2hx^y + (a;, y), where a is positive; in this case we have 

= 2 {ay + bx^), 

and this vanishes ior y - - - a;®. We have 

a 


(x, - x) = ax^ - 2hx^ + (a:, a;) = ax^ + 26a;* + ca;^, 

and G^ (x, - -x^ = x^. 

It follows that G^ (a;, ~ x) or G^ (a;, a;) is the value of G^(Xy ^ (a;)), and that G^ ^a;, - ^a;*^ 

is that of G^ (x, (jy (a;)). If ac - 6* be negative, the two expressions G^ (x, </> (a;)), G^ {x, (fy (a;)) 
have opposite signs; therefore / (0, 0) is not an extreme of /(a?, y). If ac - 6* bo positive, 
the two expressions are both positive, and the first condition of the general theorem is 
satisfied, since the indices of x in the leading terms are not greater than 4. 

We find that = 0 has for roots a;= ± a/ - — , and a; = 0; we thus form the 
ox V c 


expressions 


^4 y ) = ^4 (± y > y ) ^ + 26?/* + a /. 


It is unnecessary to consider the roots x = ± because, for sufficiently small 

values of y, | a; | > | y | , and thus these roots could not give the extremes for | a: | [ y | . 

Remembering that a and c are both positive, let 6 > 0, then the value of 6/4 (\/r (y), y) is 
«y* + 26y* -f- cy^, and that of G^(\l/^(y), y) is ay*; these values being both positive, wo see 
that (?4 (0, 0) is a proper minimum of G^ (x, y). The same conclusion may be made when 
6^0. Therefore, when oc - 6* > 0, a > 0, since the conditions of the theorem of § 1 53 are 
satisfied, / (a;, y) has a proper minimum at (0, 0). If ac - 6* > 0, a < 0, there is a proper 
maximum. If ac - 6* ~ 0, we have 

/ (*, i/)^\ {ay + + Ri (*. y); 


hence (*, y) has an improper extreme at (0, 0), and no conclusion can be drawn as 
regards /(*, y). 

BG 

(3)t Let /(a;, y) — y^ + x^y + R^ (x, y). We find = 2y + a;*, and thence we have 

G^(x, - \x^) =: - Ix/^i 

also ©3 (a;, a;) = a;* + a;*, G^, (a;, - a;) = a;* - a;*. 

It is clear that, in this case, G^ (a;, 0 (a;)), G^(x^ have opposite signs, provided 

XU be sufficiently small, therefore G (x, y) has no extreme at the point (0, 0). Since 

Osix,^Jx))^ - Ja^, 

♦ See Stolz, OruTidzUge, vol. i, p. 234. 


t Scheeffer, loc, cit p. 573. 
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it is not the case that | (a?, {x)) | > c | a; for any value of c, in a neighbourhood of a; = 0; 

the theorem of § 153 is therefore not applicable. No information is obtained as to whether 
/ (a?, y) has an extreme at (0, 0), or not. It will in fact be shewn, in the next example,, 
that + x^y + has a minimum at (0, 0). 

dG 

(4) Let / (a:, y) ™ + x^y + a:^ + (a?, y). We find ~~ = 2y x^, hence 

^^4 A • 12 

^ = 0 gives y=- \x^; 

hence {x, - \x^) - Ja:^ + ...; 

also (x, x) = x^ + x^ + G^ (a:, -* a:) = a;^ - a:® + a:^. 

In this case Gj^ (a;, (a;)), G^^ (a;, 0 (a:)) are both positive, and are greater than c | a; for a 

fixed c. It can be shewn that the other condition is also satisfied. It follows that / (a:, y) 
has a minimum at (0, 0). 

(5) Let /(a;, y) — x^y^ - 3ar^y^ + x^y^ - 3a;y’ + y® - lOx^^y + 5a:^‘^ + (a;, y). 

3G 

In this case ^ = 0 has the three roots 

dy 

y = 5x^ -h y - - Ix^ - ^x^ + ..., y - 2 x^ + + .... 

On substituting these values in G 12 (x, y)» and forming also G^^ (x* x)y G 12 (x, ~ x), we 
find that G 12 (^9 ~ ^ (^)) is G (x, - x) or G (x, a;), according as x is positive or negative; and 
the expression commences with the term a;®. Wo find for Gyj, (a:, cj) (x)) an expression 
- 4a:^® + .... Since G 12 (x, ^ (x)), have opposite signs, it follows that (0, 0) 

is not a point at which G ^2 y) extreme. Since the indices of the leading terms of 

^12 (^> ^ (^))» ^12 (^> ^ (^)) i®®® than 12, the condition of the theorem of § 153 is 

satisfied, and we can therefore infer that /(a;, y) has no extreme at (0, 0). 


THE LIMITS OF A SERIES INVOLVING A PARAMETER 

156. A generalization of the theorems of Abel and Tauber relating to the 
convergence or oscillation of a power-series at the boundaries of its domain 
of convergence can be obtained by the consideration of series of the form 

^i<f> (0 + (20 + ... + a^(i> {nt) + ..., 

where <f> {t) converges to 1, as ^ 0. The following theorem will be estab- 

lished : 

+ 02 I- ... + a„ -t- ... is a numerical series which oscillates between 
finite limits, and the series ai<f) {t) + a^^ {2t) + ... + {nt) + ... con- 
verges, for each positive value of t, to a sum S {t), then the upper and lower 
limits of 8 {t) as < ~ 0, are finite if <f> {t) satisfies the conditions that, 
(1), (f> {t) converges to 1, as i ~ 0, and to 0, as i ~ oo , (2), <f>' (t) exists for all 
positive values of t as a finite number, and is absolutely summable in the 
indefinite interval (0, ao ). In caae a^ + Oj + ... converges to a definite sum s, 

QO 

lim r, a„<f> (nt) = s. If <f> (t) steadily diminishes as t increases from zero 

t~e n-l 

indefinitely, the condition (2) may be omitted. 
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The condition of convergence of Yt («^)» for < > 0, is satisfied 

n-1 

in particular if <f> (t) is bounded for all values of < greater than 
some positive number c, where k is some number > 0. For, since S a„ 

n-1 

00 

is bounded, a„ is bounded, and S a„ ^ (ni) has each term a„ <f> (nt) 

numerically less than a fixed multiple of where, for a fixed 

00 

value oi t, nt > c] and thus, for each value of t, 2 an(f> (nt) is absolutely 

n-1 

convergent. 

GO 

The partial sum of the series S a„ may be expressed by 

n « 1 

J (J + «) -f ^ (s — s) + €„ , 

where is in the interval (— 1, 1), s and s are the upper and lower sums 

OO 

of 2 a„ , and €„ is a number such that | e„ | < 8, provided n is not less 

n« 1 

than an integer m, dependent on the arbitrarily chosen positive number S. 
00 

Since S {t) — 2 (s„ — «„_j) <f> (nt), and s„(f> (nt) converges to 0, as 

n-1 

« ~ 00 , since s„ is bounded, 8 (t) can be expressed by 

2 s„ {<f> (nt) - <l>{n+ U)} 

n-1 

or by lis -r§)(f> (<) + 2 [| (s - s) 4- e„] (nt) - ^ (n + i«)}. 

n-1 

00 m OO 

The sum 2 may be divided into two parts 2 , 2 , where | e„ | < 8, 

n-1 n-1 n-m-f 1 

for n^m. The first part of the sum converges to 0, as < ~ 0, since each 

m 

term converges to 0, and the number of terms is fixed. Thus | 2 !<■>/, 

n-1 

provided < is < a number r, dependent on the arbitrarily chosen number tj. 

00 

The sum 2 may be written as 

n-m + l 

00 r{n-\-l)t 

- 2 + <f>'(t)dt, 

n-m+l J nt 

and this lies between the two numbers 


±i4(j-5)+8]ri f (t)\dt 
Jo 

* 

which, by condition (2), are definite. Since 8 is arbitrary, it now follows 
that 8 (<) has its upper and lower limits, for < ^ 0, in the interval defined by 
the two numbers 

i (s + S) ± i (« - s) f \<l>' (t)\ dt, 

J 0 

which establishes the theorem. 
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It will be observed that, in case tj> (t) steadily diminishes as t increases 
from 0 indefinitely, the sum 

s [i (-s - s) e„ + €„] {<!> (nt) - i> (»rr [<)] 

n-m + l 

lies between the two numbers ±[^{s — §) + 8] (f> {m + If), which converge 
to the numbers ± J (« — s), as f ~ 0, 8 ^ 0. In this case the limits of S (f) 
lie in the interval (s, s). 

An important example of the above theorem is the case in which 
<f>{t) - e'K This function diminishes steadily as t increases indefinitely 
from the value 0, and the series Sa„e~* is convergent when 2a„ is bounded. 
It follows that the limits of the sum of the series ajer' + + ..., 

as f ~ 0, are in the interval bounded by the upper and lower sums of 
+ fl2 + • • • • 

Now let e~‘ — r, and we obtain the following extension of Abel’s 
theorem, already proved in § 127 : 

If the series + «! I- + ... is bounded', then a^r + + ..., 

which is convergent for )• < 1, has a sum s (r), such that the upper and lower 
limits of s (r), as r 1, are in the interval bounded by the lower and upper 
sums of „ . 

A precisely similar theorem is obtained in the case ^ (f) = e“‘*, for 

the scries S 

-- 1 


157. Another important example of the theorem of § 156 is the case 
in which 


^{t) 


sin t\- 


t 


it) 


sin 2< 
f2 


2 sin'* t 


In this case {t) 1, | t^<f>' (t) | < 3, for all values of t; also <f>' (<) 

converges to 0 as f ~ 0. 

The theorem is immediately applicable to shew that, when the series 
«o + I" ••• oscillates between finite limits, the limit, as f ~ 0, of the 
sum S {t) of the convergent series 







sin nt\^ 


is such that S (f), S (t) are both finite. 


In order to estimate the interval in which lim S (#) lies, in terms of the 
upper and lower sums of Sla„, it is convenient to consider the series 


CO 


S [J (s — s) 

Wl + l 



sin n + 1 1\^\ 
n + It / ) 


independently of the investigation in the general theorem ; m being such 
that I 6„ I < 8, for w S m . 
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Assuming that t is so small that mt < rr, let s be the greatest integer 
such that st<rt\ and thus < ttS (s + 1) If we divide the above 

S-1 CO 

summation into two parts, S and Z , it is seen that in the first part 

m+l « 


all the expressions 


sin nt\^ /sin n+ 1 fx* 


- . aind j. . 
:r-j are positive, since dimin- 


ishes steadily as d increases from 0 to tt. Therefore the sum 
/- V /I , f/sin»i>2 /sin (?!+ l/)\2) 

zji (. - .) + .j {(— j - j 

lies between ± [|(« - «) + 8] | } • 


nt / \ n + It 

sin mt\^ /sin 


As < ~ 0, these numbers converge to i [2 (^ — *) + 8], since st con- 
verges to TT, because tt — st^ t. 

In the second part of the sum, ~ written 

in the form 

sin t sin {2n -f 1) < sin^ (n. + 1) f fl 1 [ 

\n^ {n 1)^1 ’ 


It now follows that 


^ [ J + ^nj 


lies between 


sin nP^ /sin % + 1 A 2 ' 
nt ) \ n + U ' . 


'1 « 1 1 * ( 1 1 

i: [i -§) + 8 ] s 4 + ^2 s -2 - /-4- 

^ [t a P 3 [n^ (re + 


my 


or between ± [i (« - «) + 8] + ^ 2 ^) ; 

and these numbers converge to 

I i), 

since st converges to re, as < ~ 0. 

It has now been shewn that the sum of the series 


1 1 \ 
^t sHV ’ 


1 1 


00 /, 

cLq + S ( 
«.= 1 


sin npy 

nt J 


has for its limits, as f 0, numbers which are in the interval bounded by 
the two numbers | (s s) d= J (s — s) f 1 -f — -4- . 

“ \ TT TT^/ 

By Du Bois Reymond* this interval was given by the numbers 
I (s ■+■ 5 ) ± I (5 — s) ( - + - -h — . 


♦ Abh. der hayerisch. Ahad, vol. xii (187G), p. 136. 
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A more exact estimate than that given above has led G. C. Young* 


to determine the numbers as J (s + s) ± | (5 — s) 



158. A more general theorem than that of § 157 may be obtained by 
considering the case in which the series S (i„, when summed by C^saro’s 

n- 0 

method ((7, r), oscillates boimdedly. The general theorem, which is similar 
to a theorem givenf by Fej^r for the case r =\, may be stated as follows : 

If + ai + ^3^2 + ... be a series which ^ when summed {C, r), where r is 
a positive integer^ oscillates boundedly, and (f> (t) be a function converging to 1, 
as t 0, and such that V'<f> {t) converges to 0, as t ^ ^ and is also such that 

% + (0 - I " (20 + ••• 

is convergent for every value of t, (> 0), having S {t) for its sum, then the upper 
and lower limits of S{t), as t ^ 0, are both finite if the conditions are satisfied 
that (1), (0 exists and is continuous for all values of t>0, and (2), 

that (t) is bounded for all values of t greater than 1, where k 

is some number > 0. In case is summable {C, r), the limit of S{t), as 
t ^ 0, exists, and is equal to the sum (G, r) of Hi a^, 

iSince S a^ oscillates finitely when summed {C, r), is bounded (see § 62) ; 

n' 

and the condition of convergence of the series {nt), for f > 0, is satisfied 
in particular if <f> (t) is bounded for all values of t>C>0, where 

A is some number > 0. Moreover, if a„ is bounded, it will be sufficient that 
<f> (t) is bounded for all values of t> C > 0. '^Phe partial sum C {n, r) 

of the series X is denoted by Cn\ or by ' (see § 47). 

,1-0 / nl rl 

Let ^ I (at*-) + e(^)) + 1 (G(^) - C(r)) e„ + e„, where - 1 0„ 1, 

and 1 e« 1 < S, provided n ^ m ; where denote the upper and lower 

limits of (7,1 , as w oo . 

Employing the expression (4), of § 48, the series ^ a„<f> (nt) may be 

written 2 (f> (nt) ~ ^ 2 ~ > where the series 

in the bracket contains r + 2 terms, or n + 1 terms according as r is 
< w. — 1 , or r 2 n.. 


The sum of % + 1 terms of the series (nt) differs from the sum of 

n-O 

n + 1 terms of the series 


2 S 


n = 0 


+ 




+ 2t) - ... + (- 1)’‘+^ ^ (n. + r + 1 t) 


...( 1 ) 


* Mesa, of Math, vol. xlix (1919-20), p. 73. 
t McUh. Annalen, vol. Lvm (1904), p. 62. 


H TI 


15 
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pT+l,«-r+l 

by an expression of the form 2 a^.Q^n-p {r*' + g.t), of which 

J>"0, 8-1 

the number of terms depends only on r. Each of these terms is less 
than a fixed multiple of (n — p)*" <f> {n + qt), or of {n + qY <f>{n + qt), which, 
for each value of t, converges to zero, as ~ oo . It follows that the series 
h a„<f> (nt) may be rearranged in the form (1), without affecting its con- 

n*0 

vergence, or its sum. Moreover the coefficient of Sn in the series (1) can 
be expressed by (X„), where is such that nt < < (n. -|- r + 1) 

The effect of substituting ^ (OW + for all the expressions i’o 
the series T, a„<f> (nt) is to reduce it to the form 


1 ((;W + Cjr)) 


2 <f> (nt) 
1*0 


{n + r ) ! 
r\n\ 


- (r + 1) 


(n -h r — 1) ! 


+ 


r! (71-1)! 

(r + 1) r (n -i- r — 2) ! 

2! rT(7?.~“2)r 


the numerical coefficient of (f> {nt) is the coefficient of x'' in 

(1 + a;)»+’- - (r + 1) (1 + (1 -h a;)”+^-2 - 

/ 1 

or in (1 -h »)"+’■ (1 — - '\x) ’ ^ and this is equal to 0, 

except that, when ti = 0, the coefficient is 1. Thus this part of the series 
reduces to J (C^-t- Q^^). 

We next consider the part \ (OW — + e„ , of Cn\ and take the 

summation from 7i = 0to7i = 7» — 1, where | | < 8, for n S m. The 

limit of this part, as f ~ 0, is zero, since each term converges to zero, and 
the number of terms is fixed. 


Next, we consider the series in which the n is taken from the value m 
to p, where p is an integer such that {p + r + \)tfi 1 < (p -f- r -f- 2) 
it being assumed that t is so small that (m -t- r -f- 1) < < 1. If p is the 
maximum of the continuous function ( {t) | within the interval (0, 1), 

this part of the sum lies between the two numbers 

± (CM - CW) -F 8 }pr+i”F 
or between the two numbers 


jLlp+l p)\ 


r\ 


P 




a,{ 


1 + H- ? (y -.i> + 

p + r {p + r){p + r— 1) 


■or between the two numbers 


± ip + r)-+ir+i . [| ((7W - CM) -t- SJ, 


that is between the numbers ± {G^’’^ — + 8]. 
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Lastly we have to consider the series 

S (CM - CM) + e„] ’ (- ir+v‘’-+^ (-»:„) 

n-i>+i niri 

The sum of this series lies between the two numbers 

* [J (5-'' - 0«) + 8] „ *'«. 

where | | < N, for / > 1. 

Thus the sum lies between the numbers 


J. [1 m(r) _ Q(r)\ ^ gl 2 . 


The sum L is less than S , if r < jp, which holds 

2 ’’ 

for all sufficiently small values of t; and this sum is less than 

It now follows that this part of the limit of the sum of the series to be 
estimated lies between the two numbers 

±[i(5W-GW) + 8]^' 

since converges to the value 1, as < ~ 0. 

It has now been shewn that the limits of the sum of the convergent 
series Uq + Ui<^ (0 + {2,t) + ... , as < ~ 0, are between two numbers 

I (0(^) + fif’-)) dz A. i (OW - GW), 


where A is a fixed number; since 8 is arbitrarily small. In case the series 
Sa„ is summable {O, r), the sum of the series Uq + (<) + ... converges 

to GW. 


A special case obtained by taking <f> {t) = e~*, and then writing Ji = e~* 
is the following, already obtained in § 128 (3). 

If the series + aji + + . . . is convergent, and have s {h) for 

sum, for 0 ^ h < 1, and the series Uq + Ui + O 2 + ... is summable {C, r), 
then the limit lim s (h) exists and is equal to the C4saro sum of order r of 

A~1 

the series Sa„ . If the sum (G, r) oscillate between finite limits, so also does 

lim s {h). 
h~i 

More general theorems of a similar kind have been obtained by 
C. N. Moore*, by Bromwichf , and by HardyJ . 


* Trans. Amer. Math. Soc, voL viii (1907), p. 299. 
t Math. Annalen, vol. lxv (1908), pp. 359, 362, 

J Proc, Lond. Math. Soc. (2), vol. iv (1906), p. 247, and (2), vol. vi (1907), p. 265; also Math. 
Annalen^ vol. Lxrv (1907), p. 77. 
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CHAPTER IV 


FUNCTIONS REPRESENTABLE BY SERIES OR SEQUENCES OF 

CONTINUOUS FUNCTIONS 

WEIERSTRASS’ THEOREM 

169. The general question will be here considered what conditions 
a function of one variable, or of several variables, defined in a given domain, 
must satisfy, in order that it can be represented, in that domain, as the 
limit of a sequence of continuous functions, and therefore as the sum of 
an infinite series of which the terms are continuous functions. 

Before proceeding to the general case we shall consider the special 
case of a continuous function of a single variable, the function being 
defined in a closed interval. 

The following fundamental theorem is due to Weierstrass* : 

If a function f (x) be continuous in a given closed interval (a, b), and if 
S be an arbitrarily chosen positive number, a finite polynomial P (x) can be 
so determined that \f{x) — P{x)\< 8, throughout the interval {a, b). 

In order to prove the theorem, it is convenient first to consider certain 
special cases. Let a function y be defined, for the interval (— a, a), by the 
specifications y = mx, for 0 S x a, and y — — mx, for — a ^ x £. 0; 
thus y is the continuous function which is represented geometrically by 
portions of straight lines which meet at the origin and are equally inclined 
to the a:-axis. 

The function is represented in the whole interval (— a, a), by 

r, ix^ 

y = ma 1 + I ^2 - 1 j , 

where the positive value of the radical is to be taken. This expression 
for y can be expanded by the Binomial Theorem in a series of powers of 

— 1 ; and this series converges uniformly in the whole interval (— a, a) 

of X. In this manner, by taking two, three, four, etc., terms of the series, 
we obtain a sequence of polynomials which converges vmiformly, in the 
interval, to the value of the function. Thus a particular case of the theorem 
has been established. 

Next, let the function y be defined, for the interval (a, 6), as follows : 

Let y = 0, for a^xS. c\ and y = m {x — c), for c ^ x &b\ where c 
is a fixed number between a and 6. This function is represented geo- 
nAtrically by the portion of the aj-axis between the pomts a and c, and by 
the portion of the straight line y = m {x — c), between c and 6. The function 

* See the SitswngiiberichU of the Berlin Academy (1885), pp. 633 and 789; also Werke, vol. in, 

p.l. 
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may be represented by y = (« — c) + | (a; — c) | ; and since, as has 

been shewn in the last case, \ ^ {x — c)\ is representable as the limit of 
a sequence of polynomials converging uniformly, the same is true of the 
fimction now considered. 

Next, let (a, b) be divided into a finite set of intervals 
(a, (ajj, ajj), (a?.^, x^), ... (x„_i, b), 

and let ordinates to the a:-axis be erected at the points a, x^, x.^, ... b, 
the extremities of these ordinates being denoted by 

Pi) ^2) ••• P «- IJ Q' 

Let the consecutive pairs of these points be joined by straight lines, 
an open polygon Py Pi y P 29 • • • Q being thus formed. It will be shewn that 
the continuous polygonal function (f> (x), defined by the ordinates of this 
polygon, is such that a polynomial P (x) can be determined so that 

\ <f> (x) - P {x)\ < tj, 

for every value of x, in (a, b ) ; where -q is an arbitrarily chosen positive 
number. It is clear that 6 (a;) can be expressed as the sum of n functions 
<f>i (x), ^2 (^)> ••• 0n (^)> such that (x) is linear in the whole of (a, b), 
that ^2 (^) vanishes in the interval (a, x-^, and is linear in {x^, b)\ that 
4 >z (r) vanishes in the interval (a, x.^), and is linear in {x^, b ) ; and generally 
such that (fir {x) is zero in the interval {a, x^.i), and is linear in the interval 
b). Since polynomials (x) satisfying the condition 

\<f>r{x)-P(r)(x)\<l 

can be determined for each of the functions (a;), <f >2 {x), ... <f>n (x), the 
theorem is established for the polygonal function ^ (a:). 

In the general case in which / (a:) is any function that is continuous in 
(a, b), it follows from the known theorem (i, § 217) that f (x) is uniformly 
continuous, that, if e be a prescribed positive number, the interval (a, b) 
can be so divided into parts (a, aji), {x ^ , x^, . . . {x^-i , b), that the fluctuation 
of / (a;) in each part is less than e. 

If <f> (x) denotes the polygonal function considered above, which we 
take to be equal to / {x) at each of the points a, x^, x^, ... Xn-i, b, we see 
that \ f (x) — <f> {x) \ < €, in. the whole interval (a, 6). As it has been shewn 
that a polynomial P (x) exists, such that | ^ (a;) — P (a:) | < rj, it follows 
that \ f {x) — P (x) \ < € + 7). Since €, q are both arbitrary, Weierstrass’ 
theorem has been established. 

If 81, 82, ... S„, ... be a diminishing sequence of positive numbers 
converging to zero, a sequence of polynomials P^ (a:), Pg {x), ... P„ (x), ... 
can be so determined that ]/(») — P„ {x) | < 8„, for to = I, 2, 3, ... ; and 
for all values of x in (a, b). 
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Since the sequence {P„ (a;)} converges uniformly to / (») as its limit, 
/(a:) may be regarded as the sum-function of the uniformly convergent 
series 

Pi (a:) + {Pa (a;) - Pj (a:)} + ... + {P„ (a:) - P„_i (a;)} -I- .... 

Thus the following theorem has been established: 

If f {x) be. continuous in the linear interval {a,h), the function is the 
limiting sum of a uniformly convergent series, of which the terms are finite 
polynomials. 

The proof of Weierstrass’ theorem, given above, is substantially due 
to Lebesgue*. Other proofs have been given by Rungef, by PicardJ, 
by Volterra§, by Mittag-Leffler||, and by Lerch^. We proceed to consider 
the extension of the theorem to continuous functions of any number of 
variables. Another proof of the theorem for a single variable will be given 
in § 300. 

The original proof given by Weierstrass depended upon the theorem 
hm-771 /(«')e" ^ 

fc~0 (ttK)® .' -00 

where /(a:) is continuous in the infinite interval (— oo, 00). It was deduced 
that a sequence of polynomials exists which converges to f(x) uniformly 
in any finite interval. 

weierstrass’ theorem for functions of two or more variables 

160. In order to extend Weierstrass’ theorem to the case of a con- 
tinuous function of two or more variables, defined in a closed cell, a proof 
by induction will be given. Other proofs have been given by Weierstrass** 
and by Tonellift- 

We consider the case of a continuous function of any number of 
variables, defined in a closed cell (aW, a*®), ... &(*),... 6W). Let 

it be assumed that the theorem holds good for a continuous function 
of p — 1 variables, defined in the cell a**', ... b<^>, ... 

it will then be shewn to hold good for a continuous function 

f{aP-),x(^'>, ...«(»’)), 
defined in the p-dimensional cell. 

If 8 be an arbitrarily prescribed positive number, a net with closed 
meshes may be fitted on to the p-dimensional cell, such that the fluctuation 
of / in each closed mesh is < 8. Let *0*^ x[^\ x^\ ... x^^ he the successi^ 

* Bulletin d, 8c. Mat. (2), vol. xxn (1) (1898), p. 278. 

t Acta Mat. vol. vii (1885), p. 387 and vol. vi (1885), p. 230. 

i Traitd d^ Analyse, vol. i, p. 258. 

§ Rend. del. cir. mat. di Palermo, vol. xi (1897), p. 83. 

II Ibid. vol. XIV (1900), p. 217. Acta Mat. vol. xxvn (1903), p. 339. 

♦♦ IFer^e, vol. iii (1903), p. 27, but not in the original memoir, 
tt Rend. dd. cir. mat. di Palermo (2), vol. xxix (1910), p. 9. 
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values of on the boundaries of the meshes which are perpendicular to 
the «^®^-axis ; where x^^ = x^^t = If V be an arbitrarily prescribed 
positive number, for each value 0, 1, 2, 3, ... m, of r, a finite polynomial 
(x^^), x^^\ ... can, in a,ccordance with hypothesis, be so deter- 

mined that 

I pw (a:(i), X^^), ... -f(xW, ... xf^) | < 77. 

All these polynomials can be included in a single expression 

... 

where qi,q 2 , ... q^-i each has a finite set of integral values, including zero, 
and 4‘Qt,<k,--ap~i f® when a particular term aj(2)®* ... 
does not occm* in PM (a:0), ... a;<*’“0). 

Let the functions («<*')) be defined for each set of values of 

qi,q 2 , ... qp-i so as to be linear in each of the m intervals {x'f^, *^+1), and 
so as to have the prescribed values when a;'**) has the values x^f, for 
r — 0, 1, 2, ... w. Since these functions are all continiious linear polygonal 
functions, in accordance with the theorem of § 159, if ^ be an arbitrarily 
prescribed positive number, finite polynomials Qq^,g,,...gp^^ («•*’') can be so 

determined that | Qq^,g„...gp^, («<">) — <f>g„g {*'*’>) | < C, for all the sets 

of values oi q^, q^, q^ Let A denote the upper boundary of 

S I £c( 9«* ... a;(J> • I 

in the cell ai2) _ (j(p-i) . 5(i), 5(2), ... Let us consider the 

polynomial 

R (a;i9, x'2), ... a;'*-)) = ^Qg,.q,,...gp^, (a:W) xW''* ... a;(>’-«®’’-‘. 

We have 


I R (xW, ... a:W) - i:<f>g,,q„...qp_, (a:W) arW^* ... [ < A^. 

If a;^*') be in the interval {x^f , a;y+\), we have, for each set of indices of 


(p) j,p) j^) (p) 

JOf 

and therefore 

„(p) (p) 

\)P('-+“ (a;(9,a:(2),...a;(»’-i)) 


... a:(»'-i)'"’- ‘ - 


Jv) ■ 


+ 


45. 




X 


ip) _ (p) 


PW (x<9, x^^, ... a:'**-!)) 


^ ... x^^-^\xl!:^,) + 0,77] 

^r+l 




(p-l) (P)x 


(p) 


(P) 


^r+l 


where 


I 01 I < 1 , I 02 I < 1. 
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o- e, (1) (*) (P-l) \ j_ fl S 

Since f{x ,x ,...x ,Xr^i)—j{x ,x ,...x ) + P30 

J i-/ (1) (2) (P-1) <P)\ V/Jl) Jp\ , Q Si 

and f{x ,x ,...x ,Xr )=/(aJ ,...x ) + 0^0, 

where ( 0, ( < 1, ( 04 1 < I, we have 

s ... 

=/(*(!), a:(2), ... xW) + 05S + 0*8 + 0/77 + 02'7?, 

where | I < 1> I I < I ^ 1 ' I < ^ ’ I ^ 2 ' I < ^ • 

It now follows that 

I B (ar(i), a:(2), ... xW) -/(ajd), a:^*), ... a:**’') | < ^^ + 28 + 27j. 

If € be an arbitrarily prescribed positive number, let 8 be chosen to have 
the value The number 8 having been fixed, the net can be determined, 
and 7 ] can be taken to have the value Je. The number ^ can then be chosen 

to have the value f-r . It has been shewn that the polynomial 


3A 


It (a:(i), a;(2), ... a;(’>)) 


is such that, everywhere in the p-dimensional cell, the condition 
|/(a;(i), a:(2), ... a:W) - R (a:H), a;'*), ... x^v)) \ < e 

is satisfied. 

Since the theorem holds for p = 1, it is seen to hold for p = 2, 3, ... . 


We have thus proved the following theorem : 

A continvous function of any number of variables, defined in a given 
closed cell, is stick that a finite polynomial in the variables exists which differs 
from the function by less than a prescribed positive number, at all points of 
the cell* 


161. It has been shewn in § 79 that the terms of a uniformly con- 
vergent series can be so bracketed that the new series converges absolutely 
in the whole interval. We have therefore the following result : 

If f{x) be continuous in an interval, or cell, (a, b), a series, of which the 
terms are finite polynomials, can be so determined that the series converges 
to f {x) absolutely at every point of the interval, or cell, dnd uniformly in the 
whole interval, or cdl. 

It can be shewn that the sequence of polynomials {P„ (a;)} can be so 
chosen that it is monotone. For let us consider the continuous function 

/ (x) “ ^ A polynomial P„ («) can be so determined that 

/ ^ ^ (^) j ^ ( 2 “^ ~ 2“^)’ 

for all points x in {a, b). It follows that P„ (») lies between the two numbers 

1 1 
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if we assume that this condition is satisfied by P„ {x) for every value of n, 
and observe that 

_ e /I l_\ _ e /I ^ \ 

2“+v 2"+^ ^ V2”^ 2"+®/’ 

we see that Pn+i (^) > Pn{^)- We have accordingly the following theorem* : 

Iff (x) be continuous in the interval, or ceU, {a, b), a monotone sequence 
of finite polynomials cun be so determined that the sequence converges uni- 
fiormly to f (x) in the interval {a, b). 

It should be observed that, in Weierstrass’ theorem, in the case of a 
function of a single variable, the polynomials may bo so chosen that, at 
the points a and b, P,. {x) has the same value as / (a:), for every value of n. 
For if / (a) - P„ {a) = •>?„, / (6) - P„ (6) = ■>?„', where | | and | | are 

both less than the number e„, for which |/(^) — P„ (x) | < e„, in (a, b), 
let P„' (.r) = P„ (,r) -f Ax + B, where A and B are so chosen that 

Pn' («)=/(«), Pf (6)=/ (6). 

Wo have Aa -h B -^b + P = >;„'; and thus 

A =- B = ~ 

h — a ’ b — a ’ 

whence we have \ Ax + B\< K€„, where K is & fixed number independent 
of n. It follows that \f(x) — P„' (x) | < e„ + F’e„, and thus that the 
sequence (P„' (a;)} converges uniformly to / (.r). Since P„' (a) —f (a), 
Pn (b) — f (b), the sequence {P„' (a;)} satisfies the prescribed condition. 

A sequence of polynomials which converges uniformly to the con- 
timious function / (x), in a given interval or cell (a, b), may be so chosen 
that each of tlie polynomials is less in absolute value, at any point of the 
cell or interval, than the upper boundary U, of | / (ar) | in (a, b). For, if 
the sequence {P„ (x)} converges uniformly to / (x), and thus 

|/(x) - P„ (x) I < e„, 

for n ~ iit, in (a, b), lot the sequence {k„P„ (x)} be considered; where {A:„} 
is a sequence of increasing positive numbers which converges to the limit 1. 

Since j / (x) - A:„P„ (x) | < | / (x) - P„ (x) | + (1 - K) | P„ (x) | 

< €„ h (1 - kn) (U + €„) < 3e„, for w S TO, if = w , 

^ I 

It follows that, if this set of values of k„ be chosen, the sequence {k,,P„ (x)} 
converges to/(x), uniformly in (a, b). Further, we have 
I KPn (x) I < A:„ i / (x) I + k„€„ <U ~ 

Thus the sequence {A:„} may be so chosen that, for every value of x, 

I ifc„P„ (x) I < t7 — e„, and the sequence {A;„P„ (x)} is a sequence of poly- 
nomials such as is required. 

* See Hobson, Proc, Lond. Math, Soc, (2), voL xii (1913), p. 163. 
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162. Weierstrass’ theorem may be applied to the case in which / (x) 
is defined in any closed set G, in any number of dimensions, / (x) being 
continuous in G. In accordance with a theorem given in § 108, if A be a 
closed cell, or interval, which contains G, the function / {x) can be extended 
into a function («), continuous in A, and such that /a(*) = / (a;) at all 
points of G. If P„ (x) be a finite polynomial such that | (x) — P„ (x) j < S, 

in A, then \f(x) — P„ (x) | < 8, in G. It thus appears that / {x) can be 
represented, in G, as the limit of a sequence of finite polynomials which 
converge uniformly to / («). 

Let H be the outer limiting set of a sequence of closed sets {G,^, each 
of which is contained in the next, and suppose / {x) to be defined as a 
function that is continuous in H. Let denote a monotone sequence of 
positive numbers converging to zero ; since / (x) is continuous in //, it is 
continuous in G„, and consequently a polynomial P„ {x) can be so deter- 
mined that \f{x) — P„ (x) 1 < €„ , at all points of G ^ ; and this for each 
value of n. The sequence {P„ («)} converges to / (x) at every point of H ; 
for, any point p, of H, belongs to all the sets G„, G„^i, ... for some value 
of n, depending on p, and therefore the sequence {P„ (»)} converges at p 
to the value / (p). 

In particular, any open set, whether bounded or not, is the outer 
limiting set of a sequence of closed sets ; and all the points of the p-dimen- 
sional space form such an open set. Further, a set D {O, G), which consists 
of the points which an open set and a closed set G have in common, is 
the outer limiting set of the sequence {D (gr„ , G)}, of closed sets, where O 
is the outer limiting set of the sequence of closed sets. 

The following theorem has now been established : 

If a set E is either a closed set, or an open set, hounded or unbounded, pr 
the set which a closed set and an open set have in common, and a function 
f (x) be continuous in the set E, a sequence of finite polynomials can be deter- 
mined which converges in E to f (x). In particular, if f {x) is continuous in 
the whole linear, or p-dimensional space, a sequence of finite polynomials 
can he determined which converges at every point x, to the value f {x) ; moreover 
the convergence of the sequence is uniform in any finite cell, or interval. 

For a discussion of the methods of Lagrange and Tchebicheff for the 
approximate representation of functions by series of polynomials, reference 
may be made to Borel’s Leqons sur les fonctions de variables rielles, chapter iv. 
A considerable amount of attention has been paid recently by mathe- 
maticians to the question of the best approximations to a continuous 
fimction by polynomials. The question was first raised by Lebesgue* as to> 

♦ Bend. del. cir. mat. di Palermo, vol. xxvi (1908), p. 325. For a discussion of this and other 
questions see Dunham Jackson’s Preisschrift, Gottingen, 1911, where many references to the 
literature of the subject will be foimd. Among these are Lebesgue, Annales de Toulouse (3), vol. i 
(1910), p. 26, de la Vall4e Poussin, Bull, de Vacad. roy. de Belgique (1908), p. 403 and p. 193, and 
(1910), p. 808. See also de la Valine Poussin’s Legons sur V approximation des fonctions d*une 
variable rdelle, Paris, 1919. 
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the lowest degree of a polynomial P (x) which satisfies the condition 
I / (*) — P (») I < S in the linear interval {a, b), f (x) being an assigned 
continuous function and 8 an assigned positive number. 


TJNBOtTNDED CONTINUOUS FUNCTIONS 


<f) (x) = 


163. The theorem of Weierstrass may be extended so as to apply to 
the case in which the function / (x), defined in a closed domain E, is con- 
tinuous only in the extended sense of the term (see i, § 219), the two 
improper values oo , — qo , of the function being regarded as distinct from 
one another. Employing the transformation 

/(*) _ 

1 + !/(«) r 

the function <f> (x) is continuous in E, in the ordinary sense. Accordingly, 
<f> (x) is the limit of a sequence {Q^ (x)}, of finite polynomials, which con- 
verges uniformly to <f> (x), and the sequence can be so chosen that 
I (*) I < 1) for all values of n and x (see § 150). Taking a sequence 
of positive numbers converging to the limit 1 , the sequence {Jc„Q„ {x)) 

KQnp:) 

1 - K 


converges uniformly, ixi E, to <f) (x). Since 


^ . V I is a continuous 
, Qn (X) I 

function, bounded in E, a finite polynomial P„ (x) can be so determined 
that 

(«) 


I -KIQn (x) 


Pni^) 


< €, in E. 


Let us consider the set of points in E for which | / {x) 
points we have \(j> {x)\ — u • We have also 


£ A ; at these 


I + A- 


!/(«)- Pn (^) 


4>(^x) 


{^) 




1 - I ^ (x) I \ -k„\Qn{.x) 
and \(j){x) knQn | < e, for n^Ue, at every point of E. In 
I ^ (x) I S 2e, <f> {x) and k^Qn (^) have the same sign, and | knQn («) | 
we have then, at all points of E at which / (a;) A , 

€(lfA)2 -q 

(1 +A)*’ 


case 

> 


\f{x) - P„ (x) 


< 


1 -€(1 + A) 


+ €< 


1 


1 + A 


+ 


if 7 / = e (1 -I- A)2; hence | f{x) — P„ (a:) | < 7 ; (1 -f 277 ) -|- 77 < 477 , when 7j,< 1/2, 
provided n^rie. If 77 be first chosen, e and tie are determined. In case 
I ^ (a:) I < 2 e, we have, assuming that e < 1 / 6 , 


I / (a:) - P„ (a:) I < e -i- 


2 e 


+ r 


3c 


3 c 


< 32c < 3277 ; 


it now follows that \f{x) — P„ (x) | < 3277 , for all points of E at which 
f{x)^A, provided » S We . Since \f(x) — P„ (x) | < 3277 , in the set in which 
f(x)~A, the sequence {P„(a:)} converges uniformly to f{x) in that set 
of points. 
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Next, consider the points of E at which / {x) is infinite ; at these points 
I ^ (a;) I = 1, I (a:) I > 1 — e, for » S »«; it follows that, in this set of 

points ^ \ ^ ^ ^ therefore | P„ (a;) | > - , for w S We . 

It has thus been shewn that the divergence of {P„ {x)} is uniform in the 
closed set of points at which / (a;) is infinite. It is not necessarily the case 
that the approach of the sequence {P„ (a:)} to the function / (x) is uniform 
in accordance with definition of uniform approach given in § 69. It can 
be shewn that each point at which / (a;) is infinite is a point of uniform 
divergence of the sequence, in accordance with the definition in § 73. 

The following theorem has been proved : 

Iff (x) be defined in a closed, set of points E, of any number of dimensions, 
and infinite values of f (x) are taken into account, the distinction between 
+ CO and — 00 being recognised, and the function be continuous, in E, in 
the extended sense, then a sequence of finite polynomials can be determined 
which converges uniformly to f (x) in the set of points at which | / (a:) | £ .4, 
for every value of A; and diverges uniformly in the set at which f {x) is infinite. 


164. When no distinction between -h qo and — qo is recognised, the 
following theorem is applicable : 

If f{x) is a bounded function, and a sequence of functions {f„ (a:)} converges 

to f (x), uniformly, then > ^ . converges to i--— uniformly in the set of points 

Jn K^) J (X) 

at which ,-.7-, I £ N, and it diverges uniformly in the set in which ,-7.7— r-r 

|/(«)| ^ . \f(^)\ 

is infinite; + 00 and — 00 being regarded as not distinct from one another. 

We have \f{x)— fn lx) | < e, for all sufficiently large values of n. Let 
N be an arbitrarily chosen positive number, and consider those points 

at which .-Ti-r , 1 "S N- 


WXUUIl XY. 

At the points at which 
sufficiently large. 


17 (») 


N, we have, if = N^e, and n is 


I / fn («) I / {x) I I f„ (a:) l ' I f {x) 


< 7; (1 + < ‘dq, if N > 1, and qjN < 


It thus appears that « . converges to uniformly, in the set of 

Jn w J \r) 

points for which £ N. 

I / (a?) I 
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At the points at which j j — oo , we have | /„ [x) | < c, for re S ; 

hence , , ^ , > - , It follows that the divergence of the sequence | . 

I Jn V*') I € l/n 

is uniform in the set of points at which is infinite. 


165, Let us consider a function / (a:) defined in the finite interval (a, 6), 
infinite values of /(«) being admitted, but no distinction being made 
between + oo and — oo . The function is taken to be continuous in (a, b) 
in the extended sense (i, § 219). The set of points at which / («) is infinite 
is closed; as follows from the condition of continuity. It will be assumed 
that this set is non-dense, so that the case in which the function is infinite 
in* a whole sub-interval is left out of account. If P be a point at which 
/ {x) is infinite, there is an interval Ap enclosing P, at every point of which 
I / (a:) I S iV. We can so choose A that at both its ond-points | / («) | has 
the value N. A finite set of these intervals A can be so determined that 
every point at which / (a;) is infinite is interior to one of them. We thus 
obtain a finite set of intervals (a,., ^r), where r = 1, 2, Z, ...m, such that 
I / (a;) I £ iV in every point of all the intervals of the set, and such that 
/ (a,.), / {^r) both have one of the values N, — N. 

Let the function /, (a;) be defined by /r (a;) == / (x), in {ar,^r)'y 
fr (x) = / (ttr). in (a, «r) ; and /, (a;) = / (^,), in b). Thus | {x) \ £ N, 

at every point of (a,., The function 1//,. {x) is bounded and continuous 
in the whole interval {a, b). A sequence {P„ (»)} of polynomials can there- 
fore be so determined as to converge uniformly to 1//,. (x). By the last 


theorem it follows that 



converges and diverges to fr (x) in the 


r^n 

mode specified in the theorem. The function S /^(a:) differs from /(a:) only 

1 

by a constant, in each of the intervals (a,, jS,.), and it is constant in each 

r^n 


interval complementary to the set {ur, ^r)- Let S /r (x) =/(a:) -f A:,, in 

r l 

the interval (a,., j8,). In the interval a,.) we have 


fWr-l) + =/(«r) + K, 


say = k/. Let the continuous bounded function /„+i {x) be defined by the 
specifications f„+i (a;) =/(x) - kf, in (a, Ui); f^+i (x) = - in (aj, jSi); 
fn+i (x) ==/(x) - kf, in (^j, tta); fn+i (x) = - *2, in {a^, ^2), etc. The 
function /„+i (x) is the limit of a sequence P„+ur (x) of polynomials which 

r^n 

converges uniformly. The function / (x), or S fr (x) + f„+i (x) is the Umit 

r = 1 

of a sequence 


1^*1* (a;) P2a {X) 


+ ... +* 


PnsC^) 


+ P 
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which converges and diverges to the function / as in the theorem of 
§ 163. The following theorem, due essentially to W. H. Yoimg*, has thus 
been established: 

7/ the, function f (x) is continuous in the interval (a, b), in the extended 
cense of the term, where oo and — oo are regarded as identical, and f {x) is 
infinite only al a non-dense set of points, then f (x) is the limit of a sequence 
of rational functions which converges to f {x) uniformly in the set of points at 
which f {x) & A, and diverges uniformly in the set at which f {x) is infinite. 


STANDABD SETS OF CONTINUOUS FUNCTIONS 

166. Let a system of nets, with closed meshes, be fitted on to the finite 
interval (a, 6). For any net, D„, consider the set of continuous polygonal 
functions, each of which has a rational value at each end-point of each 
mesh, and is linear between the two end-points of each mesh. The totality 
of aU these fimctions, for the net 7)„ is an enumerable set (see i, § 58). 
Further, when we consider the totality of all such enumerable sets of 
polygonal functions, for all the nets D^, D^, ... of the system of nets, we 
have .an enumerable set of continuous polygonal functions which may 
accordingly be denoted by {/,„ {x)}, when arranged in enumerable order. 
This set of functions may be regarded as a standard set, and it has the 
property that, if ^ {x) be any continuous function whatever, defined in 
(a, 6), a subsequence of the functions (/„, («)} exists which converges 
uniformly to ^ {x). To prove this, let {e„} be a diminishing sequence of 
positive numbers converging to zero. Let/„j {x) be the first of the functions 
{/to (^)} which belongs to the net and also is such that, at each corner 
of the polygon which it represents, the value of f„^ {x) differs from <f> {x) 
by less than . Next let (a;) be the first function of the set, after /„^ («), 
which belongs to the net and is such that, at each corner of the polygon 
which it represents, f„^ (x) differs from (a:) by less than and so on. 
We have then a subsequence {/„p (a:)} of the sequence {/„ (a:)}, such that, 
at each corner of the polygon which f„p (x) represents, f„^ {x) differs from 
<j) (x) by less than e,,; and this for all the values 1, 2, 3, ... , of p; moreover, 
Jnp (®) belongs to the net Dj, . 

Let Dj,, be the first net for which p' i p, and such that the fluctuation 
•of (x) in each mesh is < €,,. Since, at each end-point x of each mesh of 
Dj,,, we have | <j> {x) — fn^ (») | < and the fluctuations of ^ {x) and 
of fnpA^) io such a mesh are < c„, and < 2€j,, respectively, we have 
I ^ (ii;) -fnp> («) I < 3€p, at every point of (a, 6). Since this holds good for 
every value of p, with the corresponding value of p', it follows that the 
sequence {/„^ (a:)} converges uniformly to <f> (x), and (a:)} is a sub- 

♦ See Proc, Lond. Math. Soc. (2), vol. vi (1908), p. 222. 
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sequence of the standard sequence {/m(a:)}. Instead of the sequence 
{/»» (^)} we may employ a sequence of finite polynomials. Let («) be 
a finite polynomial such that [ /„ (x) — (x) | < e^, in {a, b). We then 

have I (a:) — P„^ (x) | < 4ej, ; .and consequently the sequence {P„y (»)} 
converges uniformly to <f> {x). 

The following theorem has now been established : 

A standard sequence of continuous functions { /„ (x) exists such that, if 
<j> (x) be any continuous function whatever, defined in the interval {a, b), a 
subsequence {f„j^ (a:)} is contained in {/„ (a;)} which converges uniformly to 
(f) (x). Moreover, the standard functions {/„ (a;)} may be so chosen as to be 
finite polynomials. 


167. With but a slight modification, the foregoing proof may be em- 
ployed to estabUsh the corresponding theorem that a set of continuous 
functions of any number of variables exists, such that in a given cell, a 
subsequence of the functions (which may be taken to be pol 5 momials) 
exists which converges to an assigned function of the variables which is 
continuous in the cell. 


In the case of two-dimensional functions, instead of the polygonal 
functions employed in the onc-dimensional case, we take in a mesh 
{a^f, -, «r+\) tbc function 




_(i) 


(1) „(2). /,.(!) 


) («;+ 


( 2 ) J^Af {X 


a. 




^r+l) ^s+l) 


a, 


<l)x / J2) 


f (^r+1 > ) (^ 

+ /(»“+!■ “Si) (“l’'’ - 


) - “Si) 

(1) . . (2) (2). 
^r+l) ) 

Or )] 


wliicli is continuous, and such that, at each point of the mesh, its value is 
in the interval bounded by the greatest and least of the four numbers 


/(4 


a. 


f iflr > ^s+l)> / (®r+l ) )> / (®r+l j ®s+l)" 


This function is the analogue, in two dimensions, of the polygonal function 
in one dimension ; its form can easily be obtained in the case of any number 
of dimensions. 


CONVERGENCE OF SEQUENCES ON THE AVERAGE 

168. Let (a?)} be a sequence of measurable functions, defined in a 
measurable set E, of which the measure is either finite or infinite, and which 
is in any number of dimensions: each function is assumed to be finite 
almost everywhere in E. 

Let the set of points x, of E, at which | {x) — s, lx) | S €, be denoted 

by e (e, p, q) ; where € is any positive number. Let it be assumed that, for 
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each value of €, lim m {e (e, p, g)} = 0; this is equivalent to the assump- 

tion that, when 8 is an arbitrarily chosen positive number, the condition 
m {e (e, p, g)} < 8 is satisfied, provided p i P,q^Q, where P, Q are integers 
dependent only on 8 and e. For two different pairs of values of p and q, 
the sets are in general different ones, although each of them has its 
measure < 8. 

A sequence {s„ («)} which satisfies this condition is said to converge 
on the average in the set E. The convergence of this tjrpe was first investi- 
gated* by Fischer and by F. Riesz, who employed the term convergence en 
mesure. 

If the measurable set E have infinite measure, it is the outer limiting 
set of a sequence {En} of measurable sets, each of which has finite measure 
(see I, § 134). The case in which E has finite measure may be included, 
by supposing that En is, for every value of n, identical with E. 

It will be assumed that the sequence (.r)} is convergent on the 
average in each of the sets Ei, E^, ... En, , but not necessarily in E, 
when m (E) is infinite. 

There exists, in a set of measure > m (Ej) — Irj, at all points of 
which I {x) — 1 < ; where n ^ , n^ are fixed numbers, neither of 

which is less than a certain integer (Jt;). Similarly, there exists, in E^, 

a set of points of which the measure is > m (JSJj) — A which 

I (x) - Sn, (a:) I < 22^?^ 

where n^, are so fixed that neither of them is less than an integer 
j ; the part of this set that is in E^^ has its measure > m 

It is clear that n^, n^, n^ may be so chosen that both the conditions are 
satisfied for the same set of values of these integers. We take for its 

least value for Wg we take the least integer which is and 

Similarly, if n^ be the least integer which is > and 
i there exists, in E^, a set of points of measure 

> m (^ 3 ) - 2^7?, 

at which | s „3 (a:) — (a:) 1 < provided % is taken to be > n^; the 

part of this set in Ei has measure > m (Ei) — V- Proceeding in this 

* See Fischer, Comptes Rmdua, vol. cxliv (1907), pp. 1022, 1148, also Riesz, vol. cxmi 
(1906), p. 738, and vol. cxliv, pp. 615, 734, 1409. 
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manner, a sequence {Wj,} of increasing integers is defined, so that, at every 
point of a certain set, of measure > m {E^) — -q, the condition 

I V (®) - (») 

is satisfied; moreover the measme of the part of this set that is in E^ is 
> m (Ej) — As this holds for each set E^, it follows that there 

+ +- 2r •") 

or m {E-^ — q, in which the conditions ( s„^ (x) — (x) | < is satisfied 

for every value of r. 

In this set , we have | (x) — s„^ (x) | < ^ q, for t ^r; it follows 

that, in the sequence («), («), ... is uniformly convergent. 

If we omit and consider the sequence (x), $n^ [x), ... , and let ^q 
take the place of tj, it is seen that the sequence converges uniformly in a 
set F^, contained in E^, of measiure > m {E^ — Generally, there is, 

ixi Ej., a set F^, of measure >m{Ef)— in which the sequence 

-Sfir (*)) ••• > S'lid therefore the sequence {-Sn® (aj)}> converges uni- 

^ 1 

formly. The part of F^ that is in E^ has measure > m {E^) — -g— ^ q, and 

in this part, the sequence («)} converges uniformly. Since q is 

arbitrarily small, when r is increased, it follows that the sequence {«„p (a;)} 
converges almost everywhere in E^. Similarly, it can be shewn that the 
sequence converges almost everywhere in each of the sets E^, E^, , 

and therefore it converges almost everywhere in E. A function s (x) is 
defined almost everywhere in E, as the limit of the sequence {s„p (x)}. 

It will be shewn that the function s (x), so defined, is iinique, in the 
sense that two values obtained as in the above process, but employing 
different modes of determining the sequence {n^}, can only differ from one 
another at points of a set of which the measure is zero ; and thus that they 
are equivalent functions. 

Let {x), (x) be two such values of s (x), defined by sequences 

{% (*)}. {^n'p (;»)} respectively. If, in the set Ej., they are not eqxiivalent 
to one another, there must exist two positive numbers A, k, such that 
1 (x) — (x) I S A, in a set of points of measure k, contained in E ^ . 

If e be an arbitrarily chosen positive number, we have |5(^> (x) — s„p (x) j < e, 
in a certain set, contained in E ^ , of measure > m (Ej) — for a sufficiently 


exists, in j&i, a set F^, of measure > m (Ej) 




22 
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large value of p ; similarly | («) — {x) | < e, in a certain set, of 

measure > m (JB'i) — where p is sufficiently large. 

It follows that both these inequalities are satisfied, for a sufficiently 
large value of p, in a set of measure > m (Ej) — V) contained in E-y . 
Since | {x) — (x) | < e, in a certain set of measure > m (Ej) — -q, 

for a sufficiently large value of p-, and since 
1 (x) - s( 2 ) (a:) ( £ 1 5(1) (a;) - s„p («) ( + 1 (x) - 5„.p (x) | + 1 % (x) - s„,p (x) | , 

by choosing p sufficiently large, we see that, in a certain set, contained 
in El, of measure > m (Ej) — ^ we have | 5 ( 1 ) (a;) — 5 ( 2 ) (a:) | < 3e. 

Let € be so chosen that 3c is less than A, and q is less than k ; then 

1 5 ( 1 ) (x) — 5 ( 2 ) (x) I < A, in a set of measme > m {Ej) — k. This is inconsistent 
with the assumption that, in JS/j , | s<i) (x) — 5(^) (a:) | S A in a set of points 
of measure k. It follows that, in Ei, 5 ( 1 ) (a:) and 5*^) (a;) differ from one 
another only at points of a set of measure zero. The same argument 
applies in the case of each of the sets Er’, and therefore, in E, the two func- 
tions 5 ( 1 ) (a:), 5(*) (a:) are equivalent. 

The following theorem has now been established : 

If a sequence (a:)}, of measurable functions, is convergent on the average, 
in a measurable set E, of finite, or of infinite, measure, and of any number of 
dimensions; so that the measure of that part of E in which 

I (x) - 5 , (x) I s e, 

for each fixed value of e, converges to zero, as p and q are indefinitely increased, 
independently of one another, then a subsequence {5„p(a;)}, of the sequence 
{ 5 „ (a;)}, can be defined, which converges to a single-valued function s {x), almost 
everywhere in E. Moreover two functions s {x) which satisfy this condition 
are equivalent to one another. In some set of points of measure zero, s (x) 
may be undefined. Moreover, if E has infinite measure, the theorem is valid 
when {s„ (a;)} is convergent on the average in each part of E that has finite 
measure. 

That the convergence of the sequence {5„p (a:)} to s (x), almost every- 
where in the set E,., of finite measure, necessarily entails the uniform 
convergence of the sequence in some set of points of E^, whose measure 
differs from m {Er) by less than an arbitrarily fixed number, follows from 
Egoroff’s theorem (§ 99). 

169. If s (x) be a measurable function, defined almost everywhere in 
the measurable set E, of finite, or of infinite measmre, and if there exists 
a sequence { 5 „ (a:)} of measurable functions, each of which is finite almost 
everywhere in E, such that the measure of the set h (e, n), of points at 
which I 5 (a:) — s„ (x) \ S e, converges, for each fixed value of e, to zero, 
as » ~ 00 , then the sequence {«„ (a:)} is said to converge on the average to s {x), 
in the set E. 
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The relation, which will be investigated below, between the two pro- 
perties of “convergence of a sequence on the average” and “convergence 
of a sequence on the average to s {x)” is analogous to the relation between 
convergence of a sequence of jiumbers, and convergence of a sequence of 
numbers to a limit, leading to the General Principle of Convergence given 
in I, § 30 . 

In case m (E) is infinite, the sequence may converge on the average to 
s (x), in each part E^, of E, and yet not necessarily converge on the average 
to s (x) in E itself. 

Por, in Ej., we may have m [A.O) (e, %)] < ly, for N^, where Nf is 
an integer dependent on e, rj, and on the set E^. Unless is bounded, for 
all values of r, there exists no integer n, such that m [/i {e , »)] < rj, for 
n S: N, and if this is the case for all sufficiently small values of e, rj, the 
sequence does not converge on the average to s (x), in E. 

The following theorem will be established : 

in the. measurable set E, of finite, or of infinite, measure, a sequence 

(x)} of measurable functions, finite almost everywhere, converges on the 
average to a measurable function s {x), finite almost everywhere, then the 
sequence {«„ (a;)} is convergent on the averctge, in E. Moreover a 'partial 
sequeme {6*„p (x)} can be defined which converges almost everywhere in E to a 
function equivalent to s (x). 

At every point of E not belonging to the set h {\€, p), of the points at 
which I s (x) — Sp (x) I £ |e, nor to the set h (|e, q), and at which s (x) is 
defined, we have j s (x) — Sp (x) \ < y, and | 5 (a:) — Sg (a;) [ < Je, and 
therefore | Sp (a:) — Sg (x) | < c. Accordingly, at every point of E not 
belonging to a set of which the measure is 

- m [h (|e, p)] + m [h (le, q)], 

we have | /„ (a:) — /, (a:) [ < e. Therefore the set e (e, p, q), of points of E, 
at which | /„ (a;) — fg (x) | S e, has its measure 

S m [h (ie, p)] H- m [h (|e, q)]. 

Thus lim m [e, p, q'] £ lim m [h (|e, p)] + lim m \h (Je, 5)], 

or the limit on the left hand side is zero. Therefore the sequence {s„ (a:)} 
is convergent on the average, in E. 

By the theorem of § 168 , a sequence {s,„p (a:)} can bo defined which 
converges almost everywhere in to a function (a;) defined almost every- 
where in E. It will be shewn that {x) and s {x) are equivalent to one 
another. 

In the part E^, of E, of finite measure, there exists a set of points of 
measure > m {Efj — q, in which (a:)} converges uniformly to <f> (x). 
Hence, in this set, \ {x) — Snp (x) \ < e, for aU sufficiently large values of 

16-2 
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p. Moreover | s (ic) — s„p (a:) | < €, in 'a set, contained xa. E^, of measure 

> m {Er) — S, provided p is sufficiently large. Hence, taking a sufficiently 
large value of p, we have | « (a:) — ^ (a:) | < 2e, in a set of points contained 
in Ef, of measure > m (E^) — rj — C- Since rj and C converge to zero with e, 
it follows that s (x) — ^ (x) — 0 , almost ever3rwhere in E^. Considering the 
sequence {Er}, of which E is the outer limiting set ; or in case m (E) is 
finite, taking E^ to coincide with E, it follows that ^ (x) = s (x) almost 
everywhere in E. Thus the second part of the theorem has been proved. 

The following is the converse theorem : 

If, in the measurable set E, of finite, or of infinite, measure, the sequence 
{5„ (a;)}, of measurable functions, finite almost everywhere in E, is convergent 
on the average, the function s (a;), defined in accordance with the theorem of 
§ 168 , is such that the sequence {«„ (a:)} is convergent on the average to s (x), 
in any part E^, of E, of finite measure. If m (E) is finite, {s„ (a:)} converges 
on the average to s {x), in E. 

Since (a;)} is convergent on the average, in E^, \ Sj, (x) — 5, (a:) | < 17 
in some set of measure > m {Ef) — provided p and q are sufficiently 
large. Now let q = n^, then | s (a:) — s„^ (x) | < in some set of measure 

> m (Ej) — provided r is sufficiently large. It follows that 

I « (a:) - Sj, (a:) | < £17, 

in a set, contained in E^, of measure > m {Ef) — 2^, the fixed number p 
being sufficiently large. For this value of p, the set of points of E^ at which 
I 5 (a;) — 5 j, (a:) | £ 277 has its measure less than 2^. Since 77 and ^ converge 
together to zero, the condition is satisfied that {«„ (a;)} converges on the 
average to s (x), in The set E^ may be any measurable part of E, 
and in case m (E) is finite, it may be identical with E. 

A particular case of the last theorem arises when {s„ (a:)} converges, 
in the ordinary way, to s {x), almost everywhere in E. If E^ is a part of E, 
of finite measure, {«„ (a:)} converges uniformly in a part of E^ of measure 

> m (Ej) — C- If and q have large enough values | Sp (a:) — s^ (x) j < e, 

in a set of points of measure > m {Ef) — Thus the points of E^ , at which 
I Sp (x) — (x) I S €, form a set of measure < L for each pair of values of 

p and q that are both large enough. Hence the sequence {«„ (a;)} converges 
on the average in each part E-^ , of E, for which m {Ef) is finite ; accordingly 
{5„ (a;)} converges on the average to s {x), in each part of E that has finite 
measure; if m (E) is finite, {«„ (a:)} converges on the average to s (x), in E. 
It has thus been shewn that : 

If (a:)} converges almost everywhere to s [x), it converges on the average 
to s {x) in any part of E of which the measure is finite. 

That the converse of this theorem does not hold good is seen by con- 
sidering, as in § 169 , the sequence {«„ (a:)}, which is convergent on the average 
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to (S (a;) ; the sequence itself does not necessarily converge to a {x), but only 
the part sequence (a:)} converges to a {x) almost everywhere in the set E. 

For example, let (x)} be defined in the linear interval (0, 1) by the 

rule that, if n = + r, where 0 & r < 2m + 1, then a„ (x) = 1, in the 

J \ J 

2m +1 ’ 2m -f~i/ ’ everywhere else a„ (x) = — , The sequence 

(a;)} is convergent on the average in (0, 1), but it is not a convergent 
sequence. The subsequence {a„t> (x)} converges to the function which has 
the value zero everywhere except at the point 0, where its value is 1. 

170. If the measurable function / (x), and the sequence of measurable 
functions {(/>„ (x)}, defined in the measurable set E, of finite, or of infinite 
measure, of any number of dimensions, be such that 

I \ f i^) - <f>n (X) \’‘ dx, 

J (E) 

for a value of A: (> 0), exists as an -L-integral, for every value of n, and 
converges to zero as % ~ oo , it is easily .seen that {<f)„ (x)} converges on the 
average to / (x), in E. For, if Ue be an integer, so great that 

f |/(«) — ^» («) |*dx< €*=+S for w S »£, 

J(E) 

the set /i (e, n), of points of E at which | / (x) — (x) | S € must have its 
measure < e. Since t is arbitrary, it follows that (x)} converges, on the 
average, to / (x), in the set E. For, if e' < e, and n^n^', the set h {e, n) is 
contained in h («', »); and thus m [A (e, to)] & m[h (e', to)] < e', for n^n^>\ 
hence m [A (e, to)] converges to zero, as to ^oo. It follows from the first 
theorem of § 169, that the sequence {^„ (x)} is convergent on the average; 
and therefore, that, in accordance with the theorem of § 168, a partial 
sequence (x)} exists which is convergent almost everywhere in E, and 
converges to / (x), in accordance with the second theorem of § 169. 

Similarl}’’, if the sequence {(f>„ (x)} be such that 

lim [ I (f>p^{x) - (f>, (x) \’‘ dx = 0, 

J (E) 

it is seen that the sequence {<f)„ (x)} converges on the average in E. There 
then exists a sequence (x)} which converges almost everywhere in E 
to a function / (x), defined almost everywhere in E; and it converges on 
the average to / (x) in any part of E which has finite measure. 

171. The most important case for consideration, in view of applications 
in the theory of Fourier’s and other series, is that in which A = 2. The more 
general case will be considered in § 177. 
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It will be shewn that : 

If {i>„ (a:)} be a seqtience of functions, each of which has its square summable 
in the measurable set E, of finite, or of infinite, measure, in any number of 
dimensions, and if the functions are such that 


lim f (x) - <f>g (x)}^ dx = 0, 

p<^QO, J (E) 

then a sequence {nf^, of integers, can be so determined that the sequence 
{f>np (»)} converges, almost everywhere in E, to a function f (x) whose square 
is summable in E. Moreover f {x) is unique, in the sense that two values of it 
are equivalent to one another. 

In accordance with what has been proved in § 170, the sequence 
{(fin («)} being convergent on the average, there exists a sequence (»)} 
which converges, almost everjrwhere, in E, to a function / (a:). 


It will first be shewn that ( {x)Y dx converges, as » ~ qo , to 

HE) 

a definite hmit. 


We have 


f {<f>„{x)}^dx<2i {f,,(x)rdx + 2f {f>„{x)-<f>Ax)rdx 
J(E) J(E) J{E) 

<2 f (a;)}2 dx + 2€, 

HE) 

where p is a fixed integer sufficiently large, for all sufficiently large values 


HE) 

r r 


1 j (x) - (f>„ (a:)}2 dx x 

HE) 

J (E) 

f {f>n (x) + <!>„, (a;)}2 dxY < 
HE) J 

\2\ {<f,„{x)Y + 2j {x)Ydx 

L HE) J {E) 


^ < Ae^, 


where .4 is a fixed positive number, provided n and m are sufficiently large. 
It follows that I {<f>n {x)Y dx converges to a definite limit, as n ~ qo . 

HE) 


If the integration had been taken over any set G, contained in E, the 
same proof would shew that (a:)}* dx converges, as w ~ oc , to a 

HO) 

definite limit. 

Let E be the outer limiting set of a sequence of measurable sets, 
all of finite measure, such that each set contains the preceding one. In 
case m (E) is finite, En may be taken to coincide with E, for all values of 

g 

n. In each set En there is a set Gn, of measure > m {En) — ^n^ in which 
the sequence (a;)} converges uniformly to / (a;) ; the part of this set that 
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g 

is in has its measure > m {E^ — It is clear that the sets 0^ may be 
so chosen that 0„ is contained in for all values of n. 

Since (a;)} converges uniformly to / {x) in the set , we have, in 
that set I / (») I < I <j>np {^) I + ri, where t; is a chosen positive number, 
provided p is sufficiently large. Since | [x) is summable in 0„ , it 

follows that I / (a;) is also summable in Gn. 

We have also 

f [{/ (*)P - {K ^ ! < F f {/(*)- K 

hOn) ^ I L-/(G'n) ^ 

f {f (X) + <f>np{x)fdx^^ 

J (On) ^ J 

and, for aU sufficiently large values of p, we have | / (a;) — 4>np (») | < c, 
at all points of G„; thus the integral on the left-hand side is less than 

e[m(En)]^\ [ {2\f{x)\+erdx]K 

LJ(On) J 

Since p becomes indefinitely great, as e ^ 0, 

f {/ («)F dx= Urn f (a;)}2 dx 

J {On) P'^oo J (On) 

= lim f {x)Y dx 

m~oo .'(On) 

£ lim f {x)Y dx. 

m^oo J (E) 

S 

Now m {0„) > m {E„) — ^ ; hence, since 8 is arbitrarily small, we have 
[ {/ dx^ lim f (x)}^ dx. 

J (En) m'^co J (E) 

Thus I {f{x)}^dx is bounded for all values of n, and its limit, as , 
J(En) 

accordingly exists as a definite number, since the values of the integral, 
as n increases indefinitely, form a monotone non-diminishing sequence. 

It follows that I {/ {x)Ydx exists ; and therefore {/ (a;)}* is summable in E. 
J(E) 

172. We proceed to obtain further properties of the function / (x). 
We have 

f {/ (^) - <f>m («)}* dx- j {<f>„ (x) - (f>„^ (a:)}2 dx I 

J(Op) JiOp) I 

- F f if dx I {/ {x) -f <f>„^ {x) - 2<f>^ {x)f dx^ . 

LAop) hE) 

It is easily seen that 


f if (^) + ^nr i^) - {x)f dX 

HE) 
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is less than a fixed number, independent of r and m; for the integrals of 
(^)F» (^)}® are less than fixed numbers; and since {/ (a:)P is sum- 

mable, the integrals of / (a:) (f>„^ (x), f (x) <j>m (»), and {x) (a;), are 

seen, by emplojdng Schwarz’s inequality, to be numerically less than fixed 
positive numbers. We have therefore 


f {/ (») - K (a?)}® dx < \ {<j>^ (x) - («)}' 

■I (Op) J (E) 


dx 


+ K 


. f {/ (a:) - K (^)F 

U (Gp) 


dx 


where K is independent of r, m and p. 

If m be chosen sufficiently large, | (x) — <f>n^ (a:)}^ dx is less than 

JIB) 


an arbitrarily chosen positive number e, for all sufficiently large values 
of r. Also {f (x) — (a:)}* is arbitrarily small {<rj^) everywhere in Op, 

provided r be large enough. Therefore 

I {/(«)- <Am dx<€ + Krf{m (Op)}i <e + I[rj{m {Ep)}^. 
hop) ^ 

This holds for the set Op, of measure > m (Ep) — ■; hence, by diminishing 

8 indefinitely, it is seen that {/(a:) — (f>m ix)}^dxfi e, since rj is arbitrarily 

J(Ep) 

small; and this holds for all sufficiently large values of m. 

Taking a fixed value of m sufficiently large, we see that, since, for 
sufficiently large values of p 

I if (») - (f>m (a;)F dx - f {/ (x) - <j>„, (a;)}2 dx < €, 

J (E) J (Ep) 

we have {/ (a:) — (a:)}^ dx < 2€, provided m is sufficiently large. 

HE) 

Therefore lim [ {/ (x) — (a:)}® dx = 0. 

m'^oo J (E) 


m'^oo J (E) 

Again, we have 


f {/ (a:)P dx - I {x)Y dx {/ (a;) - (a:)}2 dx x 

HE) HE) 

f {/(a;) + K {x)rdxY^ K' r f {fix) - cj>„, ix)fdx'\\ 
HE) J LJCE) j 


where K' is a fixed positive number. 
It follows that 


f if (a:)F da; = lim f {<f>„ (a;)}* dx 

•t (E) m'^QO J (E) 
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The following theorem has now been established : 

The function f {x), to which the sequence {<f>np («)} converges in the measur- 
able set E, of finite, or of infinite, measure is such that 

[ {/ (a:)}2 dx = lim [ (a:)}® dx, 

J (E) m^^oo J (E) 

and that lim {/ (a:) — <f>j„ {x)}^ dx = 0, 

m'^00 J (E) 

where the functions (a:)} satisfy the conditions of the preceding theorem. 

Conversely, it may be shewn that, if a function / (a;) whose square is 
summable in E, exists, and is such that 

lim f {/(«)- (f)„ (a;)}* dx == 0, 

then lim [ (a;) — <f>g {x)Y dx ~ 0. 

P'^OQ J (E) 

For [ {<f>j,(x) — <f>g{x)Ydx<2[ {f{x)-<f>j,(x)Ydx + 2\ {f(x)-^g{x)}^dx. 

J (E) J (E) J (E) 


A CLASSmCATIOSr OF SUMMABLE FUNCTIONS 


173. If a measurable fxmction/ {x), defined in the linear interval (a, b), 
or in a cell (a, b) of any number of dimensions, be such that | / {x) I**, where 
jp = 1, be integrable {L) over (a, b), the function / {x) is said to belong to 
the class [//*’]. li p = 1, the class consists of all summable functions; we 

shall therefore assume that n > 1. Let q be defined by - + ^ == 1, so that 

pq 

q> I, If /i {x) be of class \_L^] , and f^ (x) be of class [L«] , we have the 
fundamental relations given in i, § 435, 


1 

j Vi («)/2 (*) dx S £ I /i {x) I** d^ [ /j -^2 («) y^dx 


and if / (a:), g (x) are both of class [L**], we have 


f |/(«) -l-S'C*) I** \f{x)\^dx ^ \g{x)\^dx^. 

J a L-'« JL-'o 


It follows from these relations that the product (a :)/2 {x) of functions of 
classes [L**] and [L®] is summable, and that the sum of two functions, both 
of class [L**] is also of class [L*’] . 

It may be proved* conversely that if, for all functions {x), of class 
[L**], the product /i {x)f^ (a:) is summable, then/j {x) must be of class [L«]. 


* See F. Riesz, Math. Annalen, vol. lxix (1910), p. 467. The theory of strong and weak 
convergence of functions of class is there given. 
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The following generalisation of the approximation theorem given in 
I, § 430 wiU be established ; 

If \f{x) I’’, for a value of p that is S 1, be summable in the interval, or 
cell, (a, b), a continuous function <f) (x) can be so determined that 

f I / («) - («) I** 

J a 

is less than an arbitrarily assigned positive number. In case f (x) S 0, in 
(a, b), the function <f> (x) can be so determined that (f> (x) ^ 0, in (a, b). 

The proof of this theorem only requires a slight modification of the 
proof, given in i, § 433, for the case in which p = 2. Taking /j {x) S 0, the 
continuous function {x) (S 0) can be so determined that 

\\fi{xY - \ <ix <7^. 

J a 

For every value of x, we have 

I fi - <Ai («) 1^ ^ I ft («)*’ - h («)*’ I » p> 

it follows that [ | (x) — <f»i (x) dx < rj. 

J a 

Taking / (x) = {x) — f^ {x), where /j (x) S 0, /g {x) S 0, and employing the 

inequality 

Ydx 

J a 

£ 2*>-i f I A {X) - {X) Ydx + 2*>-i f \f, (x) - <!>, (x) Ydx, 

J a J a 

the result follows, as in i, § 433. 

From this theorem there can be deduced a theorem established other- 
wise by F. Riesz (loc. cit.) for the case of a linear interval. The interval or 
cell (a, b) can be divided into a definite number of cells or intervals, such 
that in each of them the fiuctuation of ^ {x) is less than the prescribed 
positive number rj. Let i/r (x) be that function which has, within each cell 
or interval, a constant value equal to the value of <f> {x) at the centre of 
the cell or interval ; and let ^ (x) have the value zero on the boundaries 

rb 

of the cells or intervals. It is seen then that | \ <f> {x) — xjj {x) Y d^f is less 

J a 

than Tj^ multiplied by the measure of (a, 6). 

From the relation 

■f " \f{x)-,l,ix)Y dx £ 2*’-! \'\f{x)-<f>{x)Ydx 
J a J a 

+ 2*’-^ j \^{x) — ifi (x) Ydx 
J a 
rb 

it is seen that |/(x) — ^ (x) I** dx is less than an arbitrarily assigned 
J a 

number, if (f) (x) and ^ (x) be properly chosen. Thus it has been shewn that : 
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If f (x) he of class [X**], where p^\,a function tft (x), can be determined, 

which is constant within each cell or interval of a set into which (a, b) is divided, 
rb 

such that \ f (x) — tfi (x) dx is less than an assigned positive number. 

J a 

174. If a sequence {/„ (a:)} of functions belonging to the class [L®] 
satisfies the condition 

r6 . 

>1 


lim f !/(«) -/„(«) I I’d* = 0, p 

Ti'^oo J a 


the function /(*) belonging also to the class the sequence {/„ (*)} is 
said to converge strongly to the function / (*), with exponent p. In case 
p = 2, strong convergence is identical with the convergence considered in 
§§ 171, 172. 

If g (*) be a function belonging to the class [£*] , we have 

1 1 

{/ (iK) - /« («)} 9 («) dx^ j J / (*) - /„ (*) I g (*) Y dx ^ 

from which it follows that 

[ / (a;) gr (*) d* = lim [ f„{x)g{x)dx (1> 

We have also 

[la I I** “ [/ J [7j 

from which it follows that 
r* 


[ |/(*) |*’da;S Im [ |/„(a:) |*’d*. 

^ Cl «a.^oo •' Cl 


It can be shewn similarly, by interchanging/ (*) and/„ (*) in the inequality, 
that 


lim I !/„(*) |»’d*.4 [ |/(*)|J'd*; 

71^00 J a J a 


and it then follows that 


f I / (a:) I** d* = lim [ \f„{x)\^dx (2) 

J a n'^oo J a 


The relations (1) and (2) express cardinal properties of a sequence which 
converges strongly. 

176. The sequence {/„ (*)}, of functions belonging to the class is 
said to converge weakly, with exponent p {> 1), to the function f {x) of 

fb 

the same class, if (1), \f„{x)Y’dx<K, for all values of n, and (2), 

Ja 

lim f„ (x) dx = j f (x) dx, for every sub-interval, or sub-cell, of the 

n^oo J A d A 

given interval, or cell, (o, 6). 
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If g (x) be a function of class [i®], consider the function tfj (x) which is 
constant within each cell or interval of a set into which (a, 6) is divided, 
rb 

and is such that j g (x) — i/f (x) dx < e^; where e is an arbitrarily chosen 

J a 

positive number. From the condition (2) in the definition, we have 
lim -/„ (a:)} i/f (x) dx 0. 

n^oo . a 

We have also, 

f** {/ («) ~fn («)} g {x) dx = f** {/ {x) -/„ (»)} {g {x) - ill (a:)} dx 

J a .'a 

+ \^{fi^)-fn{x)}i'{x)dx; 

J a 

the first integral on the right-hand side does not exceed in absolute value 


or e 


f** |/(») -/« (») \^dx^ \g {x) - ijj {x) |9da:1® 
ya ^ J J 

" rb “ji) 

j jf(^)~fn (^) I** > 8.nd it therefore does not exceed 


J a 


U a 


\fn(x) \^dx 


and, in virtue of condition (1), this is less than a fixed multiple of e. Hence 


lim 

n^co 


{f{x)-fn{x)}g{x)dx 


is less than a fixed multiple of e; from 

I 

which we have 

f f{x)g(x)dx^\im\ f„(x)g{x)dx (1)' 

J a J a 

the same relation as in the case of strong convergence. 

Next let g {x) = ± \fix) |»“^, the upper or lower sign being taken 
according as / (a:) > 0, or < 0; we have then \ g (x) = \f (x) \'p; and thus, 

from (1)', we have 

[ \f{x)\^dx=]mil f„{x)g{x)dx. 

Ja W'^oo Ja 


We have then 


g lim 


f \fn{x)\^dx 

J cc 

[ |sr(a:)|«da: 

f* !/«(«) VdM 

J 

f*’l/(«) \^dx 

Jet 


p-i 


and therefore [ \ f (x) dx & ]im \f„{x)\^dx (2)' 

« n~oo o 

This inequality (2)', for weak convergences, corresponds to the inequality 
(2), in the case of strong convergence. 
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176. The following theorem is fundamental in respect to weak con- 
vergence; it has however reference only to the case iu which (a, b) is a 
linear interval : 


If a family of functions f (x) of a single variable, all of class [Z**] , contains 
an infinite (not necessarily enumerable) set of functions, and if 

[ \f {x)\^d.x<K^, 

J a 


where K is independent of the particular function of the family, then the 
family contains at least one sequence {f„ (x)} which converges weakly, with 
exponent p, to some function f (x) of class [L**] . 

For every function / (x), of the family, the function F (x) = j f (x) dx 

J a 

can be formed. For all these functions we have 


F (a) - 0, I F (Xi) - F (x^) | - ^fix) dx S [ ^Ifix) |p 

J Xx L*' Xx 


dx 


1 

P 1 

\ Xi x^ 1*^ 


1 

or I F {xj) — F {x^ I ^ F I — ajj |«. It follows that the family of functions 

F (x) is equi-continuous, and since | F (a:) | (6 _ «)«, the conditions 

of Arzela’s theorem, given in § 120, are satisfied. It follows that a sequence 
{F„ (a:)} is contained in the family {F (a;)} which converges uniformly to 
a function F (x). 


We may take { f„ (a;)} to be the sequence of functions of the given family 
which corresponds to the sequence {F„ (a;)} . If the interval (a, b) be 
divided in any manner into a number m, of parts 

{Xo, Xf), (a;i, x^), ... {x„,^i, xj. 


where Xj^ = a, a;„, ^ b, we have (see i, § 452) 

1 * “ 0 '^ T ~~\) • CL 

By letting n increase indefinitely, we have 

I F{xJ~J{pc^ ^ . 

,.„0 

it has been shewn in i, §§451, 452 that this is the necessary and sufficient 
condition that P (x) should be the indefinite integral j / (x) dx, of a 

• a 

function f (x) which belongs to class [F”] . It has thus been shewn that, 
to the sequence { /„ (a;)} there corresponds a function / (x), of the same 

rx rx _ 

class, such that lim /„ (a:) da: = f{x) dx; and thus that {/„ (a:)} 

n-^oo . a J a 

verges weakly to /{x). 


con- 
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177. From the last theorem the following extension of the theorem of 
§ 170, in the case of a linear interval (a, 6), may be deduced: 

If a sequence {f„ (a:)} of functions of class [i/**] be such that 

[/»(«) -fm{«)ydx = Q 
J a 

n '^00 

7/1 — 00 

■there exists a function f {x), of the same class, to which {/„ (a:)} converges 
strongly, with exponent p. 


Since 

b 


I \f„{x)\^ da; [ |/„ {x) -fm (x) \^(lx 

J a L-' o 


+ 



^dx 


1 

V 


taking a fixed value of m, such that for n^m, the first expression on the 
right-hand side is < ij, we see that the expression on the left-hand side is, 
for all such values of n, less than a fixed number; and it follows that 

f6 

|/„ (a:) I** dx is less than a number K‘^, for all values of n. From the 

J a 

theorem of § 176 there exists a part {/„^ (x)} of the sequence {/„ (x)} which 
converges weakly with index p, to a function / (x), of class [L^] . It follows 
that the sequence (x) — f„ (x)} converges weakly, with exponent p, to 
/ (®) ~ fn (*); we have therefore, from (2)' of § 175, 

^ f \fn, («) -/n (X) \^dx^{ \f{x) -/„ (X) I** dx. 
r~oo-'a •'« 


Letting n increase indefinitely, we have, from the condition in the enuncia- 
(•6 

tion, lim \f{x) — f^ (x) j’’ rfx == 0; and thus {fn (x)} converges strongly, 
71—00 J a 

with exponent p, to f (x). 


PROPERTIES OP A MEASURABLE FUNCTION 

178. In accordance with the fundamental approximation theorem 
given in i, § 430, if / (x) be a summable function defined in a given cell A, 
there exists a continuous function <j) (x) such that 

f if(x)-<^(x)ldx< e. 

J (A) 

If / (x) be defined only in a bounded measurable set E, and be summable 
in E, we may suppose E to he contained in A. The function / (x) may be 
extended to the whole cell A, by assuming that f (x) — 0 in A — E; the 
■extended fimetion being summable in A. We have then 

f I / (a;) - ^ («) I dx -f f I (x) I dx < e, 

HE) J(A-E) * 
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and thus | \ f {x) — <j> {x) \ dx < €. It thus appears that the approxima- 

J(E) 

tion theorem of i, § 430, may be applied to a summable function / (a;) 
defined in a bounded and measurable set E. It also appears that the con- 
tinuous function <f> (x) may be taken to be not only continuous relatively 
to E, but also relatively to A, and consequently (see § 108) it can be extended 
so as to be continuous in all the space. In particular employing Weier- 
strass’ theorem (§ 162), the function <f> (a;) may be taken to be a finite 
polynomial. 

Taking e = ij®, it is seen that the part of E in which \ f (x) — <f> {x) \ rj 
is of measure less than Now let/(a;), although measurable in E, be no 
longer necessarily summable in E, but let it be finite almost everywhere in E. 
Employing the summable function /(■''> (aj), such that /(*''> («) - N, or — N, 
according as/ {x) is positive or negative, at every point at which \f{x)\^N, 
and /(■'> (x) — / (x), when | / (a:) | < N; and remembering that N can be 
so chosen that the set of points at which f{x) and/("’^") {x) are unequal has 
its measure less than tj, we can determine a continxxous function <f> (x), 
which may be a finite polynomial, such that | /<*' > (x) — <f> (x) \ z,rj, only 
in points of a set, contained in E, of measure less than -q. It follows that, 
at all points of a set of measure > m (E) — 'Z-q, contained in E, the inequality 
\f{x)~ if) {x) I < 27j is satisfied. It has thus been shewn that, / {x) being 
any measurable function defined in the bounded and measurable set E, 
a function <f) (x), continuoiis relatively to E, can be so determined that 
i / (•*'■) “ I < «> set contained in E, of measure > m (E) — e. 

Moreover the function <f> (x) can be so chosen that it can be extended into 
a function that is continuous in all the space in which E is defined; and 
in particular, it may be a finite polynomial. 

The following theorem has now been estabhshed : 

If f (x) he any measurable function {not necessarily summable), defined 
in the bounded and measurable set E, of any number of dimensions, and 
finite almost everywhere in E, then, if e be a prescribed positive number, a 
function <f) (x), continuous in the whole space in which E is defined, exists, 
such that \f{x) — ^{x)\< e, at every point of E not belonging to a set of 
measure < e, contained in E. Moreover, the function ^ {x) may be taken to 
be a finite polynomial. 

179. Let .S be a measurable set, not necessarily of fiilite measure. 
Taking E to be the outer limiting set of a sequence {Ef) of sets each of 
which is of finite measure, let a function {x) be defined, which is con- 
tinuous in aU of the space, and such that, in. E^, | / {x) — <f>„ {x) | < 2 n > 

at every point that does not belong to a certain set of measure It is 
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seen that, in , the sequence (x)} converges to f{x), almost everywhere ; 
for, in , I / (a;) — (a;) I < ^ , in a set of which the measure is 

> m (i?i) - . 

The sets of which the measures are greater than 

»» (-^i) (^i) - ^ ■ 

respectively, have a common part, of which the measure is i m (E-^ — e, 
and, in this set, | / (a;) — <f>^ {x) \ < ie, for all values of m (1, 2, 3, ...). In 

the same set \f{x) — (x) \ < values n., «. + 1, ... , of w. 

It follows that (a?)} converges to / {x), almost everywhere in E-^ , since 
e is arbitrary. Since Ey may be taken to be any set, of finite measure, 
contained in E, it follows that the sequence (a;)} converges to / (a;) 
almost everywhere in E. 

The following theorem has now been established : 

If f (x) be a measurable function {not necessarily summable), defined in 
a measurable set E, of finite, or of infinite, measure {of any number of dimen- 
sions), there exists a sequence of functions of which are continuous 

in the whole of the space in which E is defined, such that (a:)} converges, 
as m ^ , almost everywhere in E, to the function f {x). Moreover, in par- 
ticular, the sequence may be taken to be {P,„ (a;)}, where {x) deyiotes a 
finite polynomial. 

It should be observed that, in the exceptional set, of measure zero, 
of points of E at which the sequence does not converge to/ {x), the sequence 
is not necessarily convergent. 

When the set E is of finite measure, there exists, in E, a set of points 
of measure > m {E) — e, in which the sequence (a:)} converges uniformly 
tof {x). This set may be so chosen as to be closed, or perfect. 

Relatively to this set, the function / (x) must be continuous (see § 86). 
Thus we have the following theorem : 

Iff {x) be a measurable {not necessarily summable) function, defined in a 
set of points E, of finite measure, in any number of dimensions, and finite 
almost everywhere in E, there exists in E a perfect set of points, of measure 
arbitrarily near to m {E), relatively to which the function f {x) is continuous. 

180. Let f {x) be a function defined in the linear interval (a, 6), and 
summable in that interval. It has been shewn in i, § 432, that . 

[ |/(«) -/(«o) 

d Xo 

has a differential coefficient, equal to zero, at the point Xq, where x^ is 
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any point of the interval (a, 6), with the exception of points belonging to 
a set of measure zero. If be a point not belonging to the exceptional set, 
of measure zero, and r) be an arbitrarily chosen positive number, h may be 

so chosen that ^1 !/(»)-*/ (f^o) | da: < The set of points in the 

interval (Xq — h, Xq + h), at which \f(x) — f (a:o) | = e, has its measure less 
than ; hence \ f (x) — f (xq) | < c, in a set contained in {xq — h, Xq + h), 

of measme Keeping e fixed, the number 1 — ^ converges 

to unity, as h and converge together to zero. Therefore the metric density 
of the set of points at which \f{x)— f (xq) | < c is unity at the point Xq . 
Therefore / {x) is approximately continuous at Xq (see i, § 235). 

Next, let / (x), although measurable, not be summable in (a, b), but let 
it be finite almost everywhere. The summable function /<"''> (a:) may be 
defined as in § 179. Let N have successively the values in a monotone 
sequence {Nf}, such that Nr increases indefinitely with r. Then each of the 
functions P^''^{x) is approximately eontinuous almost everywhere in 
(a, b ) ; and therefore, at almost every point of (a, 6), all the functions 
{ approximately continuous ; let Xq be a point at which this is 
the case. Let s be a number such that | / (xq) | < ; then the set of points 

at which | / (a:) — f (a;^) ( < e is such that, for some value t (> s), of r, 

I /(a;) \<Nt-, 

and it follows that, at all points of the set, / (a:) •-= (a;). Since the set 

of points at which | /(^‘> (x) — (a:o) | < e has its metric density unity 

at Xq, the same holds for the set of points at which \f{x) — f (Xf,) | < e. 
Hence /(a:) is approximately continuous at a:„. 

The following theorem has now been established* ; 

If / (a:) be any measurable function, finite almost everywhere, defined 
in the linear interval {a, b), the function is approximately continuous almost 
everyivhere in {a, b). 

It is obvious that the function cannot bo approximately continuous at 
a point of ordinary discontinuity. It may however be so at a point where 
the discontinuity is of the second kind. Thus, in a totally discontinuous 
function, all the points of ordinary discontinuity, if any, belong to the 
exceptional set; but at almost all the points at which the fimction has a 
discontinuity of the second kind the function must be approximately 
continuous. 

A characterisation of the discontinuities of functions, based upon the 
notion of approximate continuity, has been made by M. H. A. Newmanf. 

♦ See Benjoy, Bulletin da la soc. math, de France,, vol. xliii (1915), p. 170. 
t Camh, Phil, Trans, vol. xxiii (1923). See also Kemiiisty, Fundamenta Mat, vol. vi (1924), p. 6. 
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DESCRIPTIVE PROPERTIES OP SETS OP POINTS 

181. It is convenient to give here an extension and amplification of 
the definitions relating to descriptive properties of sets of points. The 
aggregate of all points a:**), ... art**') of a space of p-dimensions will 
be denoted by S^-, it has been shewn in i, §49, that the points of Sj, 
correspond uniquely to the points of the space interior to the finite cell 
(— 1, — 1, ... — 1; 1, 1, ... 1), the relation of order being invariant for 
the transformation. The improper points at infinity, introduced in i, § 53, 
are points which correspond in order to the boundary points of the finite 
cell; when these improper points are adjoined to the set 8^, it becomes 
the closed set 5',. 

A set O is said to be closed in, or relatively to,, a set E, when every limiting 
point of G that is in E belongs to G; also when G has no limiting point in E. 

A closed set, in the ordinary sense, is a bounded set which is closed 
relatively to 8j,\ and such a set is also closed relatively to A set is 
closed in the extended sense when it is closed relatively to 8„, but not to 
Sp. It becomes closed in S’, when its improper limiting points are adjoined 
to the set. 

For example, the set of points 1, 2, 3, ... w, ... is closed with respect 
to the open interval (— oo,qo) because it has no limiting point in that 
interval. It is not closed with respect to the closed interval (— 00 , 00 ), but 
when the improper point 00 is added to it, it becomes closed relatively to 
the closed interval (— 00 , 00 ). 

A set G is said to be perfect in, or relatively to, a set E, when it is closed in E, 
and when further, every point of it in E is a limiting point of the set. 

Thus a perfect set in the ordinary sense, being bounded, is perfect rela- 
tively to Sj, and also to it may be regarded as perfect, in the extended 
sense, when it is perfect relatively to 8.p, but not relatively to 8p. It 
becomes perfect in »S'p when its improper limiting points are adjoined to it. 

A set 0 is said to be open relatively to E if all the points of 0 that are in 
E are interior parts of 0, rehtivdy to E. 

This is a slight extension of the definition given in i, p. 75, where the 
definition of an interior point of 0, relatively to E, is given. It is easily 
seen that: 

If a set G is dosed in E, the part D {G, E) of G, which is in E, is closed 
in E. If a set 0 is open in E, the part D (0, E) is open in E. 

For a limiting point of D {G, E) that isin E belongs to G, and therefore 
to D (G, E ) ; thus D (G, E) is closed in E. Again, if O is open in E, all the 
points of D {0, E) are interior points of 0 relatively to E, and therefore 
interior points of D (0, E), relatively to E. 
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The converse of this theorem is not in general true. For D {O, E) may- 
be closed in E, but a point of E may be a limiting point of O -without 
belonging to G. 

If a set O is dosed in E, it is also dosed in any set E^ which is a part of E. 
Conversely, a set which is closed in E^ is part of a set which is dosed in E. 

For every limiting point of D {E, O) that is in ^ is also in D {E, G) ; 
therefore every limiting point of D {E, G) that is in E^ , and consequently 
in E, is contained in D {E^, G). Hence G is closed in JS/j. 

If (3*1 be closed in E^ , every limiting point of G*i that is in E^ belongs to 
G*i. Consider the set G, obtained by adding to G*i those of its limiting 
points that are in E but not in E^. Every hmiting point of G that is in 
E belongs to G\ therefore G is closed in E, and it contains G^. 

If a set E be dosed in G, its complement in G, namdy G — D {E, G), is 
open in G; and conversdy. 

For a point oi G — D (E, G) has no point of E that belongs to G in 
a sufficiently small neighbourhood, and is therefore an interior point of 
G — D (E, G) ; therefore G — D {E, G) is open relatively to G. 

It should be observed that a closed, or an open, finite cell is a set of 
points which is both open and closed relatively to itself. The set 8,, is 
both open and closed relatively to itself ; it is open but not closed in . 

If E bo taken to be the set Sj , , we have as a particular case : 

Every set that is closed in Sp is dosed in every set E contained in 8^; and 
conversdy every set that is dosed in a set E is part of a set that is dosed in 8p . 

The above theorems also hold good for open sets, where in each case 
a set open in E takes the place of a set, closed in E, and an absolutely 
open set takes the place of an absolutely closed set. 

For, if O be open in E, the set G = O — D {O, E) closed in E, and 
• therefore in E^, any part of E-, thus O — D {0, Ef) is closed in E^, and 
therefore D {0, E^ is open in Ey. If is open in E^, the set 

0^-D{0„E,)^G^ 

is closed in E^ . 

The set G^ is part of a set G which is closed in E, any set which contains 
E^. Add to Oi those points of E which do not belong to G or to we 
thus obtain a set 0. This set O contains O^, and since its complement in 
E is D {G, E), which is closed in E, the set 0 is open in E. We have 
accordingly the following theorem. 

Every set that is open in a sd E is open in any part E ^ , of E ; and a set 
which is open in E^ is a part of a set which is open in E. A set that is open 
in 8p is open in any set E contained in 8„; and a set which is open in E is 
part of a sd open in 8p. 


17-2 
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SETS OF POINTS OP ORDEES 1 AND 2 

182. In the theory of the functions defined as the limits of sequences 
of continuous functions, sets of points of certain types are of importance. 

If be any set of points, in any number of dimensions, a set contained 
in E, and which is either closed relatively to E, or open relatively to E, 
is said to be a set of the first order in E. A set which is contained in E, and 
closed relatively to E, will be said to be of type 0^^; and a set contained 
in E, and open relatively to E, will be said to be of type O^e- The sets of 
the first order in E thus consist of sets of types &e^ and 

If {E„} be a sequence of sets contained in E, and such that each set is 
contained in the next, and if each of the sets En is of the first order in E, 
then the outer limiting set of {E„} is said to be of type Oe , whenever it 
is not of the first order in E. 

In case each of the sets E^ contains the next, each set being of the first 

( 2 ) 

order in E, the inner limiting set of {Efi is said to be of type Ce , whenever 
it is not of the first order in E. 

A set of either of the types d's is said to be a set of the second order 
in E. 

The following properties of the.se sets are of importance ; 

A sequence {E^ of sets of the first order in E, each of which is contained 
in the next, has for its outer limiting set a set of the first order in E, provided 
an infinite number of the sets En are of type O^e- 

For all the sets E„ which are not of type O^e ni^y be removed from 
the sequence, without affecting the outer limiting set. Thus the theorem 
is equivalent to the statement that the outer limiting set of a sequence of 
sets, open relatively to E, and each one of which is contained in the next, 
is open in E. This is a generalisation of the theorem relating to open sets 
in the continuum, given in i, § 66, and is proved in the same manner; it 
being observed that a set that is closed in is complementary to a set 
that is open in E. 

A sequence {E,) of sets of the first order in E, each of which contains the 
next, has for its inner limiting set a set of the first order in E, provided an 
infinite number of the sets En are of type C'2’^ 

This follows also from a theorem given in i, § 56 ; it being observed that 
those of the sets En which are not of type G^e may be removed from the 
sequence. 

( 2 ) ( 2 ) 

The complement with respect of E of a set of type Oe is of type Ce . 

/o\ fO\ 

The complement with respect to E of a set of type Ce is of type Oe • 
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For the complement of M {E^, E E^, ...), where each set is con- 
tained in the next, and is of type Cb\ is the set D {E — E^, E — E 

E — E„...). The sets E — E„ are all of type Oe\ and each contains the next, 
hence the complement of M {E^, E^, ... E„...)is oi type Ge , or of order 1. 
It cannot be of order 1, for then M (E-^, E 2 , ...) would be of order 1. 

If a finite number of sets HO), HO), ... HO) are all of type 0 e\ Itie 

set E, the set D {HO), HO), ... H^), of points common to all the r sets, is of 
(2) 

type Oe , unless it is of order 1 in E. 

Let = H^^^ = ... H^"^ where 

rt'^QO n'^Qo U'^oo 

(2) 

{On } ... are sequences of sets, elosed in E, each of which is contained in 
the next. Any point of D {HO), HO), ... HO)) belongs to all the sets (fn\ 
O^n, . . . Cfn^, from and after some value of n depending Tipon the particular 
point, and therefore it belongs, for all such values of n, to 

D {(fi \ g\i \ ... 0\^). 

The sets D iOn\ (^n \ ••• for n — 1, 2, 3, ... form a sequence of 
sets, all closed in E ; and each is contained in the next. Their outer limiting 

/f>\ 

set is D {HO), HO), ... HO)), which is consequently of the type 0^ , unless 
it is of order 1 in E. 

The common part of two sets, A and. B, each of ivhich is either of type 

12) f2) 

Oe , or else of the first order in E, is also of type Of, or else of the first order 
in E. 

(Q\ 

If both sets are of type Oe , the theorem is a particular case of the 

/o\ 

preceding theorem. If one of the sets A is of type Of; , and the other of 
type &e\ since A = lim Gn , where G„ is closed in E, we have 

D{A,B) = \imD{G„,B), 

/t~QO 

and since B is closed in E, so also is D ((?„, B)-, hence D {A, B) is of type 
O^Ey or else of the first order. If A is of type 0^’, and B of type 0^^ we 
have B = lim gr^ , where is closed in E ; then D{A,B) = lim lim D {G „ , gf), 

iri'^oo ^ 

and this can be expressed as the limit of a simple sequence of sets closed 
in ; it follows that D {A, B) is of type Of , or else of the first order in E. 
It A is of type O^e -5 of type (7^^ D {A, B) is the set common to a set 
that is closed in E and one that is open in E-, then D {A, B) is expressible 
as the limit of a sequence of closed sets, and is therefore of type unless 
it is of the first order in E. 

If HO), HO), ... ... he a sequence of sets in E, all of type 0%\ the 

set M {HO), HO), ... Zf(”*),...) of points which belong to one or more of the 
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(2) 

given sets, is also of type 0^ , unless it is of the first order in E. Also the 
latter set is of the first category in E, in case all the sets of the sequence are so. 


If = lim where all the sets are closed in E, let us consider 

the sequence of sets, closed in E, (^i \ M {Cfx^, 0^^), M 0^^), 

M {(fi \ 0f\ \ a[\ M i&i\ 0^i\ Gf-i\ Of\ 0^2^) .... Each of these is 

closed in E, and each is contained in the next, and every set Cfff occurs, 
from and after some fixed set of the sequence. It is clear that the outer 
limiting set is M jBT**), ... H^"‘\ ...) which is therefore of type Oe\ 
if it is not of the first order, A set is of the first category in E, if all 
the sets G^\ for n = 1, 2, 3, ... are non-dense in E. If all the sets H*™) 
are of the first category in E, all the sets 








M 


^( 2 ) 




are non-dense in E, and therefore their outer limiting set is of the first 
category in E. 


( 2 ) 

If El be a part of E, the part of a set of type 0^ which is in Ei is of type 

/Q\ 

Oe,, or dse is of the first order in Ei. The corresponding result holds for a 
set of type Ce^. 


( 2 ) 

The set of type Oe is the outer limiting set of a sequence {G'n} of sets 
all closed relatively to E. The sets Z) (Ei , G„) are all closed in Ei , and thus 
the part of the given set which is in Ei is the outer limiting set of a sequence 


12 ) 

of sets closed in Ei; thus the part is of type Oe,, unless it be of the first 


( 2 ) 

order in Ei . The corresponding theorem for a set of type Ce follows from 


( 2 ) 


the fact that the complement of such a set, relative to E, is of type Oe 


183, It has been shewn in i, § 96, that in case ZJ be a perfect set, the 
outer limiting set of a sequence of non-dense closed sets, which is a set of 
the first category in E, has, for its complement in E, a set which is every- 
where dense in E. It was in fact shewn that every cell or interval (a, j8) 
containing points of E contains a point, defined by a sequence of cells or 
intervals (a, j8), (ui, Pi) ... (a„, ^„) ..., each of which contains the next, 
which is a point of E, but not a point of the set of the first category. The 
argument is not in general applicable to a set Z? which is not closed, because 
the point defined by the sequence of cells or intervals may not be a point 
of E. The procedure is, however, applicable, in case E is an open set, 
because each of the cells or intervals («„ , j8„) may then be taken to consist 
entirely of points of E. The set of the first category is then, in this case, 
diffuse (see i, § 55) in E, although it may be everywhere dense in E. The 
same remark applies to the case in which E consists of the points which 
an open set and a perfect set have in common. 
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We have thus the theoreirf : 


If E be either a perfect set, or an open set, or consists of the points common 
to an open and a perfect set, the outer limiting set of a sequence of rum-dense 
sets, all of which are dosed relativ'dy to E, and each one of which is contained 
in E, is diffuse in E. (See i, p. 76.) 

As in I, § 94, it follows that, if E be an open set, the complement of 
the outer limiting set cannot be of the first category in E. 


More generally, we have the theorem : 

If E be either perfect, or open, or be the set of points which an open set 
and a perfect set have in common, and if E^, E^, ... E^, ... be a sequence of 
sets, all of the first category in E, then M {Ei, E^, ...) is of the first category 
in E ; and thus it is impossible that E = M {E^, E^, ...). 

For \i En = M {On \ On \ •••). where is closed in E, we have 


M {Q^i\ 0f\ 


^(3) ^(2) ^(1) \ 

Lti , U2 , ^3 9 •••;> 


M{E„E„...) 

and the set on the right hand side is of the first category in E. 


In particular E cannot be resolved into the sum of an enumerably 
infinite, or finite, series of sets, each of which is of the first category in E. 


If E be identical with Sj,, the aggregate of all points in p dimensions, 
the sets of typo O^sl consist of all open sets, and the sets of tjrpe G^sl 
consist of aU bounded closed sets and also of sets which contain aU their 
finite limiting points. But if E be identical with Sp, the absolute set 
in p dimensions, the sets of type include all bounded open sets, and 
also all unbounded open sets with, or without, their limiting points at 
infinity; and the sets of type consist of all closed sets, whether bounded 
or not. This is seen to be the case by employing the correspondence of S„ 
and of Sp with an open, or closed, finite cell. It is convenient to speak of 
sets closed relatively to *S'p as of type and of sets that are open 
relatively to Sp, as of type 0(9. 

( 2 ) ^ 2 ) 

Similarly, a set of type 0(9 or 0(9 means a set of type O^p, or O^, . 
It has been shewn in § 181 that the part of a set of type O(^) that is in E, 
is of type Ok\ and that the part of a set of type 0(9, in E, is of type ■> 

whatever the set E may be; but the converse does not in general hold. 

* ( 2 ) 
It follows that the part of a set of type 0(9 that is in E, is of t 3 rpe Oe , 

unless it is of the first order in E ; and that a set of type 0(9 has, for its 

part in E, a set of type Ce , unless it is of the first order in E. 


184. It will be shewn that : 

If E be either an open set, or a closed set, or a set which consists of the 
points which an open set and a dosed set have in common, then a set, in E, of 
one of the types Oe\ O^e, C^e of one of the types 0(9, 0(^>, 0(9. 
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The theorem is obviously true in case JS7 is a closed set. If E be an open 
set, it is the limit of a sequence of closed sets contained in it, and each 
of which is contained in the next. It E — D {H, K), where H is open and 
K is closed, let H = lim , where is a closed set ; then E = lim D {g^ , K), 

ri'^Qo ri'^oo 

and D (gr„, K) is a closed set G„ ; or E = lim 0„. If J?’ be a set of type Ce , 

ri'^cc 

we have, in either case, F = lim D {G „ , F) ; and it Avill be shewn that 

n'^oo 

D {G„ ,F) is a, closed set. 

Any limiting point of D , F) is in G„ , and therefore in E ; also such 
a limiting point, being a limiting point of F which is in E, must belong to 
F, since F is closed in E; and it therefore belongs to D {G„, F), which is 
therefore closed. Therefore a set of type is of one of the types 0<^>, 
for if it were of type it would be of type 
A set of type is the outer limiting set of a sequence of sets all of 
type Ge\ is one of the types CX^), hence it is of one of the 

types CX®), CX^). It follows that a set of type 0^^ is of type CX®), unless it 
be of the first order. 

A set of type O^e is the outer limiting set of a sequence of sets all of 
which are of the first order in E, and consequently of one of the types 
0(2), 0(1), 0(^, hence the given set is of the type tX^) (see § 182). For it 
cannot be of one of the types 0<^), since it would then be of type 
/o(^) 

Oe ot Ce • 


FUNCTIONS REPRESENTABLE BY SERIES OR SEQUENCES 
OP CONTINUOUS FUNCTIONS 

185 . The question as to the nature of the most general function that 
can be represented in a given interval, or cell, as the sum of a series of 
continuous functions, and therefore as the limit of a convergent sequence 
of such functions, received a complete answer from Bake, whose result is 
contained in the following remarkable theorem : 

The necessary and sufficient condition that a function, defined in a closed 
interval, or cell, may be representable as the sum of a series of continuous 
functions which converges at every point of the interval, or cell, to the value of 
the function, is that the given function shall be at most pointivise discontinuous 
with respect to every perfect set of points in the given interval, or cell. 

The theorem was first established by Bake* for the case of functions 
of a single variable, and was afterwards extended by Lebesguef and by 
BaireJ himself to the case of functions of any number of variables. Other 

* In his memoir “Sur les fonctions de variables r^ellos,” Annali di Mat. (3) A, vol. m (1899). 

t Comptes RenduSy vol. cxxviii (1899), p. 811. 

% Bull, de la aoc. math, de Francey vol. xxviii (1900), p. 173. See also Baire’s treatise Lemons 
sur lea fonctions discontinues y pp. 149-155. 
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proofs of the theorem have been given by Lebesgue*, Dell’-Agnolaf and 
de la Vallee-PoussinJ. 

The theorem will here be investigated by a method which is essentially 
that of de la Vall6e Poussin, but in a somewhat generalised form. 

If E denotes a set of points in any number of dimensions, a function 
defined over E which is continuous relative to E will be said to be of class 0, 
in E. By some writers, a more restricted definition of functions of class 0 
is adopted; only those functions are said§ to be of class 0, in E, which 
are not only continuous relatively to E, but which are capable of being 
extended so as to be continuous in the clo^d set M {E, E'), obtained by 
adding to E those of its limiting points which do not belong to the set 
itself; such a function can then (see § 108) be further extended so as to 
be continuous in all the space. If a function, defined in E, is such that its 
value at each point is the limit of a sequence of functions, all of which are 
of class 0, in E, is said to be of class 1, in provided it is not of class 0, 
inE. 

If (/„ (a;)}, a sequence of functions, all continuous relatively to E, has 
for its limiting function / («), then / (x) is of class S 1, in .2^. The functions 
/„ {x) need only be continuous in E in the extended sense of the term, and 
/ (a;) may have an infinite value at a point at which the sequence {/„ (a:)} 
diverges to oo , or to — qo . 

There is, however, no loss of generality in the theory if we assume that 
the functions {/„ (a:)} are all bounded, say in the interval (— 1, 1) ; in which 
case continuity is taken in the ordinary sense. For, if we employ the trans- 

formation <f>„ (a;) = ^ <i> i^) = I + | / (a:)]’ 

tinuous relatively to E, and has/ (a:), of class 1, or 0, for its limiting function, 
it has been shewn in i, § 219, that the functions 0 (a;), (a;)}, all of which 

are bounded and have their, values confined to the interval (— 1, 1), are 
such that (j>n («) is continuous relatively to E-, moreover ^ {x) has the same 
class 0, or 1, as /(a;), in the set E. The converse of this statement also 
holds good. It will accordingly be throughout assumed that all the 
functions /„ (a:), / {x) are bounded. 

186. It is clear that, if / (a:) is of class 1, m E, it is of class g 1 in any 
part of E. 

The following theorem is easily established : 

If the functions f I (a;), f^ (x), .../, (a:) are all of class 1, in E, and the 

* See Borel’s Lemons sur les fonclions de variables rdelle^, pp. 149-155; also Lebesgue’s memoir 
“Sur les fonctions reprcsontables analytiquement,” Liouville's Journal (6), vol. i (1905). 

t Aiti Ven, vol. Lxvin (1909), p. 775; Rend. Lombardo, vol. xli (1908), pp. 287, 676. 

} See his treatise Integrales de Lebesgue (1916), pp. 121-125. 

§ See, for example. Carat h^odory’s Vorlesungen uber reelle Funktionen, p. 393. 
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function F (ft, fz, fr) is continuom with respect to .../r) then 

F ... fr) is of doss ^ 1, in E. 

ft i^) = lim/jM (x), for s = 1, 2, 3, ... r; where /j„ (x) is of class 0, 

n«-oo 

in E. The function F {fin> fin > ..-/m) is continuous, and thus of class 0, in 
E. Also jP (/i, /a, .../J = lim {fin, f in, —/m). and therefore 

n^co 

F{fi,fi,...fr) 

is of class ^ l,in E. 

The following special case of this theorem should be observed : 

(1) The sum, or the difference, or the product, of two functions each of 
which is of doss ^ 1, in E, is also of dass S \, in E. 

(2) If f (x) is of dass S 1, in E, so also is | / (a:) | . 

For I / 1 is a continuous function of /. 

(3) If fi (x), /a (x), ...fr (x) are all of dass ^ 1, in E, and <f> {x) he the 
function which has, at each point, the value of the greatest of the given functions, 
then <f> (x) is of class S I, in E. 

For <f> (x) is a fimction of fi (a;), ff{x), .../, (a;) which is continuous 
in E, relatively to {fi, h, ...ff). 

(4) Iff (x) is of dass 1, in E, the function <f> (x) which has the value f (x), 

■ when A < f (x) < B, and has the value A when f {x) ^ A, and the value B 

when f (x) ^ B, is of class ^ 1, in E. 

For ^ (a;) is a continuous function of / (x). 

(6) If the function f (x), of dass 1, in E, is such that L ^f (x) U, 
in E, then f (x) is the limiting function of a sequence (x)}, of functions of 
class 0, in E, such that L ^ (x) £ U, for every value of n. 

For if / [x) = lim {x), and we take (a;) to be the function which 

= {x) when L £ ift„ (x) £ U, and which . = L when tft„ (a:) < L, and 

which = U when (x) > U, the function (x) is continuous in E, and 
/ (x) = lim (a;). 

71 <^00 

187. The following general theorem will be established with a view to 
its application in the theory of functions of class S 1 : 

Let E be a set of points in Sj, which consists of the points which belong to 
one or more of the sets {E„} of a sequence of sets, any two of which may have 
points in common; and let 0 be a set of points contained in E, which is either 
(1), perfect, or (2), open, or (3), a sd which consists of the points which a perfect 
and an open set have in common. Then the necessary and sufficient condition 
that 0 should be the sum of sets <f>i, <f> 2 , ... <f>n, •••> ro two of which have a 
point in common, and such that <f>n is contained in E„ , for each value of n 
for which exists, and such that every (f>„ is of type 0 e\ or of type 
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Ge\ is that, for every perfect set Q, contained in G, one at least of the sets E„ 
is compact in Q. (See i, p. 76.) 

This theorem was given by de la Vall4e Poussin* for case (1), in which 
G is perfect and bounded. It is not necessary that the set G should be 
bounded ; it is sufficient that it be perfect or open in Bp or the set common 
to a perfect and an open set. But, by employing the mode of correlation 
referred to in § 181, it is seen that there is no loss of generality if the set E 
be contained in a finite closed cell. 

It has been shewn in § 182 that a set of one of the types ()(*), 
is also of one of the types Oe\ 5 the converse holds good in 

case E is either closed, or open, or a set which consists of the points common 
to a closed and an open set (see § 184). If H be any set of points whatever, 
contained in E, the set H will be said to be decomposable if it can be 
expressed as the sum + ^2 + ... + 4>n+ •••> of sets which satisfy the 
conditions laid down in the statement of the theorem. The set H will be 
said to be decomposable at a point p if a closed neighbourhood A, of p> 
exists such that the set D {H, A) is decomposable. 

In order to prove the theorem, a number of subsidiary theorems will 
be established: 

(а) If H is decomposable, and H-^, a set in E, is of one of the types 

Oe\ then D {H, Hj) is decomposable. 

For ii H == 2) we have D{H, = S Z>(^„, //i), and each set 

D {<f>„, Hj) is of type Oe\ Oe\ or (see § 182); therefore D {H, Hj) is 
decomposable. 

(б) If H is the sum of a finite, or infinite, number of sets Hn , each of 
which is decomposable, and no two of which have a point in common, then 
H is decomposable. If a finite, or infinite, number of sets //„ are all closed 
and all decomposable, but may have points common to two or more of them, 
the set M {Hi, H^, ... H^, ...) is decomposable. 

If ^ = 'LHp,, and + ... , we have 

= s (s 

71-1 771-1 

(m'S ^2^ ^1^ fl^ 

thus H is decomposable, since S is of one of the types , Ce 

771 — 1 

(see § 182). 

To prove the second part of the theorem, let H = M {Hi, H^, ...), 
where Hi, H^, ... are all closed and decomposable; then the sets 

E--Hi,E-M{Hi,H^),E-M {Hi, H„ Hf ), ... 


♦ IntigraUa de, Lebesgue, p. 108. 
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are all open in E. The sets Hi,D{E — H^, D{E— M {Hi , H 2 ), H ^}, , 

are, in virtue of theorem (a), all decomposable, and their sum is H ; therefore 
H is decomposable. 

(c) If a dosed set G, contained in E, is decomposable at each of its points, 
then O is decomposable. 

Each point p, of 0, has a neighbourhood in which O is decomposable ; 
the set O is contained in a finite set {A„}, of such neighbourhoods (see 
I, § 74). Hence 

G=^M{D {G, ^l), D {G, Aa), ... , i) [G, A„)}. 

Since the sets D {G, A„) are all closed, it follows from theorem (b) that G 
is decomposable. 

(d) If a set G, contained in E, is decomposable, it must be decomposable 
at each of its points. 

Let A be any cell which contains points of G, then D (A, E) is closed 
in E; hence, from theorem {a), D{G,D{A,E)}, or D {G, A) is decom- 
posable. We may choose A so as to be a neighbourhood of any point p, of 
G, and therefore G is decomposable at p. 

{e) If an unenumerable closed set H is contained in E, and is not de- 
composable, it contains a perfect set Q which is not decomposable at any point. 

Let Q be the set of points of II at which H is not decomposable. The 
set Q is closed; for, if 5 ' be a limiting point of Q, and A be a neighbourhood 
of q, then D (A, II) contains points at which H is not decomposable, and 
therefore D (A, H) is not decomposable. Since the set II — Q is open in H, 
it is therefore the outer limiting set of a sequence {L„} of sets closed in H, 
and therefore absolutely; or H — Q ^ M {L^, L^, ... ...). Since H is 

decomposable at each point of L„, by theorem (a), D {H, L„) is decom- 
posable at each point of for the theorem can be applied to the case 
when D {H, A„) takes the place of H, and L„ that of Hi , where A is the 
neighbourhood of a point of L„ . 

By theorem (c), it follows that D {H, L„) is decomposable; and then, 
by theorem (b), it is seen that D {H, H — Q) is decomposable. Since 
H = Q + D {H, H — Q), we observe that, if Q were decomposable at any 
of its points, H would be decomposable at those points, which is, by 
hypothesis, not the case. Therefore Q is not decomposable at any of its 
points. The set Q can contain no isolated points, because the set would 
be decomposable at an isolated point. It has thus been shewn that the 
closed set Q is perfect. 

(/) If 0 be an absolutdy open set, contained in E, and not decomposable, 
it must contain an unenumerable closed set which is not decomposable, and 
consequently contains a perfect set which is not decomposable at any of its 
points. 
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For 0 = M ... H^, ...)> where the sets are all closed and 

unenumerable, each one being contained in the next. If all the sets Hn 
were decomposable, by theorem (6), O would be decomposable, which is 
not the case. If the unenumerable set be not decomposable, it contains 
a perfect set Q which is not decomposable at any of its points; therefore 0 
contains such a set Q. 

(g) The statement in theorem ( / ) holds good for a set contained in E which 
consists of the points which a perfect set and an open set have in common. 

Let L — D (0, 0), where G* is a perfect set and 0 is an open set, both 
contained in E. As before, if 0 = JIf {H^, H^, ... H„, ...), where H„ is 
closed, we have L = M {D {0, Hf), D (G, H^), ..,}. If all the closed sets 
D {0, U„) were decomposable, so also would be L ; therefore I) {G, //„) is 
not decomposable, for some value of n. Moreover D {G, H„), if it be not 
decomposable, contains a perfect set Q that is not decomposable at any 
of its points. 

(h) If a set G, contained in E, be either (1), perfect, or (2), open, or (3), con- 
sists of tike points which a perfect and a closed set have in common, then, if 
one of the sets E^, E^, ... En, ... be compact in every perfect set contained in E, 
G is decomposable. 

If G is not decomposable, in virtue of theorems (c), (/), {g), it contains 
a perfect set Q which is not decomposable at any of its points. But this 
is impossible if a set E^ is compact in Q; for D {E^, Q) has a point p 
which is an interior point of E^ , and a neighbourhood A, of p, consequently 
exists which contains no point of Q that does not belong to E„. The 
closed set D (Q, A) is therefore contained in E„ , and we can take 

= D {Q, A), 

so that Q is decomposable at p, which is not the case. Therefore G must 
be decomposable. 

(i) If a set G, contained in E, be either perfect, or open, or the set of 
points which a perfect set and an open set have in common, and if G be 
decomposable, and Q be any perfect set contained in G, then one at least of 
the sets E^ is compact in Q. 

Since G is decomposable, D {G, Q), or Q, is decomposable. Thus 
Q = 'E,<f>„, where <f>n is contained in J5„, and (f)„ = M <f>„ 2 , .••), where 
all the sets are closed sets. It follows that Q = M 0i2> •••)> 

and one at least of the sets must be compact in Q (see i, § 65) ; for if 
the closed set is not compact in Q it must be non-dense in Q. If <j)nm 
be compact in Q, 4>n must be compact in Q, and consequently E„ , which 
contains , is compact in Q. 

The two theorems {h) and (i) taken together constitute the main 
theorem which was to be established. 
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If each of the sets E^, E^, ... JE„, , is of type (?(*), or or GO-'*, any 
set O, contained in E, which is either perfect, or open, or a set of points 
common to a perfect and an open set, is decomposable. 

Each set E„ is the outer limiting set of a sequence of closed sets 
Eni> Fni, ... '> fh'is ^ is equivalent to M {F^, F^i, F^^, F^z, F^s, ...). 
This set is compact^in Q, and therefore one at least of the sets F„m is 
compact in Q. If F„m is compact in Q, so also is E„-, thus the condition 
of the general theorem is satisfied, 

188. The following theorem, a generalisation of a theorem due to 
Lebesgue, will now be estabhshed : 

The necessary and sufficient condition that a function f (x), defined in a 
set E, of points in any number of dimensions, and which is either perfect, 
or open, or the set of points which an open and a perfect set have in common, 
should be of doss S 1, in E, is that, for every number A, the sets of points of 
E at which f(x) > A, and f{x) < A, should be of type O^e, or dse of the first 
order in E. 

It will be observed that the theorem includes the case in which E 
consists of the whole space Rj,. It has been shewn in § 184, that a set 
of type of the first order in E, is of type O*®) or else closed, or 

open. The necessity of the condition will first be proved. Let 

/ {x) - lim /„ (a;), 

where the function /„ {x) are aU continuous in E ; and let the sets of points 
at which /„ (a:) ^ .4 + e* be denoted by E^f^, where {cj is a monotone 
decreasing sequence of numbers converging to zero. Since /„ (a;) is con- 
tinuous in E, the sets E^'f^ are closed in E. Let the set 

D{EV,eZu-), 

CK) 

which is closed in E, be denoted hy Fn . A point at which /(a:) > A belongs, 
for some value of k, to all those of the sets Fn^ for which « S w* , an 
integer dependent on k. At a point x, of F^ , we have/„+„, (a;) S A + €*, 
for m = 0, 1, 2, 3, ... ; and therefore/ (x) > A. 

The set M (Fi \ Fi \ F^ 2 \ •••) is such that every point 

of it belongs to Fn \ some values of n and k; and therefore, at every 
point of the set, we have / ix)> A. Conversely, since every point at which 
/ (a:) > A belongs to all the sets Fn^ for suitable values of n and k, it is 
seen that the set consists of all points at which f {x)> A; and this set is 
of type Oe\ unless it is of order 1 in E. The proof of the necessity of the 
part of the theorem relating to the set for which f (x) < A is precisely 
similar. 
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In order to prove the sufficiency of the conditions in the theorem, the 
special case will, in the first instance, be considered, in which / (a;) has the 
value 1, in a part E^, of E, and has the value 0 va. E ~ E^. In accordance 
with the condition in the theorem, E^ and ^2 8^® taken to be each of one 
of the types 0e\ 

Let it be assumed that E^ — Urn On\ E — E^ — lim df*, where 

n'^oo n'^00 

(2) 

and {On } are sequences of sets, closed in E, each of which is contained in 
the next set of the sequence. Let /„ {x) = 1, in On^; and let /„ {x) = 0, 
in On^; at any point of E which does not belong to On^ or On\ let 

fn (®) = ^ 3 ) where d^, are the distances of the point from the sets 

»i + »2 

, On^ . The function /„ (x) is continuous in E, and / (a?) = lim/„ (x); 

ri'^cc 

and therefore / (a:) is of class S 1, in The sufficiency of the conditions 
has thus been established in the special case considered. 

Next, letf{x) = c^, in E^; f (a:) = C 2 , in E^l ... / (x) = c^, in E^; when 
E = El + E^ + ... + Ef] no two of the sets having a point in common. 

( 2 ) 

It will be shewn that, if each of the sets E^, E^, ... E^ is oi type Oe , 
0^e\ ^e\ f {x) is of class S 1, in E. For, let /<*' {x) be the function 

defined by the specifications f-^^x) — 1, in Eg-, /(*> (x) — 0, in E — E/, 

for s = 1, 2, 3, ... r. By what has been proved above, /<*> (a:) is of class 
^ 1 in .£7; and since / (a:) = (x) + (x) + ... + {x), it follows 

that / (a;) is of class S 1, in £7. 

In the general case, let U and L be the upper and lower boundaries 
of / (x). It has already been pointed out that there is no loss of generaUty 
in taking U and L to have finite values. Let a mesh {a^, a^, ... a„^) be 
fitted on to the linear interval (L, U), where = L, a.„, = U, and let every 
mesh of the net have breadth < e. Let S be any positive number < e, 
and let denote the set of points of E at which a-i — h <f {x) < a^\ let 
€2 denote the set at which — h < f {x) < a^, ... and let denote the set 
at which a,„ — 8<f(x). The set consists of the points common to the 
two sets for which / {x) > a^ — h, f (x) < a^; therefore is of t 3 q)e Oe , 
xmless it is of order 1, in Similarly it is seen that 62 , 63 , ... are all of 
type Oe , or else of order 1, in Since E = M {e^, 62 , ... e^), we have 
Q = M [D (Q, Ci), D (Q, e^), ... D {Q, e„)}, where Q is any perfect set 
contained in E. The sets D {Q, e^) are aU of type Oq , or else of the first 
order in the perfect set Q, and are all consequently of type or else 
open or closed. 

Since the sets D {Q, gj), D {Q, 62 ), ... , D {Q, e^) are all of type Ot^), or 
of the first order, one at least of them must be compact in Q (see § 187 (i)). 
Thus the condition of the general theorem of § 187 is satisfied, in relation 
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to the sets e^, ... It follows that E may be resolved into a sum 

+ 02 + ... + 0 m> where 0 , is contained in e„ and is of type or else 
of order 1 . 

Let 0 (x) be defined by the specifications, 0 {x) = a^, in 0^; 0 (x) = a^, 
in ... <f> {x) = a^, in 0^. Then <f> (x) is of class ^ 1, in E; moreover 
I 0 («) -/(») I < 2e. Let € have the values e^, ..., in a decreasing 
sequence which converges to zero ; and let 0 ^ (x) be the value of 0 (x) 
which corresponds to the value e,, of e. If the sequence {cj be so chosen 
that the series S is convergent, / (x) is the sum of the absolutely 

r-l 

convergent series 

01 {x) + {02 («) - 01 (»)} + {03 (^) - 02 (*)} + ••• • 

Since the function 0,.+i (a;) — 0, {x) is of class S 1, in E, and takes only 
a finite number of values, it is the limit of a sequence Xrs (*)» of continuous 
functions; so that lim Xrs i^) = <f>r+i (^) ~ 0r {^)- Since 

8'^CO 

I 0r+l («) - 0r («) I < 4er, 

the sequence (aj)} can be so chosen that | Xrs {^) | < for all values 
of 8. 

The continuous function xu i^) + Xas (^) + ••• + Xvs (^) is less, in 
absolute value, than 4 + cj + ••. + moreover 

lim ixu (iK) + X2S («) + ••• + Xj>» = 0i>+i («) - 01 (»)• 

Let be the smallest value of s, such that 

Xu (^) + X2S + ••• + Xj-s (^) 

differs from 0 j,+i (x) — 0 ^ {x) by less than ej,+i , and therefore from 
/ (x) — 01 (x) by less than 3€„+i . The number Sj, can be determined for 
each value of p ; we have then a sequence 

{xisp (^) + X2»p («) + ... + Xpsp (a;)} 

of continuous functions, which converges to f (x) — <f>i («). Therefore 
f {x) — 01 (x) is of class ^ I, in and consequently / (a:) is of class ^ 1 , 
in E. 

189. It will now be shewn that: 

The necessary and sufficient condition that a function f (x) defined in a 
set E, which is either perfect, or open, or the set of points common to a perfect 
and an open set, should be of class & 1 , in E, is that one at least of the two sets 
[E,f{x)>A], IE, fix) < B] should be compact in every perfect set Q, con- 
tained in E, whatever values A and B may have, such that A < B. 

To shew that the condition is necessary, let E^ , E.^ denote the two sets 
[E,f{x)>A], [E,f{x)<B]; then E^, E^ are, in accordance with the 
theorem of § 188, each of type or else of the first order. Since E, or 
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M {El, E^), contains Q, and is therefore compact in so also must be the 
set M {D (El, Q), D (E^, Q)}. The two sets D{Ei,Q), D{E^,Q) being 
both of type or else of order 1, cannot both be of the first category 
with respect to Q (see § 183), therefore one at least of them is compact in 
Q, and consequently one at least of the sets Ey , E^, is compact in Q. 

To prove that the condition is sufficient, let {J5„} be a sequence of 
decreasing values of B which converges to A. Assuming that the condition 
of the theorem is satisfied for A and JB„, every point of E belongs to one 
at least of the sets, both of type , or else of the first order, for which 
f (x) > A, and f (x) < In accordance with the general theorem of 
§ 187 if the condition of the present theorem be satisfied, since every point 
of E belongs to one at least of the two sets [E,f{x) > A], [E,f{x) < B„], 
E can be resolved into the sum of two sets Y^, both of type or 
else of the first order; where is contained in the set \E,f {x) > A], and 
Tn is contained in the set [E, f (x) < B„']. Each point for which / (x) > A 
belongs to X „ , from and after some particular value of n, and consequently 
every point for which/ (a:) > A is contained in the set (Xj, A 2 , ... X„, ...). 

Therefore the set [E,f{x) > A] is either of type or of the first order. 
Similarly, it may be shewn that the set [E,f (a;) < A] is either of type 
or of the first order. Therefore, by the theorem of § 188,/ (a:) is of class £ 1. 

190. We are now in a position to establish, in a generalized form, the 
theorem of Baire, referred to in § 185. 

The necessary and sufficient condition that a function f {x), defined in a 
set E, in any number of dimensions, which is either perfect, or open, or the 
set of points common to a perfect and an open set, is the limit of a sequence 
of functions, all of which are continuous in E, is that f (x) be, at most, 
pointwise discontinuous with respect to every perfect set contained in E. 

To prove the necessity of the condition, it will be shewn that, if a 
perfect set Q, contained in E, is such that / (a:) is neither pointwise dis- 
continuous nor continuous, with respect to Q, then / (a;) cannot be of 
class 1, in 

The set of points of Q at which the saltus of / (x), with respect to Q, is 
S 6, cannot, for every value of e, be non-dense in Q ; otherwise / (a:) would 
be pointwise discontinuous, or continuous, in Q. Therefore e can be so 
chosen that the set is compact in Q ; and consequently a cell A exists, such 
that, at every point of the perfect set D {Q, X), the saltus of / {x), with 
respect to Q, is S e. If A and B are any two numbers such that 

0 < B — A < €, 

the set of points \E,A<f {x) < B] cannot be compact in D {Q, A), for 
otherwise the saltus oif{x), with respect to Q, in D {Q, A) could not exceed 
B — A. A set of intervals {A-i, Bf), {A^, Bf), ... {A^, B^) each of which is 

18 


H n 
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of measure < e, and such that any two of them may overlap, can be so 
determined that every value of / (x) lies within one or more of the intervals. 
It is here assumed that /(a;) is bounded; it having been shewn in § 185 
that this involves no real restriction upon the generality of the theorem. 
Let e, denote the set \E, Ag< /(») < Bs\, for s =- 1, 2, 3, ... r; then 
E ^ M (Ci, 62, ... e^). If all the sets e^, e^, ... e,. were either of type 
or of order 1, one at least of them would be compact in D (Q, A); as this 
is not the case, there must be at least one set e, which is neither of type 
nor of order 1. Consequently, from the theorem of § 189, / (x) cannot be 
of class $ 1, m E; since the sets [E,f (x) > [E,f (x) < B,] are not both 
of type or of the first order. 

To prove that the condition in the theorem is sufficient, it will be shewn 
that if / {x) is not of class ^ 1, there is contained in E a perfect set Q, 
with respect to which / (x) is neither pointwise discontinuous nor contin- 
uous. If no such set Q exists, it will then follow that / (a;) is of class /£ 1, 
in E. 

It follows from the theorem of § 189 that, if / (x) is not of class & 1, 
in E, a perfect set Q, and two numbers A, B, where .4 < J5, exist, such 
that neither of the sets [E, f (a;) > A], [EJix) < B] is compact in Q. 
If q be any point of Q, an interval or cell A, containing q within it, can be 
so determined that there exist in A points of Q which do not belong to 
the set \E,f{x) > A], and also points of Q which do not belong to the set 
[EJix) < B]. There are therefore, in A, points at which f (x) A, and 
also points at which / (a;) 2 B. Since A is an arbitrary neighbourhood of q, 
it follows that the saltus of / (a;), at q, with respect to Q, is ~ B — A. 
Therefore every point q, of Q, is a point of discontinuity of / {x ) ; and thus 
/ {x) is totally discontinuous in Q. The sufficiency of the condition in the 
theorem has accordingly been established. 

It may be observed that, when the function / (x) satisfies the condition 
of the theorem, it follows from the results of § 161, that f (x) may be 
exhibited as the sum of a series of finite polynomials, the series converging 
to / (x) at all points of E. 

THE CONVERGENCE OF MONOTONE SEQUENCES OF FUNCTIONS 

191. A special case of the convergence of a sequence of functions 
continuous in a given set E, which we may take to be perfect, or open, or 
the set common to a perfect and an open set, is that which arises when the 
sequence is monotone. In such a case the limit of the sequence is an /- 
function, or a w-function, according as the sequence is non-diminishing or 
non-increasing (see § 103). 

The following theorem has reference to this case : 

The necessary and sufficient condition that a function f (x), defined in a 
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set E, open, or perfect, or consisting of the points which an open and a perfect 
set have in common, is an l-f unction in E is that, for every value of A, the set 
> -4] which consists of those points of E at which f (x) > A, is open 
in E. The necessary and. sufficient condition that f {x) is a u-function is that 
the set \E,f(x) < A] is, for every value of A, open in E. 

If [E,f (x) > ^] is open in E then {E,f {x) S: A] is closed in E. It is 
sufficient to establish the first part of the theorem, as the second part can 
be deduced by changing the signs of / (x) and of A . 

Let ^ be a limiting point, in E, of the set [E, f (x) A]; then, if e be an 

arbitrary positive number, there is a neighbourhood of such that at 
every point of E, in that neighbourhood, f (x) > f (i) ~~ e. Since x may 
be a point of the set [E,f(x) A], we have f (i) < e -h A ; and since e is 

arbitrary, it follows thatf(i) ^ A ; thus i belongs to the set [E, f (x) ^ A], 
which is therefore closed in E ; and consequently the complementary set 
{E,f {x) > A] is open in E. The necessity of the condition has thus been 
established. 

To prove its sufficiency, let it be assumed that the set [E,f{x) -li is 
closed in E, for every value of A. If, at a point of E, the function is 
not lower semi-continuous in E, there exists a positive number a such 
that, in every neighbourhood of there arc points of E at which 
/ (x) -'S / (^) — a, and ^ must be a limiting point of the set of all such 
points. 'Pherefore the set [E,f {x) ^f{i) — «] is not closed in E, which is 
contrary to the hypothesis. Accordingly/ (x) is lower semi-continuous with 
respect to E, at every point of E. 

192. We proceed to give the corresponding theorems for Iw-functions 
and for wZ-functions. 

The necessary and sufficient condition that, in a set E, of the same 

character as before, the function f{x) is an lu-function is that the set \E,f(x) > A ] 

should be a set of type for every value of A . The necessary and sufficient 

condition that f (x) should be a ul-f unction in E is that the set [E,f {x) < A] 

( 2 ) 

should be, for every value of A, of type • 

It is sufficient to prove the first part of this theorem, as the second 
part is immediately deducible from the first. To prove the necessity of 
the theorem, since an Z^^-f unction / (x) is the limit of a monotone increasing 
sequence of %-fimctions /„ (x), the set of points [E,f(x) £ A] is the inner 
limiting set of the sequence of sets [E,f„ (x) < A], for w — 1, 2, 3, ... , and all 
these sets are of the type Therefore the set [E, / (x) £ A ] is of type 
and consequently the set [E,f{x) > A] is of type 

To prove the sufficiency of the condition, let U and L denote the upper 
and lower boundaries of / (x) in E. Let a system of nets be fitted on to 
the linear interval (L — e, U -I- e) ; and let Uq , , a 2 , ... a„^ be the end- 

18-2 
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points of the meshes of the net i)„, of the system. Let the function /„ {x) 
be defined by the rule that /„ (x) = a^_i at all points of the set 
[E, </(*)£ a,], for r = 1, 2, 3, then the monotone sequence 

{/„(»)} converges uniformly in E to f {x). The function /„ («) may be 
expressed in the form /„o (x) +f„i.{x) + ...+/„, (x), where (a;) = Uq, 

in E; f„i {x) = % - a^, in {E,f{x) > aj, /„i (a:) = 0 in [E,f{x) & %]; and 
generally /„, (a:) = in [EJ{x) > a/]. and/„, (a;) = 0, in [EJ{x) ri a^]. 

By hypothesis the set [E, f (x) > a,] is of type , and is therefore the 
outer limiting set of a sequence of sets all of which are of type ; it follows 
that f„r (x) is the limit of a monotone increasing sequence of functions 
[<f>m (*)} each of which has the value iii s. set of type contained 

in the set [E,f{x) > a^]; and each of the sets {x) is a tt-f unction. It 
follows that the function {x) is, for each value of r, an Ztt-f unction. 
Therefore /„ (a:) is also an Zw-function. Hence, since {/„ (a:)} converges 
uniformly to / (a:), / (x) is also an Zw-function (see § 113). 

By the theorem of § 188, iff (x) is of class £ 1, both the sets [E,f{x) >A], 
< A] are of type or else of the first order. It thus appears 
from the above theorem that a function of class 1, in the set E, which is 
open, or perfect, or the set common to an open or perfect set, is both a ul- 
function and an lu-function, unless it be a u-function or an l-function. 

baire’s classification op functions 

193. A classification of functions was introduced by Baire*, depending 
upon the properties of the functions in relation to their representation as 
limits of sequences of functions. In § 185, functions continuous relative to 
a given domain E were defined to be of class 0, in and any function 
which is the limit of a sequence of functions of class 0, in E, was defined 
to be of class 1, in case it is not of class 0, in E. 

Functions of class 2 can similarly be defined as functions which are, 
in E, the limits of sequences of functions of class < 2, provided they are 
not themselves of class < 2, in E. It can be shewn, by means of an example, 
that functions of class 2 exist. Consider the function / (a:), in a continuous 
linear interval, which has the value 1, for all rational values of x, and the 
value 0 for every irrational value of x. This function is totally discontinuous, 
and is therefore not of class 0, or of class 1, but it can be seen to be the 
limit of a sequence of functions, all of which are of class 1. Let f„ (x) be 
defined as having the value 1 at every point at which the value of x is 
rational and has for its denominator, when expressed in its lowest terms, an 
integer not exceeding n, and let /„ {x) have the value 0 at all other points ; 
this function has then only a finite number of discontinuities in any given 

* Comptes Rendus, voL cxxix (1899), p. 1010 and Annali di Mat (3) A, vol. iii (1899); also* 
Baire’s treatise. Lemons sur lea fonctiona diacontinuea. 
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interval, and therefore belongs to class 1. The function / (a;) is the limit 
of the sequence {/„ (x)}, and is of class 2. 

It is capable of the analytical representation 

f {x) = lim lim (cos m ! tvo;)"". 

m'^QO 

A function which is of class 2, in a given cell or interval, can be represented 

QO QO 

by a double series S 2 P^.n (^)> where (x) denotes a finite poly- 

m^l 71=^ 1 

nomial. This double series cannot be reduced to a single one, the terms of 
which are continuous, for the fimction would then not be of class 2. 

The definition can be extended by induction so as to apply to a function 
of class p, in the domain P, where p is a finite ordinal. A fimction is of 
class p, in E, if it is the limit of a sequence of functions all of which are of 
class < p, provided it is not itself of class < p. The definition can still 
further be extended, by transfinite induction, to apply to a function of 
class j8, where ^ is an ordinal number of the second class. A function is 
of class when it is the limit of a sequence of functions, aU of which are of 
class < j8, provided it be not itself of class < j8. 

A proof has been given by Lebcsgue* that functions of class y exist, 
where y is an ordinal number of the first, or of the second, class. A simpler 
form of this proof has been given by de la Vall6e Poussinf. Baire’s classi- 
fication of functions is of importance in relation to the question as to the 
characteristics of a function which is representable analytically. A function 
that can be constructed by carrying out, according to a norm, a finite, or 
enumerable, set of additions, multiplications, and of passages to the limit, 
operating with variables and constants, may be said to be representable 
analytically. The other operations employed in Analysis are reducible to 
those here enumerated. This definition will include cases in which the 
function is multiple valued. It has been shewn by Lebesgxie that every 
single-valued function, that is representable analytically, in a cell, or 
interval, is not only measurable, but measurable (P), in the sense that the 
set of points at which the function exceeds in value an arbitrarily pre- 
scrilbcd number is measurable {B). Lebesgue has further shewn that every 
such function belongs to one of Baire’s classes {. 

It can be shewn that the totality of functions of all classes’ in a given 
domain, has the cardinal number of the continuum. This can be proved 
by induction and transfinite induction. Let it be assumed to be true for 
all the functions of class < y, where y is a number of the first or second 
class. If /„ (x) be a function of class 5 y, we have 

/ (x) = lim /„ {x), 

ri'^co 

* Liouville^s Journal (6), vol. i (1905), p. 139. f Integrates de Lebesgue (1916), pp. 145-151 

X Loc. cit. p. 170. 
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where the functions /„ {x) are all of class < y. Each such function / {x) 
corresponds to an association of the integers n with a particular number of 
the aggregate of functions of class S )8, the totality of which has, by 
hypothesis, the cardinal number c; it follows that the aggregate of all 
such functions / (a;) has the cardinal number or c (see i, § 183). The 
aggregate of functions of class 0 has cardinal number c (see l, § 216) ; hence 
it follows, by finite and transfinite induction, that the aggregate of all the 
functions of class S y has the cardinal number c. 

It has been shewn, in i, § 216, that the aggregate of all functions has its 
cardinal number > c; it was accordingly affirmed by Baire that functions 
exist which do not belong to any class, either of finite, or of transfinite 
order. Lebesgue has shewn* how to define effectively functions which 
do not belong to any class, and which are consequently not representable 
analytically. It should be observed that, in the whole theory of functions 
of Baire’s classes, all the fimctions may be taken to be bounded ; as this 
entails no real loss of generality. 

194. The following is the generalization of the theorem given in § 186, 
relating to functions of class £ 1 : 

// the, functions (x), f^ {x), ... /^ {x) are all of class & y, in E, and the 
function F (Ji^ /a) •••/r) continuous with respect to {fi, f^, ...fr)y 
then F [fit fi> • • • fr) is of class ^ y, in E. 

It Avill be shewn that, if the theorem holds for all ordinal numbers less 
than y, it holds also for y. We have/, {x) = lim {x), for 5 = 1 , 2 , 3, ... 

where all the functions {x) are of class < y. On account of the continuity 
of the function F we have F = lim F{fi„,f 2 „, ...frn)> hence F must be of 

class g y, in E. The theorem has already been proved for the case y 1, 
hence, by ordinary and transfinite induction, it holds for every number of 
the first, or the second, class. 

As in § 186, the following results follow from the above theorem: 

(1) The sum, or the difference, or the product, of two functions, each of 

which is of class ^ y, in E, is also of class & y, in E. * 

(2) If f (x) is of class & y, in E, so also is \f {x) | . 

(3) If f I {x), /a {x), ...fr (*) ore all of class y, in E, and f> (x) be the 
function which has, at each point, the value of the greatest of the given functions, 
then <f> (x) is of doss S y, in E. 

(4) If f (x) is of class y, in E, the function {x) which has the value f {x) 
when A < f (x) < B, and has the valve A when f (x) & A, and the tnlue B 
when f (x) S B, is of doss £ y, in E. 

♦ Loc, cit. pp. 213”216. An example of such a function, defined without the use of trans- 
finite numbers, has been given by Sierpinski, Fundnmenta Mat. vol. v (1924), p. 87. 
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(5) If the function f (x), of class y, in E, is such that L&f (x) S U, in E, 
then f {x) is the limiting function of a sequence (»)}, of functions of doss 
< y, in E, and such that L & (x) ^ U, for every value of n. 

196. The following theorem will be established: 

If a sequence {/„ («)} converges uniformly tof (x), in E, and all the functions 
are of class S y, then f (x) is of class £ y, in E. 

A monotone increasing sequence {n^} of integers exists, such that 
l/(®) ~ fn, (*) I < for r ^ 1, 2, 3, and for all points of E. Let 
/„j (x) = lim </>o, (x), and let/„,^j (x) {x) -= lim (a:), for r - 1, 2, 3, . . . ; 

TTl'^cc 

where all the functions <f>r,m{^) elass < y. We have 

1 fnr+x (*) -fnr (^) I < 2'*^! ^ ^ ’ therefore, in accordance with theorem 

(5), we may take | (x) | ^ for all values of r (> 1) and m. 

We have \f{x)- <f,o,,n {x) - (a:) - ••• - f>m,m (a?) | 

- {Km (x) -H 4>l.m (a:) + ... 1- (•«)} | 

■f" 1 (a:) + <f> 

m+2p w (x) ... + (a^) |> 

where r > m. The expression on the right-hand side is 

- \f {^) — fnr (a?) I + 2,7» 2m+i + ••• ’ 
and this is < or < ^ We thus have 

fix) - lim (x) + (f)x,^{x) + K.m (a;)}; 

and it then follows that / (x) is of class S y. 

196. Tlie theory of Baire’s classes is closely connected with that of 
certain species of sets of points obtained by a generalization of the sets 
considered in § 1 1 1. The definition given in § 182, of sets of points, of orders, 

1 and 2, contained in a given set E, may be extended in such a manner that 
sets of points, of order y, are introduced, where y is any ordinal number, 
of the first, or the second, class. Starting with the definitions of sets of 
types Ce\ 0e\ we define a set of types 0e\ C^E} as follows: 

The outer limiting set of a sequence {E,^ of sets contained in E, such 
that each set of the sequence is contained in the next, and such that all 
of them are of type 0% ^ or of type C% \ where y' is any number < y, 
is said to be of type o’'e, in case it is not of any type 0% ^ or Ce ^ If is here 
assumed that the definition has already been given for types of order < y, 
and the method of induction is then employed. 
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A set of type &e is defined in a similar manner, except that it is taken 
to be the inner limiting set of a sequence {E^, each set of which contains 
the next. 

A set of order y, in E, is a set which is of either of the types Cfrc • 
The whole class of sets of points of any order are known as Borel-sets in 
E\ their properties have been investigated by Hausdorff*. 

The following generalizations of theorems given in § 182 are of 
importance : 

A sequence {E^ of sets of order < y, each of which is contained in the next, 
has for its outer limiting set a set of order < y, provided an infinite number of 
the sets E„ are of any type Oe \ where y' <y. 

A sequence {E^} of sets of order < y, each of which contains the next, has 
for its inner limiting set a set of order < y, provided an infinite number of the 
sets E„ are of any type 0% \ where y < y. 

Thus a set of type O^e may always bo generated as the outer limiting 
set of a sequence, all of whose members are of some type &e^, where 
y' <y, and a set of type G^e always be generated as the inner limiting 
set of a sequence, all of whose members are of some typo 0% \ where y < y. 

The theorems have already been established for the cases y = 2 ; and 
it may readily be proved by induction that the outer limiting set of a 
sequenoe of sets, each of which is of some type \ where y' < y, is of 
type < y ; the first theorem then follows immediately. The second theorem 
can be proved in a similar manner. 

By induction, starting with the theorems given in § 182, we have the 
following theorems : 

If a finite number of sets //<*), ... //('■' are all of types 0%^, where 

y' y, the set D ... of points common to all the r sets, is of 

type Oe \ where y y. 

If ... ...,be a sequence of sets in E, all of some type 0%\ 

where y 5 y, the set M {H^^\ II^^\ ... ...), of points which belong to one 

or more of the given sets, is also of type 0% \ where y 1 y. 

It has been proved by Hausdorfff that if E be closed, a Borcl-set of any 
order, in E, has the cardinal number G, unless the Borel-set be enumerable. 

When the set E consists of the absolute set Bj,, the types 
may be denoted simply by O*’’*, G^y^ 

* Math. Annahn, vol. Lxxvn (1916), p. 4.30; also Math. Zeituchr. vol. v (1919), p. 307, where 
the theory is connected with that of monotone sequences. See also W. H. Young, Proc, Lond, 
Math, Soc (2) vol. xii (1912), p. 260. 

t Math, Annalen, vol. Lxxvir (1916), p. 433. 
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The following are generalizations of theorems given in § 182: 

The complement, with respect to E, of a set of type is of type O^e - 
and the converse. 

This theorem has been proved in § 182, for the case y = 2; and it may 
be deduced by finite and transfinite deduction. Assume that the theorem 
holds for every number y' < y. A set of type O^e is the outer limiting set 
of a seqiience of sets, all of order < y, in E. The complement in E of the 
given set is accordingly the inner limiting set of a sequence of sets, 
aU of which are of order < y; therefore this complement is of type G^e ■> 
or else of order < y. It cannot be of order < y, for if it were so, its comple- 
ment, the given set, would be, by hypothesis, of order < y. Hence the 
complementary set is of type &e ■ 

The part of a set of type O^e which is in E^, a part of E, is of type OeI, 
or else of order < y, in E^ . In particvlar, the part of a set of type which is 
in any set E ^ , is of type Oe^, or else of order < y, in E^ . 

The corresponding result holds for a set of type O^e • 

This may be proved by induction, commencing with the case y = 2, 
for which the theorem has been proved in § 182. Let it be assumed that 
the theorem is true for all numbers y' < y. 

The given set is the outer limiting set of a sequence of sets, all of order 

< y ; the part of each of these that is in E^ is of order < y. Therefore the 

part of the given set that is in is the outer limiting set of a sequence 

of sets, all of which are of order < y; from which the result follows. Since 

the theorem holds for y — 2, it holds generally. The corresponding 

theorem for a set of type C^e follows from the fact that the complement, 

( 2 ) 

with respect to E, of such a set, is of type Oe • 

If E consist of a perfect set, or an open set, or of the points which an open 
and, a closed set have in c,ommon, a set of type O^e o/ and a set 

of type G^e w of type 

The theorem has already been proved in § 184, for the case y = 2. 
Let it be assumed to be true for every number y' < y. A set of type O^e 
is the outer limiting set of a sequence of sets, all of which are of type < y, 
in E. By hypothesis these are all of type < y, in Ep. It follows that the 
given set is of type or else of order less than y. The latter cannot be 
the case, for if the set were of order less than y, in Ep , it would be of order 

< y, in E. Therefore the given set is of type 0*^'. Since the theorem holds 
for y = 2, it holds generally. 

The necessary and sufficient conditions that a function defined in a 
given set of points should be of class y, where y is any number of the first 
4uid second class, have been obtained as generalizations of the theorems 
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of Lebesgue and of Baire, given in §§ 188-191, which correspond to the 
case y = 1. For the investigation of these generalizations, reference must 
be made to the memoir of Lebesgue*, and the treatise of de la Vall6e. 
Poussinf . A full treatment of the matter has been given by HahiiJ, who 
has freed Lebesgue’s theorem, but not that of Baire, from restrictions on 
the nature of the set in which the function is defined. 

PROPERTY OF A MEASURABLE FUNCTION 

197. It will be shewn that, if / (x) be a measurable function, defined 
in a measurable set E, there exists a function, of class ^ 2, which has the 
same value of / (x) almost everywhere in E. This theorem was given by 
Vitali§, for the case in which E is a, closed linear interval. It follows from 
the theorem that a function of any of Baire’s classes differs from some 
function of class ^ 2, only at the points of a set of measure zero. It thus 
appears that, in the processes of Analysis, in which L-integrals are em- 
ployed, a function of any class may be replaced by a function of class 
not greater than two; hence Baire’s general classification of functions, 
although of much theoretical interest, is of somewhat less importance in 
general Analysis than might have been anticipated. The same conclusion- 
might be drawn from the results in §§ 178, 179. 

Let a measurable function / (x) be defined in the closed cell or interval 
A; we may, without loss of generality, assume /(x) to be bounded. In 
accordance with the theorem in § 179, there exists a sequence {G„), of 
perfect sets, each one of which is contained in the next, and for which 
lim m {On) — tn (A), such that /(x) is continuous relatively to each of the 

sets On- 

Let <f>n {x) be, for each value of n, the function which has the value of 
/ (x) at each point of G „ , and the value zero at each point of A — Cr„ . It 
will be shewn that <f)„ (x) is pointwise discontinuous with respect to every 
perfect set H, contained in A, and is therefore of cla.ss S 1, in A. 

Let Ai be a cell, or interval, containing points of JT; if the points of 
H within Aj are all points of (t„, these points are all points in which (x) 
is continuous with respect to H. If, however, there is a point of A — Cr„ 
within Ai, which belongs to H, a neighbourhood Ag of that point can be 
determined, which is interior to A^, and which contains no points of f?„, 
since A — 6r„ is open relatively to A; all the points of // that are in Aa are 
points of A — , and thus points of continuity of 4>n (^) ! hence they are 

also points of continuity of (x) relatively to H. It has thus been shewa 
that the set of points of continuity of <f>„ (x) relatively to II is everywhere 

* Liouville*s Jmrnal (6), vol. i (1905). t Intdgrales de Lebesgue (lOlfi), pp. 120-151.. 

i Theorie der reellen Funktionen, vol. i (1921), pp. 318-392. 

§ RendL Lombardo (2), vol. xxxviii (1905), p. 599. 
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dense in H ; and thus that <l>„ {x) is at most pointwise discontinuous with 
respect to H. From the theorem of § 190, it follows that cf>„ (x) is of class 
^ 1, in A. 

If K be the outer limiting set of {<?„}, we have m {K) = m (A), and in 
K we have lim [x) =/(«), whereas in A — ^ we have lim <f>„ (x) = 0. 

n~QO 

If we denote by ip (x) the function defined, in A, as lim <f>„ (x), f (x) — ip (x) 

differs from zero only at points belonging to the set A — of measure 
zero; moreover ip (x) is of class 2. 

Next, let the measurable function / (x) be defined everywhere in the 
space Sj,; and let {A„} be a sequence of cells, or intervals, each of which 
is contained in the next, and such that the span of A„, increases indefinitely 
with m. Let {e,„} denote a sequence of positive numbers converging to 
zero ; and let be a perfect set contained in A,„ , and such that 

m (An,) - m ((?„,) < 

and this for each value of m. It is easily seen that the sequence {(?„} may 
be so chosen that each set is contained in the next. For if O 2 does not 
contain Gi, we can replace G^ hj G^ + D {G^, Ag — G^, which is also a 
perfect set. To see this we observe that every point of it which belongs 
to G 2 is a limiting point of the set, and every point which belongs to 
D {Gi , Aj — G^ is the limit of a sequence of points of G^ , all of which 
belong either to G^ or to D {G^ , Aj — G^, and thus the set is dense in itself. 
In any neighbourhood of a limiting point of the set there is an infinite 
set of points of G^ , or an infinite set of points of G^ that do not belong to 
G^', thus the point muvst belong either to G^ or to G^, and thus belongs to 
G 2 -1- D {Gi, Aj — 6*2); therefore the set is closed. Since it is dense in 
itself, and closed, it is perfect. We can proceed in a similar manner to 
ensure that G^ is contained in G^, and so on. 

Let (pm (x) -- f {x), in (fm> and (x) — 0, in the rest of the space S„; 
then (pm (x) is of class 1, in Am, and therefore in /Sp. The sequence 
{^m (^)} converges in Am , almost everywhere to / (x) ; for if we consider 
the sequence ^,„ («), (*)>••• ^m+r (*).••• > l^he function (pm+r (^) is 

continuous relatively to Gm ,.r> and therefore relatively to G,,,. Moreover 
we have m (Am+r) — ((^m+r) < ^m+rl hence if gim+r denote the perfect 

part of G„, ir that is contained in Am, we have 

m (Am) - m (Qm hr) < ^m+r • 

Thus Gm, S'™ +2) ••• , is a sequence of perfect sets, all contained in A,„,- 

each one contained in the next, and such that lim m (gm+,) ^ (^m) \ it 

follows that, in A„,, the sequence (x), (pm+i (*)> ■- <Pm hr (^)> ••• > converges 
almost everywhere to / (x). Since m may have all integral values, it follows 
that the sequence {(p„ (a:)} converges almost everywhere in Sp to the value- 
of / (x), and in the remaining points it converges to zero. 
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In case the function / (x) is defined in a measurable set E, of finite, or 
of infinite, measure, we may suppose / (a;) to be extended to the whole 
space /Sj, , by assuming that its value is zero at all points of the complement 
of ; it remains a measurable function when so extended. The sequence 
{<f>„ (a;)} corresponding to this extended function may then be apphed only 
to E. 

We have thus established the following theorem : 

If f {x) be a measur Me function, defined in a measurable set E, of finite, 
or of infinite, measure, and in any number of dimensions, there exists in E 
a function (j> {x), of class ^ 2, sttch that its value differs from that of f (x) 
only at points of E belonging to a set of measure zero. 

In comparing this theorem with that given in § 179, we observe that, 
in the present case / {x) is representable almost everywhere by a sequence 
of functions, of class ^ 1, which is convergent everywhere in E, without 
exception, although it may not converge to / {x) everywhere in E-, whereas 
in the theorem of § 179, f {x) is represented almost everywhere in E as 
the limit of a sequence of functions of class 0, but this sequence is not 
necessarily convergent everywhere, without exception, in E. 

THE PRIMITIVES OF A FUNCTION IN A FINITE INTERVAL 

198 . If a measurable function / {x) be defined in a given linear interval 
(a, b), infinite values being admitted, the question arises whether a con- 
tinuous function F («) exists which has, almost everywhere in {a, b), a 
differential coefficient of which the value is / (x). Such a function F (x) is 
said to be, in a more general sense than that employed in i, § 343, a primitive 
of / (x). It has been shewn in i, § 298, that the function F (x) cannot have 
an infinite differential coefficient at all points of a set which has its measure 
> 0; accordingly, the question can only admit of an affirmative answer in 
case / {x) is almost everywhere finite, and it will therefore be assumed that 
this is the case. The answer to the question, with this restriction, is 
contained in a theorem due to Lusin*, which may be stated as follows : 

If a function f (x) be measurMe in the finite linear interval {a, b), and 
be finite almost everywhere, there exists a continuous function F (x), such that, 
almost everywhere in {a, b), F' (x) exists, and has the value f {x). The function 
F {x) is, in general, not unique; two values of F (x) not, in general, differing 
from one another by a constant. 

In case the function / {x) has an L-integral, or a D-integral, in [a, b), 
I / ipe) dx is a primitive which has, almost everywhere in {a, b), a differential 

J a 

rx 

coefficient equal to / (x) (see i, § 470) ; thus f(x)dx + C belongs to the 

J a 

* Comptes Rendtis, vol. clxii (1916), p. 975. 



197 - 199 ] The Primitives of a Function in u Finite Interval 285 

slass of primitives of / {x). Further, if / {x) be everywhere finite in (a, ft), 
and it is Jmown that / (a:) is a differential coefficient, then (i, § 471) / (x) 
bas a D-integral in (a, ft). Moreover, the only primitives which have a 
differential coefficient equal to / (x), everywhere in (o, ft), with the possible 
exception of an enumerable set of points, are the primitives 

I f(x) dx + C; 

J a 

this is the case in virtue of the theorem given in i, § 267. 

199. In order to prove Liisin’s theorem, two lemmas will be required: 

Lemma I. Iff (x) be a continv/ms function, defined in the interval {a, ft), 
a continuotis function <f> (x) can be so determined that \ <j> {x) — f {x)\ < e, 
in {a, 6); <f> (a) = f {a), ^ (ft) = f (b); and <f>' (x) = 0, almost everywhere in 
(a, ft) ; where e is an arbitrarily chosen positive number. 

Let (a, jS) be any sub-interval in (a, ft), and let (7 be a perfect non-dense 
set of points in (a, )3), of measure zero. A correspondenee exists between 
the points of (a, j8), and the points and eontiguous intervals of 0, sueh that 
to all points P' of an interval eontiguous to G there corresponds a single 
point P of (a, j8), and to a point P', of O, there corresponds a single point P 
of (a, )3) ; the relation of order of all points P being the same as for the 
eorresponding points of G or of contiguous intervals. 

Let (j) (x) have at each point P' the value of / (x) at the corresponding 
point P ; thus (f> (x) is constant in each interval contiguous to G. Since G 
has measure zero, F (x) exists almost everywhere in (a, ^), and has the 
value zero; also <f> {a) f (a), <f> {^) = f (^). 

The interval {a, ft) can be divided into a finite number of parts (a, j8), 
in each of which the fluctuation of / (x) is < e. In each part, (f> (x) is defined 
as above, and (x) has in (a, j3) the same range of values as / (x) ; thus it 
is clear that | <^ (x) — / (x) | < e, in (a, ft) ; moreover (x) = 0, almost 
everywhere in (a, ft), and is such that <f> {a) = f (a), <(> {b) ^ f (ft). 

Lemma II. Iff (x) be measurable in {a, ft), and finite almost everywhere, 
an enumerable set of non-dense perfect sets {(t„} can be so determined that 
no two of the sets have a point in common, that the sum of their measures is 
equal to that of the ivhole interval, and that f (x) is bounded in each set. 
Moreover the sets can be so determined that the points a, ft do not belong to 
any of them. 

If be a positive number, and e^v be the set of points at which 
I / (») I < N, we have lim m (e^) = b — a = 1. A value of N, can be so 

chosen that m (e^,) > \l, and a non-dense perfect set G^ can be chosen as 
a part of eN, so that m (6ri) > \l', the complementary set C {Gf) has measure 
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< \l. As before, a non-dense perfect set contained in C (Gi), can be 
determined, such that |/(a:) | is, in 6?2. < where JV^ > JV^, and such that 

m{C(G,)}<^,l. 

Proceeding in this manner, every point of (a, b) belongs to one of the sets 
Gi, G2, , G„, C (G„); and m{C(G„)}< -^^l. Thus S m (G^) converges 

to /, as n 00 ; moreover in any set Cr„ , we have \f{x)\< N„ . 


200 . We can now proceed to the proof of Lusin’s theorem. Let {( 7 „} 
be the sequence of perfect sets, constructed so that the conditions of 
Lemma II are satisfied. 


Let 82”^ ••• •••) denote the intervals contiguous to the 

(?l) 

integer X„ can be so chosen that S tn (8^ ) < m (G„). There are A„ + 1 

An + 1 

intervals Ai”\ A2”\ ••• complementary to the A„ intervals 


8!”’. - 8™i a'>d S » (AD < ^ (O.). 

r=l 


>(»). 


A« + l 




Let /„ (x) =f{x), in the points of G^, and /„ (x) ^ 0, in C (G„)-, let 

I'X 

cf>„ {x) = /„ (x) (lx, the integral existing as an 7 ^-integral, because / {x) 

is bounded in Cr„. The function (f>„ (x) is continuous in (a, b), and is constant 
in each of the intervals contiguous to G„. Let tf>„ (x) be any function, 
continuous in (a, b), and such that (x) --- (x), in the intervals 

8i"\ 82'\ ... §1^^ and such that {x) ^ 0, almost everywhere in (a, b), 

and satisfies the condition | (a;) — <f>n{x)\ <^, where is the length 

of the least of the intervals Ai , A2 , ... A;j„_,_i. That {x) can be deter- 
mined so as to satisfy these conditions, follows from Lemma I. 


Let F„ (x) = <f)„ (x) — (x) ; then {x) is continuous in (a, 6) ; it is 

such that I (x) I < 1^, in (a, 6); it vanishes in each of the intervals 

\ 82^ , ... 8^”^; and F„' (x) = f {x), at almost all points of (?„. 

00 

Let us consider the function F {x) = S F„ (x). Since 

91 = 1 


the series converges uniformly and absolutely in (a, b), and therefore 
F (x) is continuous in {a, b ) ; it will be shewn to be a primitive, such as is 
required. 
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Since F^' (x) = 0, almost everywhere in C ((?„), and Fn (x) = / (x), 
almost everywhere in (?„, there exists a set of points S, of measure zero, 
such that each of the functions {F„ (a;)} has a differential coefficient that 
is not infinite, for all points not in S; also F^' (a;), F^' (x), ... , are in C (S) 
all zero, except that one of them has the value / (x). If t A„ + 1, add to 
Ai two intervals, of length gr„ , one on the right and the other on the left ; 
and let the interval so extended be denoted by U, , where t = 1 , 2, 3, . . . A„ + 1 . 
Consider the set of points which belong to one or more of the intervals 

f/f , ... we have 


An+ 1 


m 7)1 i&f) 




An +1 /«\ 

3 S w(Ar ) 


67n(0\); 


consequently the series S m (FJ is convergent. It follows that the set T 

n* 1 

of points, each of which belongs to an infinite number of the sets A’j, 
F 2 , ... , has its measure zero. 

Let li be the set of points of (a, b) that do not belong to S or to T ; 
then m (E) — 1. Each point of R belongs only to a finite number of the 
sets {E^. It Avill be shewn that, at every point x, of R, F' (x) — f {x). 

Let ^ be a point of R, then 

F + h)-F ii) “ F„ + h) - F„ (a 
h h 

The number N may be so chosen that | does not belong to ; 

thus, if V > N, ^ is interior to one of the intervals 82”^ ... 8^"^ and 
therefore F„ (|) = 0, for n> N; thus 

F„ + h) - F„ (i) « F„ a + h) 


s 

n-- A^+1 


h 


s 

M-JV + l 


h 


If h be such that + h) ^ 0, ^ -t- h is outside 8i”\ ... 8l”\ that is 

interior to an interval Ax"\ A^/^ . . . a1”Vi ! ^ exterior to E ,^ , and there- 


fore to all the intervals U^i \ ... UXl+i- It follows that | A | > f7„, and 

thus that 


7('0 


Fn a + A) 
9n 


Since | (a:) 


s < s * 

I < if n> N, we have, in the whole of (a, b), 


00 

X 

n-'iV+l 


F„ (f H- A) 


9n 


< 


“2 1 


and therefore 

E -f- A) 


Fii) 


A 




r= 1 


A 


< 2N> 
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where N is fixed, and h is arbitrary. It follows that each of the four 
derivatives of F (x), at differs from (f) + F 2 ' (^) + ... 4- (^) by 

less than . A number can be so fixed that, for N > , 

^ 1 ' ii) + F 2 ' ii) 4- ... + F^' ii) 

therefore F {x) has a differential coefficient at which has the value / (^) ; 
this is the case everywhere in (a, 6), except at points of S or T. 

The theorem has accordingly been established. 

It will be observed that the set R is of the first category ; the question 
whether F (x) can be so determined that F' (x) = f (x), at all points of 
a set of the second category, remains open. 



CHAPTER V 


SEQUENCES OF INTEGRALS 


THE INTEGRATION OF SERIES AND SEQUENCES 

201. When a function is represented in some given field of the variable 
or variables by a series which converges to the value of the function, it is 
important to be in possession of conditions which shall ensure that the 
sum of the integrals of the terms of the series shall converge to the integral 
of the sum-function, the integrals being taken over the given field, or over 
some part of it. 

If s„ (x) denote the nth partial sura of a series A (a;) + A (a;) ... , which 

converges to s (x), in a field E, the condition is identical with that for the 

convergence of J s„ (x) dx fo (*) dx. Thus, when (aj)} represents a 
sequence of functions of one or more variables, typified by x, which con- 
verges to s (x), in a field E, and lim | {x) dx — s {x) dx, the 

n~oo J (E) J (E) 

sequence (a;)} is said to be an integrable sequence in the field E, which 
is taken to be a measurable set of points in one or more dimensions; the 
integrals being assumed to exist in accordance with the definition of 
Lebesgue, which implies that the set E is measurable. The measure of E 
may be finite or infinite. 

In case, lim (^) dx = 5 (it:) dx, not only when the field of integration 
U'^ooJ J 

is E, but also when the integrals are taken over any measurable part F, 
of E, the sequence is said to be completely integrable over the set E. This 
terminology was introduced* by Vitali. 

Proofs that the convergence of a series to its sum-function is sufficient 
to ensure the validity of term by term integration were advanced by 
(Cauchy and by Moigno. These proofs, although they are invalid, may be 
accepted as signs that Mathematicians had, early in the nineteenth century, 
become conscious that the validity of the process was in need of investiga- 
tion. 

202. A very important criterion of a general character is contained 
in the following theorem, which is a generalization of a theorem duef to 
Lebesgue. 

If a sequence {s^ (i*:)} of functions, all of which are summable in a measur- 
able set E, of one or more dimensions, and of finite or infinite measure, con- 

* Rendiconti del Circ. Mat, di Palermo, vol. xxixi (1907), p. 140. 
t LeQons sur V integration, p. 114. 
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verges at all points of E to the values of a function s {x), it is sufficient, in 

order that I s (x) dx may exist, and that the sequence {s„ (a;)} be completely 
J (B) 

integrable over the set E, that a non-negative function <f> (x) should exist which 
is summable over E, and such, that | (a;) | S ^ (x), for all values of n and x 

(in E). 


Moreover the convergence of the integrals | s„ (x) dx to s (a;) dx i 

J (F) J (P) 

zmiform for all measurable sets F contained in E. 


It should be observed that if, in E, there is an exceptional set of points, 
of measure zero, at which the sequence {5„ (x)} does not converge, the 
theorem still holds good. For it may be applied to the set obtained by 
removing the exceptional set from E, and this makes no difference to the 
values of the ^-integrals. 


To prove the theorem, it is seen from the relation | (a:) | S ^ (x), that 

I 5 (a;) I S ^ (a;), and thus that | « (a;) | is summable in E ; hence s (x) is 
summable over E. In particular, if m (E) is infinite, s (x) is absolutely 
summable over E. It is only when m (E) is infinite that summability of a 
function over E does not necessarily imply absolute summability. First 
let it be assumed that m (E) is finite, and let e be an arbitrarily chosen 
positive number. Let e„ be that set of points, in E, for all of which 
I 5 (a:) — (a:) ( S e, for m = 0, 1, 2, 3, ... ; e„ certainly exists if n be 

sufficiently large. If F be a measurable part of E, let /„ be the part of e„ 
which is contained in F. We have then 



since 


s„(a;)}da; U[ | 4 (a:) - (a;) | t/a; + [ | 5 (a;) - (a;) | f/a; 

I J (M J w-fn) 

£ ew (e„) - 1-2 <f> (x) dx, 

J(E-en) 


' (E-en) 

s (x) - s„ (x) I .< 2f, (x). 


It is clear that the set e„ is contained in the set e„+i, and that F — e„ 
contains the set E — e„+i. Moreover there exists no point common to all 
the sets E — e„+m> for m = 0, 1, 2, 3, ..., for if x were such a point, we 
should have | « (ic) — s„+m (x) | > e, for all values of m ; and this is incon- 
sistent with the convergence of the sequence of numbers {5„+„, (a:)} to the 
limit s (x). Employing a theorem given in i, § 131, it now follows that 
lim m{E — e„) = 0. 

tl^oO 


If n be greater than or equal to a fixed integer ne, it now follows that 

I {s (a:) — Sn (»)} dx < em (E) -1- c, whatever measurable set F may be, 
J (F\ 


contained in E. Since e is arbitrary, 
uniformly for all such sets F. 


(F) 


s„ (x) dx converges to 
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Next, let m (E) be infinite; a part E^, of E, of finite measure, may be 
so determined that I <f> (x) dx < e. li F be any measurable part of E, 
it consists of a part Fi of E ^ , and a part F — F^ot E — E^. We now have 

{5 {x) - s„{ x)} dx\& \ {« (x) - s„ (x)} dx + \ {5 (x) - 5 „ (x)} dx . 

Uf) \ J (p.) J (p-p>) 

The second integral on the right-hand side is less than 2 I 4> {x) dx, 

J{E-E,) 

or 2e ; and the first integral converges to zero, as » 00 , uniformly for 
all the sets F, contained in Ei ; thus | {« (x) — s„ (x)} dx < 3e, pro- 

, JiF) I 

vided n is not less than some number dependent on e ; therefore 

I s„ (x) dx 

Up) 

converges to I s (x) dx, uniformly for all measurable parts F, of E. 

J{E) 


The above theorem is equivalent to the following : 

If the sequence {s„ (x)} of functions, all summahle in the measurable set 
E, and all absolutely summahle in case E has infinite measure, converge to 
s (x), everywhere {or almost everywhere) in E ; and if a non-negative functicm 
iff (x), summahle in E, exists and is such that ] 5 (x) — s„ {x)\ ^ tp (x), for all 

values of n, and of x {in E), then I s (x) dx exists, and the sequence {s„ (x)} 

J(E) 


is completely integrable in E. Moreover, the convergence of (x) dx to 

■'(F) 

I s (x) dx is uniform for all measurable sets F, contained in E. 

J (F) 


For we have 


I .s (x) I £ I s (x) - s„ (x) I +1 {x)\^tp (x) + I (x) I , 

and therefore s (x) is absolutely suramable in E. Moreover 

I «n (*) I - -A (^) + I « I > 

which is a summable non-negative function; and thus the condition of the 
theorem, in its first form, is satisfied. 

It may be observed that : 

In the first theorem, the condition | (x) | 4 ^ (x) may be replaced by the 

condition (x) 4 (x) 4 cp^ {x), where <Ai (x), ^2 (®) 1(^0 functions, eanh 

of which is absolutely summable in the set E, of finite, or infinite, measure. 

For if <pi (x) 4 Sn {x) 4 cp 2 (x), | (x) I is at each point not greater than 

the larger of the two numbers | (a;) | , | (p^ {x} | , and we may take (p (x) 

to be the function which has this value at each point x. It is easily seen 
that <p (x) is summable in E. 


19-2 
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203. The theorem of § 202 can be extended to the case in which the 
functions {s„ (a:)} , s (x) involve a parameter a which may typify a point 
in a given set of points K, in any number of dimensions. We consider a 
sequence {x, a)} which, at each point x, of the set E, converges uni- 
formly for all points a, in K, to the value s {x, a). 

Let e„ denote the set of points in E, for all of which 

I s {x, a) - 5„+„, (x, a) I ^ €, for m = 0, 1, 2, 3 

and for all points a, in K. It can be shewn that there exists no point of 
E which belongs to aU the sets E — e„, E — E — ••• • For, if 

X were such a point, we should have | s {x, a^) — {x, «„,) | > e, for all 

values of m, where {a^} is some sequence of points belonging to K; and 
therefore, at the point x, s„ {x, a) does not converge to s (i-, a) uniformly 
for aU points of K, which is contrary to hypothesis. It now follows that 
hm m{E — c„) = 0. Assuming that there exists a non-negative function 

<j> (x), summable in E, such that | s„ (x, a) | £ (x), for all points x in E, 

and for all points a in K, the proof of the theorem given in § 202 is applic- 
able when the sets {e„} , as here defined, are employed. We have, accord- 
ingly, the following theorem : 

Let {s„ (x, a)} be a sequence of functions, defined for each point x, in a 
measurable domain E, of one or more dimensions, and of finite, or infinite, 
measure, the sequence existing for each point a, in a set K, of one or more 
dimensions; and let it be assumed that {x, a)} converges to the value of 
a function s {x, a), at each point x, in E, uniformly for all points a, of K. 

It is sufficient, in order that ( s {x, a) dx may exist, and that the sequence 

■' (K) 

{s„ {x, a)} be completely integrable in E, for all values of a in K, the sequence 
of integrals being uniformly convergent in K, that a non-negative function 
<f> (x) should exist, which is summable over E, and is such that | «„ (x, a) | £ ^ (ic) , 
for all values of n, x {in E), and a {in K). 

As in § 202, the condition in this theorem may be replaced by the 
condition that | s {x, a) — s„ {x, a) | £ ^ {x), where ifs {x) is a non-negative 
function, summable in E, for all values of n, and of a (in K). When E has 
infinite measure the functions {x, a) must be taken to be absolutely 
summable in E. 

204. Important particular criteria are obtained, for the case of a set E, 
of finite measure, by assuming that the functions <f> {x), ift {x), employed in 
the two forms of the theorem of § 202, are both constant in E. 

We find, from the first form of the theorem, the following: 

If a sequence {s„ (»)} of functions, all measurable in a set E, of finite 
measure, be convergent in that set, and if s„ {x) is bounded, for all the values 
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of n and x, so that | s„ (x) | ^ K, where K is independent of n and x, then the 
sequence {«„ (a;)} is completdy iMegrable in E. More<yver the convergence of 

(ia: to J ^ '® (®) w uniform with respect to every measurable set F, 
contained in E. 

As in the general case, it makes no difference if there be an exceptional 
set of points in E, of measure zero, at each of which {«„ (a;)} does not 
converge, or at which the condition | (a;) | A" is not satisfied. 

This theorem has been given, in a somewhat less general form, in i, § 398. 

From the second form of the theorem in § 202, we obtain the following: 

If a sequence of functions, summable in a set E, of finite measure, be con- 
vergent in that set, and if | s (a:) — (a;) | ^ K, for all values of n, and of x 

(in E), then the sequence (x)} is completely integrable in E. Moreover the 

convergence of I .s„ (a:) dx to s (x) dx is uniform with respect to every 
J(^’) J{F) 

measurable set F, contained in E. 

It should be observed that the condition | s (a;) - (x) | K is (see 

§ 94), in the case in which E is closed, equivalent to the condition that 
there are in E no points at which the measure of non-uniform convergence 
is infinite. Thus ; 

It is sufficient for the complete integrahility of the sequence {«„ (a:)} in a 
closed and bounded set E that there be in E no points at which the measure of 
ncm-uniform convergence is infinite. 

This theorem is a development of a theorem first given* by Osgood, 
for the case of a linear interval in which s (a:) and s„ (x) are all continuous. 
The case for a linear interval in which s (x) is not necessarily continuous 
was obtainedf by Hobson, and was also investigated by W. H. YoungJ, 
and by Arzela§. 

If {i„ (a:)} converge uniformly in the set E, of finite measure, we have 
I s (a;) — (a:) | < e, for all sufficiently large values of n, and for all the 

values of x. Thus we have the theorem : 

It is sufficient for the complete integrahility of the sequence {«„ (a:)} , in 
a set E, of finite measure, that the sequence converge uniformly on E. The 
convergence of the integrals is then uniform with respect to all measurable sets 
contained in E. 

The results obtained here may clearly be extended to the case in which 
the functions involve a parameter, as in § 203. 

* Amer. Journal of Math, vol. xix (1897), p. 182. 
t Proc, Loud, Math, Soc, (1), vol. xxxiv (1901), p. 254. 

X Proc, Lond, Math, Soc, (2), vol. i ( 1904), p. 89. 

§ Mem, d, R, Acad. Bologna (5), vol. viii (1900), p. 703. 
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206. An important criterion is obtained by applying the second theorem 
of § 202 to the case in which the sequence {s„ (.«)} is monotone ; either non- 
diminishing, so that 5„+i (x) S s„ (x), or non-increasing, so that (x) S s„ (x), 
for all the values of x and n. In these cases, we have 

0 ^ I 5 (a:) - (*) I S I s (a;) - Si («) I ^ I s (a:) I -f- I (x) |. 

It is sufficient, in order to apply the theorem, that s (x), and {x) should 
be summable in E, when m (E) is finite, and that they should be absolutely 
summable in E, when m (E) is infinite. 

We thus obtain the following theorem : 

If> in a measurable set E, of finite, or infinite, measure, the monotone 
sequence {s„ (jc)} converges {almost everywhere) to a function s (x) which is 
summable in E when m (E) is finite, and absolutely summable in E when 
m (E) is infinite, and if Si (x) satisfies the same condition; then the 
sequence {s„ (a;)} is completely integrable in E. Moreover the convergence 

of I (x)dx to I s (x) dx is uniform for all measurable sets F, contained 
}(F) J {F) 

in E. 

This theorem may be extended, as in § 203, to the case in which the 
functions involve a parameter a. The functions s„ (x, a) must then be taken 
to be monotone for each value of the parameter a ; and | s («, a) | , | Sj (x, a) | 
must be taken not to exceed positive functions which are both summable 
inE. 

206. Other criteria for the complete integrability of a sequence may 
be obtained, which depend upon conditions involving integrals of the 
functions in the sequence. 

The following theorem will be first estabUshed : 

Let the sequence {«„ (a;)} converge everywhere {or almost everywhere) in a 
measurable set of points E {of one or more dimensions) of finite measure, to 
the values of a function s {x) which is summable in E. If the condition 

lim I s„ (a;) I da; == 0 is satisfied for every sequence {e„} of measural)le sets 

»~00 . (ft,) 

contained in E, such that each set of the sequence contains the next, and such 
that lim m {e„) = 0, then the sequence {s„ (a;)} is completely integrable in E. 

n^oo 

Moreover the convergence of the integrals over measurable components of E is 
uniform for all such components. 

Let e„ denote that set of points of E, for each of which 

I ^ (a:) - 5„+,„ (a:) | > e, 

for one or more values of m in the sequence 0, 1, 2, 3, ... ; so that 

I 5 (a;) - (a:) | S e, 

in the set E — e„, and the conditions are satisfied that e„+i is contained 
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in e„ , and lim m (e„) = 0. If be any measurable set contained in E, 

let fny F —fn denote the parts of c„, — c„, respectively, that are con- 

tained in F. 

We have now 

I {s (x) - (ic)} dx\:s\ I s (x) - (a;) I + I \s (*) - s„ (x) | dx 

I •' (F) I J (/n) J (F-/«) 

£ I I s (a;) - s„ {x) \dx-{- em (E), 

J (/«) 

Also I I s (a:) — (») I da: £ I s (a:) I da: + j I (a:) I dx, 

J (M J (e«) J (e») 

and since both the integrals on the right-hand side converge to zero, as 

» ~ 00 , it is seen that the integral on the left-hand side is < e, provided 

n is not less than some integer rie . We now have 


I { 

J(F) 


{s (x) - s„ (x)} dx 


< € -f- em {E), for n S tie, 


and for every measurable set F, contained in E. Therefore I (a:) dx 

J m 

converges to I s (x) dx, uniformly for all such sets F. 

•'(F) 

It is easily seen that : 

The sufficient coTidition in the theorem may be replaced by the less stringent 

condition lim I (a:) dx = 0. The sequence is then completely integrable 
ri'^oo J (Cn) 

in E, but the condition that the integrals of s„ (x) over a measurable part of 
E to the integral of s (x) over that part is uniform for all such parts is not 
necessarily satisfied. 

For the inequality employed in the above proof may be replaced by 


{s (a:) ~ (a:)} da: £ / {s (a:) - (a:)} dx 

UF) J(fn) 


+ em (E), 


now I s {x) dx converges uniformly to zero, as w ~ oo (see i, § 392), and 
•'(/«) 

I s„ (x) dx, by hypothesis, converges to zero, as m (/„) converges to 
zero, but it cannot be asserted that 


I «« i^) 

Hfn) 


dx 


< e, for n^ne, where 


is independent of the particular sequence { /„} , and therefore independent 
of F. 


207. If E have infinite measure, we have the following theorem : 

If (a:)} converge everywhere (or almost everywhere) in a measurable set, 
of infinite measure, to the values of a function s (a?), absolutely summable in 
E, then, provided the condition of the last theorem is satisfied in every part 
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E-i, of E, which has finite measure, and provided that, if e be arbitrarily 
assigned, E^ can be so determined that 

I {x) dx< e, for n ^nt, 

J(E,-E,) 

and for every measurable set E^, which contains E^, and is contained in E, 
the sequence {«„ .(»)} is integrable in E. 

The set E.^, of finite measure, can be so determined that 


I s (x) dx < €, and also 
J ^-E,) 


I «n (x) 

J{E-E,) 


dx < 2e, for n S We. 


We have now 

{s {x) — s„ («)} dx=\ {5 {x) — s„ (a:)} dx + \ {s (x) — s„ (a;)} dx, 
J{E) J(^-E,) J {E,) 

and since the sequence ( (a:) dx satisfies the condition of the last 

J(E,) 


theorem, we have 

I (s (x) - s„ (x)} d. 
J (E) 


dx 


< 6, for n ^ Ue . It follows that 


I {s (x) - s„ (x)} 

HE,) 

< 4e, for n S nf' , where n/' is the greater of the 
numbers «.«, ne'. Since e is arbitrary, the sequence s„ (x)dx converges 

J{E) 

to I s (x) dx. 

J{E) 

The theorem might be so stated as to involve the complete integrability 
of the sequence, and also so that this is uniform with respect to all sets. 

208. Let E he a, set of points of finite measure. 

If, corresponding to an arbitrarily chosen positive number e, another 


number exists, such that 


< e, where e is any measurable 


I s„(x)dx 

set contained in E, provided m (e) < 17 , for every value of n, the integrals 
s„ {x) dx\ of the sequence are said to be equi-convergent. The term equi- 

(-'(fi) ) 

absolutely continuous is sometimes used instead of equi-convergent, and 
sometimes the term uniformly convergent is employed. 

If the integrals s^ (x) dx are equi-convergent, so also are the integrals 
HE) 

I I s„ (x) I dx, and conversely. 

J{E) 

For, let Cl and e^ be the two parts of e in which {x) is S 0, and in 

which s„ (x) <0; we have then | s„ (x) dx < e, — s„ (x) dx < e, and 

J (e.) J (e,) 

therefore | (») | da; < 2e, for every value of n ; since 2e is arbitrary. 

He) 

the integrals | s„ (x) | dx are equi-convergent. 

J (E) 
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Conversely, if / | {x) \ dx are equi-convergent, we have 

J {K) 

\ Sn {x) \ dx < €, a m (e) < rj, 

J (e) 


for every value of n; hence 


therefore 


{x) dx < €, — s„ (x) dx < 

J (ei) J (ej 

I j s„ (x) I < e. 


If JS be of infinite measure, and if the condition is satisfied, that for 
every set of finite measure, contained in B, the sequence of integrals 

(x)dx is equi-convergent, and provided also B^ can be so determined 
that } j ,s'„ (x) dx < €, for all values of n, and for all sets B^ of finite 


J (Ba-B,) 


measure, contained in B, and containing B^ , then the integrals I s„ (x) dx 

J (A’) 

are said to be equi-convergent in the set B, of infinite measure. 

In case all the functions s„ (x) are absolutely summable in B, it is 
easily seen that the equi-convergence of the integrals 1 (x) dx involves 

J m 


that of the integrals I (x) | dx; and conversely. For, since B^ — is 
J (E) 

of finite measure, the sequence of integrals is equi-convergent in B^ — Bj, 


dx < 2e. 


and therefore we liave, as before, I s„ {x) \ dx < 2e. 

•'(Ea-E,) 

209. It will be shewn that, when the integrals 1 <s„ {x) dx are equi- 

J (E) 

convergent, and when m (B) is finite, the condition lim (x) dx — 0, of 

Tl'^oo J en 

the theorem of § 206, is satisfied. Let c, the first set of the sequence {e„} 
for which m (e,.) < tj, then I (a:) dx < e, for all values of n, and for 

' (^r+w) 

m 0, 1, 2, 3, Thus we have I f (x) dx I < e, form — 0, 1, 2, 3, ..., 


and hence lim I (x) dxl^e; and since e is arbitrary, it follows that 
lim (x) dx ^ 0. We thus obtain Vitali’s theorem* that: 

(r«) 

It is sufficient for the complete integrability of a sequence { 5 ^ {x)} which 
converges almost everywhere in a set E, of finite measure^ to a function s (a?), 
summable in that the integrals of Sn {x) in E should be equi-convergent. 

* Rendiconii del Cirr. Mat. di Palermo, voL xxiii (1907), p. 137. Vitali has further proved that 
tlie condition of equi-absolute continuity is necessary as well as sufficient. 
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Vitali’s theorem may be extended to the case in which the set E has 
infinite measure. 

Let it be assumed that the sequence I («) dx is equi-convergent 

HE) 

in E. Let jp’ be a measurable part of E ; then if m (F) is finite, the inte- 
grability of the sequence in F follows from Vitah’s theorem. We need 
therefore only consider the case in which m (F) is infinite. A set E ^ , con- 
tained in E, of finite measure, can be so determined that (x) dx < e,. 

IJ(E,-E,) I 

for every set E^, of finite measure, containing Ei, and contained in E, and 

for all values of n. It then follows, as in § 208, that I I s„ (x) I dx < 2e. 

J (E.-Ei) 

Let Fi be the part of F that is in Ei , and F^ the part that iaiaE^] we have 


then s„ {x) dx < 2e. Let now m (E^) increase indefinitely, so that 

E is the outer limiting set of the sequence of sets {E 2 } , then F is the outer 


limiting set of the sequence of sets F^; we have thus s„ {x) dx ^ 2c, 

.1 (F-Pt) I 

and it then follows that I {s (x) — s„ (a:)} dx < 3c, provided 7 n (F^) is 

J(F-Ft) I 

sufficiently large. Hence 

I {« (a:) - («)} da? U I {s (a:) - (a:)} da; -f {s (a:) - (a;)} da; , 

I iHFi) U(F-Fi) 

and the expression on the right-hand side is < 4c, if n S ; it follows that 

s„ (x) dx converges to « (a;) dx. 

J (P) J (F) 

We have accordingly established the following theorem : 

It is sufficient for the complete integrahility of a sequence (.r)}, of 
functions, summahle in a set E, of infinite measure, which converges almost 
everywhere in E,toa summahle function s {x). that the integrals of s„ (x) in E 
should he equi-convergent. 

210. In case (a;) ^ 0, for all values of n and x, in E, the condition 

lim I Sn (x) da; = 0, of the theorem of § 206, can be shewn to be necessary 
U'^CO J (en) 

for the complete integrabiUty of the convergent sequence {s„ (a;)} over 
the set E, of finite measure. An integer % can be so determined that 

s {x) dx is less than an arbitrarily prescribed positive number 8 ; more- 
over ni{^nf) can be so determined that I s^lx) dx differs from I s{x) dx 

• 1 -I ’ i^ni) 

by less than 8, provided nS:ns^n^. We have now, for n S 


j s„ lx) dx&\ s„ (x) dx < f 
J (en) J (Cm) J (< 


s{x)dx + 8 < 28. 
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Thus I s„ {x) (fa; < 28 ; and since 8 is arbitrary, lim s„ (x) dx = 0. 

Hence we have the following theorem : 

If the sequence (x)} is almost everywhere convergent in the set E, of 
finite measure, and s„ (x) S 0, for all the values of n and x, it is necessary and 
sufficient for the comffi.ete integrability of the sequence in E, that 

lim Sn {x) dx = 0, 
m~«) 3 (e„) 

where {e„} is any sequence of measurable sets, contained in E, such that each 
set contains the next, and m (c„) converges to zero, ao n~ <» . 

Let it be now assumed that a sequence {«„ (a:)}, which converges almost 
everywhere in E, is such that 0^ {x) S /„ (x), for almost all values of x, 

and for all values of n ; where {/„ (x)} is a completely integrable sequence in 

We have then 0^ I s„(x)dx^. i f„(x)dx, and since lim I f„(x)dx — 0, 
3 (Cn) 3 (e„ n~eo-' (e«) 

it follows that lim s„ (x) dx — 0, and therefore the sequence {s„ (a;)} is 

U'^co J (Crt) 

completely integrable in E. It has thus been proved that : 

If E be of finite measure, and (a;)} be almost everywhere convergent in 
E, and 0 £ (a:) {x), where {/„ {x)} is completely integrable in E, then 

{«„ (a;)} is completely integrable in E. 

Next, let it be assumed that { /„ (a:)} , {gr„ (a:)} are any two sequences, 
completely integrable in E, and that, almost everywhere in E, 

fn (^) = «» («) = 9n {X), 

where (a;)} is convergent almost everywhere in E. The two sequences 
(a;) — fn {x)} , {gn (») — fn (^®)} ^re both convergent, almost everywhere in 
E, and (a:) - /„ (a;), gr„ (a;) — /„ (a;) are both S 0, almost everywhere. 
Since 0 ^ (a;) — /„ (a;) £ gn (x) — f„ (x), it follows that the sequence 

{s„ (a:) — fn (a;)} is completely integrable in E, and thence that the sequence 
{Sn (x)} is completely integrable in E. Thus the theorem* has been proved 
that: 

A sequence (a:)} , convergent almost everywhere in the set E, of finite 
measure, is completely integrable in E if two other sequences {/„ (a:)}, {gn (a:)} 
exist, both completely integrable in E, and such that fn (x) £ s„ (x) £ gn {x). 

That the condition is necessary as well as sufficient, is seen by taking 
/„ (a:) = - 1 + Sn (x), gn (a:) = 1 + (x). 

211. To extend the above theorems to the case in which m (E) is 
infinite, let be a sequence of sets of finite measure, each one contained 

♦ See W. H. Young, Proc, Lond. Math, Soc, (2), vol. ix (1910), p. 315. 
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in the next, and with E as their outer limiting set. Let 0 ^ {x) S /„ (x), 

where {/„ (a;)} is completely integrable in E. We have then 

lim s„ (x) dx — I s (x) dx ; 

n~M J (Er) j (Er) 

now I s (x) dx is not greater than I / (x) dx, where / (x) == lim /„ (x), 
J (E) J (E) n-^oo 

and this is by hypothesis finite ; therefore s (x) is summable in E. Similarly 

it can be shewn that s„ (x) is summable in E. We now have 

/ S„ (x) dxS Sn {x) dx, 

J (Er) J (E) 

for every value of r, and therefore lim I (a;) da: S lim I s„(x)dx; 

J {Er) n^ao {^^) 

that the limit on the left-hand side exists, follows from the second theorem 

in § 210, and it is equal to 1 s (x) dx, and this has for its limit as r ~ qo , 

J (Er) 

I s (x) dx. Therefore lim (a:) dx ~ \ s {x) dx = k^, where k^ i 0. 

HE) ^;;:z^hE) HE) 

A similar relation will hold for the sequence {/„ (x) — s„ (a:)}; thus 

lim f {/n (x) - (a^)} da: - I {f{x)-s (a:)} dx = k.^, 

^ J (E) J (E) 

where ^•2 = 0- From these relations we have 

Um s„{x) dx — lim s„ (x) dx = k^ -H k.^; 
iiZlo i iE) n~oo J (E) 

since lim /„ (x) dx - / (x) dx, by hypothesis. Hence k^ and k 2 must 

n~ao J (E) J (E) 

both be zero, so that lim s„ (x) da- = s (x) dx; therefore (a:)} is 

ri'^co J (E) J (E) 

integrable in E. It we take F, any measurable part of E, instead of E, 
the same proof is applicable. Thus we have the result for the case in which 
m {E) is not finite*. The second theorem may be obtained as before. 

212. With a view to obtaining other criteria of the integrability of a 
sequence, it will be proved that : 

If, in a measurable set E, the sequence {s„ (a:)} is almost everywhere con- 
vergent to the valves of a function s (x), and if, for some value of p, >1, 

[ Sn (x) I** dx does not exceed a fixed positive number K, independent of n. 


\(e} 

then j s (a:) I** is summable in E, and in case E has finite measure, s {x) is 
summable in E. 

Let m (E) be, in the first instance, finite. 

* See W. H. Young, Proc, Lond, Math, Soc, (2), vol. rx (1910), p. 319. 
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As before, let | « (a;) — (a;) | S c, for w = 0, 1, 2, 3, , in the set 

E — e^', we have then 


[ 1 5 (a;) [“dx^ 2^ ^ f I s (x) — s„ (x) I** dx 

J(E-e„) J(B-e„) 

+ 2»’“i f I s„ (x) I® dx ^ 2»“i {K + €**»«. {E)}. 

hE-e„) 

It follows that, as m (e„) converges to zero, 1 s (x) I** dx has a 

hE-e„) 

finite limit £ K2 '‘‘-^ ; and from this it can be inferred that | s (x) I**, and con- 
sequently s {x), is summable in E. For, if <f>y (x) denote that function which 
has the value | s (x) |®, when | s (a;) j** N, and has the value N, when 

I « (a;) I** > N, we have I | -s (a;) \ ‘^d,x lim I cf>nf{x) dx, from the definition 
J (E) N~aoJ (K) 

of the A-integral of an unbounded function. 

Now lim I <f)x (x) dx lim lim <f>y (a’) dx, 

J (E) a?— » «~oo J(E- e„) 

since cf>N (x) dx £ Nm (e„), which converges to zero with m (e„). Since 

hen) 

<f>N (x) dx is a monotone non-diminishing function of botli n and N, 
J (E-en) 

the order of the repeated limits, as A ~ qo , ~ oo , may be reversed ; thus 

I 5 (a) I ’’ da: = lim lim <f>\ (x) dx = lim | s {x) dx. 

J (E) w-oo N >^00 J (E-en) n^cc'(E-e,t) 

Therefore I | s (a) da: is finite, and £ 2*'"^A ; hence s (x) is summable in E. 
Ue) 

Next, let m {E) be infinite; a sequence {A^} of measurable sets, such 
that m (A’,.) is finite, can be so determined that each one is contained in 

the next, and that E is the outer limiting set. Since I s (a) I** da exists, 

_ ■' (/?.) 

and is £ A2*'~^, for every value of r, it follows that j | s (a) da exists, as 

J{E) 

lim f I 6“ (x) I** da, and it is £ 2^~^K. 
r'^QO J (Er) 

The following theorem may be deduced from the last theorem : 

If, in the set E, of finite measure, s„ (a) converges almost everywhere ta 

s (a), and for some value of p, > 1, \ \ s^ {x) dx & K, a number inde- 

J(E) 

pendent of n, then s (a) is summable in E, and the sequence {«„ (a)} is 
completely integrable in E ; the convergence of the integrals being uniform in 
all measurable parts of E. 

For, by the last theorem, s (a) is summable in E, and 


i (e»)^ 


s„ (a) I da; 


(e„l 


1 ^ ^ ^ 
s„ (a) I f dJf . {m (e„)} v £ Rv {m (e„)} p , 
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by an inequality given in i, § 436. It follows that lim | (x) \dx — 0, 

J (en) 

end thus the theorem of § 206, is apphcable. 

213. The following theorem, which was given in a less general form in 
I, § 399, will now be established : 

Let {Sn («)} be a sequence of functions, summahle in a measurable set E, 
■of finite, or infinite, measure, and of any number of dimensions, be such that 
s„ (x) S 0, for all values of n, and of x, in E ; these functions need not be 
bounded above. If, for each value of x, the sequence {«„ («)} is monotone non- 
diminishing {a set of measure zero being possibly disregarded), and if 

hm I Sn (x) dx has a definite value, then (1), the points of E at tvhich 
n^oo J (JS) 

(a;)} does not converge form a set of measure zero, and (2), the function s {x) 
having the value of lim s„ (x), where this limit exists, is summable in E, and 

the sequence {«„ (a;)} is completely integrable in E ; the convergence of the 
integral of s„ (x) to that of s (x) being uniform in all measurable sets contained 
in E. 

First, let m {E)he finite ; and let gn be the set of points at which (a:) > J. . 

The set gn is contained in gn+i , and thus lim m {gn) is the measure of the 

set of points for which s^ {x)> A, for all values of m, from and after 
some integer depending on x. Let it be assumed, if possible, that {«„ (a:)} 
diverges at the points of a set h, of positive measure ; then 

lim m (g„) S m (h) > 0. 

ri'^oo 

An integer n^ can be determined so that (a:) > A, in a set of points of 
measure (h) ; hence I s„ {x) dx > ^Am (h) ; and therefore 

HE) 

lim I Sn {x) dx > \Am {h). 

U'^cxi J (E) 

Since A is arbitrarily great, this is inconsistent with the hypothesis that 
the limit on the left-hand side has a finite value. It follows that (x)} 
eonverges almost everywhere in E. 

If m {E) be not finite, a sequence of measurable sets {F,} exists, each of 
which is contained in the next, and is of finite measure, such that E is its 
outer Umiting set. In Er, the set of points e,, at which (a;)} is divergent, 
has measure zero. The outer limiting set of {ej is the set of points of diverg- 
ence of (a;)} in E; and in virtue of a theorem established in i, § 131, the 
measme of this set is zero. 

If Xn b© the set of points of Ef for which s {x) — (x) < e, we have 

j {5 (x) — s„ {x)} dx < an (A„), or / s(x)dx< Sn (x) dx -|- em {Er)] 

(^n) (^n) 
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hence lim I s{x)dx& lim (») dx. Since m (A„) converges to m (Ef), 

n'^oo J (A„) H'^oo J (Er) * 

it is seen that s (x) dx = lim s (x) dx; and thus / s {x) dx exists, 
J iEr) n^^co J (An) •' ( Er) 

and is 5; hm 5„ (a;) dx, or is & lim s„ (x) dx. 
n'^oo J (Er) n'^oo J (E) 

It now follows that I s (x) dx = lim I s (x) dx exists, and is 

J (E) r~oo J (E,) 

S lim I Sn {x) dx. Thus s {x) is summable in E, whether m (E) be finite, 

ri'^ao J {E) 

or not. The last part of the theorem now follows by applying the theorem 
of § 205. 

In case E has finite measure, instead of the condition s„ {x) S 0 we 
may assume that .s„ {x) ^ -- E, where E is independent of n and x. For 
the theorem may be applied to the sequence {«„ {x) -\- E}, and since E is 
summable in any set of finite measure, the result follows. 


INTEGRATION OP SERIES DEFINED IN AN INTERVAL 

214. If Ui (x) + (x) + ... u„ (x) + ... converge to a function s (x) 

everywhere, or almost everywhere, in a linear interval (a, 6), and s (x) be 
summable in (a, 6), it is of importance to possess criteria sufficient to secure 

r^n rx cx - Cx 

that S Ur {x) dx, or {x) dx, converges to I s (x) dx, for all values of 

r ’l-a Ja Ja 

X in the interval (a, b). When this convergence takes place, the series is 
said to be integrable in (a, b) in the ordinary sense; whereas it is said 

(see § 201) to be completely integrable in {a, b), when I s (x) dx is the 

he) 

limit, as w ~ 00 , of s„ (x) dx, for every measurable set of points e, in 
He) 

the interval (a, b). A series may be integrable in the ordinary sense in 
(a, b) when it is not completely integrable therein, but many of the criteria 
sufficient to ensure ordinary integrability are also sufficient to secure com- 
plete integrability. 

The following criteria are obtained as special cases of the theorems in 
§§ 202-213, which were established for integration over sets of points in 
any number of dimensions : 

(!) If, in the finite interval {a, b), the functions u„ (x) are summable, and 

the series {x) converges uniformly in the interval to the values of s (x), then 
rx cxi rx 

I s (x) dx S Un {x) dx, and the convergence is uniform for all values of 

J a n^lJ a 

X in {a, b). 

This has been proved in § 204. 
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(2) If, in an interval (a, b), the functions u^ {x) are all sum'tnable, and stich 

GO 

thal, almost everywhere in (a, b), tM series S {x) converges to s {x), and a 

1 

non-negative function <f> (x) exists, which is summable in {a, b) and such that 

1 ^ ^ (x), for all values of n and x, then f s (x) dx exists, and the 

J a 

CO rx 

series S I u„ (x) dx converges to it, uniformly for all values of x in (a, b). 

This theorem also holds for an indefinitely great interval (a, co ), or (— eo , ao ), 
provided <f> {x) is summable in the interval. 

This has been proved in § 202. 

(3) In the case of a finite interval {a, b), the condition may be replaced by 
the condition | i?„ (a;) | S ^ {x), where ift (x) is non-negative, and summable in 

rx CO rx 

(a, b). As in (2), s (a;) dx then exists, and the series S I u„ (x) dx con- 

J a a 

verges to it, uniformly in [a, b). This holds also for (a, qo ), or for (— oo, co), 
provided the terms u„ {x) are absolutely summable in (a, ), or in (— co, co). 

(4) Whether {a, b) be finite or infinite, the condition in (2) may be re- 
placed by the condition (f>i (x) 5 s„ (x) £ (x), for all the values of n and x, 

where <f)y {x), (f)^ (x) are two functions, each of which is absolutely sum-mable 
in the interval. 

(5) A particular case of (3) is the condition, in the case of a finite interval, 
that I R„ (x) I should be bounded for all the values ofn and x. This is equivalent 

OO 

to the condition that the series S {x) has no points of infinite measure of 

n« 1 

non-uniform convergence. 

(6) If Hu„{x) converges, almost everywhere in a finite, or infinite, 

interval to the values of a function s {x), summable in the interval, and if all 
the terms u„ {x) are S 0, for all {or almost all) the values of n and x, then 

2 Un (x) dx converges to / s {x) dx, uniformly in the interval, 

Ja 

This has been proved in § 205. 

(7) If S u„ (x) is almost everywhere convergent in a finite, or infinite, 

n^l 

interval {a, b), and 0 £ [x) 5 v^ {x), where S (a;) is a series such that 

/l=- 1 

rx rx 

S Vn {x) dx converges everywhere to I S {x) dx, where S {x) converges 

n = l'a J a 71 -1 

f x rx 

u„ (x) dx converges uniformly to 1 s (x) dx. 

• a J a 

(8) If v„ (x) £ u„ (x) S w„ (x), where both the sequences (x)}, {w„ (x)} 
are integrable in {a, b), and 2 (a;) is convergent almost everywhere in the 

n-\ 
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finite, or infinite, interval (a, b), then 'L j (x) dx converges uniformly in 

n=»l.' a 
fx 

(a, b)to\s (x) dx. 

J a 

(7) and (8) have been proved in §§210, 211. In particular if S | (x) \ 

is integrable term by term, so also is S (x), for 

n=^l 

- I i^) I (^) -- I {^) I- 

(9) If, in the finite interval {a, b), 2 (x) converges almost everywhere 

1 

rh 

to s (x), and { 5 ^ {x)}^ dx is bounded for all values of n, where p is a number 

j a 

> 1, then s is sumynahle in {a, 6), and 2 / u^ (a;) dx converges uniformly 

1 J a 

F . . , 

%n 


in {a, b) to j .s {x) dx. 

J a 


(10) If, in a finite, or infinite, interval {a, b), u„ (x) g 0 for all values of 

CO rb 

n and x {except possibly at a set of points of measure zero), and if ^ j u^ {x) dx 

'a 

has a definite value, then the series S u„ (x) is almost everywhere convergent. 


n-\ 


and s {x) is sumynahle in {a, b); moreover 2 I u^ {x) dx converges uniformly 

n a 


in {a, 6) to s (x) dx. 

J a 

In all these cases there is complete integi’ability of the series, provided 
in (7) and (8) the integrability of the sequences {v„ (x)}, {fv„ (a:)} is assumed 
to be complete. 

In case ( 1 ), if it be assumed that the convergence of 2 u (x) to s (x) is 

/I - 1 

simply uniformly convergent only, this is sufficiient to ensure that s (x) is 
summable, but it is then not necessarily true that S [ (x) dx is a con- 

71 = 1 a 

vergent scries. It can, however, be shewn that, whenever this series is 
convergent, it converges to the value of f s (x) dx. In fact we know that, 

a 

by bracketing the terms of the simply uniformly convergent series S (j;) 

77 = 1 

in a suitable manner, the series is converted into a uniformly convergent 
series 2 v.^^^ (x), and the result (1) is then applicable to this series, and thus 

771" 1 

rx rx 

2 v^^ (x) dx converges uniformly to the value of I s {x) dx. It is clear 

m = 1 i a J a 

rx 

that, whenever 2 / u„ (x) dx converges, it must converge to the same 
77 = 1 J a 

value as does the series 2 I (x) dx. We thus obtain the following 

m^lJ a 

theorem : 


ir Ti 


20 
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(la) If the series S u{x) converges simply-uniformly in the finite 
interval (a, b) to s (x), and all the terms u„ (a;) are summable in the interval, 

rx 

then*, (1) if the series S I u{x)dx be convergent it converges to the 

n-l J a 
rx 

value I s (x) dx, and (2) if the series be not convergent, it may by suitably 
bracketing the terms, and amalgamating the terms in each bracket, be 

converted into a series which converges to I s {x) dx. The convergence is 

J a 

uniform with respect to x, 

oo 00 

A practical test that Si u„{x) dx = \ S {x) dx which may be 

n-l'O Jow-l 

applied in many cases is the following: 

If tJie series S | (a;) | converges everywhere to a sum-function, which 

= 1 

is summable in the infinite interval (0, oo), then 

CO r^'x> r 03 00 

si Un{x)dx = \ S (a:) dx. 
n 1 •/ 0 J 0 n ^ 1 


This theorem is a particular case of 
which S I u„ (x) I converges, we have 
of n and x. 


(2), for if <f> (x) is the function to 

n 

S Un (x) ^ <f> (x) for all vahies 


215. When, in the finite interval (a, 6), the condition in (5), that the 
series S u„ (x) has no points at which the measure of non-uniform con- 

vergence is infinite is not satisfied, there exists a set G of such points which 
(see § 94) is necessarily closed, and may be finite. In this case the theorem 

may fail to hold good either (1), when 2 I {x) dx is not everywhere 

n^l'a 

convergent in (a, 6), or (2), when its sum is not continuous in the interval. 
It may also happen that, in these circumstances, the continuous function 
U (x) to which the sum of the integrals converges, is not equal to 

/ s (x) dx ; this last integral being assumed to exist. 

J a , 

The following theorem will however be established : 

If the series S u„ (x), of which all the terms are summable in the finite 
interval (a, b), converges to the summable functions {x), and if, further, the series 

rx 

S Un (x) dx converges everywhere to the values of a function which is 

n-* \ ■' CL 

continuous in {a^ b), it is a sufficient condition'^ that this function be equal to 

* The first part of this theorem was given by Bendixson, for the case in which the functions 
Un (x) are all continuous; see Stockholm Ofv, vol. liv (1897), p. 609. 

t This theorem was given by Osgood, Amer, Journal^ vol. xix (1897), p. 182, in the case 
in which the terms of the series, and its sum, are continuous. The general theorem was given, for 
Riemann integration, by Arzel^i, Mem, di Bologna (6), vol. viii (1900). 



307 


214, 215] Integration of Series Defined in an Interval 

ran 

s (x) dx, that the 'points at which the 'measure of non-uniform convergence 
of the series S u„ (x) is infinite should form an enumerable set. 

n^l 

The closed enumerable set - of points at which the measure of non- 
uniform convergence of the series is infinite being denoted by G, let be a 
point of (a, b) which does not belong to G. Since i is within an interval 
contiguous to G, in any interval (^ — f -f € 3 ) interior to that contiguous 
interval, | R„ (x) | has a finite upper boundary. Denoting by (x) the 

rx 

nth. partial sum of the series S {x) dx, and by U (x) the continuous 

' a 

function to which T] n {^) converges, as n ~ co , a value n, ot n, can be so 
determined that \ U (i) — Un (f ) | < 8, | (f -f A) — U„ + /i) ( < 8, for 
71^ n, where ^ -f is a fixed point within the interval (^ — ej, ^ -I- e^), and 
8 is an arbitrarily chosen positive number. 

We now have 

u a 4 h) - u m u„ a + h) - u„ ii) I ^ 28 

7i h ^Ihj- 

Since the interval (^, f 4 - h) contains no points of G, it follows that, for all 
sufficiently large values of n, 

fH h ff+Zt 

Sn {x) dx — s {x) dx < 8. 
f h 

Therefore we have, provided n is not less than some fixed integer 

UA^ + h)-UA^) S{$ + h)-S(i) ^ 8 

h h ' ^ 1 r 

rx 

where 8 {x) denotes I s {x) dx. 

J a 

From the two inequalities, we have 

U a + h)-U ii) 8 + h) -8(i)f ^ 38 . 

h ' h 

and since 8 is arbitrarily small, it follows that 

LT{^-\-h)-U{$) 8{$ + h)~8(^) 

""h ■ h' 

This holds for any point ^ that does not belong to G, and for any point 
^ f h in a neighbourhood of ^ that contains no points of G. It follows that 
any one of the four derivatives D^U (i), D+U (^), D~U {^), D-U (^), is 
equal to the corresponding derivative of 8 {$). Since one of the four 
derivatives of the function 8 (x), U (x) is such that its value is the same for 
the two continuous functions, except at points belonging to an enumerable 
set, it follows (i, § 267) that the two functions differ by a constant; and 
since both vanish at the point a, they must be everywhere equal. 

When the closed set G is not enumerable it contains a perfect com- 
ponent ; and in that case the sum of the integrals of the terms of the series 

20-2 
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is not necessarily equal to the integral of the sum, even when both exist 

GO rx 

and the condition of continuity of H u„ (x) dx is satisfied. 

n-lJ a 

It will be observed that, in accordance with the theorems which have 
been established, the term by term integration of a series may fail to give 
the integral of the sum, either (1), when the set O, of points of infinite 
measure of non-uniform convergence of the series, is finite or enumerable, 

00 fX 

but the condition that the sum of the series S 1 {x) dx should be a 

1 Ja 

continuous function of x is not satisfied; or (2), when O contains a perfect 
component. 

216. If there exist, in the interval (a, b), points at which the series 
S u„ (x) is not convergent, such points will be regarded as points of 

n«l 

discontinuity of s (x). Let it be assumed that these points form a non- 
dense set with an enumerable derivative, i.e. a reducible set; thus they 
are contained in a set G which is an enumerable closed set. Let it be 
further assumed that, in any interval (a, which contains, within it and 
at its ends, no point of G, the condition is satisfied that | s„ (x) | is less than 
some fixed number, independent of n and x. Let it be also assumed that 

S I {x) dx is convergent for all values of x in (a, b), and that its svim- 

n « 1 .a 

function U (x) is continuous in the closed interval (a, b). Let it be further 

assumed that I s (x) dx — S (x) is a continuous function of x ; this will be 
J a 

the case when s (x) is summable in (a, b), or more generally when it has 
a X)-integral, or in particular, an //L-integral in (a, b). The enumerable set 
G contains all points of non-convergence of the given series and also every 
point at which the measure of non-uniform convergence of the series is 
infinite. With these assumptions, the proof of § 215 is applicable to 
establish the legitimacy of the integrability of the series {x). We 
obtain accordingly the following theorem : 

If the series 2 «„ (») converges to the function s (x) at every point of the 

n~ 1 

interval (a, b) which does not belong to a reducible set of points G, and if, in 
any interval (a, ]8) which contains loithin it, and at its ends, no points of G, 

I Sn ix) I is bounded as a function of n and x; and if u„ (x) dx exists as an 

J a 

L-integral, or as a D-integral, or an IIL-integral, for every value of n, and the 

00 tX 

series 2 I Un (») dx, for a^ x ^ b, converges to a continuous function of x; 

n = 1 J a 

rx 

then, if s (x) dx exists as a continvbous function of x, 

J a 

rx 00 rx 

S (x)dx = 2 Un (x) dx. 

Ja n-1. a 
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The following theorem which also has reference to the case in which 
there are points at which the measure of non-uniform convergence is 
infinite is due to Vitali* : 

// the points of a finite interi)al at lohich a convergent series has infinite 
measure of non-uniform convergence form a set O of which the measure is zero, 
then term by term integration is permissible, jjrovided the sum-function is 
summable, and provided also the integrated series converges to a sum which 
is the integral of a summable function. The last condition is clearly also a 
necessary one when the first is satisfied. 

In this case it is assumed that U {x), the sum-function of S [ ?/„ {x) dx, 

nX a 

is an indefinite integral of a summable function, that is, that it is 
absolutely continuous in {a, b) (i, § 218). The closed set O being of 
measure zero, a finite set of intervals (A) of total measure < e can be 
determined which include within them all the points of the set O. 
Since U {x) is absolute continuous, the sum of its variations, each 
taken with its proper sign, over the intervals A is < 8e, where 8e is a 
number which converges to zero with e. An interval (a, )3), one of the 
intervals complementary to the finite set (A), contains no points of 0, 

ric 

and therefore U {^) — U (a) = S (j8) — 8 (a) ; where 8 (x) denotes I s (x) dx. 

J a 

Now U (b) is the sum of the variations of U (x), taken over all the intervals 
(A) and all the complementary intervals (a, jS), and the same remark applies 
to 8 (b). It follows that U (b) and 8 (ft) differ from one another by less 

than 8e 1- ) Is (x) \ dx. As e converges to zero, so also do 8e and m (A) ; 
J(A) 

consequently U (ft) and 8 (ft) are equal. By considering the interval (a, x), 
where a < x & b, it follows also that 8 {x) U (x) ; and thus the theorem 
is established. 


217. It is easily seen that, in case all the terms of the series S u„ (x) are 

non-negative in an interval {a, ft), finite or infinite, the term by term in- 
tegrability of the series for {a, ft) implies its complete integr ability. 


For if e be any set of points in (a, b). 



s„ (a:)} da: £ f {s {x) - s„ {x)} dx, 

f n 


since s {x) — (x) S 0. If the integral on the right-hand side converges 

to zero, as ~ oo , so also does the integral on the left-hand side. 

The following theorem has reference to sequences which, in a given 
interval, are in general non-convergent : 

In case the sequence {s„ {x)} is not necessarily everywhere, or almost every- 
where, convergent in the interval {a, b), and is such that | «„ (a;) | S y {x), 


* RendicorUi del Circ. Mat. di Palermo, voL xxm (1907), p. 155. 
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where x (®) ^ surnmahle in (a, b), then the upper and lower limits of J* {x) dx, 
as n CO, are both integrals. 

CiC C 2? 

Let P (x) = lim s„ {x) dx; and F {x) = lim 5„ {x) dx, 

ri'^oo J a ^ ^ 

then F {xf) = lim ] ) «« {x) dx + I s„ (x) da;i 
n^co (Jo J Xi } 

S iim [ (x) dx - {X 2 ~ Xi) f x i^) 

n^oo J a J a 


Thus P (x^) — F (xi) ^ — (x^ — Xy) A, 

and similarly F {xf) -- F (a;i) S {x^ — Xj) A, 

where A denotes [ x (*) The sum of the values of the absolute variations 

of F (x), or of F (x), over any set of non-overlapping intervals, whose total 
measure is < e, is less than Ae. It follows that both the functions are 
absolutely continuous in (a, b), and are therefore integrals of summablo 
functions. 


An extension of the theory of the integrability of convergent sequences 
to the case of non-convergent sequences which have an upper and a lower 
function, in relation to semi-integrals, has been developed* by W. H. 
Yoimg. 


218. When a convergent sequence of functions is defined in the infinite 
interval (a, oo ), and it is known that the sequence is integrable in every 
finite interval (a, b), it is desirable to possess a sufficient condition that the 
sequence should be integrable in the infinite interval. 

The following sufficient conditions may be established: 


(1) Let the senes S (x) have as its snm-funchon s (x), summable m 

n~l 

every finite interval, and let it be such that S I (a:) dx converges to 

n - 1 i a 

J s (x) dx, for every finite value of G (> a), then if, corresponding to an 
arbitrarily chosen positive number e, an integer n^, and a value of C (> a) 
can be so chosen that {x) da; j < €, for every value of C' (> G), and for 

all values of nS^ne, then s (x) is integrable in (a, oo), although not necessarily 

TOO /•» 

absolutely summable in {a, oo), and S (a;) dx converges to s {x) dx. 

n-l’ Ja 

r oo 

s {x)dx = S Un (x) dx holds 
.a n - 1 J a 

O) Too 

for every value of G (> a), then provided that S u„ {x) dx is convergent, 

n^ \ ! a 

* See Proe. Lond^ Maih, Soc, (2), voL tx (1910), p. 286. 
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r oo Too 

(a;) dxc converges to the value of H u„ (x) dx, when C is 

a 

independently increased, it follows that s (x*) dx exists, and is equal to 

.'a 

oo Too 

2 Un (x) dx. 

n -1 J a 

It should be observed that these theorems may be applied to cases in 

rc rc 

which the integrals / 5,^ (x) dx, / s (x) dx exist only as non-absolutely 

J a J a 

convergent integrals such as Z)-integrals. 

rC' rC' 

To prove (1) it is seen that lim s^ {x) dx = I s (x) dx; and assuming 

n'^co J C J C 

that lie and C can be so determined that | j s„ (x) rfo: j < e, for n^n^, and 

I 

for all values of G' (> G), it follows that .s‘ {x) dx e, for G' > G; and 

I Jc 

since e is arbitrary, / s (x) dx exists. Assuming that all the integrals 

J a 
roc 

j s,^ (x) dx exist, we have 
J a 

j Too roc j rO rO 

s (x) dx — Sn (x) dx ^A\s{x)dx ' s^ (x) dx 
\ J a J a \ J a J a 


+ 


J a 


s (x) dx 


j s„(x)dx ; 
Jc I 


and by taking a sufficiently great value of n ne), and a sufficiently large 
value of G, the expression on the right-hand side is < 3 e. It thus appears 
that 


roo rco 

lim I s„ (x) dx — s (x) dx. 

?i^oo J a -fa 


To prove (2), we see that, if e be fixed, G may be so chosen that 


00 fC' 

2 


fO' 

u„(x) 

iJ G 


dx 


<, 


: €, for G' > G, 


and from this it follows that 




dx 


4 €, for C > <7. Since c is 


Too rC rC 

arbitrary, s {x) dx exists. Also since / s {x) dx = lim s^ (x) dx, 
J a J a U'^co J a 


we see 


that 


J a 


dx is the limit to which S 


[C 

{X) 

iJa 


dx converges as G ^ co ^ 


QO Too 

and this limit is by hypothesis S / u„ (a;) dx. 

n = lJ a 
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SEQUENCES OP FUNCTIONS THAT AEE INTEGBABLE {R) 

219. Let % (a:), (a:), (a;), ... be functions each of which is 

bounded in the interval (a, h), and each of which is integrable (R) in that 
interval. Let it further be assumed that, in the whole interval, the series 
Ux (x) + (^) + ...+«„(«) + ... converges to a function s (x). Also let 

it be assumed that s (x) is bounded in (a, b). It is proposed here to determine 
necessary and sufficient conditions that s {x) may have an i2-integral in 
(a, b). 

Let E be a set of points, in (a, b), of measure zero; and let e be an 
arbitrarily chosen positive number, and ri an arbitrarily chosen integer. 
Let us suppose that, for each point Xi, of (a, 6), which does not belong to 
a certain component Ee, of E, an integer (> n) can be determined, and 
also a neighbourhood {x^ — 8, ajj + S'), such that the condition | (a;) | < e 

is satisfied for every point x, in that neighbourhood. Then, provided this 
condition is satisfied for every value of e, and E is such that each point of 
it belongs to E^, for some sufficiently small value of e, the convergence of 
the sequence (a;)} to s (x) is said to be regular in (a, b), except for the 
set E, of measure zero. 

It will be observed that, for a fixed e, the integer % (> fi) depends in 
general upon the particular point x^ , which does not belong to Ee . More- 
over, since n is arbitrary, there exists, for a particular point x^ , an infinite 
number of values of ; the neighbourhood {x^ —8, x^ 8') depending 
however in general upon the value of n, chosen. 

In the particular case in wliich u„ (x) S 0, for all values of n and x, so 
that the sequence {«„ (a;)} is monotone non-decreasing, when the condition 
R„ (x) < € is satisfied for a particular value of n, it is also satisfied for all 
greater values. In the general case this does not hold; the condition is 
satisfied for an infinite set of greater values of n, but not necessarily for 
every such value. 

It is easily seen that the set Ee must, for each value of e, be a non-dense 
closed set, although the set E is not necessarily non-dense, and may be 
everywhere dense in {a, b). For, if ^ be a limiting point of Ee, then every 
neighbourhood of f contains points of Ee, and it is impossible that the 
condition | (a:) | < c can be satisfied for every point of such neighbour- 

hood. Therefore ^ must belong to Ee, and Ee is consequently a closed set; 
and since its measure is zero, it must be non-dense in {a, b). 

The following theorem will now be established : 

The necessary and sufficient condition that the bounded function s {x) may 
be integrable {R), is that the sequence of functions {«„ (a;)}, all of lohich are 
integrable (R), shall converge to s (x) regularly, except for a set of points E, 
of measure zero. 
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To prove that the condition stated is necessary, let it be assumed that 
s {x) is integrahle {R). Since s {x), {x), {x), ... are all integrahle (i?), the 

set of points at which any one of these functions is discontinuous has 
measure zero, and it follows that the set of points at which one or more of 
these functions is discontinuous has its measure zero. It will be shewn 
that a point at which all these functions are continuous cannot belong to 
Ee for any value of e, and consequently cannot belong to E. Let ^ be a point 
at which all the functions are continuous, and let e be a prescribed positive 
number. The integer n^{> n) can be so chosen that | s (f ) — {$) | < Jc; 

also 8 can be so chosen that, for every point x, in the interval - S,l + 8), 
the inequalities | s (^) — s (x) | < ^e, | s„^ (|) — s„^ (a;) | < are satisfied. 
From these three inequalities we deduce that the inequality 

I (x) - I < e 

is satisfied for all points in the interval (f - 8, ^ + 8) ; and therefore f does 
not belong to the set Ee. Since e is arbitrary, it follows that ^ does not 
belong to E. Hence every point of E must belong to the set of points at 
Avhich one or more of the bmctions s (x), Sj (x), (x), ... (x), ... is dis- 

continuous; and therefore m {E) = 0. 

To shew that the condition stated in the theorem is sufficient, let e and 
n be fixed, then Ee is a non-dense closed set of measure zero. A finite set 
of intervals, the sum of whose lengths is an arbitrarily chosen number yj, 
can be so determined that every point of Ee is within one of the intervals. 
The remainder of (a.h) consists of a finite set of intervals {A}; and for 
any point Xj in an interval A, a neighbourhood (Xi - 8, -f 8') can be 
determined, and also an integer n (> 7 i), not necessarily the same for all 
such points x^, such that | R„ (a;) j < e for all the points of {x^ — 8, a^^ -f- 8'). 
This can be done for every point x^ in the intervals (A), and we can consider 
the set of all such neighbourhoods (;rj — 8, + 8')- To this set we may 

apply the Heine-Borel theorem ; and consequently a finite set of the intervals 
(a'j — 8, .a’l f 8') exists such that every point of {A} is interior to one or 
more of the intervals of this finite set. In each one of the intervals of this 
finite set, the condition | (a;) | < e is everywhere satisfied for some value 

of n (> n). When the set of intervals of which the sum is 17 is excluded from 
(u, h), the remainder may be divided into a finite number of parts such that, 
in each part, the condition | (x) | < e is satisfied for a value of n belonging 

to a finite set 7 + Pi, « + P 2 ' ••• ” + Prj of integers all greater than n. 

To shew that s (x) is integrahle {R) we now apply Riemann’s test of 
integrability. Divide (a, b) into a number of parts hi, ... h,, so chosen 
that all the end-points of the excluded intervals, and also all the end- 
points of those finite parts for each of which | R„ (x) | < e, for a single 
value of n, are end-points of the parts hi,hz, ... h^. For an interval h, in 
the excluded set, the product of h into the fluctuation of s (x) is less than 
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{M — m) h, where M, m are the upper and lower boundaries of s (x) in 
(a, b). For an interval h, for the whole of which | -Bs+p 1 < th© fluctuation 
of s {x) cannot exceed that of {x) by more than 2e. It follows that the 
sum of the products of each h into the corresponding fluctuation of s (x) 
cannot exceed 

(M — m) Tj + 2 2/i {2e + fluctuation of (a;)} , 

p 

where, in the double summation, the first summation refers to all those of 
the h’s which are in an interval for which p has one and the same value, 
and the second summation refers to the values Pi, ... Pr- Since s„+p (x) 
is integrable (.B) in the interval to which it belongs, and for which p has 
a fixed value, it is seen that, when the number s is sufficiently increased, 
and the greatest of the h's is sufficiently small, 2 2A x flxictuation of 

p 

%+p (®) becomes arbitrarily small. Since 17 and e are arbitrarily small, it 
follows that Riemann’s test of integrability of s (x) is satisfied. 

The general theorem having now been completely established, it 
appears, from the foregoing proof, that it may be stated as follows : 

If Ui (x) + (x) + ... converges to a definite mine s (x), for all points of 

(a, b), and the functio7is Un (x) are all integrable (E) in (a, b), the. necessary 
and sufficient conditions that s (x) may be integrable [R) in (a,b) are (1), that 
the upper boundary of | s (x) | in {a, b) be finite, and (2), that, corresponding 
to two arbitrarily chosen positive numl)ers rj, e, and to any positive integer n, 
a finite set of intervals whose sum is less than g can be excluded, from {a, b), 
so that, in the remainder of {a, b), | Rn^j, (x) | < e, for every x, where p has 
one of a finite set of values which depend on x, but one such that the same p is 
applicable to all points x in a certain continuous interval. 

The condition (2), contained in this theorem, was obtained* first by 
Arzel^i, and is expressed by him in the form, that a certain mode of con- 
vergence of the series, called uniform convergence by segments in general 
(convergenza uniforme a tratti in generale) holds good. This mode of 
convergence differs from that of uniform convergence by segments, con- 
sidered in § 89, in that a finite set of intervals, of arbitrarily small sum, must 
be excluded from the domain, in order that the condition may be satisfied. 

EXAMPLES 

(1) Let «„ (x) —nxer"^, when n is odd, and =0, when n is even. In this case the series 
is simply-uniformly convergent; the sum s {x) is the continuous function 0. Then 

= or 0, 

♦ “Sulle serie di funzioni,” Part ii, Mem, delle R, Accad, d. ScA, di Bologna (5), vol. virr (1900). 
A proof different from that in the text was j<iven by Hobson, Proc,. Lond, Math, Soc, (2), vol. i 
(1904), p. 382. It is shewn there that Arzelk-’s proof is invalid. 
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according as n is odd or even; thus 

lim j 8n(x)dx 

n-^ccj 0 

has no definite value, but (x) dx=0. 

The term by term integration fails in this case, because there is one point x=0, at which 
the measure of non-uniform convergence is indefinitely great, as may bo seen from 


jRn ^ odd), 

rx 

the limit lim I (x) dx not existing. 
n'^ooj 0 


(2) Let Sn {x) =2nHe then s (a;) =0; at the point x~0, there is a point of indefinitely 
great measure of non-uniform convergence, since 




Here 


(x) dx = .ry < 0. 

J Xo 

If X be different from zero, lim j (x) dx —0, but at a?=0 the limit is - 1; thus, in any 

n = coJ Xo 

P 

interval which contains the point 0, the function lim | Sn(x)dx is discontinuous, and 

n-ooJ 

therefore cannot equal / (x) dx^ which is zero. 

J Xo 


yn-i 


(3) Let (x) = - _ J - 1 + ; 

we find .9 (0) = 1, and s (x) =e^, for | a; ( > 0. 

/ X cx 

s(x)dx—ef^ - I, Also lim I 8n{x)dx is discontinuous at the point a;=(>, 
0 n=coJ 0 

which is a point at which the measure of non-uniform convergence is infinite; it converges 
to e® - if a; > 0, and to zero if x =0. 


(4) Let 


/ \ _ (^) _ ^u-h' i^) 

l + 1 +{<!>„+, (x)Y’ 


where is a function of n, and (a?), (x) are finite and continuous in the interval 

(a, 6), and vanish for x=a. Further let it be assumed that ^n{^) increase indefinitely 

with 71, for every value of x except a, but so that lim (.^) is zero. 

W(5 have I s^ (x) dx^ - tan~^ [(|)n^-l + h i0i (^)}» 

J a 


f 


8 (x) dx —ki tan ^ {(/>! (a;)) ; 


the second integral and the limit of the first are not identical unless 

kn+i tan-i {<j)„+i (»)} 


has the limit zero. If {x) —h^ix- a)% 

where is positive and increases indefinitely with n, we have 

lim tan”i (a;)} = Jtt lim kn k . 

Hence, if lim kn^i have a finite value, the two expressions have different finite values; if 
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increases indefinitely with n, the series of integrals of the terms of the series {x) 
diverges. The series of integrals has in this case a point of discontinuity at a; = a; we find that 





Jty j, •% 1 I. i 

' -\- h ^^+1" “ ^^+1 %+i^» 


and this increases indefinitely as n increases, and thus the point a is a point at which the 
measure of non-uniform convergence is indefinitely great. 


(5) Let Un (x) 

where increases indefinitely with w, and 


2 kn hn {x - a) 2 kn+t - «) 


1 +hn (x -af 1 +/^n+i ’ 

c 


(log hj 




In this case s^(a+ increases indefinitely with v, and thus a is a point of infinite 

\ V 

measure of non-uniform convergence. 
fx 

lim I (x) dx kx log {1 + (x - a)-} - lim k^ log , x>a, 
n=^ccj a a = 00 

lim / 8 ^ (x) dx = 0, when x—a\ 

n-=rciJ a 


and 


also 



=A-,log{l +hi (x-af). 


If (3£l> Jim is not zero, henco the term by term integration fails; but 

n-*oo 

if i3>l, this limit is zero, and the integral of s (x) is equal to the sum of the series of 
integrals, although in either case the point a is a point of infinite measure of non-uniform 
convergence. 


(6) Let r be a perfect set of points constructed as follows: In the middle of the 
interval (0, 1) lay off an interval (1), of length whore X is a positive number 

not greater than unity. In the middle of each of the remaining intervals, lay off an interval 
(2), both of these intervals to be of the same length , and such that the total length of the 
intervals (1), (2) is \ +2/2=X -iX. Proceeding in this inamier, in the middle of the equal 
remaining intervals, after n - 1 such steps, lay off an interval (n), all these intervals to be 
of the same length and such that the total length of all the intervals (1), (2), ... , (n) is 

fj+2«,+2*/3 + ...+'2»-M„=X-. 

71 ~T tkl 

When n is indefinitely increased, the set of end-points of the intervals, and the limiting 
points of these end-points, form the perfect set r. Lot 

(x) ~ .r ^ 0 ; 

then form the function 

, . TT . TTir , / ttX\ ^ , , 

</)« 0 81^ I » 0 ^ a; ^ i/, 

7 r, 7 rX f 7 rX\ I _ 

= -jsm-T.^„{co8-j-), 

= 0, for all other values of x. 

Let the middle points of the above intervals {n) be denoted by a^'^\ ..., 
and let {x) be defined by 

Sn (^) “</>n h) ■t’^n ^2) 

+ <#>n (•» - ^3) 

+ ..• 

^n) + ••• + (f)n (•T 1> 
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Then Sn (x) is continuous in (0, 1), and converges to 0 for every value of x; for, if Xq be a 
point of any interval (i), at most one term in the expression for (a?) is different from zero, 
and this term converges to zero. If Xq does not lie in any interval (i), all the terms of (a?) 
are zero. Every point of the perfect set P is a point of infinite measure of non-uniform 

fx 

convergence of the series of which (x) is the partial sum. In this case the series 2 / (x) dx 

. 

IS uniformly convergent, and thus has a continuous sum, which does not however coincide 
fx 

with the value of I 6* (x) dx, 

J a 


We find that 


I ^j) — 1 — e 

I 


where is the numbcir of the intervals (n) which fall within (0, x). 

It can now be shewn that lim ^ >9^ (x) dx is a continuous function of x which increases 

fx 

from 0 to I as x increases from 0 to I, whereas / lim (x) dx =0, for every value of x, 

J 0 

If any perfect non-dense set of points G be given, and ^ ^ bo the middle point of the 
complementary interval of length In, mi f^e function 

i nj ki 

•^n {x) “22 (f)n {x — (If j , j) 

will have, at every point of O, an infinite measure of non-uniform convergence to its limit 
A* (a;). The intervals ; are here arranged in enumerable order, so that if f 2 * 
be a descending sequence of positive numbers which converges to zero, j, .j, ..., 
are those of which the lengths are ^ _i and >f/. 


SEQUENCES OF INTEGRALS OF CONTINUOUS FUNCTIONS 

220. It has been shewn in I, § 430, that, iff (x), a function of any number 
of variables, be defined and be summable in a finite cell A, and be an 
arbitrarily prescribed positive number, a continuous function (x) can be 
SO determined that 

I l/(.r) 

■' (A) 

Since {/(«) ■^„(x)}dx j/ (x) - (x) j dx < €„, 

J<E) .'(A) 

where U is any measurable part of A, it is seen that, if {e„} be a decreasing 
sequence of positive numbers converging to zero, a corresponding sequence 

of continuous functions (a;)} can be so determined that I (x) dx 

J (E) 

converges, as ~ oo , to f (x) dx, for every measurable set of points E, 

■'(E) 

contained in A, and uniformly with respect to all such sets E. If we apply 
to the continuous function ^„(a;), Weierstrass’ theorem (see §§ 169, 160), 
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it appears that a finite polynomial {x) can be so determined that 
J <f>n (x) — Pn (») I < €„, at aU points of A; it then follows that 

f {<f>n (») - Pn i^)} dx\^{ \<l>r,(x)- P„ («) | dx ^ €„m (A). 

J(E) I J (B) 

It is now seen that we have the following theorem : 

Iff (x) be any function, summahle in the p-dimensional cell A, a sequence 

{P„ {x)} of finite 'polynomials can be so determined that I P„ («) dx converges 

J(E) 

to f (a;) dx, as ~ oo , for every measurable set of points E, contained in 

J (E) 

A, and uniformly loith respect to all such sets. 

The theorem of i, § 430, has been applied in various cases to extend 
properties of the integrals of continuous functions to the case of P-integrals 
in general. It now appears that such extensions can be made by starting 
from the simplest possible ease, that of the integral of a finite polynomial. 


THE OSCILLATIONS OF A SEQUENCJE OF INTEGRALS 

221. Some important properties will be given of a sequence of integrals 

I fn{^)dx, where the sequence {/„(«)}, in general non-convcrgent, is 
Ja 

defined in an interval (a, b). The theory has been fully investigated* by 
W. H. Young. We shall denote by / (x) and f (x) the upper and lower 
functions of the sequence {/„ (x)}, and by P (x), F (x) the upper and lower 
functions of the sequence {P„ (x)} , where E„ (x) denotes the integral 

f fn{x)dx. 

J a 

It wiU be shewn that : 

If f„ (x) has a finite lower boundary loith respect to {n, x), and {P„ (x)} is 
such that at no 'point is F (x) = P (x) = + oo , then 

P (») = f I («) dx. 

J a 

Similarly, if fn (x) has a finite upper boundary with respect to {n, x), and 
{F„ (x)} satisfies the condition that at no point is F' (x) = P (x) = — oo , theri 

F (x) < j f (x) dx. 

J a 

It will be sufficient to prove the first part of the theorem. 

Let Wn (x) be the function which, at each point x, has the value of the 
lower boundary of the sequence /„ (x), (x), ..., at that point. Then 

{Wn («)} is a monotone non-diminishing sequence which converges to^ (x). 
Since w^ («) has a finite lower boundary, and is -S the summable function 

* Proc, Land. Math. Soc, (2), vol. ix (1910), p. 286; ibid. (2), voL xi (1912), p. 43. 
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Cx Cx 

f„{x), it is summable, and w„{x)dx & f„(x)dx; and from this it 

J a J a 

follows that lim Wn (x) dx F (x). Since F (x) is finite, and {u;„ (x)} 

U'^CO J a 

monotone, it follows from the theorem of § 213 that {w„ («)} is an integrable 
sequence, and thus that £ (x) is summable, and that 

lim j Wn {x) dx ~ \ £ (x) dx; 
ri'^co J a J a 

therefore 7^ (x) S j £ (x) dx. 

J a 

It will next be proved that: 

If F{x) ^ I £ (x) dx, then F (x) and F (x) are u'pj>er semi-integrals; and 

J a 

if F (x) 4 / (x) dx, then F (x) and F (x) are lower semi-integrals. In the 

f/ 

first case it is assumed that /„ (x) is hounded below, and in the second case 
that it is bounded, above, with respect to (n, x). 

An upper semi-integral has been defined in i, § 407, as the sum of an 
integral and a monotone non-diminishing function; a lower semi-integral 
is the sum of an integral and a monotone non-increasing function. 

It will be sufficient to prove the first statement in the theorem. 


Since 


Fu (x -f h) = Fn (x) I- I /„ (x) dx, 

J X 

— _ - _ rx’ 1 h 

have lim F„ (x + h)z, lim F„ (x) -f lim (x) dx, 

lim fn (x) dx F {x h) — F (x). 


we 


or 


Similarly, it may be shewn that the lower limit on the left-hand side 
is ^ F(x -h h) — F (x). 

Employing the last theorem, we have 

'x+7i 

£ (x) dx ^ .F (x -f h) — F (x) 

F {x + h) — F (x). 


i: 


We have thus 


and 


Hence 


r jc I ' /i ^ 

£ (x) dx — F (x -I- /i) s £ (x) dx — F (x), 

.'a J a 

rx-{-h rx 

J £ (x) dx — F (x -I- h) S j / (x) dx — F (x). 

I £ (x) dx — F (x), [ £{x)dx — F (x) 

J a J a 


are both monotone non-increasing functions, and therefore F (x), F 
are upper semi-integrals. 
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222. The following theorem* is independent of the supposition that 
£ (x) is a summable function ; 

If lim I /„ {x) dx ^ 0, where e denotes any measurable set of 

OT(e)~-0, rt~co • 

points in the interval {a, b), then the sequence {F„ («)} is bounded below, and 
oscillates continuously and homogeneously below. Also if any svhseqmnce 
{F„^ {x)} is convergent, its limiting function is an upper semi-integral, and 
also a lower semi-continuous function, and is consequently everywhere con- 
tinuous on the left. 

f x \-h 

fn (x) dx ; and as w ~ oo and h ~ 0, 

* X 

the .second integral on the right has its lower double limit non-negative. 
Hence, if x {x) denote the chasm function of the sequence {F^ {x)} , we have 
X (p!^) S F (x). The functions F^ (x) being all continuous, we have 
F (x) = lim lim F„ {x -|- h) s lim F^ (x -I- h) ^ x (^)- 

h'^0 h'^0 

It follows that F (x) — X (x), and thus the sequence oscillates con- 
tinuously below ; since the argument may be applied to any sub-sequence 
of {F„ (a;)}, the continuous oscillation below is homogeneous. 

To prove that (x) is bounded below in relation to (n, x), positive 

numbers e, a, and an integer n^ can be so determined that /„ {x) dx > - e, 

He) 

provided m (e) < a, » > %. 

If E be any measurable set of points in (a, b), the interval may be 
divided into r equal parts, each of length < a ; and thus the part of E in 
each of these sub-intervals has its measure < a ; it follows that 

/„ («) dx> - re, 

■ m 

and in particular that F„ {x) > — re, for n> n^. Hence F„ (x) is bounded 
below, for n> nj^, and therefore for all values of n. 

Taking e to consist of a finite set of non-overlapping intervals , x^), 
we have 2 {Fn («,) — F„ > — e, for n> n^, provided the measure 

of the set of intervals is < a. It follows that, 7i being confined to have 
those values which it has in the sub-sequence {Fn^ (x)} that converges to 
the unique function F (x), we have 

2 {F (x,) - F {x,_,)} S - €. 

This must also hold when the set of intervals is infinite, provided its 
measure is < a. 

To prove that the function F {x) is of bounded variation, we observe 
that, if it be not of bounded variation, there must be at least one of the 
r parts of (a, b) each of which has measure < a, in which the total variation 

* Se6 W. H. Young, Proc, Lo'iid. Math. Soc. (2), vol. xi (1912), p. 51. 
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of F (x) is infinite. This sub-interval (a', 6') may be divided into a number 
of parts such that the sum of the absolute variations in those parts exceeds 
a number N, as large as we please. The sum of the negative variations over 
those parts is numerically less than e ; hence the sum of the positive varia- 
tions exceeds N — e, which is impossible, if € is sufficiently large, 
because the sum of the variations, each taken with its proper sign, is 
F {b') — F (a'). Therefore F {x) is of bounded variation, and as in i, § 243, 
may be expressed by P {x) ~ N {x), where P {x) is the upper boundary of 
the positive variations over the meshes of all nets fitted on to (a, x), and 
N (x) is the upper boundary of the numerical values of the negative 
variations. The functions P {x), N (x) are monotone non-diminishing; and 
it can be seen that N (x), and consequently — N (x), is an integral. For 
the sum of the variations of N (x) over every finite or infinite set of non- 
overlapping intervals of which the measure is < a is < e; since, to each 
value of e, there corresponds a value of a, it follows that N (x) is absolutely 
continuous, and is therefore (see i, § 406) an integral. The function F (a;) 
being the sum of an integral and a bounded monotone increasing function, 
is an upper semi-integral. That F (x) is lower semi-continuous follows from 
a theorem given in § 117, that the limit of a convergent sequence of con- 
tinuous functions which oscillate continuously below is lower semi-con- 
tinuous. 

It follows from the theorem just established, and from the corresponding 
theorem for the case lim f„ (x) dx 5 0, employing the theorem in 

m n^co . (e) 

§ 123, that: 

When lim f„ (x) dx = 0, the sequence {P„ (a;)} oscillates contin- 

ri'^co J (e) 

uously and homogeneously, and there is in every sub-sequence of {F^ (x)) , a 
sub-sequence which converges uniformly to an integral, 

223. The following theorem, given* by W. H. Young, is of use in the 
theory of series : 

If {fn (^r)} is a sequence of non-negative functions, such that j {x) dx 

* a 

forms a sequence {P„ (a;)} which oscillates boundedly, there is in every sub- 
sequence of{F„ {x )} , a subsequence which converges to a lower semi-continuous 
function which is an wpper semi-integral. 

If the sequence {/„ (x)} is bounded below, the theorem clearly also holds 
good. From the theorems given in § 221, it follows, since {/„ (x)} is 
bounded below, with respect to {n, x), and P„ (x) is bounded above, that 
F (*)> F (x) are upper semi-integrals. Since this reasoning is applicable to 
any sub-sequence, it follows that all the upper functions and all the lower 
functions of the sequence {P„ (x)} are upper semi-integrals. 

♦ Proc. Boy. Soc. vol. ucxxvin (1913), p. 571. 


It II 


21 
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Since /„ {x) is non-negative, it follows that 

lim [ /„ («) dx^O, 

n~oo, / rt ( e )~0 ^ 

and we see, in accordance with the theorem given in § 222, that {F„ («)} 
oscillates continuously and homogeneously below. Hence all the lower 
functions of the sequence {F^ (a:)} are lower semi-continuous (see § 117). 
Since they are also upper semi-integrals, that is each is the sum of an 
integral and a monotone non-diminishing function, it follows that all these 
lower semi-continuous functions are therefore continuous on the left. 

If aU the upper or all the lower functions of a sequence are continuous 
on one side at least, the same side for all, then a stib-sequence of the 
functions exists wliich is convergent (see § 122). This sub-sequence satisfies 
the conditions of the theorem. 

THE LIMIT OF AN INTEGRAL CONTAINING A EARAMETEE 

224. If be a measurable set of points x, of any number of dimensions, 
and / (x, y) is a function which is summable in E, for all values of the para- 
meter y, contained in some finite, or infinite, linear interval, it is of import- 
ance to possess criteria for the convergence to a limit, of | / (x, y) dx, as y 

converges to some value y^, which may be finite or infinite. More generally 
there may be an exceptional set of values of y in the linear interval for 
which / {x, y) is not summable. This exceptional set may be throughout 
disregarded, even if it be everywhere dense in the interval. Such con- 
vergence differs from the convergence of a sequence /„ (x) dx, as ~ oo , 

hn) 

considered in §§ 201-213, only in the respect that the parameter y, 
approaches its limit y^jOv <x> , through a continuous (or at least unenumer- 
able) set of values, whereas the parameter n is confined to have the 
values of the integer sequence. It will appear that the criteria obtained in 
§§ 201—213, have their analogues in the more general case here considered, 
in which the parameter has values in a continuoxis linear interval. It is 
sufficient to assume that y is confined to an interval y^ < y & y -[■ a, on 
one side of the point y^, or, in case y^ is infinite, to the interval A <y. 
When y may have values both greater and less than , the limits on the 
two sides of y^ may then be considered separately. 

Let E, in the first instance, have finite measure, and let it be assumed 
that, at each point x, of E, the limit / (x, y^ -f 0), or / {x, oo), has a 
definite value. If, at points of a component of E, of measure zero, this 
condition is not satisfied, this exceptional set may be throughout disre- 
garded. If e be an arbitrarily chosen positive number, let denote the 
set of points of E at which \f{x,y) — / (x, -{- 0) | S c, for all the values 
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of y such that yQ < y & y + h. In case 2/0 is + 00 , may be taken to 
denote the set of points for which \ f {x, y) — f {x, aa ) \ & e, provided y^ A. 
lih > h', Cft is contained in e*,; and if A' > A, is contained in e^-. Thus 
m (Cft) is monotone non-diminishing as A ~ 0; and m (e^) is monotone non- 
diminishing as ^ ~ 00 . It can be shewn that m (e^) converges to m (E), 
as /i ~ 0 ; and that m (e^) converges to m (E), as 4 ~ qo . For if 

lim ?n {E — e^) ~ k (> 0), 

h~0 

a sequence {/i„} of values of h converging to zero could be so determined 
that hm m {E — = k-, there would then exist points ^ common to an 

infinite number of the sets E — e/i„; and at such a point we should have 
1 / 1/0 + ^«) — / ^0 + b) I > € for an infinite set of values of n; and 

this is inconsistent with the existence of the limit / {x, y^ + 0). It thus 
follows that lim m {E — e^) — 0, or m (E) = lim m (e*). In a similar 

manner, it is proved that m {E) — lim m (e^). 


225. The following criterion can now be established; 

If E be a measurable set of points, of any number of dimensions, of finite, 

or of infinite, measure, and. if f {x, y) be summable in E, for values of y in 

some inter ml j/o < y ^ yo -f a; or in y = a, a7id if, for all (or almost all) 

values of x, the limit f (x, yo + 0), or f (x, 00 ), exists, it is sufficient in order 

that I f(:^,yo I 0) (fa;, or f (x, <x> ) dx, may exist and be equal to 
J (K) J(E) 

lim I / (x, y) dx, or to lim I / (x, y) dx, that a non-negative function (x), 
y~yj (E) _ v~a) J (E) 

summable in E should exist, such that \ f (x, y) \ S. (f> (x), for all values of x, 
in E, and the values of y in the interval y^ < y ^ y^ + a, or in y ^ a. 

It is clear that | / (x, y^ -f- 0) ( ^ (x), or that | / (a;, 00 ) | 4 ^ (x), and 

thus that / (a;, y^ -f 0), orf(x, <» ), is summable in E. Let m (E) be, in the 
first instance, finite, then we have 


f Vo + 0) -/(«. y )} [ !/(«. yo + <>) -/(»> y) I dx 

J(E) I J (e^) 

+ f |/(•K,2/o 1- fi) J/) -I- 2 [ f>(x)dx 

J(E-e) J{E-e^) 

< em (E) -f e, 

provided h have a sufficiently small value. 

Since e is arbitrary, it follows that 

/(«> 2/0 + 0) (fa; -= lim f (x, tj) dx. 

HK) v-yJiE) 

The case in which y^ is infinite can be treated in a precisely similar manner. 


4SO that 


f{x,<x>)dx== lim I f{x, y) dx. 
J (E) J (E) 


2W2 
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Next, let m (E) be infinite; a part E-^ of E, such that m {Ej) is finite, 

can be so determined that <f> {x) dx is less than e. We have then 

J (E-E^) 

f {f{x,yo + 0)-f{x,y)}dx S f {f{x,yo + 0)-f(x,y)}i 
J <B) J (E,) 


dx 


+ 2e S 3e, 


if y is sufficiently near to y ^ . It then follows that 

+ bm f{x,y)dx; 

J (E) J (E) 

and similarly, it is seen that 


I f(x,oo)dx^ lim f{x,y)dx. 

J (E) v~» .'(E) 

If in E there exists a set of points of measure zero, at which the limit 
f (x, yo + 0), or / (a:, 00 ), does not exist, it makes no difference in the 
application of the theorem, because the omission of this set of points from 
E does not affect the vahies of the integrals. 

As in § 202, the criterion may be expressed as follows: 

If f (x, y) is absolutely summable in the measurable set E, of finite or 
infinite measure, for values of y in an interval y^ < y ^ y^ + a, or y ^ a, and 
if f {x, y) converges everywhere in E {or almost everywhere) to f {x, yf), or to 
f {x, 00 ), as the case may be; and if a non-negative function {x), summable 
in E, exists such that \f{x,y) — f {x, yo)\^or\f (x, y) — / (a:, oo ) [ is fi (x), 

then f {x, yf) dx, or / (*, oo ) dx, exists, and is equal to 

J(E) .'(B) 

lim / (x, y) dx, or to lim / (x, y) dx. 

V-Vo ’ (E) (E) 

For \f{x,yo)\^\f {x, y)-f [x, yf) \ + \ f{x,y)\^ (a:) + \f{x,y)\, 

and therefore / {x, yf) is absolutely summable in E. Moreover 

\f{x, y)\?ifi{x) + \f{x,yf)\, 

which is a summable non-negative function, corresponding to <f> (x). 

In case E has finite measure, we obtain particular cases of the above 
criteria by taking <f> {x), {x) constant, and equal to K. Thus we obtain 

the following: 

If E be a set of joints of finite measure, in any number of dimensions, and 
if \f{x,y)\& K, for values of x in some interval yf^< y & y^ + a, or y ^ a; 
and if for all {or almost all) values of x, the limit f {x, y^ -|- 0), or / {x, qo ), 

exists, then ( / {x, y^ -f- 0) rfa: = lim I / {x, y) dx, or 

J (E) V'Vi, J <B) 

f {x, <x> )dx ~ lim I / {x, y) dx. 

(E) ~oo .' (E) 
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If f (x, y) be summable in the measurable set E, of finite measure, for all 
values of y in an interval y^ < y y^ + a, or y ^ a ; and if f {x, y) converges 
everywhere (or almost everywhere) in E to f (x, yf), or to f (x, oo ), and 

|/(«. y) -fix,yo)\, 

<»’ \fix,y)-f{x,<x>)\, is &K, then f f (x, y^) dx, or \ / (a;, « ) dx, 

J (E) J (E) 

exists, and is equal to lim / / (x, y) dx, or to lim / (x, y) dx. This in- 

V~V<, J (E) y~K -'{E) 

eludes as a special case the condition thatf (x, y) should converge uniformly to 
f(x, yf). or tof (x, qo ). 


226. The following criterion can be deduced from that given in § 226 : 
If f (x, y) be defined in the measurable set E, of finite, or of infinite, 
mecLsure, for values of y in an interval y„ < y y^ + a, or y ^ a, and iff (x, y) 
be, for all x in E, monotone non-diminishing (or non-increasing) with respect 
to y, in the interval, and \ f (x, yo + a) \, or \ f (x, a) \ , is summable in E, then 

I f (x, y^ -j- 0) dx andlim f (x,y) dx are either both finite and equal, or 
J(E) HE) 

else both are infinite. The same statement applies to f (x, <x>) dx and 

HE) 


lim / (;r, y) dx. 

2/^00 j {E) 


The values of y considered may either be all those in the interval 
y^ < y ^ y^j -\- a, ov y ^ a, or else they may be those corresponding to any 
set of points in the interval, of which y,, , or oo , is a limiting point. 

The proof will be given for the case yo = 5 only a very slight modifica- 

tion is required to apply to the case in which yp is finite. 

Since/ (a:, x ) = {f (x, oo ) - f (x, a)} + / (x, a) and/ (x, oo ) - / {x, a) is 
of fixed sign for all points x, in E, it follows that, when 


f 

•' (*’) 


if -f (•*'•. «)} 


is finite, so is / / (x, oo ) dx, and when the first is infinite, so is the second. 

HE) 

Since |/(a;, oo ) | S \f(x, a) | -f | f(x, oo ) — fix, a) |, it follows that (/(«, oo ) | 
is summable in if | / (a:, oo ) — / (x, a) | is summable in E ; for by hypothesis 
I / (x, a) I is summable in E. Since 

\f{xHj)-f{x,<x>)\^\f{x,a)~f(x,x)\^\f(x,a)\-\-\f(x,x) |, 
it follows that when | / (a;, oo ) | is summable in E, if y is in the interval 
y > a, I / (a:, y) — / (a;, 00 ) I is less than a non-negative function, summable in 
E. Thus the condition of the theorem of § 226 is satisfied, and consequently 


I f (x, oo ) dx == lim f(x, y) dx. If lim / f(x, y)dx = x , then for 
J (E)' v~oo J (E) u-oo J (E) 

all sufficiently large values of y, f (x, y) dx is greater than an arbitrarily 

HE) 



326 Sequences of Integrals [oh. v 

chosen positive number N. In this case / (x, y) is non-diminishing as is 
increased, for aU values of a: in ; it therefore follows that f(x,oo)dx>N. 

HE) 

Since N is arbitrary, 1 f {x, <xi) dx is infinite, of the same sign as 

HE) 

lim I / (x, y) dx. 

J/^QO J (E) 

The case in which / {x, y) is non-increasing can be treated in the same 

manner, the integral j f {x, co) dx then having the value - qo . 

HE) 

227. From the criteria obtained that I / {x, y) dx may be continuous 

J (E) 

at a point, criteria are immediately deducible that the integral should be 
continuous in a finite, or infinite, interval of y. Thus we obtain the following 
criteria: 

If, in an interval («, j8), of y, we have \ f {x, y) \ ^ <f> (x), where <f> {x) is a 
non-negative function, summahle in the measurable set E, of finite, or infinite, 
measure, and if f {x, y) be contimums with respect to y in («, /3), then 

I / {x, y) dx is continuous in any interval of y, interior to (a, j8). 7/ = qo , 

HE) 

the integral is continuous in the interval {a', qo ), where a' > a. 

In applying this theorem, ^ (x) may be taken to be the maximum of 
I / (x, y) I in the interval (a, j8), of y. 

If E have finite measure, and \ f (x, y) \ ^ K, in an interval {a, j8), of y, 

and f (x, y) be continuous in (a, j3), with respect to y, then f {x, y) dx is 

HE) 

continuous in any interval interior to (a, jS). If ^ -= <xi , it is continuous in 
(a', 00 ), where a' > a. 

If I / {x, y) I be summahle in the measurable set E, of finite, or infinite 
measure, for all values of y in an interval {a, j8), and f (x, y) be for all values 
of X either monotone non-increasing, or monotone non-diminishing, and con- 
tinuous with respect to y in the closed interval (a, ^), then 1 / (a:, y) dx is 

HE) 

continuous in any interval interior to {a, p). 7/ j8 = qo , the integral is con- 
tinuous in («', 00 ), where a' > a. 

Theorems relating to cases in which / {x, y) has discontinuities with 
respect to y have been given* by Hardy. 

228. In the case of an integral j f (x, y) dx, over the linear interval 
{a, 00 ), the following criterion is of use : 

If, in every finite interval {a, C), where G > a, the condition 

rC fO 

f{x,yo + 0)dx= lim f{x,y)dx 
J a V'^Vo a 


♦ Quarterly Journal, vol. xxxiv (1903), p. 28. 
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is satisfied,, and if, corresponding to an arbitrarily fixed positive number e, 
a number G (> a) can be determined, and also a value , (> yf), of y,for tohich 

f y) dx < €, for every vcdue of G' (> G), and for every value of y such 

J d 

Too TOO 

that ijq < y & y,^, then \ f {x, y^ + d) dx exists, and is equal to\\Ta.\ f{x,y)dx. 

- a 2 /^j/o <1 CL 

rC' 

This criterion holds good also when yo -== <x> , in which case f ix, y) dx < e, 

) c 

for every value of C' (> C) and for every value of y which is S y^ • 

It will be observed that, in this theorem, no restriction is placed upon 
the nature of the integrals. 

W e have T {f {x,y) ~ f (x,yo H 0)} dx 

.'a 

r ro) rco 

{f{x,y)-f{x,yo + ^)}dx+\ f{x,y)dx~\ f{x,ya + 0)dx. 

Jc JO 

Tf G be sufficiently large, since, for yo < y ^ yi, 

Too rC 

f{x,y)dx- lim f{x,y)dx, 

J V O'-oo J c 

f f{x,y)dx £e. 

Jc 

fC' ,C* rC' 

Also / {x, 2/o + 0)dx = lim / {x, y) dx, hence f{x,y^ ‘V 0) dx 
J C y^Vo 'C J C 

f(x,yo + 0) dx 
I Jo 


we have 


for all values of C", and thus 


e. Also, if y be suf- 


ficiently near to y^, , we have 


I {f(^>y)-f(^,yo + 0)}dx 

J a 


< €. Hence, if 


y is sufficiently near to y^ , we have 


{/ (^. y) -/ (^. yo + 0)} da: < 3e ; and 


thus the theorem is established. Only a slight modification is required for 
the case in which y^ is infinite. 

An alternative to the above criterion is the following: 

If, in every finite interval {a, G), where G > a, the condition 

rC rC 

/ / yo + 0) dx -= hm / {x, y) dx, 

d a V'^Vo d CL 

fco ^ ^ rC 

is satisfied, and if lim / {x, y) dx exists, and also lim / / {x, y) dx con- 

a V'^yo J cl 

Too 

verges to the value lim / {x, y) dx, when C is indefinitely increased, these 

y^yoJ CL 

conditions are sufficient to ensure that f {x, y^ + 0) dx exists, and is equal 

J a 

foo 

to lim / {x, y) dx. The case in which yo = ^ is included. 
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In order that J f {x, y) dx may be continuous on the right, at yo, the 

additional condition must be satisfied that / {x, yo + 0) ~ f (x, yo), or more 
generally that / (x, yo + 0) —/ (x, y^) should be an integrable null-function 
in an arbitrary interval of x. 

fb 

229. In case the integrals / (a;, y) dx, for values of y such that 

a 

yo < y = yo + a, are not necessarily //-integrals, but may, for some or all 
such values of y exist as D-integrals, or as ^//-integrals, we may apply the 

result of § 216 to obtain a set of sufficient conditions for the equality of 

rb cb 

/ / ^0 + 0) lim / {x, y) dx. The case in which yo is infinite may 

J a V'^Vo •' a 

be obtained by a slight modification of the statement of the following 
theorem : 

Iff {x, y) converges to a definite limit f {x, ijo + 0), for all points x, of the 
interval {a, b) which do not belong to a closed enumerable set O, and the 
functions f {x, y), for yo<y ^ yo + satisfy the conditions (1), that, in any 
interval (aj, j8j), contained in (a,b) and interior to an interval contigvmis to 

fb 

I / y) I bounded with respect to {x, y), and (2), that f {x, y) dx exists 

■ a 

either as an L-integral, an HL-integral, or a D-integral, for each value of y 


such that 2 /o < y £ y + a ; and (3), that lim / (x, y) dx, far a & x ^ b is con- 

v~y<, a ^ 

vergent and represents a continuous function of x; and (4), / {x, y^ 0) dx 

■'a 

exists as an L-integral, an HL-integral, or a D-integral; then the equality 

'b lb 

f Vo + 0)dx = lim 1 / {x, y) dx holds good. 

« y-y, • a 

In order to deduce this theorem from that of § 216, it is sufficient to 
choose a sequence of values of y converging to yo- 


I 


EXAMPLES 


(1) If 7 >0, we have f but when y=0^ f ^ dx vanishes; and thus 

y 0 ^ y 0 


sin yx 

Jo ^ 


dx is discontinuous at «/ = 0. 


In any interval (0, C) of x, and 


sin yx 

X 


is bounded, and thus the condition 


lim i da: = 0 is satisfied. But f dx= f ^ - d9; and however C be fixed, 

y^oJ 0 ^ J C X J Cy d 

a value y^ of y can be so chosen that Cyi"[^<^; taking C' such that we have 

fC' am y x A”" sin ^ 2 ^ 

J C X y ^ ^ TT 


Thus it is impossible to choose C so that 


I fO'ainyx 

\J C X 


dx 


€, for C'>C and for every value 


of y in an interval (0, a); and thus the condition in the theorem of § 228 is not satisfied. 
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Since 


lixn 


Sin yx 


dx=0, the condition in the second theorem of §228, that this limit 


/ ^ sin tjx TT 

must converge, as to the value lim I — - is not satisfied. 

J 0 ^ ^ 

(2) The equality lim f (f> {x)f{x, y)dx= f (f) (x)f{x, +0) dx holds if \f(x, y) | is 

y'^VoJ a Ja 

bounded for all values of x and y such that a^x^b, provided also 0(a:) 

is summable in (a, h), and has infinite discontinuities only at points of a closed enumerable 
set. For (f) (x) f {x, y) converges to 0 {x) f {x, y^ +0), in accordance with the condition of 
§ 229, boundedly in any interval interior to an interval contiguous to the exceptional set; 
and the theorem is therefore applicable. The result may be extended to the case in which 
-6=^00, provided (l){x) be absolutely summable in (a, oo ); then under the same conditions 

I 

the equality holds. For / ,f (x, y) (f> (x) dx <K / \<j>(x)\dx, where K is the upper 

\ J c' J c 

rCO 

boundary of \f{x,y)\; and therefore, assuming the existence of I | 0 (a;) | dx, we have 

j f{x,y)(l) {x) dx < (, provided C is sufficiently great. J t follows that f (x, y^ +0)(f) (x) dx 

exists, and is equal to. lim / f(x, y) (j) (x) dx. 

V'^VoJ a 

(3) Consider / e ^^0 (a;) dx, where h may be finite or infinite. It follows from Ex. 2, that 

J a 

provided 0 (a;) is absolutely summable in (a, h), and has at most a set of points of infinite 

fb fh 

discontinuity which form a reducible set, lim / e (l)(x)dx= 0 (x) dx. 

J a J a 

fb _ 

The theorem holds, however, whenever / e ^'^0(a;) dx has a definite value for all values 

J a 

of y such that where a is some positive number. If 0 (a;) denote the continuous 

fx 

function / 0 (a;) dx, we have 
J a 

fb fb 

/ e” 0 (a:) dx ylr(b)-hy {x) dx, 

J a J a 

b Ix'ing taken to be finite. Since | 0 (ic) | has a finite upper limit U, in (a, 6), we have 

rb 


I/' 


e 0 (a;) dx 


< Ue-^y(h-^a), if a>0; 


therefore 

In case b — co, we have 


lim f e y^(p (x) dx =\lr(b)== f cf) (a;) dx. 
J a J a 


I e y''^ (j) (x) dx ~y ( e y^y\f(x)dx~y y^ (x) dx -v y f e ^^\lr(x)dx, 

J a J a ' J a J ^ 

\,hf 

hence, applying the first mean value theorem, wc have 

j e~y^(j> (x) dx = \l/{Xi) (e'^y +0(2:2) e~^V; 

where arj is some number between a and Ij^Jy, and ajg some number greater than 1/^y. 
When y converges to the limit zero, the first term on the right-hand side converges to zero, 

f^ 

and the second to the limit 0 (oo ), or / 0 (a;) dx. It is sufficient if 0 (x) have a D-integral in 

J a 

the infinite interval (a, 00 ). 
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(4) The integral / f(x) GOBxydx is a continuous function of y, in any finite interval of 
J 0 

y, interior to (0, oo ), provided either (1), \f{x)\ is summable in (0, oo ), or (2), / (a?) is sum- 
mable in every finite interval, / (a;) 0, as a: ^ oo , and is of bounded variation in some 

interval (-4, oo ). 

For, in case (1), | / (a:) cos xy\^\f{x)\y which is summable in (0, oo ), and thus the result 
follows from the theorem in § 225. 

In case (2), if /(a:) be monotone decreasing in (A\ oo ), we have 
fA" fA'" 

I f (a;) cos xydx =f {A') I cos xydx =•' ' — ’ (sin A'''x - sin A'x) 

J A' J A' y 

or j ^ /(a:) cos xydx ^ » provided A <A' <A'\ where A'" is in the interval (A\ A"). 

/•oo 2f(A') 

It follows that / f{x) cos xydx < < f, provided y is in an interval interior to (0, oo ), 

J A' I y I 

and A' is taken sufficiently large. 

It is clear that, if / (a;) is the difference of two such monotone functions, that is, of bounded 
variation in (Ay oo ), and lim / (x) =0, the same result holds good. Denoting the integral by 

iC'^oo 

/ {y)y we have 

I fA' I 

<2f, 


and since 


fA' 

1 (y +h) -1 (y) - I f (x) {cos x (y+h)- cos xydx} 

J 0 

fA' 

ince / / (a?) cos xydx is continuous because 

Jo 

\f{x) cos xy 1 ^ I /(a:) I and / | f (x) | dx 

J 0 


exists, we have \ 1 (y + h) - 1 (y) \ < , provided | ^ | is small enough. Thus the condition 

of continuity oi I (y) is satisfied. 

fA 

(6) If* / / (a:, y) ^ (x) dx is continuous with respect to y in an interval (a, /5), for each 
J a 

/ ■oo 

f(x, y) 0 (a;) dx exists, and is continuous with respect to y in 
a 

(a, /3), if either of the following sets of conditions are satisfied: 

/•oo 

(i), I (\>(x)dx exists; f (x, y) is monotone decreasing with respect to x, and ^0, for 
J a 

each va ue of y, in (a, /3); and | / (afy) | is less than a number K, independent of y, 

rcc 

(ii), / (f) (x)dx oscillates between finite limits; f{x, y) is, for each value of y in («, /:!), 

J a 

positive and monotone with respect to x; and /(a;, y) converges to zero, as a; ~ oo , uniformly 
with respect to y. 

We have, by Bonnet’s form of the second mean value theorem. 


fA' fA" 

/ / y) </> (^) dx (A, y) / 0 (a;) dxy 

J A J A 


where A < A'* < A\ In case (1), | / (A, y)\<K, and A may be so chosen that 


J A 


(f) (x) dx 


< e. 


* See Bromwich’s Theory of Infinite Series, pp. 4.34-43(5, where these theorems are given in a 
slightly different form. 
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Therefore ^ f {x, y) <{> {x)dx^ is less than an assigned positive number, if A be properly 

rco 

chosen, for all values oi A' (> A), and for all values of in («, /8). That I f(x, y) (p (x) dx 

J « 

exists, and is continuous with respect to now follows (sec § 229). 

In case (ii), A may be so chosen that |/(-4, y) | <6, for all the values of y, and 


r 


<l> {x) dx 


is less than a fixed number, independent of thus the same result follows. 


230. The following theorem is of use in connection with the theory of 
Fourier’s series: 

If g (t) is a summable function, defined in the cell or interval (a, b), and 
if f (t) is a summable function, defined in the cell or interval (a + a, b + ^), 

Cb 

then f {x + t)g {t) dt exists and is a continuous function of x in the cell or 

• CL 

interval (a, ^), provided either (1), g (t) is bounded in {a, b), or (2), j / (f) j**, 
I g if) |« are summable in the cells or intervals (a a,b + jS), (a, b) re- 
spectively, for some positive values of p and q such that ^ ^ 

In case the variables x and t are in r dimensions, the integral denotes 
r(6<«,6<« ...fcw) 






fb 

A precisely similar result holds good for an integral f {x — t)g (<) dt. 

• a 

This theorem was established* by W. H. Young, for the linear case, but 
the proof given below suffices in the case of functions of a variable of any 
number of dimensions. 

If P (t) denotes a finite polynomial in t, we have 

f f {f{x + t)-P{x-ht)}g{t)dt-\-Q{x), 

J a J a 

where Q {x) is the finite polynomial 


I" 


P{x + t)g (t) dt. 


Considering first the case (1), the polynomial P {t) may be so chosen 

r6-f-j8 

that \f{t) — P{t)\ dt < 7], where t) is an assigned positive number 

J a-\rCL 

1 

(see I, § 430). We have then {f (x + t) — P {x + t)) g (t) dt < grj, where 

I 

g is the upper boundary of | S' (<) I (®. ^)- It follows that, if | be any 
fixed value of x in (a, )3), and x' any point in a certain neighbourhood of 

rb 

I, the difference of the values of f{x -\-t)g («) dt for ^ and x' is numerically 

J a 


* Proc. Roy. Soc. (A), vol. Lxxxv (1911), pp. 404-408. 
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less than ->? (1 + 2g), or than e, if be chosen to be S €/(l + 2g). Therefore 

ch 

S {x + t)g (t) dt is continuous with respect to x at the point 
J a 

Next, in case (2), we see that (see i, § 436) 

{fix + t)-P(x + t)}git) dt 


f 


is numerically not greater than 


\f{x + t)~P{x + t)\J>dt^ [ \git)\^dt 
J a J L*' « 


By the theorem given in § 173, the polynomial P (t) can be so chosen 
that 


then 


r'|/(<)-P(#) \^dt<r, 

J a + a 

f if (* + *) - P(x + 0) 9 (t) dt 

J a 


is numerically less than 




1 

Q 


or than ^e, if rj be properly chosen. Since Q (x) is a continuous function 

of X, in a certain neighbourhood of the point f the fluctuation of Q (x) is 

.-6 

< ; hence the fluctuation of f (x + t)g (t) dt, in that neighbourhood 

‘a 

is < €, which is the condition of continuity of the function of x. 


THE DIEFEEENTIATION OF SERIES 

231. If s (x) denote the sum-function of an infinite series 

Ml (x) + (x) + 

and it be assumed that, either at a particular point, or in a continuous 
linear interval of x, all the terms (x), U 2 (x), ... are continuous and 
differentiable, it is a subject for investigation under what conditions s (x) 
possesses a differential coefficient which is the limiting sum of the infinite 
series tij' (x) + u^' (x) + ..., of which the terms are the differential co- 
efficients of the original series. It may happen that (1), « (x) possesses no 
differential coefficient, or (2), that the series uf (x) uf [x) + ... is not 
convergent, or both (1) and (2) may be the case, or (3) it may happen that 
$' {x) exists and the series of differential coefficients is also convergent, but 
that its limiting sum is not s' (x). 

Writing s (x) = s„ {x) -|- R„ {x), we have, at any point of convergence 
•of the series, lim i2„ (a;) = 0 ; further we have 

n.'^co 

six + h)-six) s„ (x + h) - s„ {x) Rnix + h) - R„ (x) 
h ' h - 
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On the hypothesis that all the terms of the series have finite differential 

coefficients at the point x, we have lim ^ (a:). If 

*~0 


Rn (x) exists, at the point x, and converges, as % ~ oo , to the value zero, 
we have 


s' {x) = lim Sn {x) = lim {«/ (x) + u^' (x) + ... +- u^' (*)}. 


In case R„' (x) either does exist, or if it exists but does not converge 
to zero, as w. ~ 00 , the term by term differentiation of the series is inap- 
plicable. 

Let it be assumed that, in a given interval (a, b), the terms of the 
convergent series {x) + u^ix) + ... + (a;) + ... are differentiable, and 

that their differential coefficients are integrable in {a, h), in accordance 
with Lebesgue’s definition, or more generally in accordance with that of 
Denjoy. Let it be further assumed that, for each value of n, 


f 


u„' {x) dx (x) - u„ (a ) ; 


this condition is certainly satisfied if (x) is finite at every point, and 
summable in (a, b), and u„ (x) is of bounded variation (see i, § 653) ; or 
more generally, if (x) is of bounded variation, and u„' (x) is infinite only 
at points of a reducible set, and is summable in (a, b). In case u„' {x) is 

everywhere finite in (a, 6), j {x) dx always exists as a D-integral, and 

J a 

the condition {x) dx — {x) — (a) is certainly satisfied (see i, 

} a 

§ 471). Let it also be assumed that the series {x) + (x) + ... is con- 

vergent everywhere in (a, b ) ; then, denoting the sum-function of this series 
by (x), we may apply the theorems given in §§ 214-218 to obtain sufficient 

conditions that cf) {x) possesses an integral j <f> {x) dx, where a i x ^ b, and 
that the series (x) — (a)} -f {^3 (x) — (a)} I- . . . converges to the 

value (f> (x) dx. If the condition that S (x) — (a)} converges to 

fx rx 

the integral 1 ^ (x) dx, is satisfied, we have s {x) — s (a) = | ^ {x) dx ; from 
J a -a 

which it follows that, almost everywhere in (a, b), and certainly at every 

point of continuity of ^ (x), the differential coefficient s' {x) exists, and has 

QO 

the value <f> (x); or s' (x) = S {x). 

1 

Accordingly, it is sufficient for the validity of term by term differentiation 
of the series (x) + u^ix) -f- almost everywhere in {a, b), that: 

(1) I Un (x) dx exists as an L-integral, or a D-integral, and has the value 
J a 

(a;) - (a). 
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(2) The sum-function <f> (a;), of the series S u^' {x) has an integral 

n = l 

(x) dx, in {a, b), to which the series {u^ (x) — u^ (a)} + {^2 (*) “ '**2 (®)} + • • • 


converges. 

Condition (1) always satisfied if {x) is everywhere finite in (a, 6). 

The simplest sufficient condition for the validity of term by term 
differentiation of a series is the following : 

If the series S {x) converges everywhere in the finite interval {a, b), and 

n^l 

the terms of the series S u^ {x) be all continuous in {a, b), and this latter series 
is uniformly convergent in {a, b), then s' (x) exists, and is the sum of the series 

00 

S Un (x), at all points of {a, b). 

n- 1 00 

For, if the series of continuous functions S {x) converges uniformly, 

rx 

its sum-function <f) (x) is continuous, and has an i?-integral ^ (x) dx, to 

00 .a 

which the series S {u„ (a;) — u„ (a)} converges (see § 214 (1)). 

232. The following theorem gives less stringent sufficient conditions 
for the validity of term by term differentiation of a scries : 

If S Un {x) be everywhere convergent in the interval {a, b), and. the dif- 

ferential coefficients all have finite values everywhere in the interval, and uj [x) 

00 

be su7nmable, and the series 2 {x) be everywhere convergent in {a, 6), 

1 

then, almost everywhere in the interval, and certainly at every point of con- 

CO ^ 00 CO 

tinuity of S w„' {x), the relation 'Z u„ (x) -= S u„' (x) holds, provided 

71 = 1 n 1 7t = 1 

CO 

either (1), S u„' {x) converges uniformly in the interval, or (2), S uf (x) 

71-1 71 = 1 

is, for every value of n and x, less than the value of some summable function 

oo 

if/ {x), or (3), if 2 Un (x) is continuous in {a, b), and the set of points in 

71-1 

whose neighbourhood 
enumerable. 

Since {x) is summable, and everywhere finite, the L-integral 

I Un (x) dx exists and has the value {x) — [a). If either of the conditions 

J a 

(1), (2), (3), (4), of the theorem is satisfied, it follows from the theorems 

rx rx 

established in §§ 214-216, that S u„' {x)dx converges to I <f>{x)dx, 

n^lJ a Ja 

00 

where <f>(x) — 2 u„' (x); thus both of the conditions in § 231 are satisfied. 

n-1 


m 

2 Un' (X) 

71-1 


is not bounded for all values of m, is 
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Th,e condition of the above theorem, that u„' {x) be everywhere finite, 
may be so far relaxed, that it may have infinite values at points of a 
reducible set. If then (x) be still summable over the part of (a, b) which 
remains when the reducible set is removed, in accordance with i, § 413, 

rx 

I (x) — u (x) — u (a), 

J a 


In this case, the theorem of § 216 is applicable to prove that, under 

00 ra: TiC oo 

certain conditions (x) dx converges to I S u„' (x) dx. 

1 Ja J a n - 1 

We have accordingly the following theorem : 

If 2 (a:) be everywhere convergent in (a, b), and has a continuous sum, 

7l=»l 

u„' (x) be finite except at points belonging to a reducible set, and be summable 
in {a, b), and if further 2 uf (x) converges to a function (f> (x), at every point 


n^-\ 


which does not belong to a reducible set O, and so that 


2 uf (x) 


is bounded.. 


\n-i . I . . 

as a function ofm and x, in every interml that contains no point ofG as interior 
or end-point, then term by term differentiation holds good almost everywhere in 
the interval. 


233. The following theorem is due* to Fubini : 

If all the functions of the convergent series 2 Un (x) are monotone non- 

diminishing, or all are momtone non-increasing, and the series converges in 
{a, b) to s (x), then s' (x) exists and is the sum-function of 2 u„' (x), almost 

n - 1 


everywhere in {a, b). 

Let u„ (x) be monotone non-diminishing; it has almost everywhere in 
{a, b), a differential coefficient vf {x) = 0. Moreover (x) is summable 


over the set of points at wliich it exists, and f u„' {x) dx - - (x) - (a). 

J a 


00 rb 


In accordance with theorem (10) of § 214, since 2 vf (x) dx is con- 

71 “1 'a 

vergcnt, the series S (^r) converges almost everywhere to a function 

71 = 1 

rx 

(x), summable in (a, b), and 2 I u„' (x) dx converges uniformly to 

n-'lJ a 


rx rx 

I (f) (x) dx; therefore s (x) — s (a) = <f> (x) dx, from which it follows that 

J a 'a 

s' (x) exists almost everywhere, and has the value cf) (x), to which 2 u„' (x) 

71-1 


converges almost everywhere. 

A theorem, similar to this, is the followingf : 

If 2 u„ (x) is a convergent series such that uf (x) is, for each value of n, 

71 = 1 


* Bend, Acc, Linceiy (5) vol. xxtv (1915), p. 204, where a direct proof of the theorem is given. 
Another proof has been given by A. Rajchman and S. Sales, Fundamenta Mat. vol. iv, pp. 211-13. 
t See W. H. Young, Camh. Phil. Imrans, vol. xxi (1910), p. 408. 
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finite at every point that does not belong to a reducible set of points, and if 
S u„' {x) converges almost everywhere to a function which is itself a summable 

n-1 

differential coejficient, and finite, except at points belonging to a reducible set, 
d ^ 00 

then S Un ix) = S (x) almost everywhere, 
nxn-x »i-i 

For we have, as in the last case, f u„' (x) dx = u„ (x) — (a); and 

J a 

S u„' (x) converges almost everywhere to a function (f> {x), equal to a 

n-l 

function >f>' {x) almost everywhere. Also, in virtue of the condition that 
{x) is summable, and finite, except at points belonging to a redtxcible 


set, we have j ^ (x) dx —■ t/t (x) — if/ (a). 

J a 


234. The condition of the validity of term by term differentiation of 
the convergent series Hu (x), at a particular point a of the domain of x, is 
identical with the condition that the two repeated limits of 

•s (« + h, y) - s (a^y) 


for h = 0, y — 0, should exist, and have one and the same value. By a])ply- 
ing the theorems of i, §§ 305, 306, which contain the necessary and sufficient 
conditions for the existence and equality of repeated limits of a function at 
a point, we obtain the following theorems : 


If the series Hu„ (z) everywhere converge in a sufficiently simll neighbour- 
hood of a point a, and the differential coefficients Un (a) exist, and are finite, 

then the necessary and sufficient conditions that s (x) at x = a, may exist 

and be equal to (a) are (1), that Hu„' (a) be convergent, and (2), that, e being 
1 

an arbitrarily chosen positive number, and tiq an arbitrarily chosen positive 
integer, a number rj, positive and > 0 can be found, and also a jmitive integer 

Rn (a + h) - Bn (a) I 


n> no, such that the condition 


h 


< € is satisfied, for this 


value of n, and for every value of h such that 0 < \h \ < t], and for which a -|- h 
is interior to the given neighbourhood of a. 


If the series Hu„ (x) everywhere converge in a sufficiently small neighbour- 
hood of a point a, and the differential coefficients u„' (a) exist, and, are finite, 

then the necessary and sufficient condition that ^ s{x) at x =■ a, may exist 
and be equal to (a) is that, corresponding to any arbitrarily chosen 

positive number e, an integer n^ exists, such that corresponding to each integer 
n> no, a positive number i), in general dependent on n, can be found, such 

\Rn{a + h) R„ (“) I ^ satisfied for every value of 


that the condition 
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h svAih that 0 < I ^ I < •>;, and for which a + h is interior to the given neigh- 
bourhood of a. 

It is clear from i, § 305, that the uniform convergence of ^ 


to the limit 


s {a + h) — s (a) 
h 


h 

, for all values of h, except 0, in a fixed interval 


(—8, S') for h, is a sufficient condition that s' (a) exists, and that the series 
T,u„' (a) converges to s' (a). 

235. The following theorem* is sometimes more convenient than the 
theorems of § 234, for the purpose of ascertaining whether a function defined 
by a convergent series of functions is differentiable or not. 

If the series {x) converge in {a, b), and the differential coefficients uf (a) 
exist, and are finite, then the necessary and sufficient conditions that ^ s (x) 

may exist atx — a, and be the sum of the series Tiuf (a), are (1 ), that the series 
'Luf (a) be convergent, and (2), that, corresponding to an arbitrarily fixed 
positive number e, and an arbitrarily fixed integer m', a positive number 8 
can be determined such that, for each value of h numerically less than 8, and 
for which a + h is in {a, b), an integer m (> m'), in general varying with h^ 
can be found, for which the three numbers 


V \Un{a + h) 

Jll 


u„ (a) 


h 


- (a) 


R„ {a + h) R„ (a) 


h 


h 


are all numerically less than e. 

The convenience in application of this theorem arises from the fact that 
it provides a test in \^ch only a .single value of h is employed. To prove 
that the conditions stated in the theorem are sufficient, we have 
.s (« + A) - s (a) y , ,, /V V («» (« + h) - u„ (a) 


- u„' (a) 


+ 


Rjn "I" h) 
h 


R,„{a) 
h 


! n 

1 


where R,f denotes the remainder, after tn terms, of the series (a). The 
number m' can be so chosen that | R„' | < e, for w i m', since the series 
(a) is convergent. If m be chosen > m', and such that the second 
condition in the theorem is satisfied, we see that 

I « (a i-h) —s (a) 


- S u„' (a) 


< 4e, 


provided | A | < 


is S u„' (a). There- 


1-1 


8 ; and therefore lim — ^ 

h~o h 

fore the conditions are sufficient. 

To shew that the conditions stated are necessary; it is clear that 
(1) must be satisfied, and therefore that m' can be determined so that 

* Dini, Orundlagen, p. 152. 


H II 


22 
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1 BJ I < Je, if m S m'. Moreover, a positive number 8 can be determined 
such that — S (a) is numerically less than Je, if | /» | < 8. 

Also since 1,u„ (x) is convergent, for each value of h, a corresponding value 
of m (S m') exists, such that — ^ are each numerically < Je. 
It then follows that, for these values of h and m, the condition 


^ fM„ (a + h) - u„ (a) 


S 

1 


h 


- «n' («) 


< € 


is satisfied. Therefore the conditions in the theorem are necessary. 


EXAMPLES 

(1) Let (a;) sin m*; the series '2iin(x) converges everywhere in any interv al, but 

the series 2 cos nx does not converge. The term by term differentiation of the given series 
is therefore inapplicable. 

(2) Let Un(x)—- - ‘ - ; the series (x) converges to the sum-function s (x) —x, in 

ft ?? *1“ X 

the interval (0, 1). The series 2 (x‘^~^ -x^) converges to .s' (a;) = 1, for all values of x in the 
interval (0, 1), except for a; = 1, when it converges to 0, which is not equal to s' (0). The 
series 2 (x^^^ -a:^) has the point x~l for a point of non-uniform convergence, and thus 
the convergence is not uniform in the interval (0, 1). 

(3) The series 2 cos (a^x), where 0 <6 <1, converges uniformly in any interval. The 

n* 1 

series - 2 (ab)^ sin (a'^x), for ab > 1, is not convergent. It will be shewn later that the function 
defined by the given series is not differentiable for any value of a?, provided ah exceeds a 
certain value. 


INVERSION OF THE ORDER OF REPEATED INTEGRALS 

236. It is an important case of the problem of the inversion of the 
order of repeated limits to investigate sufficient criteria for the equality 
of the repeated integrals 

f f {x, y) dy, dy\ f {x, y) dx, 

Ja Jb Jb Ja 

where / (x, y) is a function of two variables, defined in the cell (a, b; a, jS). 
It will be assumed that/ {x, y), whether it be bounded or not, is measurable 
in the cell. 

The plane set of points at which f {x, y) > A, is, for each value of A, 
a measurable plane set . It has been shewn in r, § 427, that the section 
of Ea by an ordinate y, corresponding to an abscissa x, is linearly measur- 
able, for almost all values of X) hence the set of points on the ordinate y, 
at which /(«, y)> A, is, for almost all values of x, linearly measurable. 
Assigning to A the values of an enumerable set of numbers, everywhere 
dense in the indefinite interval (— 00 , 00 ), we see, taking account of a 
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theorem given in i, § 383, that / (a;, y) is, for almost every value of x, 
linearly measurable with respect to y. 

In order that the repeated integrals j dx f (x, y) dy may have a 

fis 

meaning, it is sufficient that I / {x, y) dy should have a definite value (f> (x), 

J b 

either as an iy-integral, or as a non-absolutely convergent integral, such as 
a Z)-integral, for almost all values of x, and that ^ (x) dx should also 

'a 

exist ; where, in the integration, those points of {a, a) at which ^ (x) is not 
definite, forming a set of measure zero, are left out of account. A similar 


statement Avill apply to / {x, y) dy. It is not absolutely necessary for the 

J a 

existence of dx \ f {x, y) dy that I / (x, y) dy, or ^ {x), should have a 
.'a .'b 

definite value, almost everywhere in the interval (a, a). If, in accordance 
with any definition, (x) has an upper value 0 (x), and a lower value ^ (x), 

the repeated integral may exist where (x) — ^ (a:)} dx ^ 0. This pos- 

• O ^ 

sibility will however not be here further considered; it will be assumed 

/•/3 

throughout that I / [x, y) dy exists almost everywhere in the interval 

J h 

{a, a), and that j / (x, y) dx exists almost everywhere in the interval (b, j8). 


237. In case it is known that / (x, y) is sumniable in the cell (a, b ; a, P) 
we have the theorem established in r, § 429 : 

If f {x, y) he a functio7i, bounded or unbounded, that is summable in the 
cell {a, b\ a, j8), the repeated integrals 

[ dx I f (x, y) dy, ( dy\ f {x, y) dx 
J a J b J b J a 

are equal to one another, and have the same value as the integral of f (x, y) 
over the cell. 

It is of importance to possess a criterion which does not depend upon 
a knowledge that the function is summable over the cell, in view of the 
fact that, in general, an integral over the cell can only be evaluated by 
means of one of the corresponding repeated integrals ; and it is in general 
not known, apart from such valuation, whether a given unbounded measur- 
able function is summable, or not. For this purpose, the second theorem 
in I, § 429, may be employed; 

If one of the repeated integrals j dx \ \f{x,y)\ dy, j dy j \f{x,y)\ dx, 

J a Jb J b J a 

exists as a finite number, then f {x, y) is summable over the cell {a, b ; a, p), 

and therefore j dx f (x, y) dy — f dy j f {x, y) dx. 

J a Jb Jb J a 


22-2 
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In particular, •we have the result that: 

If S (a;, y) ^ 0, in the cell {a, b; a, ^), and if one of the refeated integrals 
of f {x, y) exists as a finite number, then the other exists, and the two have the 
same value. 

The following test may often* be conveniently applied : 

If <f> (x, y) be S 0, and unbounded, and one of the repealed integrals of 
(j> (x, y) is finite; and ifi {x, y) be a bounded measurable function, the repeated 
integrals 

ra rfi rfi ra 

\ dx\ <f> {x, y) tfs {x, y) dy, \ dy \ (x, y) ifj (x, y) dx 

J a -b J b J a 

are both finite, and are equal to one another. 

For the function <f) (x, y) | ifs (x, y) | is summable over the cell, since 
<f> {x, y) is summable and | ift {x, y) \ is bounded ; therefore (x, y) i/t (x, y) 
is summable over the cell, and the result then follows from the first theorem. 


238. If / {x, y), although measurable, is not summable in the cell, the 
repeated integrals may exist, and they may have different values. An 
example of this possibility has been given in i, p. 578, for the case 

^ x^ -y^ 

the cell being (0, 0; 1, 1). 


For the case in which / {x, y) is not summable, or is not known to be 
summable, over the cell, the following general theorem is applicable : 


If (1), 


f y) 

' /I. 


dx 


iy)’ 


JV («, y) dy 


^ i/j {x), for all values of 


(x, y) in the cell (a, b; a, j3); where (f> {y) is some non-negative function, 
summable in the interval (6, jS), and (x) is some non-negative function, 
summable in the interval (a, a); and if, (2), the points of infinite discontinuity 
of f {x, y) are distributed on a limited number of arcs of continuous curves 
representing monotone functions, then 


ra r/5 ra 

dx f{x,y)dy-^\ dy f(x,y)dx. 

J a J b J a J a 


In applying the theorem, </• (y) will be taken to be the maximum of 


/ {X, y) dx 


, for a fixed y, for all values of x in (a, a). A similar remark 


applies to tjt {y). The functions <f) (x), if/ (y) may be infinite, or indeterminate, 
for sets of values of x, y which have linear measure zero ; and still they may 
be summable in {a, a), (6, j8) respectively, when these sets are left out of 
account. 


* See W. H. Young, Camb. Phil. Trans. voL xxi (1910), p. 364, where the theorem is given 
in slightly different form. 
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The particular case of this theorem, which is a generalization of one 

given* by Jordan, that arises when ^ {y) and ift {x) are both constants, so 
rx rv 

that / {x, y) dx, f {x, y) dy are both bounded functions of {x, y) in the 
cell, was givenf by W. H. Young. 

Let each point of each curve, belonging to the finite set, be enclosed 
in a rectangle with centre at the point, and sides parallel to the axes, and 
of lengths e„ , c,/ ; where {e„} , {€„'} are two sequences of diminishing positive 
numbers which converge to zero. Employing the Heine-Borel theorem, 
there exists a finite set of these rectangles which contains all the points 
of the curves. In this manner a finite set A„ , of cells, is obtained, such 
that every point of infinite discontinuity is interior to one of them. On 
any straight fine parallel to one of the axes, there are at most r segments, 
in which the straight fine intersects A„ ; where r is the number of the curves. 


Let /„ {x, y) — 0 at all points in any of the rectangles of A„, and let 
/„ {x, y) f{x, y), at all remaining points of the cell. The function /„ (x, y) 
is summable in the cell {a, b ; a, j8), and therefore 


r» fP fo- /•(«, |8) 

I dx fn (x, y)dy= dy /„ {x, y) dx /„ {x, y) d {x, y). 

a J h J a J a • (a, h) 


Denoting f /„ (x, y) dy by Xn (x), and f/ {x, y) dy by x («)> it will be 
J h J b 

shewn that j x (^) ^tx exists and is equal to lim j Xn (^) dx. 

J a H'^oo J a 


I’hat X (*) dx exists, follows from the condition (1), of the theorem, 
J a 

since \x{x)\^ {x), which is summable in (a, a). The difference of the 

two functions x (^)> Xn (^) i*^ the sum of at most r integrals j f {x, y) dy each 

taken over a segment in which the ordinate, corresponding to the abscissa 
X, intersects the cells A„ ; it follows that | x (®) ~ Xn {x) I ^ {x). There- 

fore, employing the theorem of § 202, we have 


or 


j x(x)dx = lim I Xn(^)dx; 

J a J a 

f dxf f (x, y) dy lim [ dx\ /„ {x, y) dy. 
J a J b n-'^oo J a Jb 


In a precisely similar manner, it can be shewn that 

\ dy\ S {x, y) dx = lim f dy f /„ {x, y) dx-, 

J b J a J b J a 

and the two limits on the right-hand side being the same, the theorem has 
been established. 


* Coura d' Analyse, vol. ii, p. 67. 
t Camh, Phil, Trans, vol. xxi (1910), p. 365. 
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It can be shewn that: 


In the theorem, if condition (!) be replaced by (1)', that, corresponding to 
any fixed positive number e, positive numbers h^, exist, such that 


x-Vh 


fix, y)dx 


< e. 


f{^,y)dy 

JV 


< € 


for I A I S ^ 1 , \k\^ k^, and for every value of {x, y) in the cell (a, b; a, fi), 
the theorem holds good; the condition (2) being unaltered. 


The condition (1)' is more stringent than the condition (1) ; accordingly 
if (1)' be adopted, the theorem becomes less general. For, if the condition 
(1)' is satisfied, we have, since 




+ ... + 



fix, y)dx. 


where s is the least integer such that sh^ S x, and h' ^ h^ , 



Now s cannot exceed the smallest integer s, such that sh^ a; hence 

rx rx 

f ix, y) dx 4 se, and thus I / («, y) dx is bounded, for all points ix, y) 
J a * J a * 


in the cell. Similarly it is seen that / ix, y) dy is bounded. It follows 

.'6 

that the condition (1) of the theorem is satisfied. 

When the conditions (1) and (2) of the theorem are satisfied, it does not 
follow that / (a:, y) is summable in the cell, but it follows that it has a non- 
absolutely convergent double integral of the kind defined in i, § 368, p. 494, 

subject to the extension that / ix, y) d ix, y) may exist only as an 

HD„) 

//-integral, and not necessarily as an i?-mtegral. Such a non-absolutely 
convergent integral defined as lim / («, y) d {x, y), for a finite set of 

n~<» J {D„) 


rectangles D„, which contain none of the points of infinite discontinuity 
of f ix, y), may be termed a restricted Jordan double integral. 

The converse does not hold good, that (1) and (2) follow from the 
existence of the restricted Jordan integral. 


Investigations of conditions of equality of the repeated integrals were 
given by de la Vall4e Poussin*, and by Hobsonf . The results there obtained 
have now been in the main superseded, owing to the later development of 
the theory of Lebesgue integration. 


♦ See AnnaUa de la 80 c, sc. de Bruxelles, vol. xvi (B) (1892); LiouvilWs Journal (4), vol. vm 
(1892); ibid. (6), vol. v, p. 191. 

t Proc. Lond. Math. Soc. (2), vol. iv (1906), p. 148. 
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If it be assumed only that the restricted Jordan integral 

f(a, fi) 

f{x,y)d{x,y) 

J (a, b) 

exists; taking /„ (x, y) as before to be zero in the finite set A„ of cells which 

include all the points of infinite discontinuity of / {x, y), we have 

r(®» P) r(«» P) fo- CP 

f (a;, y) d (x, y) = lim f„ {x, y) d {x, y) - Urn dx \ f„ {x, y) dy, 

•J (a, &) 71-^00 J (a, h) U'^ao J a <J b 

r(a, p) ra rp 

and therefore / (x, y) d(x^y) -= \ dx f (x, y) dy, 

J (a, b) J a Jb 

provided lim j dx j f {x,y)dy ~ 0; where A„ (x) denotes that finite set 

Tl'^oo 'a J An (x) 

of intervals which forms the section of A„ by the ordinate corresponding 
to the abscissa x. This condition will be satisfied when the conditions 
(1) and (2) of the theorem of § 238 are satisfied; but it may be satisfied 
when (1) and (2) are not satisfied. 

In order to obtain criteria for the equality of the repeated integrals 
of / (x, y) taken over any measurable bounded set of points E, we may 
take a cell which contains E, and assume / {x, y) to be defined over the 
whole cell by taking its values to be zero at all points of the cell which 
belong to the complement of E relatively to the cell. The preceding theory 
will then be applicable to this case. 


EXAMPLES 

(1 ) For the function defined in i, § 365, Ex. 1, only one of the repeated integrals exists, 
in accordance with the definition there employed; neither does the JB-double integral exist. 
The Lebcsgue double integral exists, and has the value 1. For the set of points at which 
/(*, y) =1 has measure zero; and therefore the function has the same L- integral as that 
function which, at every point (x, y), has the value 2y. The other repeated integral neeessarily 
exists, in accordance with Lobesgue’s definition, as may be easily verified; and both the 
repeated integrals have the value I . 

(2) For the function defined in i, § 365, Ex. 4, both the repeated integrals exist, in ac- 
cordance with the definition there employed, and they have the value c ; the double E-integral, 
however, does not exist. But the double L-integral exists and has the value c; for the points 
at which /(a:, y) =e/, although they are everywhere dense, form a set of plane measure zero. 


(:i) Let f(x,y) = 


X- - ir 


.J, and let the domain be the cell (0, 0; 1, 1). The function is not 


{X^ 

summable over the cell; neither does the restricted Jordan integral exist. For if the rectangle 
(0, 0; h,k) be excluded from the domain, the double integral over the remainder of the 


n n ^2 _ [1 rk ^2 _ y2 

“i, *i.. * j. (x-T,??'**'’ 


or 


/o (to ^ 


which is equal to Jtt - tan ^ and this has no definite limit, as h and k converge inde* 
pendently to zero. 
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It follows that one at least of the conditions (1), (2) of the theorem of § 238 cannot be 
satisfied; and it is clearly the condition (1) which should be examined. 


We have 
1 


ir, 


(x^ + 


,-dx\- „ — 5 , and the maximum value of this is, for a fixed value 
a:* + 2/^ 

of which is not summable in (0, 1 ) ; thus the condition ( 1 ) is not satisfied. 

(4) It has been shewn in the Example in i, § 368, that the double integral of sin - over 
(0, 0; a, 6) does not exist. In this case the restricted Jordan integral exists; for 

Ch fa I j fa I I 

I dy I - sin -dx=b I sin - dx, 

Jo J e X X I e X X 

f 11 

and this has a definite limit, as The condition lim / dy / sin = 0 is satisfied, 

n-oo; 0 J An(y) X X 

for An(y) is independent of y, and consists of the interval (0, f). The repeated integrals 
accordingly exist, and are equal to the restricted Jordan integral. However the condition ( 1 ) 

\ I 1 

of the theorem in § 238 is not satisfied, for j sin d 

I J 0 X X 

which is not summable in the interval (0, a). 


y • 1 

- sin - 

X X 


has the maximum 


1 . 1 
sin 

X X 


(5) Let/(a:, y) =(x -yyi, in the domain (a, 0; />, g), whenc >a. In this case the function 
is non-negative; in order to shew that the repeated integrals exist, it is only necessary to 
verify that one of them is finite. 

(6) Let the function* \lr(x) be defined for the domain (0, 1) by the rule that, for every 

rational value of x of the form > (^SO), yfr (x) and that, for every other value 

1 . li 
- sin 

y yl 

negative, it is sufficient to shew that one of the repeated integrals is finite, in order to prove 
that yj/' (x, y) is summable in the coll, and consequently that the repeated integrals are equal. 

^ ^ ' M is zero for almost all values of x, when y is fixed, we have 


of x^ yjr (x) =0. Let yjr (x, y) - 


\lr(x) in the cell (0, 0; I, 1). Since \lr(x, y) is non- 


Since yjr (x) 


- sin 

y y 


f 


111 . 1 
sin- 

0 1 ?/ y 


\lr(x)dx =0, 

and therefore f dy f yjr (x, y) dx =0; therefore the other repeated integral is zero. 
Jo Jo 


THE INVERSION OE REPEATED INTEGRALS OVER AN INFINITE DOMAIN 

239. Let the measurable function / (x, y) be defined for the infinite 
domain (a, 6 ; qo , qo ) ; criteria will be obtained which are sufficient to 
ensure the equality of the two repeated integrals 

Too 1*00 Too Too 

dx\ f(x,y)dy, dy f(x,y)dx; 

J a Jb J b J a 

which are equivalent respectively to 

fa fP fP fa 

lim dx . lim I / {x, y) dy, lim dy . lim I / {x, y) dx. 

a'^QO J a jS-^oo J b J b a'^co J a 

* See Stolz, Orundzilge, vol. iii, p. 149. The function xf (x) was first given by Du Bois- 
Reymond, Crelle^s Journal, vol. xcvi, p. 278. 
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Let it be, for the present, assumed that / (x, y) is a non-negative 
function, summable in every finite cell (a, b ; a, j8). Denoting the integral 
of / {x, y) over the finite cell by F (a, jS) ; we have 

F (a, ^) = (x, y) d(x,y)-= [ dx [V (», «/) dy= f^dyf f (x, y) dx. 

J (a, h) J a J b J b J a 

In case the double limit of (a, j8), as a ~ oo , jS ~ oo, exists, as a finite 
number, / {x, y) is summable over the domain (a, 6; qo , 00 ) (see l, § 437). 
Moreover, since F (a, )3) is monotone non-diminishing, as a increases, and 
also as p increases, it is sufficient for the existence of the double limit that 
either of the repeated limits lim Hm F {a, ^), hm lim F (a, )3) should exist. 

tt'-woo /S'^oo a<~oo 

Let us consider lim lim f dx f f {x, y) dy\ it will be shewn that this 

O'^QO J (X J b 

I'a rp roo Too 

qual to lim dx . lim I / (x, y) dy which is dx f (x, y) dy. 

J a /3'^qo J ft Ja Jb 

Let X denote f / {x, y) dy, and let x ) denote f f (x, y) dy. 

Jb Jb 

Since x (^j is a monotone non-diminishing function of y, the theorem of 
§ 226 is applicable, and shews that 

I X li”^ I X {*» 

J a /S'^oo J a 

are eitlxer both finite and equal, or both + oo . 

Thus we have 

I'a Too ra rfi 

dx f(x,y)dy=Um dx f{x,y)dy 
J a J b J a Jb 

if either of these expressions has a finite value ; otherwise both are infinite. 
We now have 

Too Too ra rff 

I dx f (x, y) dy = lim lim dx / {x, y) dy 
J a J b ar^co ^'-woo J a Jb 

if the repeated limit on the right-hand side has a finite value; otherwise 
both sides are infinite. 

It thus appears that 

roo r» r(a, p) 

dx f {x, y) dy = lim / {x, y) d {x, y) 

^ a J b tt'^oo (Cf, b) 

/S'^OO 

when either of the expressions is known to be finite; otherwise both sides 
are + °° . 

foo roo r(tt, /3) 

Similarly dy \ f{x,y)dx= lim f{x,y)d(x,y), 

Jb J €l ar^co J(o, b) 

/S'^oo 

.both expressions being finite, or both infinite. 
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The following theorem has now been established : 

If f {x, y) be a non-negaiive measurable function, defined in the domain 
(a, 6; 00 , 00 ), the three expressions 

1*00 roo TOO roo r(Qo,oo) 

dx\ f(x,y)dy, dy f(x,y)dy, f{x,y)d{x,y) 

Ja Jb Jb Ja ha,b) 

are all finite and equal, or else all infinite. 

240. If / (x, y) be no longer non-negative, the above theorem may be 
applied to \f{x,y)\. If then either of the repeated integrals 

r dx j \f{x,y)\dy, f dy f lf(x,y)ldx 
J a J b J b J a 

is known to be finite, the other one is finite, and | / {x, y) | is summable 
over the domain (a, 6 ; oo , oo ). ltf(x,y) be expressed by/+ [x, y) ~f- (x, y), 
where /+ {x, y), f~ (x, y) are both non-negative functions, one at least of 
which is zero at each point, we have 

\f{x,y)\ -- /+ y) 1- f~ («. y)- 

Since f+ (x, y)^-\f {x, y)\,f~ (x, y)sk\f(x,y)\, it follows that, if | / (x, y) \ 
is summable in the domain, so also are /+ {x, y), f- {x, y), and therefore 
/ {x, y) is summable. 

Hence the repeated integrals of each of these functions are finite and 
equal. 

Since 

r / (»> y) dy lim [ {/+ (x, y) - /- {x, y)} dy 

Jb Jb 

= lim I /•' (x, y) dy - lim I /- (x, y) dy 
/S'^OO J b J b 

when the limits on the right-hand side exist, we have 

f / (x, y)dy = f f {x, y) dy - I /- {x, y) dy, 

Jb Jb Jb 

and hence 

1*00 I'oo roo roo roo roo 

dx f (x, y) dy = dx\ f+ {x, y)dy- dx f- {x, y) dy, 

J a Jb J a Jb J a J b 

when the integrals on the right-hand side exist. 

We obtain, in the same manner, the corresponding result when the 

order of integration is inverted. 

If then one of the repeated integrals of | / {x, y) \ over the domain is 

rtoo, 00 ) 

finite, / (x, y) d (x, y) is finite, and since it is the difference of the 

J (a. b) 

integrals of /+ {x, y), f~ {x, y), it is equal to 

roo 1*00 roo roo 

j^dx |^/+ (x, y) dy ~j^dxj J- {x, y) dy 
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Too Too 

which has been shewn to be equal to rfa; I / {x, y) dy ; similarly the 

• a I h 

Too I'OO 

integral of / {x, y) is equal to I dy \ f (x, y) dx. The following theorem has 

ih J a 

now been established : 

Too I’OO Too Too 

If one of the repeated- integrals dx \ \f{x,y)\ dy, dy \ \f{x,y)\ dx 

J a Jh ’ J J a 

is hnovm to be finite, then the repeated integrals of f {x, y) and the integral of 
f {x, y) over the domain {a, b ; cc , cc ) are all finite and equal. 

In order to extend the results to the case in which ( — oo , - oo ; qo , oo ) 
is the domain of integration, it is only necessary to consider that an integral 
of / {x, y), or a, repeated integral, is the sum of the integrals, or repeated 
integrals, of the four functions / {x, y), f (— x, y), f {x, — y), f {— x, — y} 
over the domain (0, 0; ao . oo ). 

If / {x, y) be defined over a measurable set E, of infinite measure, we 
may suppose f {x, y) to be defined over the whole domain (— oo , — oo ; 

) by taking / {x, y) = 0, at every point that does not belong to E. 
The above theorems are then applicable to any measurable domain, of 
infinite measure. 

We thus obtain an extension of Fubini’s theorem given in i, § 429, and 
applicable to integrals over a domain of finite measure : 

If I / {x, y) I be summable over a measurable domain E, of infinite 
measure, then I / {x, y) d (x, y) is equal to either of the repeated integrals of 

J (E) 

/ (x, y) taken over E. 


241. When the sufficient conditions that have been obtained are in- 
applicable, further criteria will be required. The integrals winch are 
employed are not necessarily //-integrals, but may be non-absolutely 
convergent. 

Let us consider, in the first instance, the case in winch the domain of 
integration is [a, b-, a, <x)). Let it be assumed that, for every finite value 
of p, the condition 

dx f (x, y) dy - / dy\ f {x, y) dx 
J a J h J b J a 

is satisfied. 


If f dy [ f {x, y) dx exists, as a definite number, it is equal to 
Jb Jo ' ^ 

lim dx f{x,y)dy. 

J a J b 

fj'{<>^>y)dy by x 


Denoting 
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/*oo ra ra ra Too 

Ay fi^y y) Ax = lim dx f(x, y)dy= \ dx fix, y) dy. 

J h Ja a Jb Ja Jb 

We have thus the following theorem : 

On the supposition that the two repeated integrals off (x, y) over the domain 
{a, b ; a, j8) exist, and have equal values, it is sufficient for the equality of the 
repeated integrals over (a, b; a, oo ), 

(1) , that I dyj f (x, y) dx shall have a definite value, and 

ra rco 

(2) , that dx f (x, y) dy shall cxmverge to zero, as ^ ~ ac . 

Ja J s 

S\ifficient conditions may be obtained that condition (2) of this theorem 

is satisfied. The condition is that lim I x Ax ^ f x (*> ) Ax, where 

^>^00 J a Jo 

roo 

X y) Ay, and x{^y’=^) = / (x^y y) Ay. 

Jb . b 

Referring to the results in §§ 225-229, it is seen to be sufficient, in order 
that (2) may be satisfied, that one of the following conditions should bo 
satisfied : 

(2)' If ff (x, y) dy is a unonotone function of j8 for all values of x in 
{a, a). This condition is satisfied, in particular, iff (x, y) S 0. 

I ri3 

(2)" If \ I f {x, y) dy has a maximum cf> (x), for all values of /3 in 
I •' b 

{b, <x> ), and <f> {x) is summable in the interval {a, a). This condition is satisfied, 

in particular if I f{x,y) dy is a bounded function of {x, ^). The condition 
J b 

may be satisfied when there is an exceptional set of paints x, of measure zero, 

at which I f (x, y) dy is oscillatory. 

Jb 

(2)'" If j f (x, y) dy converges uniformly to j f (x, y) dy in the interval 
J b J b 

{a, a), of X. 

(2)^'" If lim f dx r lf(x,y)ldy^f dx f jf(x, y) | dy. 

^-^00 J a J b J 0 J b 

242. Next, let the measurable function / {x, y) be as before defined in 
the domain {a, b; cc , co ). It will be assumed that the repeated integrals 

I dx f f (x, y) dy, dy f f (x, y) dx exist, and are equal, for all finite 
J a Jb Jb J a 

values of a and j8; let their value be denoted by ^ (a, j8). We have now 

r ra ra rfi 

Ay fix,y)dx = lim dx f (x, y) dy, 

J a J a J b 

it being assumed that this limit has a definite value, for each value of a. 
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If now lim f dx ff {x, y)dy=^ f dxf f (x, y) dy, 

J a J h J a J h 

rco rco 

we have lim lim ^ (a, j8) = I dx I f{x, y) dy, 

^<-woo J a J b 

the condition that this may be the case can be expressed in the form 

lim I dx I f{x,y)dy=^0. 

jS'-^QO J a J 

Similarly, if lim j dy j f {x, y) dx = 0, 

a '^00 J b a 

f oo Too 

dy I / (x, y) dx, 
vj » b J a 

it being assumed that lim ^ (a, has a definite value for each value of 

a'>-ao 

If the further condition is satisfied that 


then 


lim lim (f> (a, j8) = lim lim ^ (a, j8), 

a^QO jS'^oo jS'^oo OL^cO 

Too ^00 /*Q0 Too 

f/a: / (a;, y) dy - / (a:, y) dx. 

J a J b J b J a 


The following theorem has accordingly been established : 

It being assumed that the repeated integrals of f (x, y) in the domain 
(a, h; a, j8) exist, and are equal, for every qxiir of finite values of a, j8, it is- 
sufficient for the existence and equality of the two repeated integrals of f {x, y) 
over the infinite domain (a, b ; oo , co ) that the following conditions be satisfied. 

rco rp rco r a 

(1) That I dx \ f{x,y)dy, I dy j f{x,y)dx have definite values for 
J a J b' J b J a 

finite values of ^ and. a, respectively. 


(2) Tluxt 


and 


lim \ dx\ f{x,y)dy = Q, 

/3~oo J a J p 

lim i dy [ f {x, y) dx = 0. 

a --woo 0 u a 

(3) That lim lim f dx f f(x, y)dy lim lim j dx f f{x, y) dy. 

fi'^co J a J b ^'^co a>~Qo J a J b 

This condition is satisfied, in fxirticular, if f dx ( f (x, y) dy have a 

J a Jb 

double limit oo , jS ^ oo . 

Alternatively, the condition may he applied to I dy f(x, y) dx, 

Jb ^ Ja 

f co rco 

f {x, y) dy, I / {x, y) dx have 

• 3 ' J a 

already been given in § 242, that the condition (2) may be satisfied. 

The condition (3) may be expressed in a somewhat different form bjr 
making use of (2); thus we may replace (3) by 

f oo rco Cco rco 

dx I / {x, y) dy = 0, or else lim dy f (x, y) dx = 0. 
a J p J b J a 
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(3)' is equivalent to the condition that, ff e be arbitrarily chosen, a 
number /Se exists such that 


I L L ^ ^ ^ 


and hence that, corresponding to each such value of a number \ can be 
chosen so large that 


\\ dxf f{z,y)dy < e, for j8 > jSe , 

\J a J p 

and for X> Xp. The condition, in this form, might have been deduced from 
the theorem in i, § 305. 

243 . The following theorem, due* to de la Vallee Poussin, jnuch more 
restricted in its scope, may be deduced from the theorem of § 242. 

It is sufficient for the existence and equality of the rejjeated integrals, with 
infinite limits, (1), that the repeated integrals between finite limits always 

exist, and are equal; and (2), thut I / {x, y) dx be uniformly convergent in an 

‘ J a 

■arbitrary interval of y; ayid (3), that I / (x, y) dy satisfies the similar condition; 

J b 

and (4), that dx f (x, y) dy converges uniformly m the unlimited interval 
J a J b 

of §■ 

If I / {x, y) dy be uniformly convergent in the interval (a, a) of x, then, 
Jb 


for a fixed positive number rj, can be so determined that 
for ^ S j8,, and for every value of x in the interval {a, a 


f f{x<y)dy 

J p 

; it then fol 


<V 

ows 


that 


Ca rcc 

dx f (x, y) dy 
J a J 0 


to e/(a -- a), and thus 


rj {a ~ a); for a fixed a, r] can be chosen equal 


< e, for ^ S jS,,, hence the con- 


I dxf f {x, y) dy 
I a J 0 I 

dition lim dx f (x, y) dy = is satisfied. Similarly it can be shewn 

/3'^0O J Ch J p 

that the other part of condition (2), of § 242, is satisfied. 

The condition (4) of the present theorem may be stated in the form that 
I <j> {a, P) - lim <f> (a, P) | < e for every value of and for all values of a 

not less than a fixed value «e. Since, on account of (2), 

lim (a, 13) ^ f dy I f (x, y) dx, 
a'^cc J b J a 

it is seen that 1 J dy j f {x, y) dx^< e for every value of p, and for a^a^. 


* Limville^s Journal (4), voL viti (1892), p. 464. 
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Thus 


^oo Too 

dy / H^>y) 

h •/a 


dx 


^ e, for a S Ce , 


roo 1*00 

hence lim j dy I f (x, y) dx ---- 0, 

a^QO J b J a 

which is one of the conditions (3)' of the theorem of § 242. The theorem 
has been established, since it has been shewn that, if its conditions are 
satisfied, so also are those of the theorem of § 242. 


EXAMPLES 

fee fee ^2 _ ^.2 fee roo ^2 __ ^2 

(1) It will be found that I dx I , ^ -irr, and that I dy I , „ 

In this case the first condition of the theorem in § 242 is satisfied. For 

ii */' (i’ /; (i‘ J ' 


henc(' 


>•2 _ y 2 


V 

4‘ 


j*' tt /Vi x’^ 

Jl '^~4’ jl If J I (^8 4.y2)2 

The sf'coiid condition is however not satisfied; for 

lim jdyj dx =' lim / dy =lim (j - tan-”^ ^ o • 

a^cejl Ja{X^+y^Y a^cjiy^+a^ a) 2 

(2) Let* 0(2:)=^^^—, where p>l; then ^ ^J-'he repeated integral 

Idy I (/>' (xy) dx =0, but j ^dx J i'^y) dy In this case 

jo -tan"^ (c^a^), 

which does not converge? to 0, as a oo . Thus the condition of the theorem in § 241 is 
violated. 

(3) We have ( dy I cos xydx , for a >0, but f dx f cos xydu does not exist. 

Jo Jo 2 Jo Jo 

roo /■(> j'Q rre 

(4) It may be shewn that I dx I e~^'Jdy-f dyj e^dx. For e and one of the 

JO JO J 0 J 0 

repeated integrals exists. 

(5) Lett 

[h fh dW , fh fh dW /I 1\ . . . , 

Jl Jl i^d/^^JfifJi 

/ oo f^c^V rf)F'l'" 

^ dx J ^ does not exist, for j ^ dy, or definite 

fh fk d^V 

value, for any value of x. The double limit lim J ^dy j ^ dx exists, and is equal to 


zero. 


k<^oo 


* See Stolz, Orundzilge, vol. ni, pp. 8, 182, where the example is ascribed to Du Bois-Rey- 
mond. 

t Bromwich, Proc. Lond, Math, Soc. (2), vol. i, j>. 182. 
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I case. 


(6) LetF=Q-f^^ -^^sinTra?, and/(a?,2/)=g^^- We find, in this ( 

/ ao Too 

^ da; / f(x,y)dy=0, 

but the other repeated integral does not exist, since / / (a;, dx has no definite value. 

fh fk 

The double limit lim / dx I f(x, y) dy =0. 
h'^coj 1 y 1 


k'^cc 

dw 


(7) Let/ (a;, ^ ~l -\-x^+y^* repeated integrals 

rco rco roo yoo 

Jo lo Jo ^■^Jo 


exist, and are both zero. 

The conditions of the theorem of § 242 arc satisfied. We find that 


fl *// >'> ■'» '/« (i *■ 


since is a bounded function of (x, /3), the limit, when jS^oc, of the integral 

(l+ft^+x^)^ 

is accordingly zero. The function 0 («> /^) its repeated limits as a--oo, 

/3 ^ oo are both zero, although the double limit does not exist. 

y'oo yao 

(8) Itcanbeprovedthattheorder of integration in / ainydyj^ e~^®*da; can be reversed. 

Since the function sin y is bounded, its repeated integrals over a finite rectangle 

/*/3 1 

(0,0; a, I3) are equal. Also / e amydy -— — ^{1 ~e (cos ^ +a;2 sin /3)}; and the 

y 0 X •{- X 

2 

expression on the right-hand side is numerically less than - — - for all values of (i (^0), 
and this is a summable function of x in the interval (0, oo ) ; therefore 

yoo rco ' ^ rco yjs 

/ dxi e"“^®*sin t/dv = Ihn / dx I sin ydy, 

Jo Jo ^-oojo Jo 

and thus one of the conditions (1) of the theorem of § 242 is satisfied. Again 
f <*■ f"- sin 1 / 

I amydx = ainy I e~y^‘dx< I e-^^dt; 

Jo Jo Vl/Jo 

hence / sin ydx is bounded for all values of y (>0), and therefore 

y 0 

yoo yoo yco y^ 

/ dy I ainydx =\m\ I dyl sin v da;, 

Jo Jo a^ooJO jo 

thus the second of the conditions (1) of the theorem of § 242 is satisfied. 

yoo yoo 

We have also / da; / e-^'^'sinydy = / - -j(cos/ii +a;‘^sini3); if wo divide the integral 

J 0 J y 0 1 

on the right-hand side into two parts from 0 to 1, and from 1 to oo , the first of those integrals 

yoo 

has the limit 0, ; the second is numerically less than / dx, or is less than 

1 

— I e-^^dx, and thus converges to zero, Therefore the second condition of the 

Vl^Jo 

theorem is satisfied. 
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(9*) Let / (x, y) the field of integration being (0, 0; oo , oo ). In 

(1,0; 00 , 00 ) we have / (x, y) ^0, and in (0, 0; 1, oo),f{x,y).^0; thus the repeated integrals 

(*. y) ^y> 

may conveniently be considered separately. Since in each case the integrand is of fixed 
sign, we need only shew that one of the repeated integrals exists, both when the range of 
X is (0, 1), and when it is (1, oo ). It can thus be shewn that the repeated integrals are equal. 


DIFFERENTIATION OF AN INTEGRAL WITH RESPECT TO A PARAMETER 


244. Let / {x, y) be a function of x defined in the interval or cell (a, b), 
and for each value of y in the interval (yo> Vo + “)• T-’his function f {x, y), 
defined in the p + 1 dimensional cell \x in {a, b), y^^yfiyf^ fa;], will be 
assumed to be summable in (a, 6) for almost all the values of y. It is a 
problem of importance to find sufficient conditions that 


!,//{*,!/)* = £ ”-^1; for » - . 


Tlus rule, first employed by Tjeibniz, is spoken of as differentiation 
under the sign of integration, and is an important example of the employ- 
ment of the process of changing the order of repeated limits ; a process, the 
validity of which is always subject to conditions, the sufficiency of wliich 
is a subject of investigation. In this rule the differentiation at is on one 

side ; thus 2/o » denotes the derivative on the right. If the function 

be defined for an interval (?/o — «, ?/„ + a), of y, the derivative on the left 
may be treated in a similar manner, and when sufficient conditions on 

both sides of y,, are satisfied, • , atyo > maybe regarded as the differential 

coefficient in the ordinary sense. 


Conditions sufficient to ensure that Leibniz’s rule is applicable have been 
investigated by Jordanf, HarnackJ, de la Vallee Poussiji§, G. H. Hardy ||, 
and W. H. Young^, and others. The problem has also been considered, of 
obtaining the differential coefficient when Leibniz’s rule is not applicable. 


245. Two methods may be employed to determine the requissite 
sufficient conditions. The first method, which will be here developed, 
depends upon the convergence of integrals of the incrementary ratio 

* W. H. Young, Camb. Phil. Tram. vol. xxi (1910), p. 375. 
t Cours d"" Analyse, voL n, p. 155 (2nd cd.). 
i Elemente der Dijf. u. Integralrechnnng. 

§ Liouville*s Journal, (4) vol. viii (1892), p. 421, and Ann, de la soc. sc, de Bruxelles, vol. xvi (B) 
(1891-2). 

II Quarterly Journal of Math, vol. xxxir (1901), p. 66. 

If Trans, Ca7nb, Phil, Soc, vol. xxi (1910), p. 397. 
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/ {^1 Vo + ^ as }i converges to zero. Denoting the value of 


fj{x,y)cb: by we have " “a ^ J 

where h& a. If then lim [ Vo) ^ definite value, 

h^oJa h 

as the continuous variable h converges to zero, ^0^) exists, and has the 


dx, 


same value. 
If further 


Ito + * = fuml^ 

h'^O J a J a h'^0 


Vo + A) - / (x, 2/0) 


h 


dx. 


(x I/) 

and \ exi.sts for almost all values of x, we then have 
oy 


/a»N __ p m^\ 

\^y^y-yo ■ a \ Jy^y^ 


0 /^ (x ?/) 

Assuming that - - exists at all points y interior to the interval 

(^0, 2/0 + ^)> s-nd that / (a:, y) is continuous with respect to y in the closed 
interval (^0 > Vo + h), we have, employing the mean value theorem of i, § 262 , 

f{x,y„ + h) -f{x,yo) ^ df (a;, |o J- 0h ) ^ o<e<l. We 

h dy 

thus have — f "t" dx; the number 0 depending upon 

^ J a 

h and x. 

3f (x '?/) 

If it be further assumed that \ ’ exists for all the values of and 

oy 


y-Vn 


that it converges to ^ 
we have, provided h is sufficiently small, 
3 /(«, 2/0 + ^ (dfjx, y) 

^y \ . 

where \ ^ {x)\ < e, for all the values of x. 
Under these conditions, we have, since 


, uniformly for all values of x in {a, b ) ; 


+ ^ {«)» 


y-Vo 


rb 

I j 8 (x) dx 


is less than the 


arbitrary small number em (A), where A denotes the cell or interval {a, b), 

. lim - r ■<*’ S'*! *. 

\^y/y^y, A-0 ^ J a [ )y^y. 

The condition of uniform convergence of - ^ ' - is satisfied, in par- 
ticular, if is continuous with respect to (a;, y) in the (p f 1 )- 

dy 

dimensional domain [x in (a, b); yg & y S. y^ + h]. 
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Accordingly, the following theorem has been established: 

If f {x, y) be defined in the finite (jj + 1) dimensional domain 
^ {x in {a, b);yo&y& i/p + a], 

and I / {x, y) dy exists as an L-integral, for every value of y, it is a sufficient 

J a 

condition for the existence of the differential coefficient at , and for the validity 

. . 

of the differentiation of f (x, y) dy, at y^, on one side, under the integral 

J a 

(x y) 

sign, that should be a continuous function of {x, y) in the whole 

(x '2/) 

domain; or more generally, it is sufficient that ~ should converge to 

/or all values of x in {a, b). 


V-Vo 


246. Less stringent conditions for the validity of the rule for the 
differentiation of the integral under the sign of integration may be obtained 
by employing the sufficient conditions given in §§ 225-227, for the con- 

vergence of + *> -/<?!??' * to flim p*' 

In accordance with the theorem of § 226, it is sufficient that - 

1 )y-y, 

should exist for all values of x, and that a function ^ («), summable in the 
finite, or infinite cell, or interval (a, b), should exist, and be such that 

/ (3 Voj 5 (j) {x), for all values of x in (a, b), and all values 

of h such that 0 <h& a. This condition is satisfied, in particular, when 

ix u) 

(a, b) is finite, if <f> (x) has the constant value K. In case ■' exists in 

ay 

the whole domain [x in {a, 6) ; y^^ y t/o + «] > the above condition is 
satisfied if 

dy 

theorem of i, § 280. 

Thus the following theorem has been established : 


^ cf> (x), in the whole domain; in accordance with the 


0 /-’ 

Jf - — exist in the finite, or infinite, domain 

[x in (a, b)-,yo&y ^ yo + a\. 


_ , 7 T (^J V) 

and he such that ^ 

dy 


^ (f> {x), where (f> {x) is summable in the cell, or 


rb 0 ^ yn) d 

interval, {a, b) ; then \ da; == — f{x,yf)dx. When [a, b) is finite, 

J a a 


we may have in 'particular 


8 / y) 

dy 


^ K, a constant. 


2a-2 
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In case is a bounded function in the (p + l)-dimensional do- 

dy 

main, finite or infinite, and ift (x) is absolutely summable in {a, b), we have 


1 9/ («. y) 


tft{x) ^K\tjt{x)\, 


and therefore : 


3f (x tj') 

If J — l fee bounded in [a; in (a, 6), yo ^ y S + a], and 0 {x) be 
dy 

absolviely summable in (a, 6), then 


df {x, u) , . . j d 
J . ^ (x) dx = 


/ (ic, y) i^) dx. 


If the theorem of § 225 be employed, it is seen to be sufficient for the 
application of the rule for differentiation under the sign of integration that 

— should be monotone with respect to h, for each 

0 /* {x ?/) 

value of X. But a simpler condition is obtained by assuming that - g^ -— 
e^ciSts and is a monotone function of y in the interval S y S ?/o + a, for 
each value of x in (a,b). For lies in the interval 

bounded by and , and therefore 

dy dy 

p /(a:, yo -f/0 -f{x,yo) 

lies in the interval boruided by f i^^yo + ^ 


Since ^ is monotone with respect to h, employing the theorem 


of § 225, we have 


lim r + *>&, = r dr; 


for lim ^ on account of the fact that is 

~o (^y ^y 

monotone with respect to y, and therefore in accordance with the theorem 
in I, § 283, is continuous at y^, since it cannot have a discontinuity 

of the second kind. 

It now follows that 

Urn dr - r *'»> dr. 


J a 
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The following theorem has now been established: 

If - " g-’ is monotone with respect to y, in the interval &yQ + a, 

for each value of x, in the finite, or infinite, cell {a, b), then 

d 


j^~^yf{x,y)dx = IJj{x,y)dx, 

fb 

for y^^ y < y^ + a, it being assumed that f {x, y) dx exists for each such 

J a 

value of y. 

247. The second method of obtaining sufficient conditions for the 
validity of the differentiation of an integral under the integral sign depends 
upon the condition for the equality of two repeated integrals. 

Let it be assumed that, for almost all values of x, the relation 

/ («, Vo + h)-f {x, Vo) dy 

holds good. This is equivalent to the assumption that / {x, y) is an in- 
definite integral in y, for almost all values of x. 

We have then 

{^f{x,y^ + h) -f{x,yo), 1 rwo+ft df(x,y), 

T' ~Ja h" ' ' 'hla Jvo h 

if now the order of integration in the repeated integral may be reversed, 
we have 

A hj„, ^Va~~Sy- ’ 

(x '?/) 

and then, in case j ■' -- dx be continuous with respect to y at the point 

^ 0 , we have 

/a»\ 

\^y y-vc Ja 

We thus obtain the following theorem : 

If (1), f {x, y) is an indefinite L-integral in for ahnost all values of x, 

3f (x u) 

and ( 2 ), the repeated integrals of -g^’ - over the domain 

[x in (a, b);yo^y^y + a] 

have equal values, and (3), j — g^ - dx exists and is continuous with respect 
to y, at yo , theii 

The condition (2) is satisfied in particular, when (a, b) is finite, if 
df (x u) 

- ’ ■ is summable over the domain \x in (a, 6) ; yo S ^ + “] • 

dy 
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0/^ (x t/) 

In case the function / (a:, y) is monotone with respect to y, ~ is 

of fixed sign, and in this case the condition (2) is necessarily satisfied (see 
§ 237) whether (a, b) be finite or infinite; we have accordingly the following 
theorem : 

If in the finite, or infinite, domain [x in [a, 6); + “]> / V) 

monotom vnth respect to y, and is an indefinite L-integral in y, for almost 

every value of x, then, if also J dx is continuous with respect to y at y^, 

{!//><"’ S') 

248. The case in which (a, b) is a linear interval, and b — oo , may be 

3f (x 'll) 

specially considered; in this case the condition that should be 

summable in the domain (a S a; < oo ; ^ y S + a) is not sufficient to 

ensure that the order of the repeated integral may be reversed; it may in 

fact happen that J — dy does not exist. 


We have 


u 


Vo-^k 


U 


Vo 


= lim f {f(x,yo + h)-f (x, yo)} dx 
= lim 

X~<x>J a jy, oy 


it being assumed as before that, in the finite domain 

{a & X ^ X', y^ & y ^ y^ + a), 

9/ (x, y) 


dy 


exists and is an X-integral with respect to y, whatever value X 


If now 

and further, if f 
J a 


dy 


dy 


0 


•(B), 


0/ v') 

may have. If ^ is summable in the finite domain, we have 



Cy^+h ret 

lim dy 
'^00 J pQ J 2 

dy be continuous with respect to y at yo , we have 
V0y/yo Ja 

Too ^f/x y) 

In case J (Joes not exist, or the equation (B) be otherwise 

not valid, the equation (A) still holds, and it may in certain cases be applied 
to determine 

\^yJv-v, 
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Let us assume* that 


y) 


dx can be divided into two components, 


so that 


^df{x, y) 

a 


) F 

dx <f> (X, y) + I >ft (x, y) dx, where (f) (X, y) is such 
J a 


that lim I ^ {X, y) dy = 0 , and where ^ {x, y) is such that 


rva+h 


CVo+h fco 


i(f (x, y) dy - dy \ ifj {x, y) dx. 


We find then, provided I ifj {x^ y) dx is a continuous function of y and 


yo, that la 


249. In ordinary cases, a special case of the criteria of § 241 may.be 
applied to establish the validity of the inversion involved in the use of 
the equation 

rdx ,,y , 

Ja Jy. ^y Jy. Ja ^y 

Too 0r (x tf) , 


and then, provided 


dx is continuous at j/o > wifh respect to y, we 


(a..=/:f 


9/ (a ?, y) \ 

. % h- 


It is thus established that: 


A sufficient condition for the differentiability j f (^> V) dx at y ^ , under 

/•QO 0r y\ 

o/i/nr/vi nfV\-tonivn4^n rwk no ym-/ I J \ ^ f oJiy-tf 77 In. ^77 


the sign of integration, is that 


a dy 


dx shall converge nniformly for all 


values of y in the interval (yo, + «), a/nd shall be a continuous function of 
y at yo. 

It may be observed that : 

df (x y) 

The condition that j - - 'tx shall be a continuous function of y, at 


y^, may be replaced by the condition that 


df{x, y) 


dx be continuous, whatever 


dx is satisfied. 


9 ^ I ^ i VV %/ 9 V ^ %.\y9V\ArV^U^9 

'a 

value X (> a) may have, it being assumed that the condition of uniform con- 

t f’"df(x,y)j . .. X. J 

vergence oj J dx ts satisfied. 

For J = J* ^ + V {y)> where | 17 (;y) | < c, provided 

X is sufficiently large. 


* De la Valine Poussin, Ann, de la soc, sc, de Bruxelles, vol. xvi (B) (1892), p. 150. 
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Hence, we have 

r s/(iLA±l> oo - f + 

Ja Ja Ja [ ^y oy j 

where | ^ | < 2 €. From this it follows that, for all sufficiently small values 

of h, J (Za: — J numerically less than Se ; and 

Too (x If ) 

since e is arbitrary j — - g^ — dx is continuous at 


yo- 


(1*) Let 
then 

We find that 


EXAMPLES 
4xy 


f{x,y)=Bm (4tan-i|) = 

/ (^» y)dx=^X sin ^4 tan“^ ^ . 

fX 4Z2 / V \ 

(^4tan-i 


_0 

0^ 


therefore, at the point y — 0, /(^» V) dx =4. The value of found to be 

4 2 / v\ 

5 C 08 ( 4 tan”'^ ^ ), when y>0, and it is zero when y = 0. Since this integral is not 

X^-by^ \ Xj 

continuous at // =^o> conditions of § 247 for differentiation under the sign of integration 

are not satisfied at v =0; in fact wo have ^ =0. The function / ix, y) is discon- 

J ^ ^y 

tinuous at the point (0, 0). 

Too sin x'kj 

(2) Consider the integral / dxy where y>0. This integral is not differentiable 

/•oo 

under the sign of integration for any value of y; for I ^ cos xydx does not exist. 

(3t) The integral f (x ~ y)^ dx may be differentiated under the sign of integration, for 

® — S' 

every value of ?y. For it has been shewn in § 238, Ex. (5), that (x -y) ^ has an iy-integral in 

[X 

the domain (0, 0; X, h). Also j ^ (x -y)-tdx exists and is a continuous function of y; there- 
fore the conditions of the theorem of § 247 are both satisfied. 

(4) Consider the integral u= f dx, where y >0. The integral f ? dx con- 

yo i+x^ ° Jo 1+x^ 

verges uniformly for all values of y greater than a positive number y ^ . For, integrating by 

parts, we find 


fX' xsinxy^ F a; cos n-X"' 1 /X' 

jx li+«!^)y}x jx 


I -X^ 
(I +a;2)a 


^ COB xydx; 


hence, if X' >Z > 1, the absolute value of the integral on the left-hand side is less than 


2X 


1 


(’i- 


tan-iX^ 


(1+X^)y,y„\2 
which is <€, if X be chosen sufficiently large. It is clear that 


f ^ value 

Jo 1+x^ 


of X, a continuous function of y(>0), for the integrand is bounded in the rectangle 
(0, y; X, y+h), and thus the theorem of § 225 is applicable. It thus appears that the con- 
ditions of the theorem of § 249 are satisfied. 

* Hamack’s Diff, and Int Calc., Cathcart’s translation, p. 266. 
t Hardy, Quarterly Journal of Math. vol. xxxn (1901), p. 67 
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(5) Let f{x,a) have the values (a -a;, 0, (a according as x^a, where 

~ I <a <1; then 

fb 

(6*) The integral / f(y±x)\lr (x) dx is differentiable under the sign of integration, where 
J a 

y is in an interval A) either if (1), yjr (x) is summable in (a, b), smd f(t) has a differential 
coefficient that is bounded in (a -A,b +A), or (2), if both/(/) is an integral in (a -A,b +^), 
and x/r (x) is an integral in (a, b). 

The case (1) is a particular case of the second theorem of § 246. 

To prove (2), let F (t)= f (t) dt, then 

f f{y±x)ylr(x)dx=[F{y±x)\lr{x)] -f F (y ±x) yj/' (x) dx ; 

J a L J a a 

the integral on the right hand falls under case (1), and may therefore be differentiated. Thus 
we have 

^ \j{y±x) ^ (x) dx =[7(«/ rb.r) ^ 'I'' (*) 'k (*) 


250. Let (a, b) now denote a linear integral, and let / (x, y) be defined 
in the interval (a — e, 6 + e), for all values of y in some linear interval ; and 

let / {x, y) dx be denoted by n {y, a, h). 

J a 


We have 

du 


u (y, a, 1) I- k) - u (y, a, b) I 


1 fb+k 

d. 


y) dx, 


and thus 


db 


lim , 

h^^ok. 


] ("6+ A; 


/ (a;, y) dx, provided the limit on the right-hand 


side exists. If, for a particular value of y,f{x, y) is continuous with respect 
to X, at x -^b, the limit on the right-hand side is equal to / {b, y). 

Again, if, for a particular value of y,f{x, y) is, in a neighbourhood of the 
point X = b, the finite differential (joefficient of a function F (x) of x, we 

have (see i, § 471) ( f {x, y) dx ^ F (x) — F (b), the integral being i 

Jb 

general a /^-integral; and thus - F' (h) ^f{b, y). 


in 


The following theorem has now been established : 

The integral / / (x, y) dx has, for a particular value of y, a differential 
J a 

coefficient with respect to b, of which the value is f {b, y), if either (1), / (x, y) 
be continucnis with respect to x at x = b, or more generally (2), if, in a neigh- 
bourhood, of X ^ b, f {x, y) is everywlme the finite differential coefficient of a 
function of x. 

The sufficient condition that the differential coefficient of the integral 
with respect to a is — / (a, y) is precisely similar. 


* See W. H. Young, Proc. Roy. Soc. (A), vol. xcui (1917), p. 280. 



Sequences of Integrals 


[cii. V 


251. Sufficient conditions have now been obtained that u (y, a, b) 
should have, at a particular point {y, a^, b^), partial differential coefficients, 

r&o df (f y) 

of which the values are respectively / dx, — / (^o 5 / (^ 0 » ?/) J 

J ao 

proceed to determine sufficient conditions that u (y, a, b), regarded as a 
function of (y, a, b), should have a total differential at the particular point 
(2/0 » ®o> ^o)* 

If <l> {x, y, z) be a function of the three variables x, y, z, it can be shewn, 
as in I, § 309, where the case of a function of two variables is dealt with, 
that, it is sufficient, in order that <f> (Xq + h, y^ + k, Zq + 1) — <j> {xq, j/q, Zq)' 


should be expressible in the form ^ ~ + k 1 - Z + hp + ka 4 - Ir, 

dxo 0«/o dzo 

where p, a, t converge to zero as h, k, I do so in any manner, that 
have definite values at (a;o, yo, Zo), and that one of these partial differential 
coefficients, say exists everywhere in some three-dimensional neighbour- 
hood of {Xq, yo, Zq), and is continuous at (ajo. yo, ^o)> ^.Iso that another 
of them, say exists in a two-dimensional neighbourhood of (.To - .Vo)’ f<)r 
z = Zq, and is continuous at {xq, yo). 

Applying this result to the function u (y, a, b), we obtain the following 
theorems* which are found by replacing in different orders the three 
variables x, y, z by y, a, b. 

Iff (x, y) be continuous tvith respect to {x, y) at the 2 X)ints (Oq, yf), (6o> yo)’ 

cho 

and if f (x, y) dx have a partial differential coefficient with respect to y, at 
J ao ^ 

the point y^, then I / {x, y) dx has a total differential at the point (yo, ffo' K)' 

J a 

with respect to (y, a, b). 

If f (x, y) is, in neighbourhoods of the points ao> ^oj y = yo> « finite 
differential coefficient of some summable function, with respect to x, and is 
continuous with respect to x at the point (bg, y^) ; and if further u {y, a, b) has a 
differential coefficient with respect to y which is continuous with respect to- 
(y, a, b) ai the point (yo, ao> ^o)> ^ (y? b) has a total differential with 

respect to (y, a, b) at the point (yo, a^, bf). 

If y, a, b are all differentiable fimctions of a single variable t, and the- 
conditions of either of the above theorems are satisfied, we have 

d . u \ /u \ ^^0 j / \ doiQ “bu dyn 


* See W. H. Young, Trans, Camb. Phil, Soc, vol. xxi (1910), p. 402. 
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GENERALIZED INTEGRALS 

252. In I, § 389, the generalized upper and lower integrals of a function 
have been defined in a manner dependent upon the division of the measur- 
able set E, the field of integration, into a finite, or enumerably infinite, set 
of measurable parts. The relation of this definition, which is due to W. H. 
Young, with the definition of Lebesgue will here be investigated. 

The following preliminary theorem is required : 

If H be a closed set of points, in p-dimensions, and f> [x) be a function, 
defined in H, and of which U and L (i 0) are the upper and lower boundaries 
in H, the necessary and sufficient condition that the {p -f- l)-dimensional set of 
points (x, y), defined by [x in H,0 ^ y (a:)] should be closed, is that <f> (x) 
should be upper semi-continuous in the closed set H. Also the necessary and 
sufficient condition that the set [x in II, <f> (x) S y S. £/] should be closed, is 
that <f> (x) should be lower semi-continuous in H. 

In the first part of the theorem, it is clear that the necessary and 
sufficient condition is that the set of points {x, <f> {x)) should have no 
limiting point (|, y), such that y><f> (i). This is equivalent to the condition 
that, € being an arbitrarily chosen positive number, a p-dimensional neigh- 
bourhood of i can be so determined that ^ {x) <<f) {^) -f c, for all points x 
in that neighbourhood; and tliis for every point of H. This is equivalent 
to the condition that <f> {x) be upper semi-continuous in H. 

The second part of the theorem can be established, in a similar manner, 
from the consideration that the necessary and sufficient condition is that 
the set of points {x, <f) (x)) should have no limiting point (i, y) such that 

It is clear that the condition Zi S 0 may be removed, for, if Z < 0, we 
can consider the function <j) (x) — L, for which the lower boundary is zero. 


253. The following theorem will be established : 

If f (x) be a function defined for all points x, in a measurable set E, of 
p-dimensions, and if E be divided into two measurable parts E^ and E^ , the 
functions f^ (x), f (x) being such that f (x) = / (x), over E^ , and f (x) = 0, 
over E^; f% {^) ^ over E^, and f (x) = 0, over E^; then 



dx + i f (x) dx =- \ f (x) dx. 
.1 (E.) J (E) 


Also the corresponding result holds for the upper generalized integrals. 

The set E^ can be divided into a finite, or enumerably infinite, number 
of measurable parts eW, such that S m (e(*)) > f (x) dx — le; more- 

I (E,) 

over E 2 can be similarly divided into parts e(®>, such that 


S?<2)m(e(2))> f f2{x)dx-le; 
J(E,) 
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where is the lower boundary of (x) in and is the lower boundary 

of /a (x) in e(^K Since and e(®) taken together form a set of sub-divisions 
of £J into measurable parts, we see that -f 'LU^m (e<^>) forms a 

corresponding sum for the function / (x) in the set E, and this is conse- 
quently f {x)dx\ it follows that 
J(E) 



and since e is arbitrary, we have 

f f(x)dx^[ fi (x) (ix + f fi (x) dx. 

He) J (£,) J (K,) 

In order to prove that this relation cannot be an inequality, let it be 
assumed that, if possible, E is divided into a set of measurable parts e, 
such that 

him (c) > f fi {x) dx i- [ /a (x) dx. 

■' (&’.) ■’ (&’») 

These sets e will in general fall into three classes, those, j/**' which contain 
only points of E^-, those, which contain only points of E.^', and those h, 
which contain points both of E^ and of E^ . Thus him (e) consists of three 
sets of terms; let us consider a term Im {h). The set h can be divided into 
two measurable parts and where consists entirely of points of 
El, and consists entirely of points of E^. The term Im {h) will then, in 
this further sub-division, be replaced by (^('') + l^^^m where 

= I, and g I ; and thus the term Im (h) may be increased, but cannot 
be diminished. We thus obtain a set of sub-divisions of Ei into measurable 
parts g'W, and also a set of sub-divisions of E^ into a set of measurable 
sets It follows that 

SZm(i7W) + SZ(i)m(Z?(»)-< f fi(x)dx, 

•' (E,) 


and hlm(g(^^) -h hl(^^m(h(^^)-fz I f2(x)dx; 

• (E,)' 

adding together the expressions on each side, and remembering that 
him {h)& hlWm(hW) + hmrniht^)), 

we have hlm{e)&\ /i(x)dx -h f2{x)dx, 

I(E,) He,) 

which is contrary to the assumption made above. It now follows that 

f f(x)dx=f fi (x) dx+ [ /j {x) dx. 

He) 1(e) H^) 

If we employ u, the upper boundary of the function in a set e, instead 
of I, a similar proof will establish the fact that 

f f{x)dx=l fi (a:) dx + ( (x) dx. 

J (fi) J (fi) J (fi) 



263 , 264 ] Generalized Integrals 365 ^ 

The following corollary follows from the above theorem : 

If f (x) be a function, defined in a measurable set E, of any number of 
dimensions, and if E be contained in another measurable set F, and the 
function g (x) be defined by g {x) = f {x), in E, and g (x) = 0 , in F — E, then 

f (x)dx = \ g {x) dx, and I f{x)dx -=\ g (x) dx. 

J (E) J (F) 1(E) J_(F) 

It can be easily seen that : 

If fi i^) =fi (»)> ^hen [ /i (x) dx^ [ f^ (a;) dx, and 
J (E) J (E) 

f fi i^) ^tx = /" {x) dx. 

J_(E) £ (E) 

For fi (x) dx is the lower boundary of all the sums m (e), where 
J(B) 

u^^'i is the upper boundary of (x) in e; this sum is i m (e), where u^^^ 
is the upper boundary of /a {x) in (e). It follows that the lower boundary 
in the first case is not less than the lower boundary in the second case. 
The second part of the theorem follows similarly from the fact that, in 
any set e, 2 PK 

254. It will now be proved that: 

If f (x) be a non-negative function, defined in a measurable set E, of 
finite measure, the upper, and the lower, generalized integrals of f (a:) over E 
are equal, respectively, to the exterior and interior measures of the (p + 1)- 
dimensional set of points {x, y), defined by [a: in E, 0 & y ^ f (a:)] . 

Let H he a closed set, contained in E, and let ^ (a;) be an upper semi- 
continuous function, defined in E, and such that 0 (x) ~f (x). It has 

been shewn that the set [a? in II, 0 y ^ (f> (a;)] is a closed set, and it is con- 
tained in the set [x in E, 0 y ^f (x)] . 

It will first be shewn that the lower generalized integral of (f> (x), over 
H, is equal to the measure of the closed set \x in H, Q ^ y S. <f> (x)], which 

will be denoted by 11^. It is impossible that ^ (x) dx > m {H 4 ,) ; for 

if this inequality held good, H could be divided into a finite, or enumerably 
infinite, set of measurable parts c,, such that Til^^m (e,) > m (//<>); where 
If^ denotes the lower boundary of (f> (x) in e, . A finite number n, of these 

i = n 

sets e,, could be so determined that (e,) > m {H^)-, further, in each 

1-1 

of the sets e. (i = 1, 2, ... w), a closed component f, could be so determined 

that S If m {f)> m (H ^) ; where 1 ^ might have a greater value than before, 
t “ 1 

when it is taken to refer to /. instead of e, , but could not have a lesser 
value. The set of points (x, y) such that x is in (/,), when 6 = 1, 2, ... w; 
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and is a closed set, contained in H<i, , and it would have a measure 

greater than that of , which is impossible. It has thus been proved that 

4> (x)dx&m {H ^) ; and it will now be shewn that this relation cannot 

hm 

be an inequality. For, let it be assumed, if possible, that 

m (H^) > <t>(x) dx ; 

Uh) 

and let the net («{,, Oi, ... a„) be fitted on to the linear interval bounded by 
the lower and the upper boundaries of ^ (x) in H ; let e, denote the measur- 
able set of points x, such that & (f> (x) < a^, for r = 1, 2, 3, — 1 ; and 

let e„ denote the set for which s ^ (x) S a„ . We may take the net such 
that the breadths of all its meshes are less than r). Then w (Hollies between 

T^n r « 

S ar^^m (e,.) and S {^r)> which are the measures of sets contained in, 

r-l r-1 

and containing respectively; and these measures differ from one 
another by less than rjm (//). Choosing rj sufficiently small, we now see 

r = n 

that S Ur 

r-1 


jm (Cj.) >1 <f> (x) dx; thus we have, since is the lower 

■' m 


boundary of <f> (x) in the set e,., a finite set of measurable parts of H, such 

that (e^) is greater than I 6 {x) dx, which is impossible. 

hm 


It has now been proved that m 


(fh) - f 

hm 


<f) (x) dx. 


The case will first be considered in which / (x) is bounded in E. From 
the theorem of § 263, we have 


I <f> (x) dx — j (f) (x) dx + <f> [x) 

■Uk) J(.m •' (&’ -m 

= m (H^,) + j 


dx 


{n -m 

<f> (x) dx ; 


(E-m 

the second lower integral on the right-hand side is less than Um {E — //), 
where U is the upper boundary of / {x) in E ; and this will be arbitrarily 
small, since H may be so chosen that in, {E — H) is arbitrarily small. The 
interior measure of the set \x in E, 0 & y J (a;)] is the upper boundary of 
the measures of all closed sets interior to it, and is consequently the upper 
boundary of m (H^), as m (H) converges to m (E), and for all upper semi- 
continuous functions <f> (x), such that 0 5^ (x) 1 / (a:). For any closed 
set contained in [x in E, 0 & y f («) | has for its section by a ^/-ordinate 
a closed set of which the upper and lower boundaries are ^ (x), iff (x), where 
<f} (x) is upper semi-continuous; and the measure of such a set is clearly 
not greater than that of the set [x in E,0 s.y “Eif) (x)]. It thus appears that 
the interior measure of the set [xinE,0 E y ^ f (x)] is the upper boundary 

•of I i (x) dx, for all functions ^ (x) which are upper semi-continuous, 
hm 
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and such that 0 £ ^ (x) {x). Let ^ (x) be so determined that the interior 

measure of the set [xin E, 0 ^ y (a;)] exceeds I ^ {x) dx by less than 

HE) 

€ ; since f(x)dx^ <f> (x) dx, it follows that the interior measure 

HE) HE) 

of [x in E, 0 & y £.f («)] £ I f (x) dx + e, thus, since e is arbitrary, it is 

J(E) 

-•£ I f{x)dx. It is impossible that this relation can be an inequality, for, 

HE) 

as before, if it were so, a finite set e, of parts of E could be so determined 

that 'L l,m (e.) would be greater than the interior measure of the set \x in 
1-1 

E, 0 ^ y ^ f (a;)J; and by taking suitable closed parts g, of the sets e,, we 

should have S (g^) > the interior measure of [x in E, 0^ y S/(a:)]; and 

thus this last set of points would contain a closed set of measure greater 
than the interior measure of the set itself, which is impossible. Therefore 

I f(x)dx is equal to the interior measure of the set [a;in^, OS y £/(*)]. 
J (E) 


Let us next consider the function U — f (x), then I {U ~ f{x)}dx is 

He) 

the interior measure of the set [xmE,0&ySiU - / («)] , which is equal 
to the excess of (7m (E) over the exterior measure of the set 

[a; in^;. Os yS/(a:)]. 

Also I {U — f (x)} dx is the upper boundary of sums S ((7 — u,) m (e,), 

J (E) 

or Um (E) — and is thus equal to Um{E) — I f (x) dx. It 

HE) 


'(E) 

now follows that I / (a;) dx is the exterior measure of the set 

HE) 

[a: in E, OS yS/(a;)]. 

The theorem has now been established for the case in which / (a;) is 
bounded in ^ ; we proceed to the case in which it is unbounded. 


If I / {x) dx has a finite value, a mode of division of E into measurable 

HE) 

sets e, can be so determined that S tt,m (e.) — | f (x) dx ~ 9e, where 9 is 

1-1 J (E) 

such that 0 S 0 < 1 ; e being an arbitrarily chosen positive number. 

The numbers Ui can be divided into two sets, those, which are S Nq, 
( 2 ) 

and those, which are > Nq] where is an arbitrarily prescribed 
positive number. 
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Thus 'L u^m (e.) = S (e.) + S m (c^-) ; 

.-1 1=1 t'-i 

(2) 

and the sum S w.- m (e,>), being convergent, can be expressed by 

v'-l 

2 uf m {e^') + d'e, 

i'-i 

( 2 ) 

where 6' is such that 0^6' < 1. Let N be greatest of the s numbers ti,- , 
where i' = 1, 2, 3, ... 5. Amalgamating the two sums 

S (1) . . ‘v* (2) . , 

2 Ml m (e.), 2 m (e.,), 

1-1 t'-i 


we have a single sum Y, u^m (e.), where all the numbers m, are ^ A. We 

1 == 1 

have now, in this new notation 

2 M, m {e^) f d'c — f f (x) dx — 9e. 

4-1 J (E) 

* 00 

Let F denote the set 2 e.; this set A is a measurable component of 
_ ‘ 

E. Consider I /(•'"> (x) dx, where /(^> (x) is the function defined by 
Jm 

fW (a;) f {x), when f {x) ^ N\ and (x) = N, when / {x) > N. If 

00 r 

2 M,m (e,) — (x) dx > e, the set F may be divided into a set of 

4-1 J(F) 

measurable parts e., such that 2 a.m (e.) — / (x) dx --- 6"e\ where 

4-1 J (F)' 

OS < 1. The set E has been divided into parts lu (t = 1, 2, 3, ...) and 
Ilf (i =5 1 1, « + 2, ...); thus 

2 Ml m (e.) + 9'e ^ j f (x) dx, 

4-1 J (E) 

or f (x) dx= f f (x) dx — 2€. 

J (.F) J (E) 

Now, by the corollary in § 244, the upper generalized integral of > (x) 
over F is equal to that, over E, of the function which has the values (x) 
in F, and the value zero over E — F, and this cannot exceed the upper 
generalized integral of (x) over E. 

Therefore 


( {F) dx^ I f (x) dx — 2€. 

J (E) J (E)' 

As e ~ 0 , A ^ 00 , we have 

lim f (x) dx^ f f (x) dx. 
N-^aoJ(E) J (E) 



254 , 255 ] 


Generalized Integrals 


369 


It is impossible that this relation can be an inequality, for, if it were so, 
N could be chosen so large that 

f («•) dx> \ f (x) dx, 

J (E) J (E) 

which is impossible, since (x) S f(x) (see § 244). Therefore 

f f {x)dx = lim f (a:) dx. 

J (E) N~ao J (E) 

Now (x) dx is the exterior measure of the set 

J(E) 

\x\n E\0 & y (a;)] . 

The exterior measure of the set \xin E', 0 & y ^ f (a;)] being defined as the 
limit of the exterior measure of [a: in ; 0 g j/ £ /<^) (a:)], as N ~ oo , it has 

now been shewn that | f (x) dx is the exterior measure of the set 

J(E) 

[xinE; Oiy^f(x)]. 

In a similar manner, it can be shewn that / / (x) dx is the interior 

HE) 

measure of the set [a: in ; 0 £ y £ / (a:)] . 

255. In accordance with the definition of a generalized, integral given 

by W. H. Young (i, § 389), the integral I / {x) dx exists when the upper 

J (E) 

and lower integrals have the same value. Let us consider the case in which 
f {x) ^0; the case of a function which is not necessarily positive, but has 
a finite lower boundary is at once reduced to the case in which / {x) ^ 0, 
by adding to / (a:) a properly chosen constant. 

The integral I / (x) dx exists only when the upper and lower general- 

HE) 

ized integrals have one and the same finite value. It will be shewn that, 
when / (x) dx exists, so also does I (x) dx, where N has any 

’ (&’) J (E)' 

positive value ; when / (x) is bounded, N may, of course, be restricted to 
have no value greater than the upper boundary of / (x) in E. 

Let N' be a number greater than N ; then E may be divided in four 
different ways into measurable sets eW, e(®), e(®>, e'*', so that 


0 £ (e<^>) — f (x) dx < e, 

HE) 

0 £ f / W (x)dx- 'Ll ® m (et2)) < e, 
0 £ S m (e<®)) — f (x) dx < e, 

HE) 

0 £ f / W') (x) dx - SZW m (e(«)) < c. 

J IE) 


H TI 


24 
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If we define the set as the set common to aU the four sets ^p \ 

^r \ fhe division of E into the sets may be conceived of as a con- 
tinuation of each one of the four sets of sub-divisions employed above; 
and the four inequalities will all be strengthened by the adoption of this 
new method of sub-division of E. It is thus seen that there exists a set 
of sub-divisions of E into measurable parts e, such that, for this system 
(c), the four conditions are satisfied that 


I (•*) (e) — 06, 

J(E) 

I (*) (e) -I- 6' €, 

JjE) 

I / W'). (a:) rfa; =^u'm(e) - 0"^, 

J(E) 

f /(^') (x) dx - Sr ni (c) + &'"€, 
J (E) 


where 6, 6', 0", O'" are all in the interval (0, 1), and u, I denote the upper 
and lower boundaries of {x), in e, and also u', I' denote the upper 
boundaries of /^' («), in e. 


We have now 



dx — j («)! — if (x) dx — I /W {x) dx • 

Z(E) ] kUe) Ue) 

= 2 («' - V) m (e) - 2 (u - 1) rn (e) - (0" + 0"' -0-0' 


)e. 


In case e consists entirely of points at which (x) = A', we have 
u = I — N , u' — V ^ 0\ a e contains no points for which (x) N, we 
have u = u', 1 = 1'; and, if e contains both species of points, we have 
r = l,u'^ u. Thus, in all cases u' — I’ ^ u — 1; and the number 


2 (w' — I') m {e) — 2 (m 1 ) m (e) 


is accordingly positive or zero, for each value of e. If c now converge to 
zero, it is seen that the expression on the left-hand side of the above equation 


is certainly S 0. Therefore f (x) dx — 1 {x) 

J{E) HE) 

non-diminishing function of N, as N is increased. 


dx is a monotone 


It now follows that the excess of the exterior over the interior measure 
of the set [a; in ^ ; 0 ^ y ^ (a:)] does not diminish as N increases. If, 

when N is infinite, this difference is zero, it follows that it must be zero 
for every value of W. • 


Thus, if I / (a:) dx exists, so also does I (x) dx, for every positive 

J iE) J (E) 


value of N, and all the sets [a; in JS; 0^ (a:)] are measurable. In 
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accordance with the theorem established in i, § 427, the section of the set 
\x in E, y & (a;)] hy y = N is measurable, for almost all values of 

N in the interval (0, N). This section is congruent with the set of those 
points of E such that / (x) i N, and S N. Therefore, for almost all values 
of N, the set of points for which N ^ (a;) & N is measurable ; and from 

the theorem established in i, § 383, it follows that (x) is a measurable 
function. Since this holds for all values of N, it follows that / (x) is 
measurable (see T, § 400). 

It has now been proved that : 

For any bounded, function f (x), and for any function with a finite lower 
boundary, the definition of an integral given in i, § 389, is completely equivalent 
to the definition of Lebesgue. 

There remains for consideration only the case in which/ (a;) is unbounded, 
both in the positive and the negative directions, in the measurable set E. 

Let it be assumed that 1 / (a:) dx has a finite value ; and consider huim (e,), 

J iE) t-l 

for any set of sub-divisions of E into measurable parts, such that, in each 
part, is finite. If S u,m{ei) is not absolutely convergent, the terms of 

t ^ 1 

the series can be so rearranged that the series diverges to — oo (see § 26) ; 
and in that case the lower boundary of S w, m (e,), for all possible sets of 

sub-divisions of E, would not exist as a finite number. Therefore the series 
S «, m (e.) must be absolutely convergent ; and it can be arranged as two 

series, consisting respectively of positive, and of negative, terms. Let 
/+ {x) denote the function defined by/+ (x) =f(x), whenf{x) S 0,/,. (x) = 0, 
when f (x) < 0; and let /_ (x) denote the function defined by /_ (x) — f (x), 

when / {x) ^ 0,/_ [x) == 0, when / (x) > 0. The value of (x) dx is defined 

as the lower boundary of the sum of the positive terms of S m (e,), when 

all sets of sub-division of E are considered ; and j /_ (x) dx is the lower 

boundary of the sum of the negative terms of S u, m (e.) ; and both these 

lower boundaries are finite, since f / (x) dx is assumed to exist. Sets 

J(E) 

e, e(*>, e<2> of sub-divisions of E can be so determined that 

S u, m (e,) f / (x) dx, S (e^^) — f /+ (x) dx, 

1-1 J(E) 1-1 J(E) 

and S u^^^ m (e[^^) — f /_ (x) dx, 

t-l J(E) 

are all three in the interval (0, e). If wo take a new set of sub-divisions of 
E, of which the type is the set of points common to Cp, we obtain 

24^2 
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a sub-division of E, which is a continuation of each of those above 
employed, and for which the three conditions 


0 S S M. m (e.) — 

/ f(x)dx<€, 

HE) 

0 ^ S u. w (e.) — 

1 f+ (a;) dx<€. 


HE) 

0 S S S. m (e.) — 

I /_ (x) dx<e, 

HE) 


hold good, where in the second inequality, only the positive values of , 
viz. u, are taken, and in the third inequality, only the negative values of 
tt,, viz. a. are tfiken. We thus find, since 

2w,m(e,) = Sw.m («,) + ILTum (e,), 

that I /+ {x) dx + \ f_ (x) dx differs from ( f {x)dx by less than e. 
^ J (E) (E) J IE) 

Since e is arbitrary, it follows that 

[ /+ (») cte + I /- (x) dx-=f f(x) dx. 

Similarly, assuming that | / {x) dx has a finite value, we find that 

HE) 

[ f-.(x)dx^l f{x)dx. 

J (E) (E) J fE) 


liE) 

We now see that 


I dx 


f f(x)dx-[ f(x)i 
J(E) 1(E) 

is the sum of 

I /+ (*) dx — I /+ (x) dx and [ /_ {x) dx — [ f_ (x) dx. 

HE) HE) J(B) 2(E) 

All three of these are S 0; it thus follows that, if / f{x) dx exists, in 

HE) 

accordance with W. H. Young’s definition, so also do (x) dx and 

r 

/_ {x) dx. 

HE) j. 

It now follows, since /+ (x) has a finite lower boundary, that f+ (x) dx 

HE) 

and /_ (x) dx exist as i/-integrals, having the same values as before. 

HE) 

Hence I f(x)dx is the sum of the two Zi-integrals /+ (x) dx, I /_ (r) dx, 

J (E) (E) J (E) 

and this sum defines the L-integral f f (x) dx. Therefore, when / (x) has 

J(E) 

a generalized integral over E, in accordance with the definition in i, § 389, 
it is summable over E, and the L-integral has the same value as the gener- 
alized integral. 
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Conversely, let it be assumed that / {x) is summable over E. In accord- 
ance with the definition of the i-integral, given in i, § 388, if e, is the set 

00 00 

of points at which < a,., the two sums 2a,m(e,) 

— QO — OO 

differ from one another by less than {E), and the L-integral / (») dx 

■' (E) 

is between the values of the two sums. If denote the boundaries of 
/ {x) in Cf, we have .4 a,, ^r-i; and it follows that 

OO 00 

S Ufin (Cr) — S lf.m (e,) < -qm (E). 

— OO “00 

oO 

Moreover the lower boxmdary of S m (e,.), and the upper boundary of 

— QO 

00 

(e,), for the system of nets corresponding to a sequence of values of 

-00 

7j, converging to zero, are both the i-integral I / {x) dx. It then follows 

HE) 

f f (x) dx [ / (x) dx, and f f(x)dx^( f (x) dx. 

HE) HE) HE) J(E) 

Since / (x) dx S I / (x) dx, it follows from these relations that 

E) .' (E) 

f (x) dx / / (x) dx -=- f (x) dx. Therefore the generalized integral 

J (E) (E) 


that 


o(f{x), over E, exists, and has the value of the L-integral. 

The theorem has now been completely established, that : 

The definition of an integral, of any function, bounded or unbounded, over 
a measuraMe set E, of finite measure, given in i, § 389, is completely equivalent 
to the definition of Lebesgue. 

Moreover, utilizing results obtained in § 254, we have the following 
theorem ; 

The lover generalized integral of a non- negative function f {x), defined in a 
measurable.setE of finite memure, is the upper boundary of the lower generalized 
integrals, over E, of all upper semi-continuous functions <f> (x), defined in 
E, and such that 0 s ^ (.c) "S / {x). 

If the bounded function/ {x) be no longer restricted to be non-negative, 
a number c can be so chosen that / {x) c is non-negative, and if f> (x) 
be any upper semi-continuous function ^ / (*), the function <f> {x) c will 
also be upper semi -continuous, and &f{x)->r c. Applying the above theorem 
to the function / (x) -t- c, it is seen that the upper boundary of all the 

integrals I {(j> (x) + c} rfa; is I { / (x) -f c) dx, and hence that I <f> {x) dx 
J (E) JW f(E) 

has for its upper boundary I / (x) dx. Thus we have the theorem that: 

HE) 



374 Sequences of IntegroHs [oh. v 

/// (a:) 6e any bounded function, defined in the measurable set E, of finite 
measure, the lower generalized integral of f(x) over the set E is the upper boundary 
of the lower generalized integrals of all upper semi-continuous functions de- 
fined in E, such that <f> (x) ^f{x). 

If we make use of the fact that the exterior measure of a (2? + 1)- 
dimensional set is obtained by subtracting the interior measure of the 
complement of the set with respect to a (p + l)-dimensional cell which 
contains the set from the measure of that cell, we obtain the following 
theorem : 

If f (x) be any bounded function, defined in the measurable set E, of finite 
measure, the generalized upper integral of the function over E is the. lower 
boundary of the upper generalized integrals of all lower semi-continuous 
functions, defined in E, such that (x)^f (x). 

THE METHOD. OF MONOTONE SEQUENCES 

266. A method of investigating properties of integrals, depending upon 
the use of integrals of monotone sequences of functions of special types, 
has been developed* by W. H. Young. This method consists of the ex- 
tensions of properties of the integrals of the functions which constitute 
the monotone sequence to the integral of the function to which the mono- 
tone sequence converges. A general account of this method will be given here ; 
it is possible to use this method conversely as the basis of a general theory of 
integration of all functions capable of analytical definition. 

Iff(x) be a bounded non-negative function, defined in a measurable 
set E, of finite measure, it has been shewn in § 255, that I f (x) dx is the 

HE) 

upper boundary of the integrals <f> (x) dx, for all upper semi-continuous 

his) 

functions <f> (x) such that f>{x) & f (x). It will be shewn that (x) is sum- 

mable in E, so that I <f> (x) dx = j {x) dx. 

HE) J (E) 

It should be observed that there is no loss of generality in restricting 
the functions ^ (x) to be non-negative. For, if ^ (x) be any upper semi- 
continuous function, it remains so if all its negative values be changed to 
zero. 

If {!!„} denotes a .sequence of closed .sets, contained in E, and such that 
each set of the sequence is contained in the next, the sequence can be so 
determined that, if be the outer limiting set of the sequence, 

m (HJ) m (E). 

♦ See “A new method in the theory of integration,” Pror.. Lond, Math, Soc, (2), vol. TX (1910); 
also “The general theory of integration,” Phil. Trans. (A), vol. cciv (1905). See further Mess, 
of Math. vol. xxvn (1907), p. 148; Proc. Camb. Phil. Soc. vol. xrv (1908), p. 520; Proc. Lond. 
Math. Soc. (2), vol. vi (1908), p. 298; and Camples Rendus, vol. clxii (1916), p. 909. 
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It is known (see i, §230) that the set K^, of points of at which 
^ {x) ^ a, is closed, whatever value a may have. The sequence {K^ has 
accordingly an outer limiting set K^, which is measurable. Each point of 
at which <f> (x)^ a is contained in , for some value of n, and for all 
greater values ; and the set of points of at which <j) {x)^ a is measurable. 
The set of points of E — having measure zero, the set of points of 
E ~ Sbt which cf> (x) ^ a has measure zero. Therefore the set of points 
of E at which (f> (x) ^ a is measurable ; and therefore <f> (a:) is summable in E. 

If / (x) be any bounded function, it can be reduced to a non-negative 
function by the addition of a .suitable constant. It has therefore been 
proved that : 

If f (x) be a bounded f unctio7i, defined in a measurable set E, of finite 
measure, of any number of dimensions, the lower generalized integral of f (x) 
over E is equal to the upper boundary of the inteqrals of all upper semi- 
continuous functions, defined in E, and such that f {x) S <f> (x). 

If the function U — f (x) be considered, instead of / (x), it can be shewn 
at once that : 

The upper generalized integral of the bounded function f (x) over E is equal 
to the lower boundary of the integrals of all Imver semi-cantinuxms functions 
i/f (x), sueh that ift (.r) =/(«). 

257. A sequence {<f>„ {x)), of upper semi-contimious functions, can be so 
determined that lim I (f)„ (x) dx ~ \ f [x) dx. It Avill be shewn that 

HE) 

the sequence {<^„ (x)} can be so determined as to be monotone. Taking the 
two functions (x), (x), let Xnii(^) t>e the function which has, at 

each point x, the value of the greater of the two fxmctions (x), (x). 

This function Xn -\ j is upper semi-continuous (see § 111), and it is S/ (x) ; 

moreover Xh n (■'*0 = <^n+i ►Starting with (x), (x) a 

HE) '(ft’) 

monotone sequence {x„ (x)} will be formed, which has the same property, 
in relation to / (x) dx, as the original sequence. It has thus been shewn 

HE) 

that: 

A monotone non-diminishing sequence of functions, all upper semi- 
continuous in the measurable set E can be so determined that, if {</>„ (x)} 

denote the sequence, lim (x) dx -- f (x) dx; where f (x) is any 

n-K (E) HE) 

bounded, function. Moreover </>„ (x) ^ / (x). 

In a similar manner, it can be shewn that : 

A monotone non-increasinq sequence of functions, all lower semi-con- 
tinuous in E, can be so determined that, if {i/t„ (x)} denote the sequence. 



ri'^co 
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The monotone sequence of functions (a:)} will converge to a function 

0 («), which is an ?tt-function (see § 111), such that O {x) ^f{x). Since 

1 (x) I is bounded for all values of n and x, we have 


I <t> (a5) da: — hm (f>„{x)dx; 

J (B) n~oo J (IS) 

and therefore I (a:) da; = | / (x) dx. 

HE) HE) 

The function (a:) may be termed a bounding Zw-f unction of / {x). 
Similarly if T (a;) be the lower limit of the sequence (a:)} , of lower 

semi-continuous functions, we have j T (a:) da; = I f(x) dx; and T" (a:) 

J(E) J(E) 

is a bounding wZ-function of / (a:). 

In case / (x) is summable in E, we have 





dx; 


and since T (x) £ / (x) £ O (x), we see that 'F (x) = f (x), almost every- 
where, and O (a:) = / (x), almost everywhere. 

Thus it has been shewn that: 

Whenf{x) is summable in E, functions 0 (a;), 'F (a:) tvhich are bounding 
lu-functions and bounditig ul-functions of f{x) are such that almost every- 
where in E, d) (a:) = 'F (x) ~ f (x). 

The functions O (a;), T* (x) are not unique, but it follows from this 
theorem that two functions wliich are both bounding MZ-fimctions of / (x) 
differ from one another only at points of a set of measure zero. A similar 
statement applies to two bounding Zw-functions. 


258. It will now be shewn that, if / (x) be a bounded summable function, 
defined in the measurable set E, a bounding Zw-function and a bounding 
«Z-function of / (x) can be constructed. 

If U and L are the upper and lower boundaries of / (x) in E, let {L, U) 
be divided into n equal parts of lengths {U - Li)jn; and let a^ denote 

T 

L ■ {U - L), where r = 0, 1, 2, ... a. Let denote the measurable set 

Ifh 

of points of E at which /(x) £ a,. The sets i' {In iy ••• S'© s«ch that 
each set is contained in the next ; closed parts ^ , h^-z , /i© of the sets 

S'n- 1 > 9'n 2 j ••• S'© can be determined, each one of wliich is contained in the 

next, and such that m (g^g) — m (Ag) is less than ^ . 

Ifh 

Let the function <f>„ (x) be defined by means of the specifications 
<f>n (x) - a„_i in (x) = a „_2 in Zi „_2 - ... , 

(f>„ (x) = Or in hr - hr+i, (x) = ttj in h^ - h^; 

and <f>n (x) ^ ao = L, in all the remaining points of E. 
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Let the function {x) be defined by means of the specifications 
{x) = in ho - hi; (x) = in hi - h-i, ... , 


a. 


in h 


n—2 


^^'n- 1 > 


*l>n (a;) = ttr+i in hr - K^i, ...; ./f„ (x) 

and {x) = a„= U in all the remaining points of E. 

The function <f>„ {x) is a 7t-function, and (/r„ (x) is an Z-function ; the 
sequence {^„ («)} is monotone non-diminishing, and the sequence («)} 

JJ 2y 

is monotone non-increasing. Moreover if/„ (x) — ^„ (*) = - , except at 

Th 


I 


ft 


points of a set of measure less than - , at which tfj„ (x) — cf>n{x) = U — L. 

Th 

follows that, except at the points of a set of measure zero, we have 
<J) (a?) -- lim </.„ (x-) - lim tft„ (x) = T (x). 

Moreover <I> (x), 'F (x) are both equal to / (x), almost everywhere in E, and 
are thus bounding lu- and wZ-functions, corresponding to / (x). 

In case the set E in a, linear interval (o, 6), and the function / (x) is 
monotone in E, the semi-continuous functions (x), (x), constructed 

as above, are also monotone in {a, b). Let / (x) be monotone non-diminish- 
ing, then the sets gn-i, 9 n- 2 > 9o consist of intervals (a„_i, h), (a„_ 2 , h), ... 
(tto , b) which are closed at the end-point 6, but not necessarily at the end- 
points a„-i, a„_2, ... Ofl. The closed sets h^-Q. ... K may be taken to 
consist of the closed intervals b) b), ... (jS„, b), each of which 

is contained in the next; where ^o -«< ^ • The function = 

when g .X S 6; (x) - a„_2- when j8„_2 - <f>n (a?) «r> when 

S X < jSr 1 1 : <An (^) — when a ^ x< ^i. Thus (f>„ (x) is monotone non- 
diminishing, and is constant in each interval of a finite set. A similar 
remark applies to the function if)„ (.x). 

269. There remains for consideration the case of an unbounded sum- 

mable function / (x). First let / (x) S 0, then f f (x) dx is lim f /W (x) dx ; 

J {E) J-~.» .'(£)' 

where {Ay} is a monotone divergent sequence of positive numbers, and 
/W (.r) is the function which has the value of/(x), when/(x) S Nr, and 
which has the value Nr when /(x) > N,.. Let <1), (x) be a bounding lu- 

function for the function /W (x), then f O,. (x) (Zx -- f f^^r> (x) dx; 

•'(B) .'(E)' 

and thus we have ) / (x) dx = lim I O,. (x) dx. 

J (E) J (E) 

That the bounding functions (x) for the functions /(■'''r* (x) may be 
so determined that {O,. (x)} is a monotone non-diminishing sequence is a 
consequence of the following lemma: 

7//*^^ (*) bounded summable functions such that f (x) £; (x), 

in E, then the corresponding bounding lu-functions (x), (x) can be so 
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dMermined that {x) & {x). Similarly the corresponding bounding ul- 

f unctions (x), (x) can be so determined that (x) S 'F**) {x). 

Let OW (a;) = lim <[)<2) (a?) ^ lim (a;) . -nrhere {<j>J^'>{x)), 

U'^cc ri'^oo 

(a:)} are monotone non-diminishing sequences of w-funotions. A new 
monotone sequence {g„ (a:)} of M-functions can be so determined that g„ (x) 
has as its value, at each point, the greater of the two fimctions <f>J^^x), 
(*)• At any point at which g„ (x) differs from (x), it is eqiial to 
(®) S'lid is therefore £ /(^) (x), and therefore also ^ (a;). Also since 

(a;) S g„ (a;), f <^„(2) (x) dx S [ g„ (x) dx ; and thus 
J (E) J (E) 

lim ^/‘*)(a;)ffa;= lim I g„{x)dx, 
ri'^'X) J (E) H'^cc J (E) 

since the limit on the left is the highest possible. Thus the sequence {gf„ (x)} 
may be taken instead of the sequence (x)} , in which case we have 

(*) — <f>n^^ (^)j 01” (^) < (^)- The second part of the lemma may 

be deduced by means of a change of sign of the functions. 

It has now been shewn that there exists a monotone non-diminishing 
sequence {<!), (x)} of Z?<-functions such that ( / (x) dx ■■= lim <h,. (x) dx. 

If O (x) is the limit of {O,. (x)}, it is an Zl?/ -function, i.e. an Z?i-function. 
Thus, if / (x) be a positive unbounded summable function, there exists 
an Z«-function 0 (x) such that the integrals of / (x) and of <!> (x) over the 
set B are identical. 

If / (x) be an unbounded summable function having both signs, it can 
be expressed as the difference of two positive summable functions, and 

I / (x) dx can be expressed as the difference of tiie integrals of two /«- 
J(E) , 

functions, or as the siim of an Zw-f unction and a ■jtZ-f unction. Therefore / (.x) 

can be replaced, for the purpose of determining its integral, either by an 
liZtt-function, or by a Z^Z-function. 


260 . The process of deducing properties of integrals of summable 
functions from those of the integrals of continuous functions, or even from 
those of finite polynomials, consists of the following stages, in each of 
which a monotone sequence is employed. 

(1) Let JS he a, closed .set of points in any number of dimensions, and 
/ (x) a continuous function defined in E. If A be a fundamental cell which 
contains E, a continuous function may be defined in A v'^hich has at every 
point of E the value of / (x) (see § 108). Applying to A the theorem of 
§ 161, a monotone sequence of polynomials can be constructed which 
converges in A, and therefore in E, uniformly to the value / (x). It then 

follows that I / (x) dx is representable as lim (x) cZx, where {P„ (x)} 

J {B) J (E) 

is the monotone sequence of polynomials. 
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(2) If / {x) be an upper semi-continuous bounded function defined in 
the measurable set E, there exists (see § 106) a monotone non-increasing 
sequence {/„ (x)}, of continuous functions which converges to f (x). Then 

I f (x) dx has the value lim / /„ (x) dx. 

J (E) n~oo J (E) 

Similarly, iff (x) be a bounded Z-function, there exists a monotone non- 
diminishing sequence of continuous functions /„ {x), such that 

lim f f„ (x) dx= f / (x) dx. 

M~00 J (E) J (E) 

(3) If / (x) be any bounded function, summable in the measurable set 
E, there exists a monotone non-diminishing sequence {<^„ (a;)} of ^-functions, 

such that f f (x) dx = lim f <f>„ (x) dx. 

J (E) TO~oo J (B) 

Also there exists a monotone non-increasing sequence {0„ (a;)}, of Z- 

functions, such that I f (x) dx lim I (a:) dx. 

J (E) ' J (K) 

Thus / (x) can be replaced, either by an Ztt-f unction, or by a wZ-f unction, 
without alteration of the value of its integral. 

(4) If / (x) be an unbounded function, summable in the measurable 
set E, the function / (a:) may be replaced, without altering the value of its 
integral, either by a Z^Z-function, i.e. by the limit of a monotone non- 
diminishing sequence of «Z-f unctions, or by an itZ-a-f unction, i.e. by the 
limit of a monotone non-increasing sequence of Zw-functions. 

It has been pointed out by W. H. Young that, starting with the 
definition of the integral of a continuous function (or even of a polynomial), 
the integral of a w-function, or of an Z-function may be defined as the limit 
of the integrals of the continuous functions of the monotone sequences of 
continuous functions which converge to the tt-function or the Z-function. 
Similarly the integral of a %Z-function, or of an Zw-function, is defined as 
the limit of the integrals of the Z-functions, or of the w-functions of the 
monotone sequence which converges to the given «Z-function, or the given 
Zw-f unction. The integral of a bounded summable function is then defined 
as that of either the wZ-function, or the Z«-function which is equivalent to 
the summable function. Finally the integral of an unbounded summable 
function may be defined as equal to that of the equivalent tiZw-function, 
or of the equivalent ZwZ-function ; the integral of either of these latter being 
defined as the limit of the integrals of the wZ-functions, or of the Zii-functions 
of the monotone sequences which converge to them respectively. 

In this manner the method of monotone sequences is employed to 
build up successively the definitions of the integrals of the successive types 
of functions. Examples of the application of this method have been given 
by W. H. Young*. 

* Pror. Land. Math. Soc. (2), vol. ix (1910), pp. 36-50. 
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TONELLI’S THBOEY OP INTEOEATION 

261 . Lebesgue’s theory of integration depends upon the theory of 
measurable sets of points, and this theory makes use of the multiplicative 
axiom, as has been seen in i, § 1 30. A mode of defining the integral of a 
function in a finite interval has been developed* by Tonelli, which is 
independent of the general theory of the measure of sets of points. This 
independence also appertains to the theory of integration suggested by 
W. H. Young (§ 260), in which sequences of semi-continuous functions are 
employed, and in which the definition of an integral ultimately depends 
on that of the integral of a continuous function. We proceed to give an 
accoimt of Tonelli’s theory of integration, which also consists of an exten- 
sion of the notion of the integral of a continuous function. 

A set A, of non-overlapping intervals contained in the interval (a, 6), 
is spoken of by Tonelli as un plurintervallo ; the set A may contain a finite, 
or infinite, number of distinct intervals. The intervals of the set A may be 
either closed or open ; an interval a S x < a, or an interval p < x ^ b, 
of which a and 6 are end-points, may be regarded as open. The sum, or 
limiting sum, of the lengths of the intervals of A is taken to be the length 
of A, whether the intervals are closed or open. 

A function f (x), defined in (a, h), is said to be quasi-continumis in (a, b) 
if a sequence {A„} , of sets of open intervals, exists such that the length of A„ 

is less than ^ , and is such that f (x) is, for each value of n, continuous in the 

part of (a, b) which remains when all the points of A„ are removed from the 
interval. The sets A„ are said to be associated with f (x). 

It is easily seen that a function which is discontinuous only at points 
belonging to a finite, or to an enumerable, set of points in (a, b) is quasi- 
continuous, but this does not exhaust the class of quasi-continuous functions. 

Let / {x) be quasi-continuous and bounded in (a, b), and consider A„ 
one of the open sets of non-overlapping inteiwals associated with / (a;). 
Let {x) be the function which has the value / {x) at each point x that 
does not belong to A„; and let/^„ {x) be linear in each interval S, of A„; 
the linear function having at the end-points of 8 the values of / (x) at 
those end-points. The function (x) is then continuous in (a, b). We 
have thus a sequence { f^^ (x)} of functions, all of which are continuous in 
{a, b). The functions / (x), (x) differ from one another only at the points 

of A„ , where the length of A„ , being - , converges to zero, as ~ oo . 

7h 

The functions (x)} are said to be associated with / (x). 

♦ Annali di Mat. (4), vol. i (1923), p. 105; Hee also the treatise Fondamemti di (Utlcnlo della 
Variazioni, Bologna, 1912. 
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rh 

The integral f (x) dx, of the qvmi-continuous bounded function f {x), in 
Ja 

rb 

(a, b), is defined to be the limit of the sequence of integrals f^ (x) dx, as 

J a 

n is increased indefinitely. 

rb 

It can easily be shewn that the value of / (a;) dx, so defined, is in- 

J a 

dependent of the particular set of associated functions which is employed 
in forming the sequence. 

The definition of the integral of a continuous function which can be 
employed is that of Cauchy, of which the most general form is that of 
Riemann. 

rb 

The ordinary properties of f(x) dx such as 

J a 


f f(x)dx= [ f(x)dx+ I f(x)dx, 

J a J a J C 

[ f{x)dx\^ f \f(x) I dx, 

J a \ J a 

[ {f {x) g ix)} dx \ f{x)dx+l g{x)dx 
J a J a J a 


can be easily estabhshed in accordance with the above definition. 

Tonelli has extended his definition of an integral to the case of un- 
bounded quasi-continuous functions by the method of de la Vall6e Poussin 
(I, § 387). 

If /v. N' (a;) =/(«), when - N' ^f{x)^N; (x) = N, when 

f {x)> N; and /v, iv' i^) — — when f {x) < — N', the integral of the 
quasi-continuous function / (x) is defined to have the value 

rb 

11 “ fN,N’{x)dx, 

whenever the double limit exists ; and it is then denoted by / {x) dx. 

J a 

f ^ 

The necessary and sufficient condition for the existence of / (x) dx 


fN. N' {X) dx 


is bounded with respect 


can easily be shewn to be that 
to {N, N'). 

The theorem lim [ (a:) dx = j f (x) dx, 

7/t'^oo a . o 

where | /„, (x) | is bounded with respect to (m, x), and the sequence of 
quasi-continuous functions (x) converges to / (x) has been established 
by Tonelli on the basis of his definition. He has also proved the theorems 
of integration by parts and other properties of integrals. 
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Tonelli’s definition is applicable to the class of quasi-continuous func- 
tions, and this class certainly includes aU those functions which are defined 
by ordinary processes. If the theory of Lebesgue integration be assumed, 
it follows that, as has been shewn in § 179, a measurable function is con- 
tinuous relatively to a set of points O which is perfect, and of measure less 
than 6 — a by less than an arbitrarily fixed positive number e. The com- 
plementary set C (0) can be enclosed in intervals of a set of which the 
measure is < c. It thus follows that every measurable function is quasi- 
continuous, in accordance with Tonelli’s definition of quasi-continuity. 
Hence every Lebesgue integral is also an integral in accordance with 
Tonelli’s definition, the Lebesgue theory of measure being assumed. 


perron’s definition of an integral 

262. A new definition of the integral of a function in a finite linear 
interval, which is independent of the general theory of measurable sets of 
points, was given* by Perron. It has as its starting point the conception 
of the inverse relation between the integration and derivation of a function. 

If / (x) be a function defined in the linear interval {a, b), the greater of 
the upper derivatives {x), D~f {x), on the right and left of the point 

X may be denoted by Df (x), so that Df {x) lim"^ ^ J ^ 

A~o n 

converges to zero, when h is unrestricted as regards sign. Similarly^/ {x) 
may be taken to denote the smaller of the numbers {x ), D_f (x). 

In the first instance, let / (a;) be any bounded function, defined in (a, 6), 
and let U and L be its upper and lower boundaries in the interval. A 
continuous function ^ (x), defined in (a, b), and such that Dcf) {x) f (x), 
at all points of (a, 6), and also such that <ft (a) -■ 0, is said to be a minor 
function associated with f (x). Similarly, a function ift (x) such that 

(x) ^f{x), in (a, b), and such that ^ (o) = 0, is said to be a major 
Junction associated with f (x). 

It is clear that major and minor functions always exist; for example, 
U {x — a) is a major function, and L (x — a) is a minor function. 

If <f> (x) be any minor function associated with / (x), we see that (i, § 280) 
^ a exceed the upper boundary of D(f) (*) in (a, b) ; that 

is <f>{b) {b — a). 

It follows that the upper boundary of (b), for all minor functions, is 
a finite number g ; and thus there exists a minor function ^ (x) such that 
where e is an arbitrarily prescribed positive number. 


* Sitzungsber, d, Heiddberger Alcad. vol. v a (1914). No. 14. 
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Similarly there exists a number G which is the lower boundary of ijs (b), 
for all major functions ; and thus there exists a major function for which 
^ (6) <. G 

Since T)i(t {x) S / (x) £ D<f> {x), 

we have D {ip (x) — <f> (a;)} ^ Dtfs (x) ~ D<f) {x) S 0, 

for all values of x in (a, h). It then follows (t, § 280) that 

(Xa) - 4> (a^z)) -- (Xi) - (f> {Xi)) ^ ^ 

.^2 ’ 

whatever pair of values, in (a, b),Xi, x^ may have. Prom this it follows that 
ijt (x) - - (j) (x) is monotone non-diminishing in (a, b). Since <f> (a) ^ (a) — 0, 

it follows that 0 (a;) 2 (a:), xj}{b) '^<f> (6), and G^g. 

In case G = g, the function f {x) is said to be integrable in (a, b), and G 
or g is taken to define the value of f (x) dx. 

.a 

It has thus been shewn that : 


For every minor function (x), and for every major function ^ {x), 
associated tvith f (a:), the relation (f> (b) ^ I f (x) dx ifr (b) holds good. 

J a 

The condition for the existence of f {x) dx is that minor and major 

• « 

functions <f> (a;), if (a:) can be so determined that if (6) (f (b) < rj, in which 
case i/j (x) — (f (x) < y, in (a, b); where y is an arbitrarily prescribed positive 
mimber. 


Perron himself gave an investigation of the principal properties of 

\r 

/ (.r) dx, in accordance with this definition. 

a 


263. The definition can be extended to the case in which / (a:) is un- 
bo\mdcdin (a, h), provided, in such a case, major and minor functions exist. 
The general definition may be stated as follows : 

In the interval {a, b), a function f {x) is defined' which has everywhere (or 
almost everywhere) a finite value. Let it be assumed that continuous functions 
<f (x), if (x) exist such that Di/t (.v) 2 / (a;) 2 D<f (x), when D<f (x) has no- 
where the value \- oo , and Dif (a;) has nowhere the value — oo ; and 

<f (a) = if{a) = 0; 

then if lim if (x) -= liin cf (x) = F (x), 

the function F (x) defines the indefinite integral f (x) dx in (a, b), and F (b) 

J a 
rb 

defines the definite mtegral f (x) dx. 

J a 

The proof in § 262 is applicable to shew that if (x) — <f (x), for every 
pair of functions, is monotone non-diminishing in (a, b ) ; it follows that 
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tft (x) — F (x), F {x) — <f) (x) are monotone non-diminishing in (a, 6). Since 
^ {x), t// (x) can be so determined that tp (b) — F (b) < rj, it follows that 
^ {x) — F {x) < ri, and thus a sequence of values of ^ (x) converges to F (x) 
uniformly in (a, 6), and therefore F {x) is continuous in (a, b). Thus the 
functions tp (x) — F (x), F (x) ~ <p (x) are monotone non-diminishing con- 
tinuous fimctions. It may thus be stated that : 

In order that the continuous function F (x), where F {a) — 0, may be the 
indefinite integral of f (x), it is necessary and sufficient that, if the positive 
number € be arbitrarily prescribed, a pair of continuous functions xp (x), <p (x) 
which satisfy the conditions in the above definition should exist, which satisfy 
the conditions 0 < ip (x) — F (x) < e, 0 < F {x) — (p (x) < e. 

The relation of the integral so defined with the integrals defined by 
Lebesgue and Denjoy has been investigated by Bauer*, Hakef, Alexan- 
drofff, and Looman§. It was proved by de la Vallee Poussin that every 
2/-integral is also an integral in accordance with Perron’s definition; this 
proof is given in § 437. It was proved by Bauer that a bounded function is 
integrable in accordance with Perron’s definition when, and only when, it 
is measurable, and accordingly integrable in accordance with Lebesgue’s 
definition. It was proved by Hake, and again later by Alexandroff, that a 
function, integrable in accordance with Denjoy’s definition, is always 
integrable in accordance with Perron’s definition. The converse of this 
was established by Alexandroff. Consequently it is known that : 

There is complete equivalence between the definition of Perron and Denjoy. 

In view of the simplicity of the definition of Perron as compared with 
that of Denjoy, and of the fact that the former makes no use of the theory 
of the measure of sets of points, tliis theorem may prove to be of great 
importance in future developments of the conception of an integral. 

Perron’s definition was extended by Bauer to the case of functions of 
any number of variables, and it was shewn by him that every Lebesgue 
integral of a function of any number of variables is a Perron integral, in 
accordance with the extended definition. 

THE SUMMABlIilTY OF INTEGRALS 

rx 

264. If the integral / {t) dt exists for all finite values of a; > a, the 

J a 

integral f if) dt exists in the ordinary sense when /(<) dt has a definite 

• a . a ^ 

limit, as a; ~ 00 . In analogy with the case of infinite series, various con- 
i’" 

ventional definitions of / (<) dt can be employed which assign to it a 

} a 

* Monatshefie f. Math, u, Phyaik, vol. xxvi (1915), p. 153. 

t Math. Annalen, vol. lxxxiii (1921), p. 119. J Math, Zeitschr. vol. xx (1924), p. 213. 

§ Math, Annalen, vol. xcm (1924), p. 153. 
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definite meaning in cases when it does not exist in the ordinary sense. 
Such a definition should satisfy the condition of consistency, in accordance 
with which the value of the integral, with the conventional definition, should 

coincide with its value in the ordinary sense when the latter exists. The 
ch 

integral / {t) dt may be regarded as analogous to a partial sum of an 

J a 

1 r ^ /* 

infinite series, and - dt^] f (t) dt may be regarded as analogous to the 

arithmetic mean of a partial sum of an infinite series. Thus the integral 

f" 1 

/ (t) dt is said to exist {G, 1) when lim - dt^\ f (t) dt has a definite 

J a x~aa ^ J a J a 

value. The integral I f (t) dt is then said to be sumnmble (C, 1), and its 
J a 

sum {G, 1) is defined to be the value of the limit. 

The extension of Ces^iro’s method of summation to summation {G, r), 
where r is a positive integer, is made by defining the sum (G, r) of the 

r GO 

integral / (t) dt to be 

' a 

r\ fit 

lim^^U dtA rffJ f{t)dt (1), 

J a J a -a J a 


when this limit exists. 
Since 


[ f / (0 f (^2 0 / (^) dt, 

J a J a J a 


'U r^2 
dt^ 

J a J a 


dh f (t) dt 


1 

2 (^3 

^ Ja 


tYS{t)dt, 


we have, proceeding in the same manner, for the sum {G, r) of the integral 

."CO 

/ (0 dt, the expression 




.( 2 ). 


This expression (2) is analogous to the sum of a series by Riesz’s method, 
which has been shewn in § 60 to be equivalent to the sum {G, r). As in 
the case of series, the expression (2) may be taken to define the sum {G, r) 


of the integral / (t) dt, when r is not restricted to be a positive integer. 
When the integral exists in the ordinary sense, it is summable {G, 0). 

The method of Holder for defining the sum (//, r) of an infinite series, 
for positive integral values of r, may be extended by analogy to the case 

of integrals. Thus the sum {H, r) of the integral f (<) dt may be defined 

J a 


to be 


tM ^ — f I 

X'-oo j a *'r .a ^r-i J a .’a 


when this limit exists. 


11 ir 


25 
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That the definitions (2) and (3) are equivalent when r is a positive 
integer, has been proved* by Landau. Both of the expressions (1) and 
(3) weref considered by Du Bois-Re 3 nuond. 

265. In order to prove that, for r > 0, the definition (2), of summability 

/•CO 

(G, r), satisfies the condition of consistency, let it be assumed that / {t) dt 

Ja 

exists as lim / (<) df. 

X'^co J a 

If € be an arbitrarily chosen positive number, we have 

fit) dt\<e, 

•'A I 

for all values of A '>A, provided A be sufficiently large. Also 

for x> A, where a is a number in the interval (A, x). It follows that the 
integral on the left-hand side is numerically less than c, for all values of x. 
We thus have 


< e. 


for all values of x. Also, since ^1 — -j is a monotone function of x, we 

Umf"‘(l-^y/(«)d<= f it) dt 

fit)dt-\yit)dt\<2,. 


have 
(see § 205). Hence 


for aU sufficiently large values of x, provided A is sufficiently large. It 

/ i\r 

(1 ) f it) dt exists, and is equal to / it) dt. 

Thus the condition of consistency is satisfied. 

It may be shewn that: 

rco 

The necessary and sufficient condition that the integral fit)dt, when 

. a 

1 

summable iC, 1), should be convergent is that lim - tf it) dt = 0. 

sc'^Qo ^ J a 

Cx rx 

Denoting fit) dt by fi («), and it) dt hyf^ («), we have 

- i jVi (') <« -/. w - j jy « <«, - 

from which the'theorem at once follows. 


* Leipz, Sitzungsber^ voL lxv (1913), p. 131. 
t Crdle^s Journal, vol. c (1887), p. 366, 
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The following is analogous to the theorem given in § 54 : 

cx 

If I xf {x) I < J5l, and f (^) dt is summable (C, 1), it is also convergent. 
Ja 

Let gr (x) = xf (x), G (a:) = J g {t) dt ; 

then /i {x) = jy {t) dt = jy G' (t) dt = + J * dt ; 


and therefore 


yyi{i)dt=fi(x) 


G (a;) G (a) 


X 


a 


+ 


F 


Git) 


dt. 


It follows that, with the hypothesis of summability {G, 1), the integral 

rx Q. (jfi 

— 2 - dt is convergent; and it will be shewn that this cannot be the case 
Ja ^ 


unless 


Gix) 


X 


converges to zero, as a; ~ oo, from which it follows, by the last 
r* G (x) 

theorem, that / [t) dt exists. If — ~ does not converge to zero, a positive 

number exists such that G {x) > K^x, or G(x)< — K^x, for aU sufficiently 
large values of x. It will be assumed that G (x) > K^x, for such values of 
x; we may take < K. Let X be a value of x such that G (X) > KxX, 

and let = n — ^ j X ; then, for Xi ^ x ^ X, we have 


Gix)-G (X) I = 


J X 


dt 


<K{X-x)&KiX-Xx)-, 


and therefore G (x) S.G (X) — \ G {x) — G (Z) ] > \KxX: 
We now have 

w 






rX (jj. U\ 

and therefore I ' is greater than some fixed number ; clearly this 

f" G (t) 

is inconsistent with the convergence of the integral ' dt. 

J a. V 


266. A general method of summation, of importance in connection 
with the theory of Fourier’s integrals, has been treated in detail* by 
Hardy, C. N. Mooref, BromwichJ, and others. 

Let a function {x), defined in the interval (0, oo), satisfy the conditions 
(1), that <f>'' (x) is continuous, and is positive when x is greater than some 
fixed number, (2), that ^ (x) has only a finite set of maxima and minima, 

• =o 

((3), that <f> (x) dx exists, and (4), that (f> (0) = 1. 

.'o 

* Camb, PhiL Trans, vol. xxi (1912), p. 431; see also the same volume, p. 39. 
t Trans* Amer, Maih 8oc, voL vnt (1907), p, 312. 

X Math. Annalen^ vol. lxv (1908), p. 367. 


25-2 



388 Sequences of Integrals [ch. v 

It follows from these assumptions that <j>' {x) is negative, for all 
sufficiently large values of x, and that it then increases steadily, converging 

to 0, as a: 00 . It follows also that ^ {x) is positive, for aU sufficiently large 

-00 

values of x, and decreases steadily to zero. The integral <f}' (x) dx exists, 

J a 

where a S 0 and since (x) is monotone for all sufficiently large values of x, 

lim x<f>' {x) = 0. 

Further, since 

f t<f>" (t) dt = x<f>' (x) — a<f>' (a) + <f> (a) —<f> {x), 

J a 

TOO 

it follows that x^'' (x) dx (a S 0) exists. 

J a 

If the function ^ (x) be defined so as to satisfy the above conditions, 

the integral / (a:) dx (a S 0) will be said to be summable and to have the 

J a 

f oo 

<j) (kx) f (x) dx = s, the convergence of k to zero being 

a 

through positive values. 

Important special cases of summation (<f>) are when <f) (x) — e-^, or 
^ (x) = 

This definition satisfies the condition of consistency, for if / (a:) dx 

J a 

exists, and has the value whether the convergence be absolute or not, we 

/-oo 

see that </> (kx) f (x) dx converges to / (x) dx, or s, since 1 — </► {kx) 
J a J a 

satisfies the conditions of the last theorem in § 281, when k has any sequence 
{!:„} of values converging to zero. 

The following theorems are given by the writers referred to above : 

(1) If I f (x) dx is summable (C, 1), and has sum s, and if 
J a 

lim <}> (kx) f f (t) dt — 0, 

X'-^OO J a 

for every positive value of k, then f{x) dx is summable {</>), and its sum {cf>) 

J a 

is s, 

I " ^ 

/ {x) dx is summable and | xf (x) | is less than a fixed 

* ^ oc 

positive number K, then f(x)dx is convergent, and has as its value the 

J a ! 

sum (<f>). 

This is the analogue of the theorem in § 64 for series. 



CHAPTER VI 

THE CONSTRUCTION OP FUNCTIONS WITH ASSIGNED SINGULARITIES 


THE CONDENSATION OE SINGULARITIES 

267. A method of constructing functions which possess, at an infinitely 
numerous set of points in a linear interval, singularities in relation to 
continuity, derivatives, or oscillations, has been given by Hankel. The 
method depends upon the employment of functions which at a single point 
possess one of the singularities in question, and consists in building up, by 
the use of such a function of a simple type, the more comphcated analytical 
representations of a function which possess the singularity at an every- 
where-dense set of points. To this method, Hankel* has given the name 
“Principle of condensation of singularities” (das Prinzip der Verdichtung 
der Singularitaten) ; the name may however be conveniently applied to 
other methods of constructing functions capable of anal 3 rtical representa- 
tion, which have been given more recently by other writers. 

Let ^ {y) be a function defined for the interval (— 1, + 1), bounded in 
that interval, and continuous at every point of the interval, including 
— 1, f 1 , except at the point y = 0, where however (0) = 0 . The function 
<}) (sin mrx) is finite and continuous for every value of x which is not a 
rational fraction mjn, with n as denominator, and it vanishes for all points 
at which x has this form. 


The series X where s> 1, is, in accordance with the fact 

n~l 

that </> [y) is bounded, uniformly convergent in every interval ; and its sum 
is a bounded function of x which is continuous for all irrational values of x. 


If <f> {y) were also continuous for y = 0, the function represented by the 
scries would be continuous also for rational values of x, but when <f> (y) is 
discontinuous at y = 0, the properties of the function 

1 ^ 

in relation to continuity or discontinuity at the points where x has rational 
values require investigation. 

The series being uniformly convergent, it follows from the theorem of 
§ 86, that / (x) is continuous at every point at which all the functions 

* See hi& memoir “Untersuchungen ttber die unendlich oft onstetigen im oscillierenden 
Functionen,” Inaugural dissertation (1870), reproduced in Math. Annalen, vol. xx (1882), p. 20. 
The method has been treated in a rigorous manner by Dini, Orundlagm, p. 167. 
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<j) (sin nme) are continuous, i.e. for all irrational values of x. Let us consider 
the values of the function / (») in the neighbourhood of a point x = pjq, 
where p and q are relative primes. We may write the value of / (x) in the 
form 

<f> (sin rig-nx) 1 ^ ^ q^rrx) 

where n, has those integral values only which are not multiples of q. 


The first of these series is uniformly convergent, and its sum is con- 
tinuous at the point p/g; we therefore find that 


/(p/g -I- A) -/(p/g) = t;* + 


1 S 

g*TO-i 


sin qmrrh) 
w* 


» 


where converges to zero when h does so. 


Case I. Let {y) have an ordinary discontinuity at y = 0; we then 
have 


/(p/g 4- 0) -/(p/g) = 
/(p/g - 0) -/(p/g) == 


<t>{± 0 ) I __1_ 
g* ,.,o(2r+l)» 

<A(t0) « 1 

g* r.o(2r+l)* 


0(+ 0 ) I i 

g’ r=i(2r)*’ 

<^(- 0 ) g J_ 

■' > r^r{2rr 


where the upper or lower of the ambiguous signs are to be taken, according 
as p is even or odd. 


If ^ (+ 0), ^ (— 0) are different from one another, and from zero, these 
relations shew that, at a point p/g, for which p is even, the function / {x) 
has ordinary discontinuities both on the right and on the left, the measures 
of the two being not identical. Moreover the same statement may be made 
for a point p/g at which p is odd, unless ^ (-f 0), «^ (— 0) have such values 
that one or other of the above expressions vanishes, in which case there is 
an ordinary discontinuity on one side, and the function is continuous on 
the other side. It is easily seen to be impossible that the two expressions 
can simultaneously vanish, and therefore there is an ordinary discontinuity 
on one side at least. 


If ^ (-f 0) ^ 0, 0 (— 0) = 0, there is discontinuity on the right at the 
points X = 2p'lq, and continuity on the left ; and at the points x — (2p' + l)/g, 
there are discontinuities on both sides, with different measures. 

If ^ (+ 0) = ^ (— 0), so that <f} (y) has only a removable discontinuity at 
the point y — 0, then the function / (a:) has removable discontinuities at all 
the points x — p/q. 

In every case the function / (x) is a point- wise discontinuous function, 
because its discontinuities are all ordinary ones (see i, § 239). 

Case II. Let <f> (y) have a discontinuity of the second kind, at y = 0, on 
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one side at least. In this case it will be assumed that « > 2. Denoting by 
A the upper boundary of | ^ (y) | in the interval (— 1, + 1), we have 


" <f> (— l|”'*’sinom7rfe) , . , 

S TA {ir[\Psmq7rh) 

A “ 1 




and hence 


^ 2-2 (m +T)2 < 2 ‘ 




f ivlq + h) -fivlQ) = “X- 1 ** sin qnh) + 'qh + i 


U 1 


2—2 • qs’ 


where ^ is such that — 1<C<1, and is dependent on h. 


If <f> (y) have a discontinuity of the second kind on both sides of the 
point y — 0, there are finite oscillations in arbitrarily small neighbourhoods 
of the point on the two sides; if then s be chosen so great that ri./ 2®~2 ig 
less than half the saltus a,t y = 0, we see that / (x) has discontinuities of 
the second kind on both sides at all the points x = pjq. 

If <j> (y) have a discontinuity of the second kind at y = 0, on the right, 
and have a discontinuity of the first kind, or be continuous, on the left, 
there is, at each of the points x = pjq, where p is even, a discontinuity of 
/ {x) of exactly the same kind as that of (f> (y) at y = 0. On the other hand, 
if s be sufficiently large, there is at each of the points x = pjq, where p is 
odd, a discontinuity of the second kind on both sides. For we may express 
f{plq + h) -fiplq) in the form 

I " ^ sin 2r + Iqrrh) I ^ <l> (>sin 2rqTrh) 

(2r+ 1).— (2r).— ■ 

which can, as in the previous case, be reduced to the form 

% + - sin + (sin 2q-rTh) + , 

where are both in the interval (— 1, 1). We thus see that, if s be 

sufficiently great, there are finite oscillations in arbitrarily small neigh- 
bourhoods of pjq on both sides. 

The existence of the factor 1/y* in the expression for / {p/q + h) — f (pjq) 
shews that there are only a finite number of points pjq at which the saltus 
of / {x) is S h, where k is an arbitrarily chosen positive number ; and thus 
/ (x) belongs to the special class of point- wise discontinuous functions for 
wliich the set iC is a finite set, for each value of k. 


EXAMPLES 

(1) Let^ (j/)=sin and <f> (0) =0; the function / (a:) is then defined by 

00 2 

/ (x) = 2 ~ sin (cosec nrrx)y 

where, when x the terms for which n is a multiple of q are to be omitted. This function 
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is, at least when ^>2, a point-wise discontinuous function which is continuous at all the 
irrational points, and has discontinuities of the second kind, on both sides, at the rational 
points. 

(2) Let 2 jsin(2r + l)’"^, 

where a>l. For 0<^^1, we have = for -l^y<0, we have cl>(y)= -1; also 
<f) (0) =0; and thus (j> (y) has an ordinary discontinuity at y =0. 

^oojpoo j f ^ 

The function f(z)=- 2 — J 2 r- sin ] (2r + 1 ) sin nnz 

is a point-wise discontinuous function, which is continuous for all irrational values of x, 
and has ordinary discontinuities on both sides at all the rational points. 



(3) With the same value of (/> (y) as in Ex. (2), let 


/ \ 2 1 
^ 1 [(j) (sin mTx)Y^ 

00 I 

where s>h For any irrational value of x, x (^) value 2 — , and for any rational 

1 ^ 

value of X, the function is indefinitely great. Now let 


/(^) = 



then/(a;)=l, for all irrational values of x^ &ndf{x)~0, for all rational values of x. The 
function f(x) is accordingly totally discontinuous. The values of f(x) are improperly 
defined at the rational points. 


268. Let us next assume that ^ {y) is continuous throughout the 
interval (— 1, 1), and has no differential coefficient at the point y ^ 0, 
where </> (0) = 0, but that, at every other point in the interval (- 1, + 1), 
it has a differential coefficient which is numerically less than some fixed 

/ /T\ 

finite number A. In this case no definite limit for h ~ 0, either 

when h is positive, or when h is negative, or in both cases ; or else the two 
limits both exist, but have different values. 


The numbers ^ which are equal to | 0' {Oh) |, where 0 > 0 (see i, 

§ 262), have a definite upper boundary U (S A) for all values of h. 

Ass uming that 5 > 2, we see that the series 

" 6' (sin nvx) 

TT L - cos mrx 

1 


converges for aU irrational values of x, since the general term is numerically 
less than where B is some fixed number. 
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where x has an irrational value. It will be shewn that this series converges 
uniformly for all values of h. Unless n and h are such that sin nn (x + h) 
and sin n-nx are equal, in which case <f> [sin mr {x + h)] — 4> (sin nirx) = 0, 
we can write the general term of the series in the form 


77 [sin 7177 (x + h)] — <l> (sin mrx) sin J mrh 
‘ sin rnr (x + h,) — sin mrx ' ^nvh 


. cos mr {x + J/0- 


It then follows that the general term of the series is numerically less 


than where F is the upper boundary of the absolute values of the 


F 


n- 


incrementary ratios of the function. Since the series is convergent, 

it follows that the above series converges uniformly for all values of h 
which are ^ 0 ; and consequently, in accordance with the last theorem of 
§ 234, the function / (*) has a finite differential coefficient for any irrational 
value of X. 

Next let X have the rational value pjq. We may then express 




Ii 


in the form 


“ ^ [sin 7?.„77 (x + /t)] — ^ (sin7ig77jc) 1 " ^ (— 1 sin mq irh) 

^ hm^ 


'tfi'Q-' <fm~l 

where 7i, has all positive integral values which are not multiples of q. In 
accordance with the above proof we see that H ^ (^^^ ^^ 773 :) 


rij-l 


n/ 


value X = pjq, a finite differential coefficient which is the sum 


00 

77 S 


f0„ 


We have now shewn that 




^ 6' {sin n^TTp/q) . 1 <f> {- sin mq-rrh) 

ttS r cos n,7rp/q + 7}^ + - 2 ^ — 2 — , 


n<f^l 


n, 


S~1 


qm-1 


hm^ 


where is a number which converges to zero when h is indefinitely 
diminished. 


Case I. Let ^ {y) have definite derivatives on the right and on the left 
when y = 0; and thus has one limit <^' (4- 0) for positive values of h 
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converging to zero, and another limit 0) for negative values of h so 
converging. We thus have, when p is even, 

/ '^(g) S <f>' (sin Ugirplq) . 

i- ^ TT 2 ■■ ^ g-i • CO® 

ng-l 


lim 


h 


n, 


+ 


Trff)' (+ 0) 


g*"^ m-i 


. ^{q "^(g) V <!>' (sinn^TTpjq) , 

2 3 ^ .j^-Jiu.icQgngTTp/q 

7r<f>' (- 0) » 1 


lim 

ft ~0 


h 


77- 2 
?lg“l 


n„ 


+ 


rfS—l 


For an uneven value of p, we find 


= 1 m 


s-l 


lim 


^ <f>' {^mn^rrplq) , 

77 S ^ ^ -_V ^'^^cosw,77p/g 

7lg-l 


77<^' (+ 0) 


00 

4. zx. 2 

^ g»-i r=i(2r)-i 


1 n,f>' (-0) « 1_ _ 

’ ■ g*-r ,.o'(2r+ir^’ 


lim 

ft ~0 




h 


CO 

= 77 S 


<f>' (sinngTTpjq) 

- - »--i— - cosn.,77p/g 


•n(j>' (+ 0) 


n, 

1 


1 


g"-^ r-i(2r+l)* 


■nj>'(-^ y 
-1 g^-i r-i(2^‘ 


From these results it is seen that / (a;) has, at the rational points, 
definite derivatives on the right and on the left, differing in value from one 
another, and therefore, at all these points, the function has a singularity of 
the same kind as <f) (y) possesses at the point y = 0. 

Case II. Let cf) (y) have, on one side of ?/ = 0 at least, no definite 
derivative. Unless mqhis an integer, in which case <f> (— lj”**’sinmg7r/t) = 0, 
we have 


— 1 1 sin mqTrli) ^ ( — 1 sin mqnh) sin mq-nh j \ „,p 9’’’' . 

^'1 “»> sin OTg77^ ‘ mqrrh 


hm^ 


and this is numerically less than . It follows that 


— V 0 (— 1 sin rngnJi) 1 ^ (— 1 ^singTr/t) 


rm-l 


hm* 


T 

ttV « 


h 


+ P, 


where P is numerically less than 2 — By taking a sufficiently 

g TO - 2 w® 

large value of s, the number P may be made as small as we please, and 
therefore 


2. S ^ (— I sm.mqTTh) 
g«TO-i tim* 
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will, for a sufficiently large value of s, oscillate in the same manner as 

1 ^ (— l|*’sing'7rA) 




as h is diminished indefinitely. It is thus seen that — has, 

on one side, or on both sides, of h = 0, no definite limit; and thus / (a;) has 
no differential coefficient at any of the rational points, provided a sufficiently 
large value of s be chosen. 

EXAMPLES 


(1) Let0 (y) =yov -y, according as yis positive or negative. The corresponding function 
00 2 

/ (x) is 2 —V siu^ nnx, where the positive value of the square root is to be taken. This 
1 ^ 

function is continuous, and has a differential coefficient for all irrational values of x. At 
the rational points it has no differential coefficient, but has definite derivatives on both sides. 


/ox \ • /I XU V ^ sin HTTcr [log sin^ 

(2) Let (l>iy)=y sin (log y^), then / (a;) == 2 - . 

1 ^ 

The function / (*) is continuous, and has a finite differential coefficient for all irrational 
values of If s be sufficiently large, it has no definite derivatives either on the right or 
on the left, for rational values of x; the four derivatives at such a point are all finite. 


269. Let it next be assumed that <f> {y) is continuous in the interval 
(— 1, 1), and has a finite differential coefficient at every point except at 
y — 0, but that this differential coefficient has no upper boundary to its 
absolute magnitude in any neighbourhood of the point y = 0. In this case 
<!> (y) may either have a differential coefficient at y = 0, which is finite or 
indefinitely great; or it may have indefinitely great derivatives, on the 
right and on the left, of opposite signs ; or it may have no definite derivatives. 
When 0 (y) is a function of this type, it is not certain that/ {x) has differential 
coefficients for irrational values of x-, for the differential coefficients 
(sin nnx) are not all numerically less than a fixed finite number, for 
such a value of x, and for all values of n ; and thus the argument of § 268 
does not apply. 

For a rational point x = p/y, we have as before, 

^ \q / •^ \q) _ 2 ^[sin n^rr (x + h)\ — <f> (sin n^nx) 

h 71,-1 

1 “ ^ (— l|”’»’sinmy77-^) 

^ q^m-i hm’ 

The theorem of § 235 will be applied to shew that the function 
S has, for the value p/q of x, a differential coefficient obtained 

Itj-l llg 

by means of term by term differentiation of the series. 
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The first condition required by the theorem in question, viz. that the 
terms of the series 

•shall be definite, and that this series shall converge, is certainly satisfied. 
To shew that the conditions relating to 





(-) 

\qi 

h 

> 

h 


are satisfied, we observe that (a;) < — — ^ , where U denotes the upper 

limit of I ^ (y) I in the interval (—1, 1). Let t be so chosen that 

1> t> — , (-S > 2), and let m be that integer next greater than | A | 

which is not a multiple of g; we then have | I > I |i-(s-i)t jt; follows 

that, for each fixed value of h, m has been so chosen that 




Rm 

(f) 

h 

y 

h 1 


are both less than U | h and are therefore both less than e, pro- 
vided I ^ I < 8 ; where 8 is fixed so that < e. It is clear that 8 

may be chosen so small that m exceeds an arbitrarily prescribed integer 
m', for all the values of h such that | | < 8. 

We have lastly to prove that the sum of the first m terms of the series 
of which the general term is 


(/> sin iigTT ^ 

- + M1- 

q J 

-<^(sinw,7r^) 

77^' ^sin rifjTT 


hn/ 




is numerically less than c. 

mi “ 1 m 

This series may be divided into two portions S and S, where is a 

1 mi 

00 I 

fixed number independent of h, so chosen that the sum S - - ^ is less than 

mj '^q 

an arbitrarily chosen number rj. The sum of the first terms of the series 
under consideration can be made arbitrarily small, by taking 8 sufficiently 
small ; for the number of terms is independent of h. We have then only to 

m 

consider the sum 2. 

mi 

ip . 1 

Since - differs from an integer by at least - , 


it follows that 
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<f>' ^sin n^TT is numerically less than some fixed positive number U', for 


all values of w, . We therefore see that 


m 

V 

(sinw,7r|^ 

cosn.- 

q 

mi 




s — ^ 1 <nnU'. 

/yj b — 1 * 

r/ii '^Q 

Further, m has been so chosen that m — | ^ | -* < 1 ; from which we 
have m I I = | A + 0 | A | , where 0 < 0 < 1. If 8 be now so chosen that 

8^-* + 8 < l/2g, the two numbers from one another 

by less than “ ; moreover they are never integers, and contain no integer 
between them, and they differ from the nearest integer by more than . 
It follows that, for all values of y between sin n^Tr ^ and sin n^TT ^- + 8^ , 

m 

where w, has the values belonging to it in the series, 'L,(f>{y) has a differential 

mi 

coefficient numerically less than some fixed number U”. 

(f) sin UgiT ( - + /i ] —4> (sin n^ir - j 
Writing — — - ^ in the form 


cj) sin /ij — <j> ^sin ^ 

sin WgTT ~ 




sin 2 ngirh 




7T 

we see that this term is numerically less than — U" . It now follows that 

rrix 

S <7T-q{U" -VU'Y, 
m 

and this is numerically as small as we please, if we choose rj and 8 sufficiently 
small. It is therefore possible to choose 8 so small that the last of the 
requisite conditions is satisfied, for all values of | /t | < 8. 

It has now been proved that 

— , — - 77 S — 2- COS n„7r- + a 

h 1 q 

1 * <^{— 1 ’"® sin mg'Trj^) 

^q^m-i hm» ~ ’ 

where a and h converge together to zero. 

The second series on the right-hand side of this equation can be writteni 
in the form 


1 1 sin nqTrh) 1 


^ I np mxnqirh) 




_l- _ 2 y ^ I 

q" n-«t+l 



398 Construction of Functions with Assigned Angularities [ch. vi 

where m is fixed as before, for each value of h. The second sum is arbitrarily 
small, for a sufficiently small value of 8. We have then to consider the first 
smn, which may be written in the form 

TT — ll”*" ^ (— ij"** sin nqTrh) &m.nq'nh 
3*“^ 71 ~i mxnqirh nqnh 

and we now consider this sum in the different cases which arise when various 
assumptions are made as to the natxire of the derivatives of (y) at the 
point y — 0. 

Case I. Let <f> {y) have the derivative + oo , at y = 0 on the right, and 
the derivative — <» , at y = 0 on the left. It is clear that, for positive 
values of h, all the terms of the series have one and the same sign, 8 having 
been chosen so small that mh is also sufficiently small ; also it is clear that 
the first term of the series becomes numerically arbitrarily great for 
sufficiently small values of h. It therefore appears that the sum of the 
aeries becomes indefinitely great, as h approaches the limit zero from the 
right-hand side. If h be negative, the terms of the series all have the same 
sign, the opposite one from that which they have when h is positive, and 
as before, the sum of the series is indefinitely great as h converges to zero. 

It has therefore been shewn that 



h 


has the limit -t- oo on one side of the point and — oo on the other side. 

The singularities of the derivative of / [x) at the rational points have the 
same peculiarity as that of <f> (y) at the point y = 0; i.e. derivatives on the 
right and on the left exist, which are infinite, but of opposite signs. 

Case 11. Let <f> (y) have a differential coefficient at y = 0, which is either 
-t- oo , or — 00 . 

It is then clear that, in case p be even, 

h 

has the same limit -f oo , or — oo , as ^ • If p be odd, the terms of the 

series under examination have alternate signs, and no conclusion can in 
general be drawn as to the nature of the derivatives of / (x) at the point 
P 

x = -. 

3 

Case III. Let ^ (y) have a finite differential coefficient at y — 0. 
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In this case, as is easily seen, / {x) has, at the point ^ , a definite 
differential coefficient of which the value is 

^ ^'(sin»i77-) 

^ ^ \ q) p 

rr 2 j . , ^ cosro77-. 

M = i q 

Case I V. Let <f> (y) have finite derivatives at y — 0 on the right, and on 
the left, which differ from one another. In this case / {x) has, at each 
rational point, finite derivatives on the right, and on the left, which differ 
from one another. 

Case V. Let D+ <f> (0), D+ <f> (0), D- <f> (0), D. cf> (0) be all finite and 
different from one another. The function / (a;) has then at - , at least when 
p is even, the same peculiarity as ^ (y) at y = 0. 

EXAMPLES 

(1) Let (/)(y)=ysin ^, </> (0) =0. The corresponding function /(a:) is given by 

1 

^ sin r»rx sm — 

f(x) =2 ' . , where s >2. 

1 

This function is continuous, but has no definite derivatives at the rational points. No 
assertion can be made as to the derivatives at the irrational points, because the differential 
coefficient (j)' (y) has indefinitely great values in every neighbourhood of y =0. 

a 

(2) Let 0 (y) = where a, ^ are positive integers such that 2a <^, and the real positive 

values of the root are taken. We then have 

a 

" (ain^nwx)^ , 
fix) =2 . where »>2. 

1 n* 

This function is continuous, and has, at all rational points, indefinitely great derivatives 
on the right, and on the left, of opposite signs. No assertion can be made as to the 
derivatives at the irrational points. 


cantor’s method op condensation op singularities 

270. A method of constructing a function which exhibits, at an every- 
where-dense set of points, some singularity, either in relation to continuity, 
or to its derivatives, has been given by Cantor*. Let <f) (y) denote a function 
which is continuous for all values of y in the interval (— 1, 1), except y = 0; 
and let ^ (0) = 0. Let O denote an enumerable set of points cui , a> 2 , cug , . . . , 
which may be everywhere-dense. The method of condensation consists of 
the construction of the function 

00 

/ (a:) = S c„<f> {x - co„), 

I 

♦ Math AnnaUn^ vol. xix (1882), p. 588. See also Dini’s Orundlagen, p. 188. 
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where Cj, Cj, , c„, ... are positive numbers, so chosen that the series Sc„ 

1 

00 

is convergent, and that S c„(f> {x — w„) converges absolutely for each value 

n-*" 1 

of X, and uniformly in every interval. 


This method has two advantages over that of Hankel. In the first place, 
the points «oi, coa, ... do not necessarily consist of the rational points of the 
interval (— 1, + 1), but may form any enumerable aggregate. In the second 
place, for a value a>„ of x, the singularity in question is exhibited by the one 
term c„^ (» — <«„) only, of the series which represents / (a;) ; whereas in 
HankeFs method, the singularity of <f> {y) Sbty = 0 is exhibited, for x = p/q, 
by an indefinitely great number of terms of the series which represents the 
function formed by condensation. 


Let now ^ (y) be discontinuous at y = 0 ; then, for any value of Xg of x, 
which is not one of the values of G, the terms of the series Sc„(^ {x — w„) 
are all continuous; hence, since the series converges uniformly in any 
interval containing Xg, it follows that/(a:) is continuous at Xg. Again, in 
order to consider the continuity of / {x) at the point , we may separate 
the term c„<f> (a; — tt)„) from the rest of the series. As before, the series which 
consists of all the terms except the one c„cf> {x — co„) represents a function 
which is continuous at x — con, but {x — co„) has at u)„ a discontinuity 
of the same character as that of (f> (y) at y = 0. It has therefore been shewn 
that / (a;) is continuous at every point which does not belong to G, but has 
at every point of a discontinuity of the same character as that of (f> (y) 
at the point y = 0. If ^ (y) have a finite saltus A: at y = 0, the saltus of 
c„<l> {x — (tin) at (tin is kCn. Heuce, on account of the convergence of TiC„, 
there are only a finite number of points a>„ at which the saltus of / (x) 
exceeds any fixed positive number. The function/ (a:) is therefore a function 
that is integrable {R). 


Let it next be assumed that <f» (y) is continuous throughout (— 1, 1), and 
possesses a differential coefficient for every value of y except y — 0; and 
that the differential coefficients are all numerically less than some fixed 
positive number B. It then follows that the four derivatives of (/> (y) at 

\(f>{h) 


y — 0 are aU finite; it also follows that 


h 


is less than some fixed 


number A, for all values of h which are numerically less than some fixed 
number 8. 


We now see that for any pair of points y^ , y^ such that | yi — y 2 1 < S, we 
have 

Vi-Vz 
be denoted by C, 


< the greater of the numbers A and B, which may 
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If X be not a point of Q, the sum 




<i> (x + h — (o„) ~<f>{x — <t}„) 
h 


00 

is < O' 2 c„, 


provided | A | < 8 ; hence the series is uniformly convergent for all values of 
h such that 0 < | /i | < 8, and therefore it represents the value of /' (x). 

In case a; be a point <o„ of G, wo separate from the series which represents 
/ (x), the term c„<f) {x — a>„). It appears then that the remaining part of the 
series represents a function which has a definite differential coefficient A (oo„) 
at • 


We have therefore 


h 



+ A (a>„) + 


c, 


where ^ converges to zero when h does so. It thus appears that / (x) has no 
definite derivatives at x = co„, but that it has at the point the same kind of 
singularity as (y) has at the point «/ = 0. 


EXAMPLES 

(1) Let (fi (y) —y - sin (I log y^). This function has a differential coefficient (f>' (y) for 
every point except y—0; and 0' {y) oscillates between the values 1 - 1/^2, 1 + 1/^2. 

The corresponding function / (x) ~ SCn<j) (x - an) has a differential coefficient at every 
point not belonging to At the point «=<»„, its derivative osciUates between values 
i<’n («»«) and [\Cn +X {a)„). 

(2*) Let <i>(y) ~>fi then (^'(0)=+oo. The corresponding function 2c„ (a: -<»„)* has 
differential coefficients which are finite at a set of points not belonging to G. At a point 
aj„ of G, we have / ' (<o„) = + oo . This example does not fall under the case considered 
above, because | cp' (y) | , for | y | >0, has no upper limit. 


THM CONSTRUCTION OF NON-DIFFEBENTIABLE FUNCTIONS 

271. It has been pointed out in l, § 259, that a function / (x) may be 
continuous at a particular point x, and yet may not possess, at that point, 
a differential coefficient, either finite, or infinite with a fixed sign. A 

simple example of such a function is x sin - , which at the point a: = 0 is 
continuous, but whose derivatives, both on the right and on the left, 
oscillate in the interval (— 1, 1) ; similarly the function a:* sin - is continuous 

at the point x = 0, but the derivatives, both on the right and on the left, 
oscillate through the interval (— oo , oo ). The question of the existence 

* This function has been studied by Brod^n, see his paper “Ueber das Weier- 

strass-Cantor’sche Condensation verfahren,” Stockholm Ofv,, 1896, p. 583; also Math. Annalen, 
vol. hi (1899), p. 318. See further Pompeiu, Math. Annalen, vol. Lxm (1907), p. 326, where it is 
shewn that, if the series be denoted by t, the inverse function (t) is a continuous function 

with a limited differential coefficient, which is zero at an everywhere-dense set of points, provided 
the series be convergent. This function is accordingly everywhere-oscillating. 


HII 


26 
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of a continuous function which at no point has a differential coefficient, 
either finite, or infinite with fixed sign, was settled affirmatively by the 
construction by Weierstrass* of such a non-differentiable function. This 
example of a non-differentiable function, namely the function 

QO 

y — 'L a” cos {b^nx), 

where b is an odd integer, and a is such that 0 < a < 1, and o6 > 1 + fw, 
was first published^ by du Bois-Reymond, with Weierstrass’ own proof. 

Attention has however been directed J by M. Jasek of Pilsen to the 
existence of a manuscript by Bolzano, said to date from the year 1834, in 
which Bolzano defined a function, continuous in a finite interval, which 
he proved to possess no finite differential coefficient at any point belonging 
to a certain set ever 3 rwhere-dense in the interval. It has been shewn by§ 
K. Rychlik that, in point of fact, Bolzano’s fmiction possesses no differential 
coefficient, either finite or infinite (with fixed sign), at any interior point 
of the interval for which the function is defined ; at the left-hand end-point 
of the interval there is a derivative on the right of value l- oo , and at the 
right-hand end-point the derivatives on the left are oscillatory. 

An example of a non-differential function was published 1| in 1890, due 

00 

to Cell6rier, namely, y = S a-" sin a“ «, where a is a sufficiently large even 

integer. There is evidence that Cell6rier discovered that function as early as 
1830. This function is however not non-differentiable in the same strict 
sense as in the case of Weierstrass’ function, for, although it has no finite 
differential coefficient at any point, it has a differential coefficient + oo , 
at the points of an everywhere-dense set of points x, and a differential 
coefficient — oo , at the points of another everywhere-dense set. 

A general theory of the construction of non-differentiable functions 
was given ^ by Dini, which includes that of the Weierstrassian function 
as a special case. Methods of construction of such functions, dependent 
upon the employment of assigned functional values at the points of 
enumerable everywhere-dense sets, have been developed by Faber** and 
by Steinitz f f. 

* Werke, vol. n, pp. 92, 97, 223. 

t Cr cue's Journal, vol. Lxxix (1875), pp. 21-37. 

$ Sitz, herichte der L Bohm Ges, der Wiss, (1920-21). 

§ Ibid. (1921-22). 

II Bull, dea Sc. Math. (2), vol. xiv (1890), p. 152. A discussion of Celleiier’s function has been 
published by G. C. Young, Quarterly Journal of Math. vol. xlvxi (1916), pp. 137, 171; see also 
Falanga, Qiorn, di Mat. vol. Lix (1921), p. 137. In both of these writings however the existence 
of the infinite differential coefficients was overlooked. 

% Annali di Mat. (2), vol. vni (1877), p. 121; see also Dini-Luroth, Qrundlagen filreine 
Theorie der Funklionen einen verdnderlichen reden Orosse, Leipzig, 1892, pp. 205-29. 

** Math. Annalen, vol. Lxvi (1909), p. 81, and vol. lxix (1910), p. 372. 

tt ibid. vol. Lii (1899), p. 58. 
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It has been shewn* by E. H. Moore that the space-fitting curves given 
by Peano, Hilbert, and Moore (see i, §§ 326-328) are at each point devoid 
either of a unique derivative on the right or of a unique derivative on 
the left, and thus may be regarded as non-differentiable functions ; although 
these curves do not represent single-valued functions, and thus do not 
belong to the class considered here. 

A simple method of constructing functions which are non-differentiable 
in the strict sense has been given •(• by Knopp. This method, of which a 
short account will be given below, is applicable to obtain Weierstrass’ 
function and various other such functions which have been obtained by 
other mathematicians. 

fix.) — fix) 

272. Let the incrementary ratio ■' ' , for the continuous 

X 2 ^2 

function /(«), corresponding to the two points x^, X 2 , be denoted, as in 
I, § 277, by 1 (x^, x^. If a; be a fixed point, and X 2 < x < x^, we have 

I , Xf) = I {xi , x) — 1 {x^, x) ^ ; and it follows that I (x^ , X 2 ) 

X-y "" X^ ^2 ~~ ^2 

lies between the two numbers / {Xy , x) and 1 {x^ , x) ; and when these have 
equal values, I {Xy, x^) has the same value. 

If lim I (xy, x), lim I {x 2 ,x) have one and the same unique value, either 

X.i'^X 

finite, or f 00 , or — 00 , lim I (ajj, ajg) is unique, and has the same value. 

Xt'^Xt Xi'^X 

Conversely, if lim I {Xy , x^ has a unique value, independent of the modes 

Xi'^X 

in which Xy and x^ converge to x, then I {xy, x), I (x^, x) each converges or 
diverges to that value, and there is a differential coefficient, finite or 
infinite, at the point x. 

It follows that, in order that the function may be non-differentiable 
at the point x, it must be possible to obtain two pairs of sequences of 
Xy, X 2 , where each of the four sequences converges to x, such that I (xy , x^) 
does not, for the two pairs of sequences, converge or diverge to one and the 
same value. This is applicable as a criterion to establish the non-dif- 
ferentiability of a function at a particular point. In particular, it will be 
sufficient to shew that I {Xy, x), I (x^, x) have not one and the same unique 
limit as Xy ~ a;, *2 ^ x, or that this is the case for I (Xy, x) and / (xy, x^). 

As an important example of the use of this criterion, we shall first 

oo 

consider Weierstrass’ function f (x) = S cos {b’^irx). Let x have a fixed 

r-O 

value, and let c„ be the integer, corresponding to each value of n, such that 
c„ - Js6”a;<c„ -h i- • 

♦ Trans, Amer, Math, Soc, vol. i (1900), p. 72. 

t Math. Zeitschr, vol. n (1918), p. 1. This memoir contains a very full reference to the 
literature of the subject. 


26~2 
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First, let 
then I , Xa) 


^ gn-1 + ^ 

*2 “■ kn » — 


6« 


6 " ’ 


hn i 2 a*" (cos b‘'lTXi — cos b'^TTX^ + (— 1 )®" — 

r-0 A “• 


a 


3776'- 


it being assumed that 6 is an odd integer. 

Since | cos 6’’ 77 X 1 — cos b'^-nx^ | & b^ir (x^ — Xj) 

( 1 y n 1 

we have I (Xj , Xj) = f a” 6 ” + A 77 - 

o 1 — a 

where — 1 S A S 1 . In case 
2 1 


a6 — 1 ’ 




we have I (x^, x^) = (— 1)«" a”b^N„ 


A77 


manner, if we take x^ 




b” 


, Xj 


a6 — 1 
Cn + 1 


, where N„ > 0 . In a similar 


bn 


, we find that 


I (x/. Xa') = — (— l)'^a”b”Nn — 


77 


aft - i’ 


where N„' > 0 , and — 1 S A' S 1 , wliere, as before, aft > 1 ■+• §77 (1 — a). 


In case there is in {c„} a sequence of even integers, it is seen that, as 

c„ has successively the values in this sequence, I (Xi, Xa) is positive and 

increases indefinitely, and I {x^ , x^) is negative and increases indefinitely 

in numerical value. It follows that there is no differential coefficient at 

the point x. The same conclusion can be made in case {c„} contains a sequence 

of odd integers. The theorem of Weierstrass has thus been established 

that, ft being an odd integer, if 0 < a < 1 , aft > 1 H- §77 the continuous 
00 

function S a" cos (ft" ttx) is non-differentiable. That the inequality 

n»0 

a6 > 1 + |7r 

may be, as is shewn above, replaced by the less stringent condition 

aft > 1 + f 77 (1 — a) 

was proved by Bromwich*. 

G. H. Hardy has shewnf, by a method which is much more abstruse 

than the one which has been employed above, that, if 0 <a<l, aft^l, 

00 

whether ft be integral or not, the function S a" cos ft"x has no finite 

differential coefficient, and he has obtained other properties of this and 
similar fimctions. 


It will now be shewnf that Weierstrass’ function, when the integer ft is 
subject to the condition aft > 1, has, at an*everywhere-dense set of points, 
a unique derivative on the right equal to — 00 , and a unique derivative on 

* Theory of Infinite Series, p. 490. t Trans. Amer. Math. Soc. vol. xvii (1916), p. 301. 

t Seo G.C. Young’s memoir. Quarterly Journal,yol.xij\n{l9l6), p. 167,Vherethi8isestabli8hed. 
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the left, equal to + oo ; and that at the points of another everywhere-dense 
set, there are unique infinite derivatives, 4- on the right and — oo on the 
left. In geometrical language, the function has cusps at the points of two 
everywhere-dense sets ; in these sets the cusps point in opposite directions. 

Consider the point a; = 0, we have then 

= I a« {1 - cos b^TTh) = 2 S a» sin® |6«7r/t; 

let m be the positive integer such that | [ 6”* S 1 < | ^ | we have 

then 

~ > 26™ ”ir a» sin® J6»7r I 6 1 ; 

and since sin |6”7r | 6 | > i (6“7r | //-[)> 6”~”*“^, we have 


/( 0 )-/(/ 0 . 
h 


2 ,, 2 a”*6®“ 2 a''‘6“ 

V fjU h2n _ \ 

6^'*+® n-o 6“+®a6® — 1 6®a6® — 1 ‘ 


As m increases indefinitely, h converges to zero, and since for ah > 1, a”'6”* 
increases indefinitely, we have 


£)' /(O) - D+/(0) = - oo , and D-f{0) = D_f (0) - -f- <» . 


Let X = x' where r is any positive or negative integer, and m is 

a positive integer ; we have then 

m-l 00 

/(*)= a”cos6"7ra;+ S a"cos6”7ra;'. 

n^m 


The first term on the right-hand side has a finite differential coefficient 
2/* 

at the point a; = , and the second term has a unique derivative — oo , 

on the right, and a unique derivative + oo , on the left. Thus at the 

2/* 

everywhere-dense set of points a: = ^ , we have D+f{x) = D^f{x) == — oo, 

2t -|- 1 

and D~f (a;) = D_f (x) — oo . If we take x x' \- — > we have 

m-l 00 

f{x)= S a” cosb^TTX — S a" cos 6”7ra:' ; 
therefore, at the everywhere-dense set of points x = have 

D+f{x) = D+f (a:) = -f- 00 ; £)-/ (a;) = D_f (a;) = - oo . 

It does not appear to be definitely known whether a non-differentiable 
function can exist which has no cusps. 
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278. The function given by Cell^rier will be now discussed. 

00 J 

Let / (a?) = S — sin a^x, where a is an even integer. We have 
f{x + h) -fix) = s i {sin a” (x + h)- sina»a:}; 

n-1 ® 

277 » 

if now ^ where m is a positive integer, all the terms on the right- 

hand side vanish, except the first m — 1 terms ; thus 

h „_1 27ra“-”‘ n-i 2Tra^-^ 


The first sum on the right-hand side differs from S cos a"a; by less than 

m-1 1 / 277 277^ 1 

S ( I , if we assume that a > 2; and this is less than . -i ; the 

„_i6Va”*-“/ 3a a - 1 

general term in the second sum is numerically less than rra"-™, hence the 

77 

sum is numerically less than j . We thus have 

=== ”s^cosa«a: -h XO, 

n ft-i 

where | 0 | < 1, and A is a positive number dependent only on a, and 
which may be made as small as we please by taking a sufficiently large. 

If we take h — - , the mth term in the incrementary ratio /„/ does not 

Cb 

2 

vanish, but has the value sin a™*:; the succeeding terms all vanish, 

7T 

tn-1 2 

and we find that = S cos a” a; sin a”* a: + X'9', where I 0' I < 1, and 

n-i 

A' is a positive number dependent only on a, and which becomes as small 
as we please by taking a sufficiently large. From the above results we have 

Im+i - Im = COS a™a; -H 2X0", 


Im — Im — - sin a'^x + 2X'0'” ; 

77 


when \0" \, I 6'" | are less than 1. It follows that 


is, for all values of m, greater than 1 — 2{4A20"2 + n^X'^6'"^}i, or than 
1 — 4ir (A® -f A'*)*, which is certainly positive, if a be large enough. 

It is consequently impossible that and should both have unique 
finite limits which have the same value, for it is impossible that both the 
conditions lim (/„, — /„') = 0, lim {Im+i — Im) = 0 should be satisfied. 

m'^oo 

Therefore, if a be a sufficiently large even integer, / (x) has at no point a 
finite differential coefficient. In order that /„, and may both have the 
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same infinite limit, + qo , or — oo , it is not necessary that these conditions 
should be satisfied. It will be shewn here that there is an everywhere-dense 
set of points in which Cell6rier’s function has a differential coefficient 
+ 00 . In geometrical language, the curVe represented by Cellerier’s function 
has a set of points of inflexion. At the point a; — 0, we have 


/W-/{0) 
h ^ 


.1 a”^h 


sin {a”h ) ; 


let m be such that a*” | /t | S | ^ | ; then the sum of the first m 

^Lyth 

terms on the right-hand side is positive, and greater numerically than — . 


The sum of the remaining terms is numerically less than S „ i . i . or 

n~m+l ® 1^1 

If m be indefinitely increased* ^ - ■ diverges to 4- co , 


than 


/ ^ \ J.JLXV>1.V>XXXXX vv/x y JL & l.v/x xy wk^v/vx 7 

77 (a — 1) h 

whether h be positive or negative. It follows that, at the point a: = 0, the 

ttt 

function has a differential coefficient -f- qo . Let ^ ^ > where r is 

any integer and m is a positive integer. We have then 


m QO 1 

/ (^) = ^ *) + ^ „n ; 

Ttt 

and this function has a differential coefficient oo at the point x = 

.since the first sum has a finite differential coefficient. It has been shewn 
(i, § 298) that the set of all the points at which the differential coefficient 
is infinite has a measure zero. 


The method which has been applied above to shew that Cellerier’s 
function has, for a sufficiently large even integer a, no finite differential 
coefficient, may also be applied* to prove the same property of Weierstrass’ 

OO 

function S a” cos (b^vx), where 0 < a < 1, and 6 is an odd integer such 

71 1 

that a6 S 1 . 


274 . An account will now be given of the mode of construction of non- 
differentiable functions developedf by Knopp, and which has been already 
referred to in § 271. 

Let u„ (x) be a continuous function, defined for each value of n (0, 1, 2, 
3, ...) for the indefinite interval (— oo, oo), as a periodic function, of period 
21, so that {x) — n„{x + 21). 

* This has been carried out in detail by Falanga (loc, cit.), where however the condition that 
b must be odd is omitted, although it is necessary in the process. The possibility is also overlooked 
that the function may have an infinite difierential coefficient. 

t Math, Zeitschr, vol. ii (1918), p. 1. In this memoir geometrical illustrations of the method 
of constiuction are given. 
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If c„ be the greatest value of | {x) \ , it will be assumed that the 

00 

series S c„ is convergent, so that, in accordance with Weierstrass’ test, the 

n-0 ^ 

series 'Lu^{x) converges uniformly to a continuous function / (a;). Let 

n-O n 

the partial sum S (a;) be denoted by /„ {x), so that / (x) = lim /„ {x ) ; 

n=*0 ri'^Qo 

we thus have/„ {x) -fn-i (x) --= «n («)./o (^) = '“o {^)- 


It will further be assumed that each function {x) has, in a complete 
period (0, 21) of x, a finite set of maxima and minima, the number of which 
increases indefinitely with n, and so that the greatest interval between a 
minimal point x, of u„ (x), and either of the adjacent maximal points x, 
diminishes indefinitely as n is increased indefinitely. Let ^ be any value 
of X, then $ is in an interval (x^r\ where and x'^^i are two 

consecutive minimal points of {x) ; the point $ may coincide with 
or with x^^h . Let a:'y”\ be the maximal point of (a;) next to, and on the 
left of, the point and let x'^^h be the maximal point of «„(a;) next to, 
and on the right of, the point , and let us consider the two increraentary 


ratios 




/(4+\) 


/( 4 -\) 




of the function / (a;). Since the interval (a:t”\ is determinate for each 
value of n, for a fixed point i, we have, as n is increased, two sets of in- 
crementary ratios of / (a:) such as are considered in § 272, in expressing the 
condition that the function / (a;) shall be non-differentiable at the point x. 
Let it be assumed that, from and after some value m, of ?? , the conditions 

/ (xiti) > / {^r% f > f 

are both satisfied, for n^m \ the two imjrementary ratios then have 
opposite signs. In case both the incrementary ratios increase indefinitely 
in numerical value, as w ~ oo , they diverge to oo and — oo respectively, 
and there is consequently no differential coefficient, finite or infinite, at 
the point f . In order to ensure that this is the case for all points f, let 
be the upper boundary of the set of absolute vahies of the incrementary 
ratios of (a:) for every pair of points; this is the same as the upper 
boundary of the absolute values of any one of the four derivatives of (a;) 
(see I, § 280). It then follows that the values of all incrementary ratios 
for the function /„_! {x) = (x) -I- itj («) -f ... -I- (x), lie in the interval 

bounded by the two numbers rL- (Aq + -f ... -1- A„_i). 

Let it now be assumed that 

(4”^), and u„ > u„ (4+i). 

from and after some value m, of n, wherever the point $ may be; since the 



274, 275] The Construction of Non-Differentiahle Functions 409 

functions are periodic these conditions are finite in number, being all 
obtained by assigning a finite set of values to r. 

It follows that 

f/(4:\)-/(4”') >/n(4:\)-/„(4”^ where 

t/(4-\) >/n (4-\) -/n (4+l) ’ 

Let Bn denote the smallest of the finite set of numbers 


(» r+\) - (4”^) 


Jb 


(n) 


Xr 


/ /(^) \ 


4 +\ 


where r has the finite sf*t of values required for points ^ in the interval 

<0, 21). 

VVe see then, since /„ (x) =/„_i (x) + («), that 


/(xf;\) -/(xD 


,{n) 


X, 


in) 




,{n) 
Xr I 


4 ”+’. 


■ (^0 + + ... + 


■“ + (^0 I + ... + An i). 


If now lim {li^ — (^o + h ... h the required con- 

ri'^cc 

ditions are satisfied by the two incrementary ratios, and the function / (x) 
has consequently at no point a differential coefficient. It has thus been 
proved that: 

It is sufficient, in order that /(x) may be non-differentiahle, that (1), 

Un (4+i) > «n (4”^) ci'i'i'ft (4+\) ffir n S tti, where , Xr+\ are 

any two consecutive minimal points of u„ (x), in order from left to right, 

is the maximal jmint of m„ (x) next on the right of x^fh, and x'J.”\ the 
maxhnal imnt next on the left of x^ ; and (2), that 


lim {Bn - (^0 + 




where An is the upper boundary of the absolute values of all incrementary 
ratios of Un (x), and Bn is the smallest of the finite sets of numbers 


Unirf+l) 


Un (X^"^) 


,(»i) _ Jn) 

r \ \ •^ T 


Un r - I ) ~ (^r + 1 ) 

r - 1 ^r+l 


275. There are four specially simple types of non-differentiable func- 
tions wliich may be defined by the method developed above. 

(1) Let the minima of Un (x), for » S 1, be all zero, from which it follows 
that Un (x) ^ 0, for all values of x. Further, let all the maximal and minimal 
points of Un-x (x) be at zeros of (x). In this case the condition (1), of 
the above theorem, is certainly satisfied, since 

«n(4”^) = 0. ^*»(4+l) = 0, M„ (x'i.+\) > 0, (X'r"\) > 0. 
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(2) Let the maximal and minimal points of (x) be all at zeros of 
Un (x), for n = \,2, 3, .... In this case / (x) = /„_i {x), at any maximal or 
minimal point of u^-i (x). 

(3) Let the minima of (x), for n ^ 1, be all zero; and thus (x) ^ 0, 

and let all the minima of (x) be at zeros of u„ (x), but not as in (1) the 

maxima. 


In this case we have/(a;) =/„_i (x) at any minimal point of (a;). 

(4) At every minimal point of u„_i (x), let 

(«). «n («) + ««+l («)» ...,«„(») + U„+i (X) + ... + (x), ... 

all have negative values ; and at any maximal point of (x) let the same 
expressions all have positive values. 

In this case (^) </n-i (^) 9' minimal point of u„_i (x), and 

fn+m-i (*) > fn~i (*) ^ maximal point of u„_i (»). 

As a simple example of type (1), let tp (x) denote the polygonal function 
which is defined in the interval (0, 1) by 


ip (x) = X, for 0 ^ X ^ ip (x) = 1 — x, for ^ £ x ^ 1 ; 


and which is defined for all other values of x by the law that it is periodic, 
with period 1. 

Let u„ (x) = a”tp (b^x), where a < 1, and 6 is an even integer; since 
0^^(6”a:)^ it is clear that S a”xp{b"x) converges uniformly to a 

n^l 

continuous function / (x). The maximal and minimal points of tp {b”~^x) are 
given by a; — r . > where r is a positive or negative integer, or zero ; 

and all these points are zeros of b”x; hence the function is of t3rpe (1), and 
therefore the condition (1) of the theorem of § 274 is satisfied. The value of 
An is the maximum of | a” 6"^' (b^x) \ which is a" 6”; also since 

1 3 

0, ^ are consecutive minima of u„ (aj), and ^ is the distance of the 

3 

minimal point a; = 0 from the maximal point x -■= The requisite con- 
dition (2), of § 274, is that 

lim (Ja"6" — ab — a^b^ — ... — = oo , 

Tl'^OO 

or lim a”6" — r') = oo , 

\3 ab — IJ 


which is satisfied if a6 > 4. 

It has thus been shewn that : 


oo 


The function , a, a” ip (b^x), where a<\, and b is an even integer, is non- 

n«l 

differentiable, if ah > 4k. 
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The function tft (x) was first employed* by Faber, for the purpose of 
constructing a non-differentiable function. The function actually con- 

00 I 

structed by Faber was the function S ^ (2" 'a;); he shewed that this 

function satisfies the wider condition that — r-r-i — - - ^ 

1^1' 

arbitrarily small positive value of e, has arbitrarily large values. 


for an 


00 00 

In general, the function 'E a„i/f (^„x), where Ea„ is convergent, and 

n = l n-1 

)8„ an integer such that is an even integer, is non-differentiable if 

-f- 02 i®2 "i" • • • "t" ®n-i^n— i) diverges to -)- qo , as u- ^ oo . 

If we take instead of ^ (x) the function | sin tto; | , we obtain the function 


Sa" I sin 6“7ra; | ; when a < 1, and h is an even integer, then S a" | sin b'^wx |, 

m-l 

is a non-differentiable function, of type (1), provided the second condition 
of the theorem of § 274 is satisfied. In this case it is found that An — 

dnfftijj. 

Bn = and thus the condition is fulfilled if - diverges to 


-t- 00 , which will be the case if a6 > 14- fw. 

As an example of a non-differentiable function of type (2), let x (*)' 
denote the polygonal function obtained by joining 

X (x) = X, ior 0 £ X ^ x = 1 — a:, for J S a: S | , 

X (*) =-■ — 2, for § £ x £ 2, 

and extending the function so that it is periodic, and of period 2. 


If (a;) S a"x (6”a:), (x) =--= E (— l)"a”x (f>"x), where 0 < a < 1,. 

n « 1 /I = 1 

and b is an even integer, the maximal and minimal points of 
%„_i (a;) = a”~^X {b”~^x), or (— l)"-^a”-ix (b”~^x) 
are zeros of u„ (x). 

If ab > 1, as in the former case the condition (2) is fulfilled, and it is 
clear that the condition (1) is satisfied. Therefore, when ab > I, the 
functions/*^* (x), (a:) are non-differentiable. 

As before it is seen that the two functions 


E a'" sinb”7TX, 2 (— l)"a” sin 6"7ra;, 

n = l n=*l 

where 0 < a < 1, and b is an even integer, are non-differentiable if 

a6 > 1 -f §77. 

Examples of non-differentiable functions of type (3) are 
E a^ij/ (b^x), E a” | sin b^irx \ , 


* Math, AnnaleUy vol. lxvi (1909), p. 81, vol. lxix (1910), p. 372; see also Jakresber, der 
deutschen Math. Vereinig, vol. xvi (1907). 
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where 0 < a < 1, 6 is an odd integer, and in the first case ab > 1, in the 
second a6 > 1 + 

Examples of functions of t 5 ^e (4) are : 

00 

S a^x [b^x), where 0 < a < 1, 6 = 4m + 1, a6 > 4, 

n-1 

GO 

S a” sin b^TTX, where 0 < a < 1, 6 = 4m + 1, a6 > 1 + frr, 

n^l 

00 

S (— l)"a"x {b”x)i where 0 < a < 1, 6 = 4m + 3, a6 > 4, 

n-l 

S (— l)"a” sin {b'^-nx), where 0 < a < 1, 6 = 4m + 3, a6 > 1 + |7r. 

It is easily verified that, subject to the stated conditions, the conditions 
of the theorem of § 274 are satisfied. If, in the second and fourth of these 

functions we change x into x + ^, the functions become the Weierstrassian 
00 

function S a” cos b^irx, where b is any odd integer, 0 < a < 1, a6 > I + fw. 

n-1 

THE CONSTRUCTION OF A DIFFERENTIABLE BVBRYWHBRE-OSCILLATINO 

FUNCTION 

27 6 . The first attempt to construct a function with maxima and minima 
in every interval, which should have at every point a finite differential 
coefficient, was made by Hankel*. The function which he constructed is 
however not an everywhere-oscillating function. By Du Bois-Reymondf 
the view was expressed that no such function can exist, but Dini J regarded 
the existence of such functions as highly probable. The first actual con- 
struction of such a function is due to Kopcke, who having first § constructed 
an everywhere-oscillating function with derivatives on the right and on the 
left at every point, in a subsequent memoir || obtained a function having the 
required properties. Kopcke’s construction has been simplified by Pereno^, 
and the account here given is based upon the work of the latter. 

On a straight line AB measure off segments AA', B'B, each equal to 
■^^AB. Let O be the middle point of AB, and draw through 0 straight lines 
••• ^ 2 "+iJ making angles with OA of which the tangents are 
l/2«, 2/2«, 3/2«, ... (2« -F l)/2« 

respectively. Through A' draw a straight line making with A'O an angle 
of tangent 1/2”. Through the intersection {r^, r^) of and draw a straight 
line r^' parallel to r -^ : through (r^', draw a straight line parallel to , 

* Math, AnnaleUy voL xx (1882); p. 81. + Crelle*s Journaly voL lxxix (1875), p. 32. 

J Qniridlageny p. 383. § Math, Annaleriy vol. xxix (1887), p. 123. 

II Math, Annaleriy vols. xxxiv (1889), p. 161, and xxxv (1890), p. 104. 

^ Qiorn, di Mat, vol. xxxv (1897), p. 132. 
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and so on. The straight lines , r^, . . . r^^-x v+i form an unclosed polygon 

above A'O. On OB' describe a precisely similar polygon on the other side 
of AB. The figure is drawn for the case n — 2, and shews the half of the 
figure belonging to A'O. The two polygons form a single polygon joining 
A'B', and crossing it at O. On take A' A" AA', and describe an arc of a 
circle touching AB at A, and at .4". At each vertex of the polygon which 
has been constructed, mark off on the sides adjacent to that vertex lengths 
equal to of the shorter side, and construct an arc of a circle touching the 
two sides at the extremities of these segments so marked off. We have now 
a figure joining A and B, and composed of arcs of circles and of straight 
lines. This figure, by means of its ordinates perpendicular to AB, defines a 



continuous differentiable function, with a continuous differential coefficient 
which is zero at A and B, and is — (2” + l)/2" at O. This function may 
be denoted by {A \ B)„. 

Let a;, y bo a system of coordinate axes in a plane, and draw a quadrant 
of a circle passing throiigh the points (0, 0) and (1, 0), in the positive 
quadrant. Let Fq {x) be the function represented by this quadrant, for 
the interval (0, 1) of «. The function F^x (x) has a maximum at a; = also 
(h) = 1, (1) = ~ 1- H «o denote the value of Fg (x) at Xg^ 

describe the curve of which the ordinates are (0 | , from a: = 0 to a; = ^ , 

and — <*0 (i I l)i» from a; = J to a; = 1. This curve represents a continuous 
function /i (aj); and we have 

fi (0)=// (i)=/i'(l)-0, 

fi (i) = ~ fi (I) = 


and 
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The function Fi (x) = (x) + /i (a;) 

is such that 

(i) - - iao> = = F,'(i) = o. 

Thus JPj (x) has a maximum in the interval (0, J), a minimum in (J , J), a 
maximum at a; = a minimum in (^, |), and a maximum in (f , 1). 

Let the interval (0, 1) be divided into sub-intervals, by means of the 
points at which Fi («) = 0 ; then, in each of these sub-intervals, jPj (x) is 
monotone. Then divide each of these sub -intervals into 2, 4, 8, ... equal 
parts, until the fluctuation of F/ (x) in each of these parts is ^ | : this is 
always possible, since F^' (x) is a continuous function. Let ... 

denote all the points in which (0, 1) has been divided in this manner. In 
any one part C]*^), F^ {x) is monotone, and its differential coefficient 

has a fluctuation ^ |. Let a^i^, ... denote the values of Fj^' (x) at the 
middle points of the intervals (0, c^i^) Describe the curves 



these form together a continuous curve which represents a function /a (x). 
Let 

F., (x) = F^ (x) -I- /i (x) + /a {x ) ; 

then i ^2 {*) every interval Ci*^), a new maximum and a new 

minimum. The length of each interval is < 1/2^. 


Proceeding in this manner, let us suppose that the function F^ (x) has 
been formed. Take the points at which F„' (x) vanishes, and, in case F„ (x) 
has lines of invariability, the limiting points of those lines; these points 
divide (0, 1) into sub-intervals in each of which F (x) is monotone. Then 
divide each of these sub-intervals into 2, 4, 8, ... parts, until the fluctuation 
of Fn' («) in each part is & 1/2”; let Cn\ ••• he all the points of 

division of (0, 1) thus formed. In any interval {Cn. , c» ), the function 
Fn (x) is monotone, and the fluctuation of Fn (x) is ^ 1/2”. Let 


„(i) 




is) 
dn j 


be the values of {x) at the middle points of the intervals ; and, in the case 
of a line of invariability, take as the corresponding value of the 1/2" or 
— 1/2", according as the line of invariability is in the interval (0, J), or in 
(J, 1). Let the curves (c„ | )„+i be described, and let the function 

represented by the totality of these curves be denoted by/„+i {x). Then the 
function 

•^n+i (^) “ Fn (pc) -h /n+i (x) 

has a new maximum, and a new minimum, in every interval c^n), 

.and the length of each of these intervals is less than 1/2"+^. 



276 , 277 ] The Comtruction of a Differentiable Function 415 

If this law of generation of the functions /„ (x) be employed indefinitely, 
we have a series 

{x) +fi (x) +/2 (x) ... +/„ {x) + ... ; 

and it will be shewn that this series represents a continuous function which 
is everywhere differentiable, and which has an everywhere-dense set of 
maxima and minima. 

277. Let F^' (x) +// [x) (x) + ... +/„' (a:) = S„ (x); 

it will then be shewn that, for every value of n and x, S„ (x) is numerically 

less than 11 f 1 , which may be denoted by F. Let us assume that 

n-l \ ^ I 

” / 1 \ 

I aS'„ {x) I is, for every value of x, less than IT ^ 1 + ^ j , which may be denoted 

by it Avill then be shewn that | u {x) | < 

Let the point x be in the interval (c^ c'n), where x < , the number 

s depending upon the value of x\ wc have then, in accordance with the 
construction of the functions, 

(«) 

(x) - S„ {x) -f a„ j , 

where 1 = «„ 2 : — (2"+' |- 1). 

(s ~ 1 ) (s) 

In the interval {Cn , ), {x) has a fixed sign, the same as that of 

is) 

, but tliis is not the case for (x). If a„ is positive, we have 

I (*) 1 < -P» (l + < -P„+i • 

If a„ is negative, we have 

I 'Sfn+l (a^) I < I (x) I < P„ < P„+i -, 

it has thus been shewn that if | Sn (x) | < P„ , then also | , , (x) | < . 

Now I Fi (x) I is, everywhere in (0, 1), less than (1 + J), and therefore the 
theorem | (x) \ < Pn follows by induction. A fortiori | {x) \ is, for 

every value of n and x, < P. 

The numerically greatest value of fn+i (x) in the interval {Cn ~^\ is 
at some point on the left of the middle point of the interval, and that 

1 1 f’’' 

value is consequently < ^ since the length of the interval is 

less than 1/2”+^. Also, as has been shewn above, < P, and therefore 

p 

\fn+l{x)\< 

and hence, since the terms of the series (x) + fz(x) + ... are numerically 
less than the corresponding terms of the absolutely convergent series 

P P P 
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it follows that the series /i («) 4-/2 («) 1 ... is uniformly convergent in the 
interval (0, 1). It follows that the fimction F {x), defined as the sum- 
function of the series F^ (x) +fi {x) /g (a:) -f is a continuous function. 

In order to prove that the function F (x) is everywhere differentiable, 
we shall shew that it satisfies the conditions stated in the theorem of § 235. 

We have first of all to shew that the series /i' {x) l- f^' («) + ... is 
convergent for all values of a; in (0, 1). In case, for any value of x, all 
the numbers S„ (x), (x), ... , from and after some value of n, have all 

the same sign, say the positive sign, we have 

(Sj) 


where m is the value of n in question. Also 

( 8 *) 


with similar inequalities involving higher indices. From these inequalities. 


we find 


(a;) - 


(Si) (S2) 

(^\ < 4 _ “^+1 


+ 


(Sp) 

. -Vp - 1 < 


p 

2 “’ 


and since m may be taken so great that P/ 2 ”® is arbitrarily small, we see 
that m may be so chosen that j, — i^) is arbitrarily small, whatever 

positive integral value p may have. It has thus been shewn that, in the 
case considered, the series is convergent. 

It may happen that S„ (x) is zero, owing to x being at a point of division 
; in this case all the functions /„' (x) with higher indices vanish, and 
therefore all the functions 8„ (x) vanish, from and after the particular value 
of n. It may happen that S„ (x) vanishes, owing to x being a point of 
invariability of F„ (x) ; in this case 8„ ^ (x) may vanish if x is an extreme 
of f„+i (x), and then a: is a point of division Uh+x > all the functions 8^ (x) 
for indices m> n vanish. Thus if, for any value of x, 8^ {x), 8n 1 1 (x) both 
vanish, then 8^ (x) vanishes for all values oim If 8„ (x) vanishes, but 
not 8„^i (x) or (x), a; is a point of invariability of F„ (x), and 



and the same reasoning is applicable as before. Let us next suppose that 
the functions 8 „ (x) are never all of the same sign, from and after any value 
n, and that for some values of n they vanish; let n^, n^, ... be the values 
of n for which 8n [x) has a change of sign, for example, let 8n^ (x) be 
negative or zero, and 8^+1 (x) be positive, and 8 „^ (a;) positive or zero, and 
®S’n 2 +i {x) negative, and so on. If 8^^ {x) is negative, we have 

(Sl) 

'S'm+x {x) = 8„^ (x) + 1 , 


1 S S - (2«.+i + 1), 


where 
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and since is negative, we have 

I P P 

^ni+l (*) < 2n» ^ 2"‘ ’ 

account being taken of the fact that the fluctuation of F„^' (x) in the 
interval in which x lies is S . If S„^ (a?) is zero, so that a; is a point of 
invariability of (x), we have 

'^ni-U (^) — 2«i+l ^ 2">+0 2"** 

In any case we find that 

P P P 

(^) (^) + 2^^ ^ ^ 2^7+1’ 


where 

Similarly, we find that 


1 , 2 , .. 


^^W2+l (^) I ^ 


P 

2«a’ 




if {x)^0; 


and if (.r) > 0, we have 

I ^W?+P (*)|<|'Sfn2il(«)| + 


2«.+i 


P P 

2«j 2”'+^ ’ 


for p = 1, 2, 3, ... — n^. 

It is seen from these results that | Sn (x) | becomes arbitrarily small for 
all sufficiently great values of n, and thus lim 8„ (x) = 0. It has now been 

shewn that in every case the series 

(*) +fi (X) +U (X) + ... 

converges for each value of x in the interval (0, 1). 


278. It must next be proved that, if e be an arbitrarily chosen positive 
number, then, for a given x, a number 8 > 0 can be found, such that, for 
each value of h numerically less than 8, and for which a; + ^ is in the 
interval (0, 1), there exists an integer m, variable with h, and not less than 
a prescribed integer m', such that the three numbers 

F,„ (x -h h) - F,„ (x) P„ (x -1- h) R„, (a;) 

" A ~ h ’ A 

are all numerically less than e ; 72^* (x) denoting the remainder of the series 
which represents F [x), that is, F (x) — (x). 

The case may be left out of account in which x coincides with one of the 
points of division of (0, 1); for the function F (x) is then represented by a 
finite series, and is differentiable, since (c^^) =- 0, for p > 1. 

Let €, m' be fixed, and let us consider a point a: in (0, 1 ) ; then a number 
71 S 7n' can be so determined that 

P 1 1 

971^ 3 ^iid I (ir) ^n+o (^) 1^3^’ 


HII 


27 
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where p, q are any positive integers. For any value of h, such that x + h 
falls within the interval the number m can be determined. Let 

h be positive, and determine so that x < Cn^+i ^x + h^c^^ &Cn ; then 
it can be shewn that + 2 is a suitable value for m. We have 

ftli+l+v ~ 

and I /„,« (.p ± *) I < P^^- 

The point is in general between x and x + h, and therefore it deter- 
mines two segments, k^, where 

X = Cn,+ i ^1, X It — "I- 1\2- 

We have therefore 

P P 

1 (^) I < 2»t+l+l ’ I /n,+H-2 (^) I 2”i+1+2 ’ 

and so on; and from these inequalities we find that 


I (^) I < Ph + ^3 + ...} < 

and similarly that 

I «„«(:>: + /<) I <2^. 

Since k -^ , k^ are less than h, we have 


Pni+. (*) ^ P ^ j Prm-2 
I < 2^1 < and 


On.+l ^ 


It has thus been shewn that m = TOj -f- 2 is a value of m which satisfies 
the required condition. The case in which It is negative can be treated in 
the same manner. 


We have now to prove that 

P fii+i {x h) Pfii+i (^) 
h 

We see that 

■^’n,+i {x + h)- (x) ^ 


K+iix) <€. 


(:,)l + UX ) _ . 


(s-1) is) 

and iix,x + h are points in (Cw, , ), the absolute value of the first term 

on the right-hand side is not greater than l/2">. 

We consider therefore 

/«i+l {x + h) -fn^+x {x) 

J ni-f-1 W- 
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From the construction for (a:), we have 

/ni+l (a: + ti) -f„fx) ^ 

h 2 " 1 + 1 ’ 

since x,x + h are in the interval (c^, , Let us take the case in which 

{x) increases from to then, for any point x in the interval 

between these two points, we have 

/«i+l -fni+ljx) < «n.\ 

)i ' 2"*+i ' 

We shall find also a lower limit for this incrementary ratio. The point x is 
such that the ordinate of I is below the a;-axis, and if, for 

that point, the differential coeffieient is negative, we have 

fm+i + h) -fm+i (x) ^ f, , . 

^ =./ nj+l 

Let the sides of the rectilinear polygon which was employed in the con- 
stniction of I <^n/)ni+i denoted by 

^0 ) ^ ^ 2"»+* + l ' * 2"i+*-l ••• ^2 > > "^0 > 

where rj is equal and parallel to s„'. On r^', produced beyond (r^', r^), 
take a segment equal to r ^' ; then this segment is equal and parallel to s^, 
and the line joining the end of this segment with {s.^, s^') is parallel to r^, 
and will cut in a point Pi . But s^' is parallel to , and passes through 

(«2^ ) I therefore this segment is the prolongation of Sg', and is conse- 

^(») 

quently inclined to the cc-axis at an angle whose tangent is — 

Hence, for a point between and , for which the ordinate is positive, 
we have 


fm+i {x + h) (x) 

h 


> _ 3 

> * 2"‘ < ^ ■ 


But the greatest value of f'm+i (^)> fkis case, is 


; and therefore 


fni+l + h) fm+l {^) ^ f/ / \ A On, 

If a point Pa on be determined, by making a similar construction with 
rg' instead of r^, then, for every point on the arc p^, p^, except Pz, 

fni+i (x + h )- /„,+! {x) 


But the maximum value of the differential coefficient is, in this case, — ^ ; 

therefore also in this case, 

/«i+i (« + h) -f„^+i {x) ^ ,, 

h “ “ >/ ni+l W - 


27-2 
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This condition holds for every point on the curve which has a positive 
ordinate. It holds also for points with a negative ordinate; because for 
such points with a negative differential coefficient the relation 

/«l+l "I" l^) ~ fni+l > f/ /„\ 

=J ni+1 {.^J 

holds; and for points where the differential coefficient is positive, the 
expression on the left-hand is positive, and that on the right-hand is 
negative. 

It has now been established that 

f' (^) _ 4 ^ /«! H ~ / « 1+1 (^) < 

J ni+1 ^ 2"»+i ^ h 2”^+^ ’ 


and it has already been proved that 




n, (« + 

h 


F. 


ni (^) _ pt 




(*) + ;i 


2^*1 ’ 


where 1 S — 1. 


We now see that 

e 


F'„,+i {x) + 




4 ^ ^ ”1+1 

2"*+i h 


(^) 


ni (*) + 


ft 

2«i ' 2"'+i ’ 


and hence 


-f’nm (aj + h) - (») 

A 


^ni-l-2 (^) 


< e. 


since a^! < and < ^e, and | 0/2"» | < P/2"> < |e. 


It has now been established that the function F (x) has at every point 
a finite differential coefficient which is the sum of the convergent series 

Fo {«) ix) +// {x) 

Lastly, it must be proved that F {x) has an everywhere-dcnse set of 
maxima and minima. 

(s - 1) (s) 

It has been shewn that , in every interval (c„ _ i , i ) , the function Fn{x) 
has a new maximum and a new minimum, and that the length of the interval 
is less than 1/2”. If Xq is a maximum of (x), we have 

Fn (xo) ■--- i’„+i (a^o), and F„' (xg) = F'„+i (Xy) =- 0. 

Moreover (x) is negative in the neighbourhood of the point .To , and 
therefore P„+i (tj -t- h) — (Tq) is negative or zero, provided | /i | is less 
than some number h. It thus appears that P„,i (x) has also a maximum at 
To . If To is a point of invariability of (t), it is no longer one for (t),. 
and cannot be a point of invariability of all the functions with higher indices. 
If To is a limiting point of a line of invariability, (t) will have a 
maximum or a minimum, or else a point of inflexion at To. In every case 
Fn^i (t) will have a maximum and a minimum in every line of invariability 
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of (x). For any given interval, as small as we please, n can be determined 
so great that the interval contains one of the intervals (c„_i , c„_i) in its 
interior, and all the functions F„{x), {x), ... have maxima in this 

interval ; and it follows that F (*) also has maxima therein. 

It may be remarked that F' {x), although definite at every point, has 
discontinuities of the second kind at an everywhere-dense set of points. 
At every point of continuity, this differential coefficient must vanish (see 
I, § 285). The function F' {x) is not integrable in accordance with Riemann’s 
definition. 



CHAPTER VII 

THE REPRESENTATION OP FUNCTIONS AS LIMITS OF INTEGRALS 
THE GENERAL CONVERGENCE THEOREM 

279. In the theory of the representation of a function / (x) as the sum 
of a series of some special type the method of procedure usually consists 
of the partial summation of the series ; the partial sum being expressed as 
an integral which involves the number n of terms of the series as a parameter, 
followed by the determination of the nature of the limit of the integral as 
n is indefinitely increased. 

The general theory of the evaluation of a limit of the form 

fb 

lim / (x') O (x', X, n) dx', 

Ja 

or more particularly of the form 

f6 

lim / (x') 0 (x' — X, n) dx', 

Tl'^oo J a 

is, in its modern form, due to the investigations of Hobson* and of 
Lebesguef, but an earlier theory, of a less general character, was given 
by Du Bois-ReymondJ and Dini §. Further developments have been given || 
by Hahn. 

In this chapter the two investigations are welded together into a unified 
form, with a view to the attainment of the greatest possible degree of 
generality. The theory is in part extended to cover the case of functions 
of any number of variables, and to the case in which the function of a 
single variable is non-summable, but has either a D-integral or an HL- 
integral. 

The following theorem, which may be referred to as the general con- 
vergence theorem, together with specializations and generalizations of it, 
is of fundamental importance in this connection ; 

Theorem I. Let f (pc') he a bounded or unbounded function, summahle 
in the interval (a, b) of the variable x' . Let <t> (x', x, n) be a function defined 
for all values of x' in the interval (a, b), for all values of n in a sequence of 
increasing numbers without an wppper limit (in particular the sequence of 
integers), and for all values ofx in some set of points G. Further let O (x', x, n) 
satisfy the following conditions : 

♦ Proc, Lond, Math, Soc, (2), vol. vi (1908), p. 349, and (2), vol. xii (1912), p. 166. 

t Annales de Toulouse (3), vol. i (1909), p. 25. 

% Crelle's Journal, vol. lxix (1868), p. 93, and vol. Lxxix (1875), p. 38. 

§ Serie di Fourier, Pisa (1880). 

II DenJcschr, d, Wiener Akad, vol. xciii (1916), pp. 685, 667; also Wiener Ber, vol. cxxvii 
(1918), p. 1763. 
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(1) For each pair of numbers x, n for which O {x', x, n) is defined, that 
function of x' is equivalent {see i, § 394) to a function which does not exceed 
in absolute value a fixed number K, independent of the particular values oj 
X and n. The trivial case in which, for a finite set of values of n, this condition 
is not satisfied may clearly be disregarded, since such values of n may be 
removed from the sequence. 

(2) For each pair of values of a and )S, such that a ^ a p S b, 

f O (x', X, n) dx' 

J a 

exists as an L-integral, for each pair of values of n and x {in 0), and it con- 
verges to zero, uniformly for all values of x in O, as n ~ <x> . 

Then f f {x') <E> {x', x, n) dx' converges to zero as n co , uniformly for 

a 

all values of x in O. 

It is clear that there will be no loss of generality if the condition 
I O {x', X, n)\ fk K is taken to hold for all the values of x', x, n without 
exception. 

It should be observed that, in case O {x', x, n) S 0, for all values of 
x' , X, and n, the condition (2) may be replaced by the condition that 

fb 

I O {x', X, n) dx' should converge to zero, as w ~ oo , uniformly for all 

J a 

values of x in G. 

To prove the theorem, we observe that, in accordance with the theorem 
in I, § 430, a continuous function {x'), defined in (a, b), can be so deter- 

€ 

mined that |/(«') — <l> («') | dx' < where e is a prescribed positive 

number. The interval (a, b) may be divided into a number of parts {a, a^), 
(«i, Oj), ... {ar-i, b), so chosen that the fluctuation of <f) {x') in each of these 

parts is less than ^ , Let 0 (»') be a function which, in the interior 

of each part («,_!, a*), where s = 1, 2, 3, ... r, has the constant value 
Cs = <j> extremities of the parts we may take ^ {x') to 

have the value zero. Thus ifi {x') has the finite set of values Cj, Cg, ... c,., 0, 

Since j cf> {x') — if> {x') \ < > everywhere except at the end- 

points of the r parts of {a, b), we have 

\\4>{x')-^{x')\dx'<^-, 

f lf(^')-</>(x')jdx'<^. 


and therefore 
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The integral | / {x') O (a;', a:, n) dx' may be expressed by 

J a 

/*& s V Coi 

I {f{x') — ^{x')}<i>{x',x,n)dx'+ S Cj * {x\x,n)dx' . 


Hence we have 


f f (x') <E> {x', a;, n.) da:' < 26 4- S I Cj I [ * $ (x' , x, n) dx' 

J a 8*1 

From the condition (2), of the theorem, a number Ue, belonging to the 

sequence of values of n, can be so determined that 

6 


O {x', X, n) dx' 

Jo. 1 


<j^r , for s = 1, 2, 3, ... y; 

S«1 


and for all values of x in O, provided w S We. It now follows that 
rb 

f (x') O {x', X, n) dx' 


\ rb 

J a 


< 36, provided » S We, 


for all values of x in G. Since e can be arbitrarily chosen, the integral 

b 

/ (a;') 4> (x', X, n) dx' has been shewn to converge to zero, as » ~ oo , 


/, 


uniformly for all values of x in G. 


An examination of the proof of Theorem I shews that the theorem may 
be stated more generally. In the first place the point x' may be taken to 
be a point in a p-dimensional cell ... 6^, 6*^^, ... which 

will replace the linear interval (a, 6) of the theorem. The theorem of 
I, § 430, holds good for a function in a p-dimensional domain, and in the 
proof, the cell (a, 6) will be divided into r parts in each of which the 
fluctuation of the continuous function (f> (x') is. 


^ 6 
^ A (60) - am){b(?)~~Wi)7.. (6W^^^)) • 

Instead of (a, yS) a cell (aO), aO), ... a**’); ;80), jgO), ... yS(*’)) will be employed 
in the condition (2). 


Moreover the set G may be a set of points in any number q, of dimensions. 
Further the numbers n may be replaced by a set of numbers toO), ^(2)^ ... 
each of which belongs to a sequence with no upper limit. To the number 
%e there will correspond a set of numbers ... such that all the 

integrals 


/: 


O (»', X, n) dx' 


< 


s-r 

8-1 


n' ^ ; 


n' 


nP, ... 


«) 


provided 

The single limit, as w ~ op , will thus be replaced by a <-ple limit, as all 
the numbers ... %(« diverge to oo . 
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For example, if x' is in a two-dimensional cell, and n is replaced by two 
nnmbers %(*), the theorem states that 

lim f^*'**’ V a:(2)', », jtW, n^^)) d (a:W', = 0, 

n<®>~oo 

and that the convergence is uniform for all points x in the given set G. 

It should also be observed that it is possible to extend the theorem so 
that n may be taken to be a continuous variable which diverges to oo, 
such that A ^ n, where A is some fixed number, provided the conditions 
(1) and (2) of the theorem are satisfied in such a domain of n. Also n 
may consist of a group ... %<*>, of such continuous variables, each 

diverging to oo. In this connection the remarks made in i, § 211, on the 
relation of the two definitions, by Catichy and Heine, of continuity of a 
function at a point are relevant. 

It is clear that, instead of the interval or cell (o, h), any bounded measur- 
able set may be considered. For, if / {x') is defined in such a set E, by taking 
an interval or cell (a, b) which contains E, we may assume / {x') = 0 in 
the complement of F with respect to (a, b)\ then the theorem can be stated 

for the integral ) / («') O («', x, n) dx'. 

J(E) 

A generalization of Theorem I may be obtained by supposing that the 
condition (2) is modified as follows: 

(2*) For each pair of values of a and j8, such that a ^ a ^ ^ b, 

[ <I> («', X, n) dx' 

J a 

exists as an L-integral, for each pair of values of n and x {in O), and it con- 
verges for each mlue of x, in G, to zero, as n ao . 

Itwill be observed, that, on account of the condition (1), the convergence 

I 

is necessarily bounded. This condition is that I O {x', x, n) dx' is less 

I J a 

than some fixed number independent of x and n, and that for eaeh value 
of X it converges to zero, as w. — oo . 

The condition (2*) is then less restrictive than the corresponding con- 
dition (2), in which uniform convergence is postulated. The result of the 
theorem when (2*) is introduced instead of (2) will be that 

I f {x') O {x', X, n) dx' 

J a 

converges boundedly to zero, os » ~ oo , for the values of x in G. 

Only a slight modification of the proof is necessary to make the ex- 
tension. In the first place the proof as it stands may be employed to shew 
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that, for each single point x, of 0, the convergence takes place. To shew 
that the convergence is bounded, we have only to consider the inequality 

[ f{x')<^{x',x,n)dx' < 2c + 2 I Call f* ^{x',x,n)dx' , 

J a s “ 1 I J a, 

which shews that, subject to (2*), the condition of boundedness is satisfied. 


280. Theorem I is valid when the interval (a, b) is indefinitely great, 
provided the condition (1) holds in the indefinite interval, and (2) holds 
for every finite interval, and provided further that / {x') is absolutely 

summable in (— oo , oo ) ; that is, lim j | / (x') \ dx' exists. 

/3'^qo j a 
— oo 

For all values of j3' (> j8) we have 

If f {x')^ {x' ,x,n)dx'\^ K \ \f(x')\dx'. 

I ./ p I J ^ 

Since j8 can be so chosen that the integral on the right hand is less than 

I r^' 

elK, we have, for all values of )8' (> j3), | f (x') O {x', x, n) dx' < c, for 

I .//3 ' 

all values of x and n. Similarly a may be so chosen that 

f f {x') O («', X, n) dx' < e, for a' < a, 

\ J a* I 

and for all values of x and n. We now have, if jS' > > a > a', 

jj f{x')Q>{x',x,n)dx' <3e; 

for all values of n not less than a fixed value »«, and for all values of x 
in G, since the Theorem I holds for the interval (a, j8). 

I roo 

I / (x') <]> {x' , X. n) dx' ^ 3c, for n S^Ue, and .r in G. 

J ”00 

Therefore / / {x') O {x', x, n) dx' converges uniformly to zero, as »? ~ oo , 

J -00 

for all values of x in G. The case in which the condition (2*) is employed 
instead of (2) leads, by a slight modification of the foregoing proof, to the 
corresponding extension of the theorem. 

In case O {x' , x, n) is non-negative for all values of x', x, and n, and 

00 

provided O (x' , x, n) dx' exists and converges to zero uniformly for 

all X in G, it is not necessary that / {x') should be absolutely summable in 
(— 00 , oo ). It is sufficient that, outside some finite interval {A, B), \ f {x') | 
be bounded (say < U), and / (x') be summable in every finite interval. For 

I f f (x') O (x', X, n) dx' < f O {x', x, n) dx' 

I Jfi I J -00 

provided j8' > /3 > 5. Hence, if » 2 the expression on the left-hand 
side is < e. Similarly, if the limits of the integral be a', a, where a' <a^ A, 
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the absolute value of the integral is less than e, provided n S If Ue be 
the greater of the two numbers both the integrals are numerically 

less than e, provided w S We. As before it follows that 


[ / (»') O {x'y X, n) dx' 

J —CO 


0 , 


pco 

as n ~ 00 , uniformly for all values of x in 0. In case I <I> {x', x, n) dx' 

J “CO 

converges boundedly to zero, for all values of a;, / / {x') 0 {x', x, n) dx' 

\Jp 

is less than a fixed number independent of a, a', n and the corresponding 
extension of the theorem can be made. 


It may happen that, for a particular function 0 («', x, n), the condition 
to which / {x') must be subjected is less stringent in character. If x {x') be 
such that the function {x' , x,n) = x {x') O {x', x, n) satisfies the con- 

ditions (1) and (2) of Theorem I, it will be sufficient in order that the 
interval (a, b) can be taken to be the indefinite interval (—00,00), that 
f (sc') I 

' dx' have a finite value. In case x {^') (x', x, n) ^ 0, it will 

be summable over every finite interval, and that it 


/ 


X (*') 

be sufficient that ^^7^ 

x(*) 


be bounded for all values of x' outside some interval (A, B). 


It is clear that, with the necessary slight changes of statement, all 
these results are applicable when x' denotes a point in a domain of any 
number of dimensions. 


281 . There are cases besides the case considered in § 280 , in which/ (*') 
is not necessarily absolutely summable in the interval (— 00, 00), in which 
Theorem I holds for the infinite interval. 

Let it be assxiraed that ^ may be so chosen that the total variation 
of f{x) in the interval (j8, j8'), f(x) is finite, for j8'> j8, and converges 
to a finite limit, as ) 3 ' ~ 00 ; in that case the total variation of / («) in 
()S, 00) is said to be bounded. Let P (x), — N (x) denote the total positive, 
and negative variations off (x) in (j8, x), then/ (x) =f{P) + P(x) — N (x), 
where P (x) + N (x) has a finite limit, as a: ~ 00 ; and consequently 
P (x), N (x) have finite limits p, v; the limit of / (a:) being f {^) + p — v. 
We may now write / (x) = /i (x) — (x), where /^ (x) =f (P) + p — N (x), 

f^ix) = p — P (x) ; and thus fi (x), /j (a:) are monotone non-increasing 
functions, bounded in (j8, oo). In case /(a;)~0, as a;~oo, we have 
f {^) + p — V = 0; and both the functions fi (x), /a (x) are non-increasing 
functions which converge to zero, as a; ~ a? . 

Similar considerations apply to the neighbourhood of the point a; = - oo . 
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Let it now be assumed that a and jS can be so chosen that / (»') is of 
bounded variation in the intervals (j8, oo), (— oo, a). We have 

[ fi («') ^ (»', n) dx' = fi (j8) O {x', X, n) dx' + A (jS') 4> (»', x, n) dx' , 

Jb Jp" 

where )8'' is in the interval (j8, j8'). Let it now be assumed that 

[ <t> (x', X, n) dx' 

h 

is, for every value of P' (> jS), and of x, less than some number k„, which 
eonverges to zero, as % ~ oo . 

We have then 


I r u (*') ^ n) dx' <K\f, (^) 1 + 2k„ I A (iS') I ; 

I J/3 

<Sk„\L{P)\; 

thus the expression on the right-hand side is less than a fixed multiple of 

1 r“ 

k„ , for all values of j8' ; hence A (*') ® does not exceed 

I -fi 

a fixed multiple of k„ ; and since the same result holds for A (^)> we have 


lim [ / (x') O (x', X, n) dx' 
U'^CC J fi 


= 0. 


The case of the integral over (— oo , a) may be treated in the same manner. 
It follows that Theorem I is applicable to the case in which a and b are 
infinite, when / {x'), O {x' , x, n) satisfy the specified conditions, provided 
the conditions (1), (2) are satisfied in the interval (a, jS). 


Next, let it be assumed that / {x') converges to zero, as cc' ~ oo , and 
as a;' — 00, and also that a, j8 can be so chosen that / (a;') is of bounded 

variation in the intervals (/S, oo), (— oo, a). In (/3, oo) we have 

f{x) =A(^) -A(^)> 

where each of the functions A A (^) i® monotone non-increasing, and 
converges to zero, as a? ~ oo . 

We have f A (*') ^ A (i®) [ ^ ^ 

h Jfi 


where jS" is in the interval (j8, jS'). Let it now be assumed that 

CP' 


fp 

I O (x', X, n) dx' 
Jp 


< k, 


where k is some positive number, independent of w, x, and j3'. Then we 
have, applying the corresponding result for A i^'), 


f{x')^ (x', X, n) dx' 
Jb 
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Since jS may be so chosen that (j8), (j3) are both arbitrarily smalh 

we have, for a sufficiently large value of )S, 


f f {x')<t> (x' X, n) dx' 

J e 


< e, 


for all values of n and x. With the corresponding result for the integral 
taken over (— oo , a), it is now seen that the Theorem I holds for the interval 
(— 00 , oo), provided the conditions (1) and (2) are satisfied in every finite 
interval. 


The following results have now been obtained : 

Th.eorem I holds for the infinite integral (— oo , oo ), when the conditions 
(1), (2) hold for each finite interval (a, b), provided also one of the following 
sets of additional conditions holds ; 

(a) f {x') is absolutely summable in (— ao, co), and the condition (1) holds 
in that interval. 


(6) Outside some finite interval f (x') is bounded, also 4> («', x, n) is 

non-negative, and I (x' , x, n) dx' exists, and converges uniformly to 

J — QO 

zero, as n CO, for all values of x in Q. 

(c) Numbers a, j8 can be so chosen that f {x') is of bounded variation in 
(j8, 00 ), and in {— oo, a), and that 


r^' 

I O {x' , X, n) dx' 
J s 


4) {x', X, n) dx' 


are, for every value of (> j8), and every value of a' (< a), less than a positive 
number k„ , independent of x, which converges to zero, as n ~ co. 

(d) fix') converges to zero, as a;' ~oo, and as x' oo, and numbers 

a, j3 can be so chosen that f {x') is of bounded, variation in (j8, oo ), and in 


(— CO, a), and also 


f 0 (x', X, n) dx' , [ 0 [x', X, n) dx' are both less than 

Ja Jo.' 


some positive number k, independent of n, x, a' , )3'. 


There is another case in which, for an infinite interval, the absolute 
summability of / (*') can be dispensed with. The following theorem will be 
established : 


If f {x') be summable, but not necessarily absolutely summable in the 
infinite interval (a, oo ), and if 0ix',x,n) satisfies the condition (1) of 
Theorem I in [a, oo ), and the condition (2) in every finite interval, and also 
the further condition that its total variation in the interval {a, oo ) is less than 

ccc 

some fixed number L, independent of n and x, then f (x')0 (x' , x, n) dx'' 

a 

converges to zero, as n ~ co , uniformly for all values of x in O. 
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Let a<A< A', then, from i, § 424, we have 


f f(x')0(x',x,n)dx' — 0(A,x,n)dx'l f(x')dx' 

J aL J ^ 

A' I 

^ O {x\ X, n) X the upper boundary of / {x^) dx' 

\ J a i 

where 4. ^ a ^ j8 S A'. If t; be a prescribed positive number, A may be 
so chosen that j f (x') dx' | < rj, for all values of a, /S that are not less 

rA’ 

than A. We thus have I f {x') <!> {x' , x, n) dx' <(K + L)t}] and the 

J A 

number rj can be so chosen that {K + L)r) < e. We then have 


f f (a;') O («', X, n) dx' < [ f (x') <I> {x', x, n) dx' 
J a J a 


+ 


and if » i We, where We is some number belonging to the sequence of values 
of n, 


*a 

J a 


< 2e, for n^Ue, 


f {x') O {x', X, n) dx' j 

and for all values of x in G. Thus the theorem has been established. 

It is easy to see that the result holds also for 

[ / (x') (x', X, n) dx', 

j —00 

provided similar conditions are satisfied. 

282. In case the function / {x) is such that | / {x) |« is summable in 
(a, b), for some value of 5' > 1, the condition (1) in the Theorem I may be 
replaced by the following less stringent condition : 

(la) For each pair of numbers x, n, for which O («', x, n) is defined, 

that function of x' is such that | O {x', x, n) is summable, and such that 

b .S- 

O {x', x,n) dx' does not exceed a fixed number independent 


/, 


of the particular values of x and n. 

The condition (2) will be unchanged. 

In accordance with a theorem given in § 173, a continuous function 
<j> lx') can be so determined that 

!/(«') l''dx'<^~y. 

By applying an inequality given in i, § 435, we see that 
{/ (x') — <f> («')} O {x', X, n) dx' j < e. 

fb 

If, for every continuous function ^ (x'), I ^ (x') <1> («', x, n) dx' converges 

J a 

to zero, as w ~ oo , uniformly, or more generally boundedly, for all values 


f 
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of X in G, it is clear, since e is arbitrary, that the theorem holds for / («'). 

rb 

Thus it will be sufficient to consider the integral I (f> {x', x, n) dx', 

where ^ (x') is continuous in (a, b). As in § 279, a function ^ (x') which 
has only a finite set of values c^, C 2 ,...c ,,0 can be so determined that 

1 ^ {X') - ^ {X') 1 < ^ j , except at points of a finite set. The integral 

K (b - aY 

I <f> {x') O {x', X, n) dx' may he expressed by 

J a 

rb s-r fds 

/ {(f) {x') — ifi (a;')} O {x', Xy n) dx'+Sc, O (x', x, n) dx'. 

« S = 1 ^ tts— 1 

The first integral does not in numerical value exceed 

1 q-l 

|J \<l){x') ~tjj(x')\'>dx'^'" \<!>(x',x,n)Y~'^dx'^ , 

and this is less than e. As before, if condition (2) be assumed, the 


expression S 


s~r ra. 

Sc, 

S^l 'a,,.. 


O (x', X, n) dx' is numerically less than e, for n^Ue, 


and for all values of x in G. If condition (2*) be assumed, the expression 
is bounded for all values of n. 


Thus 


rb 

I (f> {x') <I) {x'y X, n) dx' 

J a 


2e, if n^rie, and the theorem has 


been proved for the function (f) {x'), and therefore for f {x'), in case con- 
dition (2) is assumed. In case condition (2*) is taken, 

I /’* 

I {x') O {x', X, n) dx' 

I J a 

is shewn as above to converge to zero for each value of x, and the con- 
vergence is bounded for all values of x. 


283. In case / (a;) is bounded and summable in (a, 6), the condition (1) 
of Theorem I may be replaced by the following condition : 
rb 

(16) I I 4) {x', X, n) I dx' exists, and does not exceed a fiosed number K, 

for all values of n and x {in Q) ; and also, for each measurable. set e contained 

in {a, b), <I) {x', x, n) dx' converges to zero, os w ~ oo , uniformly, or more 

he) 

generally, boundedly, for all values of x in G. 

The condition (2), or (2*), of § 279, is contained in the second condition 
of the theorem. 

If r] be an assigned positive number, a function (x) can be so defined 
that I f {x') - <^, {x') I < rj, and that {x') has only a finite set of values 
Cl, Cj, ... c„, which it takes in measurable sets e^, e^, ... e„ (see i, § 386). 
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We have 


rfe I | r 

(»') O («', X, n) dx' S 2 I c, I I O {x', x, n) dx' 
J a \ r-^1 \J (cr) 

also, provided nZue, some number dependent on e, 


I O («', X, n) dx' 

her) 


< 


and thus we have 


r^m 

1 


I f <f>^ («') 0 (x', X, n) dx' 
\J a 

and for all values of x in G. 


< e, for n^ne, 

Again j j {f{x') — <f>^ {x')} O («', x,n)dx' <vj 1 ^ I < V^- 


It follows that 
rb 


I 

I / {x') O {x', X, n) dx' < rjK + e, for n^ne, 

J a 

and for all values of x in G, in case condition (2) holds; and accordingly the 
proposition is established, since -q and e are arbitrary. 

If condition (2*) holds, it is seen that the convergence is bounded. 


284. In case / (x') have only ordinary discontinuities in {a, b), the 

condition (1) of Theorem I can be replaced by the following: 

rb 

(1 c) I I O {x', X, n) 1 dx' is less than some fixed number K, independent 
J a 

of n and x {in G). 

The condition (2) or (2*) will be unchanged. 

If I: be a positive number, the set of points of {a, b) at which the saltus 
of / {x') is S A: is finite (see i, § 239). This finite set of points divides (a, b) 
into a finite number of parts ; if (a, be one of these parts, it may be divided 
into a finite number of smaller parts in each of which the fluctuation of 
the function that has the values of / («') at all interior points of («, j8), and 
has the values / (a + 0),/ (j8 — 0) at a and p respectively has a value < 
where is a number chosen to be > k. The whole interval {a, b) can 
accordingly be divided into a number of parts such that the inner fluctua- 
tion of / {x') in each one of these parts is < I:i . Let (f> {x') have in all the 
interior points of each one of these parts the value of / {x') at the centre 
of the part, then \ f {x') — {x') \ < k^, except at the points of division of 

(a, 6). In these end-points we may take <f> {x') = 0; thus <f> (x') has only a 
finite set of values. 

rb r bm 

We have I <f) {x') <t> {x', x, n) dx' ~ Sc„ I <1) {x', x, n) dx', 

J a J am 

where c„, is the value of cf> {x') a,tx' = ^ (a^ •+• 6„), and m has only a finite 
set of values. 
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The General Convergence Theorem 


It follows from condition (2) of Theorem 1 that f <j> {x') O {x’, x, n) dx' 

J a 

converges to zero, as » ~ oo , uniformly for all points x in G. From con- 

rb 

dition (2*) it follows that ^ {x') O {x', x, n) dx' is bounded for all values 

J a * 

of X, and n converges to zero for each value of x. 

Again f {/ (x') - <f> (x')} O {x', x, n) dx' < j ] O (x', x, u) \ dx' < k^K 

J a J a 

for all values of x and n. Therefore 


lim I / (x') O (x', X, n) dx' 


k^K. 


Since k and k^ are arbitrarily small, we see that if condition (2) is 

assumed to hold / (x') O (x', x, n) dx' converges to zero as n oo , 

J a 

uniformly for all values of x in O. 

If condition (2*) holds, the convergence for each value of x is established 
as above, and it is seen that the convergence is bounded. 


286. In case/(x') is of bounded variation in (a, b), the condition (1) 
of Theorem 1 may be replaced by the following: 


(I rf) I 0 (x', X, n) dx' 

J a 


does not exceed a finite number M, independent 


of a, j8, n, and x (in G); where (a, j8) is in (a, b). 

The condition (2) or (2*) will be imchanged. 

Since every function of bounded variation is the difference of two 
monotone functions, it is clearly sufficient to consider the case in which 
/ (x') is monotone in (a, b). 

It has been shewn in i, § 249, that / (x') = <f> (x') + s (x'), where (x') 
is continuous and monotone, and s (x') is the limit of a sequence s^ (x'), 
such that the total variation of s (x') — s^ (x') in (a, b) diminishes in- 
definitely as r increases. Moreover s^ (x') is constant in each inteival of 
a finite set into which (a, 6) is divided ; also s (a) = s^ (a) = 0. 

Employing the theorem given in i, § 424, we see that 



— Sr (x')} O (x'j X, n) dx' 


< M Vf {« («') - Sr (x')}. 


Also lim I Sr {x') fl) (x\ x, n) dx' = 0, the convergence being uniform 

w-'^Qo J a 

with respect to n ; since the expression is the finite sum of multiples of the 
integral of 0 (x', x, n) taken through intervals contained in (a, b). 

It follows that f s (x') O (x', x, n) dx' converges uniformly to zero, as 

J a 

« ~ 00 . We have accordingly to prove the theorem for the continuous 
monotone function <f> (x'). 


H II 


28 
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First, if <f> (pc') is an indefinite integral f x (*') we need only 

J a 

consider j x (^') integration by parts we have 

J a 

[b fb 

(f> (x') O {x\ X, n) dx' ^ X • I ^ (^'5 

a J a J a 


■ I X (*') I 4> a, X, n) di 

J a L't a 


dx' . 


The first term on the right-hand side converges to zero, as ~ 00 , uniformly 
for all the values of x, in case condition (2) holds; and it converges 
boundedly if condition (2*) holds. 


Moreover 


X (x') f <1) (^, X, n) di 
J a 


is less than the summable function 


Jlfx converges to zero, as n -^ao, hence, by the theorem of 

§ 203, relating to integrable sequences which involve a parameter, we have 


liin I X («') I ^ it n) di 

J a J a 


dx' — 0, 


the convergence being uniform for all vahies of x in O. 

If <f) (x') is not an indefinite integral, a new variable t can be so chosen 
that x' = ifj (t), y' cf> (x') ^ (#)}, and the function tp (t) is monotone 

non-diminishing; thus <f> {ip (t)} is monotone and non-diminishing as t 
increases. The variable t denotes the length of the arc of the cxirve 
y’ — <p (x'), so that ip' (t) S 1. We have then 

j <p(x')d) (x' ,x,n)dt = I 6{ip{t)}<t{>p{t),x,n)ip'(t)dt, 

J a Jo 

where t = 0, when x' = a; and t — I, when x' — b. 

Denoting cp {tp (i)} by (pi (t), and 4> (ip (<), x, n) ip' (<) by Oj (t, x, n), we 

have to consider the integral 1 (t) (t, x, n) dt. 

J 0 

fP fP' 

On account of the equality I O (x', x, n) dx' = ) (t, x, n) dt, where 

J a J a* 

a', j8' are the values of t which correspond to a and p respectively, Ave see 

fS' 


that 


[S' 

(^i(t,x,n) 

J a* 


dt 


< M ; moreover 4)i (t, x, n) satisfies the condition 

(2), or (2*), of Theorem I. Also <pi (f) is an indefinite integral; for its total 
variation in a set of points t, of measure < e, is given by 

S 1 (<) 1 = S 1 A<p (x') I = S I Ay' I S S (At) < c. 

It follows from what has already been proved that 

rl 

<pi (t) Oi (t, X, n) dx' 


r 

J 0 
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converges to zero as n. oo , uniformly for all values of a; in G ; and there- 

fb 

fore the same statement holds for I ^ («') O (^, x, n) dx' . The sufficiency of 

J a 

the conditions (1 d), (2) has now been established. 


THE GENERAL CONVERGENCE THEOREM IN THE CASE OE NON-SUMMABLE 

EHNCTIONS 


286. Theorem 1 can be extended to the case in which / {x') is no longer 
summable in the linear interval {a,b), but has an Hiy-integral in that 
interval, provided ^ {x',x,n) satisfies the additional condition that its 
total variation 4) («', x, n) in the interval (a, b), of x' , is less than some 
positive number A, independent of x and n. 

If /a (a'') — f {x') at all points of (a, 6) except those of a finite set A of 
intervals which enclose the points of non-summability, and if /a {x') = 0, 
in the intervals of the set A, we have 

I f {x') <1) {x', X, n) dx' = f (f (x') —/a (a;')} <1) (x', x, n) dx' 

J a J a 

fl> 

+ I /a (x') O (x', X, n) dx'. 

J a 

The limit, as ~ oo , of the second integral on the right-hand side is zero, 
since /a (x') is summable, provided <1> {x', x, n) satisfies the conditions of 
Theorem I, the convergence being uniform, or bounded, according as 
condition (2) or condition (2*) is assumed to hold. 


The first integral is, in accordance with the theorem of i, § 424, equal to 
O (a, X, n) I {/ (x') -f^ («')} dx' + O {x', x, n) M, 

J a. 


for all intervals 


I 

where M is the upper boundary of {f {x') — /a («')} dx' 

I •'«' 

(a', b') contained in {a, b). In accordance with i, § 453, this is numerically 
less than Ke -f Ae, where A can be so chosen that c is arbitrarily small. 


Thxis we have 

iim f f {x') O {x’, X, n) dx' <{K + A) e. 

The following theorem has now been established . 

If O {x' , X, n) satisfies the conditions of Theorem I, either with (2) or (2*), 
and also the additional condition that Vg,'' O (x',x,n), the variation of 
O lx' , X, n) in the finite interval (a, b), of x' , is less than some fixed positive 

number, independent of x and n, then lim / / («') 0 («', x, n) dx' converges 

to zero, as n ^ CO , uniformly, or boundedly, as the case may be, for all points 
X, in G ; where f {x') is any function which has an HL-integral in the linear 
interval {a, b). 


28-2 
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In accordance with i, § 453, if h' be any number in the interval (o, 6), 
(V 

{f i^') “/a (a:')} dx' is numerically less than e, for all values of b' in 

J a 

rb' 

(a, b). It is now easily seen that I / («') O {x', x, n) dx' converges to zero 

' a 

as n ~ 00 , uniformly for all values of b' in the interval {a, b). 

In order to extend the theorem to the case of an infinite interval (a, qo ), 
it is necessary to introduce the restriction that fl) (x', x, n) is, for each pair 
of values of x and n, a monotone function of x' in the interval (a, qo ). The 
condition (1) being assumed to hold in {a, oo ), O {x', x, n) is also bounded 
in the interval (a, oo ). We have then 

f f {x') O {x'y X, n) dx' = O (a, x, n) I f {x') dx' + 3) («', x,n) I f {x') dx'. 

J a J a J a 

If f {x') dx' exists as lim / f {x') dx', a may be so chosen that 

J a J a 

< 7j for all values of j8 > a. We then have 


f f(x')dx' 

J a 


j f(x')dx']^<rf, j fix') dx' 




and if the condition (1) holds in the whole interval (a, qo ) we have, for all 
values of a', 

{a,x,n)\ < K, I O (a', x,n)\ < K; 


and thus 


< 


f f {x') C) {x', X, n) dx' 

J a 

for all values of a' > a, provided a is sufficiently large, and thus 

f f {x') <I> («', X, n) dx' 

J a 

exists, and is numerically s 3Krj. Since the theorem is applicable to the 
integral j / (x') O (x', x, n) dx' , we see that it is also applicable to 

J a 

j f(x')<P(x',x,n)dx'. 

J a 


The folloAving theorem has now been established : 

If fix') Juts an HL-integral in (a, qo ), and <t> (a;', x, n) is monotone, for 
each 'pair of 'values of x and n in the inter’val (a, qo ) of x', and satisfies in 
that interval the conditions (1), and (2) or (2*) of Theorem I, then 

j f ix') O ix', X, n) dx' 

J a 

converges, uniforml'y or boundedly, as the case may be, for all 'values of 
X iin G) to zero, as n <x> . 
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It will be observed that, in this case, the condition (1), that 

I O (pc', a:, ») I < A, 

for all values of x, n and x' in (a, « ), includes the condition that O (x' , x, n) 

is less than a positive number independent of x and n. 


287. Let it be assumed that/ (a;') has a Z)-integral in the interval (a, b). 
Denoting f f (x) dx by F (x), which is continuous in (a, b), we have, if it 

J a 

be assumed that O (x', x, n) is, for each value of x and n, of bounded 
variation in (a, b) and has a finite differential coefficient 
at every point of (a, b), 

f fix') O (x’, X, n) dx' - F (b) O (6, a:, n) - (x') dx', 

since, in accordance with i, § 474, integration by parts is applicable. Let 

00 ix^ X 7h^ 

it now be assumed that ’ - satisfies the condition ( 1), of Theorem I, 

K, for all the values of x and n, or more generally 


that 


04) (a;', X, n) 
dx' 


that it satisfies the condition (1 c) of § 284, that f 

J a 

for all the values of x and n. Since 
00 (x', X, n) 


00 (x', X, n) 


cx 


dx' <K 


I 

J a 


dx' 


dx' = O (j8, a:, 11 .) - - O (a, x, n). 


0O (x^ X 7h^ 

the condition (2) of Theorem I will be satisfied by " each 

point x' of (a, b), O (x', x, n) converges uniformly to zero, as n ~ oo for 
all values of x in G. If both these conditions are satisfied, 

converges to zero, as w ~ oo , uniformly for all values of x in O. 

Since O (b, x, n) converges to zero, as w ~ oo, uniformly for all values 

of X in G, it is now seen that / / (a:') O (a:', x, n) dx' has the same property. 

J a 

The following theorem has accordingly been established : 

Let f (x') have a D-integral in the finite interval (a, b). Let 4) (x' , x, n) 
be for each jxiir of values of x and n, where x is any point of the set G, of 
bounded variation in (a, b), and have at each point a differential coefficient 

^ . If either of the conditions 


04) (x', X, n) 
dx' 


<K 


• f 


* 1 04) (x', X, n) 
dx' 


<K, 
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is satisfied, where K is independent of x and n, and if O {x', x, n) converges 
to zero, as n~ » , for each value of x' in {a, b), uniformly for all points x of O, 

then lim 1 / (*') <t> {x', x, n) dx' = 0, the convergence being uniform for all 
ri^oo J a 

values of x, in G. 


NECESSITY OE THE CONDITIONS OF THE OENEEAL CONVERGENCE 

THEOREM 

288. It has been shewn that the conditions (1), (2), to be satisfied by 
the function O («', x, n), are sufficient in order that Theorem I may hold 
good for every summable function / (a:'). It will now be shewn that these 
conditions (1) and (2) are necessary in order that the convergence may take 
place for every function / {x') that is summable in (a, b). It will in fact 
be shewn that: 

Unless the conditions (1), (2) of Theorem I are both satisfied, a function 
f (»') summable in the interval {a, b) exists, such that the corresponding 
integral does not converge to zero, as n co , uniformly for all 'points x, in O. 

The particular case of this theorem which arises when the parameter 
X is confined to have a single value, and therefore disappears, was given* 
by Lebesgue. 

In order to shew that the condition (2) is necessary, let / [x') be defined 
to have the value 1 in the interval (a, j3), and the value 0 at all other 

points of (a, 6). Unless O (»', x, n) dx' converges to 0, as ~ oo , 

J a 

uniformly for all points x, of G, this function / (x') is such as is required. 
This will be the case whatever be the interval (a, j8) ; hence the condition (2) 
is necessary. 

For each pair of values of x and n, | <I> (a;', x, n) \ must be equivalent 
to a function which has a finite upper boundary in (a, b), U (x, n), which 
is finite; for otherwise a summable function / (a;') could be so determined 
that / {x') O (x' , X, n) is not summable (see i, § 397). For a particular 
pair of values of x and n, there exists a set Ek, of points of x’, of measure 
> 0, for which 

I O {x', x,n)\> U {x, n) — A, 

where A is a positive number, provided the smallest possible value of 
U {x, n) has been taken. 

For each pair of values of x and n, the function O {x' , x, n) ma y be 
replaced, in this manner, by an equivalent function. There is accordingly 
no loss of generality in assuming that {x', x, n) is such that, for each 


* Annalea de Toulouse (3), vol. i (1909), p. 53. 



287, 288 ] Conditions of the Geiieral Convergence Theorem 439 

positive value of A, and for each pair of values of x and n, the set of points 
x', at which 

I 4) {x' , x,n)\> U (x, n) — X 

has a measure greater than zero, and such that at no point is 

I O (x’, x,n)\>U (x, n). 

In order that the integral may converge for each value of x, in G, for 
such a value of x, U (x, n) must have a finite upper boundary u {x), as 
n cc . If this is not the case for a particular value of x, there must be 
a sequence of increasing values of n, say 71 ^, 71 ^, 71 ^, ... such that U {x, n^, 
TJ {x,7i^, U {x,7i^), ... forms a divergent sequence of numbers; and for 
each value of p there is a set of points x' of measure > 0, for which 

I 4> {x', X, 7l^)\> U (x, Tlj,) - €. 

It will be shewn that it is then possible to construct a function / {x'), 
such that the integral diverges as w ~ oo , for the particular value of x. 

If u (x) is finite for each value of x, it may happen that u (x) has no 
finite upper boundary for all values of x in G, and then the condition (1) 
is not satisfied. If this is the case there must be a sequence x-t, x^. x^, ... 
of values of x, such that the sequence m (xx), u {x^), w (x^), ... is divergent. 
There then exists a sequence w, . w,* ••• increasing values of 71 , such that 
the sequence U {Xx,7ix), U {x^, n^, U (0:3. %), ... diverges. It then follows 
that there exists a sequence k^, Ic 2 ,k^, ... of increasing numbers, such that 
the sets of points x' at which | 4) {x', Xp, Up) | > kp have a measure > 0, for 
all values of p. It will be shewn in this case that/ (x') can be so constructed 
that the integral does not converge to zero, uniformly for all the valixes of x. 
In case Xp is independent of p, we get back to the case first considered for 
which there is divergence of U {x, ti) for one particular value of x, for a 
sequence of values of 71 ; and this case is af^cordiugly inchided in the case 
in which the Xp are not all identical. 

We therefore assxime that, for a seqxience of pairs of values Xp, 7ip of 
X and p, {x' ,Xp, Tip) | > , in a set Ep , of points x', such that m (Ep) > 0 ; 

where {kp} is a .sequence of increasing numbers withoxit upper limit. 

The set Ep must have a part Fp, of measure greater than zero, so that 
for all points of Fp, 4) {x', Xp, Tip) is of the same sign and is numerically 
> kp ; and this is the case for each valxie of p. Suppose that, for an infinite 
set of valxxes of p, 4> {x', Xp,>ip) is positive, and m (Fp) > 0. There is no loss 
of generality in this assumption, because if the sign were negative, it would 
become positive by changing the sign of 4> (*', 71 , x) throughout. 

We may suppose all those values of p and kp removed, for which p does 
not belong to this infinite set of values of p. It may therefore be assumed 
that 4> (a;', Xp, np) > kp,\n Fp, and m (Fp) > 0, for all values of p. 
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The sets {F^ may be replaced by sets {e^} , such that Bp is a part of Fp , 
m {Bp) > 0, no two of the sets Bp have a point in common, and 

m {Bp) > m {Bp+i), 

for all values of p. To see this, we observe that the sets F^,F^, ... may be 
so diminished, without making any of their measures zero, that 

m (i^i) > 2m {M {F^, F^, 

We then obtain by removing from F^ the points which it has in common 
with M {Fz, F3, ...); then m (Bj) > m {M {F^, F^, 


Next, by diminishing F^, F^, ... we may make 
m {F^) > 2m {M {F^, F ^, ...)}; 

we obtain Cj by removing from F2 all the points that it has in common with 
M (F3, Fi, ...); thus m (Ci) > m (e^) > m{M (F^, F^, ...)}. Proceeding in 
this manner we obtain the sets 63, 63, , no two of which have a point 

in common, all of which have measures > 0, and such that 


m (Ci) > w (63) > m (Cg) . . . . 
Ine^, we have O {x', Xp, rip) > kp. 


Let Pi be a value of p, and consider fj.p^ <I> {x' , Xp, rip) dx' , where fip^ 

is a constant such that fip^m (c^j) ^ J. If the integral does not converge 
to zero, as p ~ 00 , the function / {x’) defined by f{x’) = p,,, , in Bp^ , and — 0, 
elsewhere, is a function such as is required. If it does converge to zero. 


we have 


fip \ <i>{x',Xp,np)dx' 


< 1, provided p = p* 


,(i) 


Let Ip denote the lower boundary of O (*', Xp, rip) in Bp, and let Up be 
the upper boundary of | O {x', Xp, rip) \ in (a, 6); then both Ip and Up in- 
crease indefinitely with p. 


There exists a smallest integer pg = p<^>, such that Ip^ > 2^Up^ ; let fXp^ 
be such that m (e„,) = . 

If fip^ 4> (x', Xp , rip) dx' + p-p^ O {x', Xp , rip) dx' 

J («;,,) J (« m ) 

does not converge to zero, as p ~ 00 , the function defined as having the 
value Ppj^ , in Bp ^ ; pp ^ , in Bp ^ ; and elsewhere zero, is a function such as is 
reqiiired. If it does converge to zero, its absolute value is < 1, provided 
p is not less than some number p*^) ; there exists a smallest integer pg (S p*®*) 

such that Ip^ > 2‘^Up^ ; let pp^ m (Bp^) - . 

Proceeding in this manner, we may be able, after a finite number of 
steps, to define a function / (x') having the values pp^, pp^, ... pp^ in the 
sets ep^,Bp^, ... Bp^, respectively, and elsewhere equal to zero, which will 
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be a function such as is required. When this is not the case for any finite 
value of r, let /(«') have the value in for every value of m. This 
function / {x') is summable, for its integral in (a, b) is 

oo ^1 

S 7H {Cp^) = S — Yr J 

r 1 r-1 " 

and this latter series is convergent. Also, we have 
[ f (^ ) ^ (^ > ^vm ’ ~ t^vm f, ^j>m > 

■>» J («Pm) 


r --- 771 - 1 

+ s 

r 


' Mp, [ , ® dx' + i: f O {x’, Xj,^ , n„J dx' 

1 Hepr) r-»t+l J(ep^) 


'(^Pr) r^m+l 

The first term on the right-hand side is S (®p;«)» which is 

^ L 


2“f/, 


2 . 


Vm-i 


The second term is > -- 1, and the third term is greater than 


U. 


Pm ^ H'Pr'^i^Pr)’ 
r-m-l 1 


or than 


1 


TJ y 

^ ^ i}rJT 
m+l ^ 


> 2 


3>r-i 


m f 


1 

1 2'’ ^ 


1 

2»»' 


f'' 

It follows that / (a;') O {x', da;' > and since this holds for an 

J a 

[b 

infinite set of values of m, the integral I / (a;') O (a:', a;, ?^) r/a;' cannot con- 

J a 

verge to zero uniformly for all values of x in G. Hence the condition (1) of 
Theorem I has been shewn to be" necessary, in order that the uniform 
convergence may take place for every summable function / {x'). 


289. It can be shewn that the conditions given in §§ 282-286 are 
necessary in each case, in order that the uniform convergence shall hold 
good for every function / (a;') of the particular type. The proof will here 
be given that the conditions (1 c), (2) are necessary in the case in which 
/ (.r') is restricted to have only ordinary discontinuities. 

It is clear that the condition (2) is necessary, for we may take/ (a;') = 1, 
in the interval (a, ^), and equal to zero outside that interval. If the con- 
dition (I c) is not satisfied, it will be possible to determine a sequence 
{Xi, ?i]), (a; 2 ,« 2 )’ ••• ••• of pairs of values of x and n, such that 

I I O {x', Xp, rip) I dx' increases indefinitely as p and rip do so. Let us 

J a 

assume that this integral exceeds Lp , where L^, L^, ... is a divergent 
sequence of increasing numbers. It may happen that, for all values of p, 
the values of Xp are identical ; but this case will be included in the general 
case. It will be shewn that a continuous function / {x') can be defined for 
which the uniform convergence does not hold. 
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fb 

We have I | O («', %) | dx' > L^, let xi {^') ^ 1, or — 1, according as 

J a 

O {x'y Xi , Til) is S 0, or negative. Thus 1 , in a set E^, and Xii^') — ~ ^ > 

in the set C (Ej). The set E^ can be enclosed in the intervals of a 
non-overlapping set, of measure < m {Ej) + € ; and a finite set of these 
intervals of total measure > m (Ei) can be chosen. Let Qi {x') = 1 in the 
intervals of this finite set, and let {x') ^ -- 1 in the rest of the interval 
(a, b), except that (a) = gi (b) = 0. 

The functions xi {^')> 9i {^') differ from one another only at points of 
a set of which the measure is < €. The function g^ {x') is the limit of a 
sequence of continuous functions {}^x all numerically < 1. Moreover 

we can take all the functions hi^ {x') so that they have the value zero at 
a and at b, since gi {x') has this property. Since the functions hi^ {x') are 
all bounded, we have 

lim f (x') <I) (x', Xi, Hi) die' - f g^ (x') <1> {x', x^ , ??.i) dx'. 

t~ao J a J a 

By a proper choice of e, we can ensure that 

rb 

g^ {x') <i> {x', Xi, Hi) dx' > Ly, 


f 


and by choosing a sufficiently large value of t, say ly , we have 


f 


hy'^ {x') (x', Xy, riy) dx' > Ly. 


f ^ (*l) 

If j hy' (x') 0 (x', Xp, Up) dx' does not converge to zero, as p ~ a> , we 


have obtained a continuous function hy^^ (x') which vanishes for x' = a, 

x' = b, and is such that / hy'\x') <I) (x', x, n) dx'does not converge to zero, 

J a 

as w ~ 00 , uniformly for all the values of x, in 0. If it does converge to zero, 
then, for all sufficiently large values of p, it is numerically < 1. Take pa 


such a value of p that Lp^ > ; and let {x') be the Linction corre- 


sponding to hy'^ (x'), where 


f {x',Xp^,np^)\dx' > Lp^. 

J a 

If (x') + ^ 


does not converge to zero, as p ~ oo , then the function liy^ (x') 

is a function such as is required. If it does converge to zero, it is numerically 
< 1, provided p is sufficiently large; let p,, (> pa) be such a value that 

I O {x', Xp^, tip^) I dx' > Lp^, and also such that Lp^ > 2^Lp^. Let hz‘\x') 
be the function corresponding to hi'^(x') and }i 2 *\x'). 


{x') 

2l; 


I 
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If I' (x') + 4) (X', X , . n,) dx' 

does not converge to zero, as.p ~ oo , the continuous function 

2L„ + 2»i„ 

is a function such as is required. Proceeding in this manner, and assuming 
that Lj,^ > 2’’ , we may, after a finite number of steps, obtain a function 

such as is required. But if not, we have a function 






C’M 

2’»-i 


~h . . . 


defined by a uniformly convergent series of continuous functions; thus 
the function / {x') is continuous, and / (a) = / (6) = 0. 

Moreover 

f / (a;') 4) (x', x „^ , Wj,,) dx' - - f hr'^ {x') 4> (x', x^, , »,,) dx' 

^ .1 r- - f V(^-') <!> n,;) dx' 

+ 2 r/,i^‘\x')^(x',x,^,n,^}dx'. 

s rll ^ ^ 

The first term on the right-hand side is > , or > 2. The second 

^ ^Pt~i ^ 


term is > - 1, and the third term is greater than — Lj,^ S , or 

% s-r+1 ^ 

fb 

> — J. It follows that / {x') 4> {x', Xp^, Up,) dx' > h for every value of r, 

J a 

and thus that / (a:') is a continuous function such as is required, for which 
I / (x') 4> (x'f X, n) dx' does not converge to zero, uniformly for all points 

J a 

X, in G. 

SINGULAR INTEGRALS 


290. The following theorem may be deduced from Theorem I. 

Theorem II. Let F (x', x, n) be defined for each point x in a set G, con- 
tained in {a, b), and for each value of n in an integral, or non-integral sequence 
of increasing numbers without upper limit, and for all values of x' in the 
interval {a, b). Let p denote a positive number {< b — a), and let F {x', x, n) 
satisfy the following conditions : 


(1) For each pair of valines of x and n, and for all the points x' in {a, b) 
such that \x' — x\^ p, the function F {x', x, n) is equivalent to a function 
that does not exceed in absolute value a positive number Kp, independent of 
the values of x and n. 
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(2) If a, p be any two numbers svxih that a&asp&b, j F {x', x, n) dx' 

exists as an L-integral, for all values of n, and for all those values of x which 
belong to 0 and are not interior to the interval [a — y., p + y.) ; and as n is 
indefinitely increased, it converges to zero, uniformly for all such values of x. 
rx-M rh 

Then / fix') F (x' , x, n)dx', | fix') Fix', x, n)dx' converge to zero, 
J a ^ J x-^ft 

as <x> , uniformly for all values of x, in G; for any function f ix') that is 
summable in {a, b). 


To prove the theorem, let the function O ix' , x, n) of Theorem I be 
defined to have the values of F ix', x, n), for each pair of values of x and n, 
and for all values of x' in the interval (a, x ~ y,); let ix', x,n) = 0 
when x' is not in the interval ia,x - jx). Thus O ix' , x, n) satisfies the 
conditions (1) and (2) of Theorem 1. 

rh rx-ix 

Also ^ ix', X, n) dx' — I F ix' , x,n)dx' \ it thus follows that the 

J a J a 

rx-fjL 

convergence of F ix', x, n) dx' to zero, as n ~ oo , uniformly for all the 

i a 


points X of G, is established. The second part of the theorem is proved in 

a precisely similar manner. If the conditions of the theorem hold good 

when /Lt = 0, it is then identical with Theorem I. In accordance with 

rb 

Theorem II, the question of the nature of lim I f ix’) F ix', x, n) dx' is 

n~cn J n 

fX+ll 

made to depend upon that of lim j f ix') F ix', x, n)dx' ; the integral 

Jt~oo J X- II 

over the neighbourhood ix — fx, x + /x) of x. In this matter the character 
of the summable function / («') outside this neighbourhood of x is irrelevant. 

An integral J f ix’) F ix', x, n) dx', for which the conditions of Theorem 


II are not satisfied when fx 0, may be termed a singular integral. It will 
be seen that, in the theory of Fourier’s series, and of other modes of repre- 
sentation of functions by means of series or integrals, the theory of singular 
integrals is of fundamental importance. 


In the case of an integral f ix')F ix', x, n) dx', where x is confined 

-GO 

to belong to a set of points G, contained in the finite interval (Ui , bi), 
we may take an interval (a, b) which contains (a^ , bj) in its interior, and 
consider separately the three integrals taken over the intervals (— oo, a), 
(a, b), (6, 00 ). Theorem II can be applied to the integral over (a, b) and in 
case the integrals 


• VO 

. b 


fix') F ix' , X, n) dx'. 


P fix') Fix' 

J —00 


, X, n) dx' 
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converge to zero, as ~ oo , uniformly for all values of x, the theorem 

.•00 

can be extended to / (a;') F {x', x, n) dx'. Sufficient conditions that 

J -CO 

these two integrals may so, converge are obtained by employing the 
theorems of § 281. 

291. It is easily seen that Theorem II can be extended to the case of 
a function of two or more variables. For simplicity, the following theorem 
will be stated for a function of three variables only. 

Let f{x',y',z') be summable in a given r&etangular 'parallelo’piped di, and 
let F {pc' , y', z', x, y, z, n) be defined for all jxjints {x', y' , z') in A, and all points 
(x, y, z) in a given set O, contained in A ; and for all values of n in some in- 
creasing sequence of numbers with no upper boundary. Let the function F 
satisfy the conditions (1), for each set of values of x, y, z, n, and for all points 
{x', y' , z') such that (x' — xY f {y' — yY + {z' — zY = the function 
F {x' , y' , z' , X, y, z, n) is equivalent to a function that does not exceed in 
absolute value some positive number K^, independent of n, and of {x', y', z'), 
{x, y, z); and (2), in every cell A^ contained in A, and for all points (x, y, z), 
of O, tvhich are at a distance i /x from every point of A, , 

F {x', y', z', X, y, z, n) d {x', y', z') 

exists as an L-integral, and converges to zero, as n cc , uniformly for all 
values of {x, y, z). Then 

f f {x', y', z') F ix', y', z' , n) d {x' , y' , z') 

J -IS) 

converges to zero, as n~oo, uniformly for all values of x, inO; S denotes, for 
each point (x, y, z), the set of points (x', y' , z') at which 

(x' - xY + iy' - yY H (s' - s)^ < fx.^. 

In order to prove the theorem, let 4) (x', y', z', x, y, z, n) have the value 
F {x' , y' , z' , X, y, z, n) whenever {x' — xY + iy' — yY + (s' — zY = and 
when this is not the case, let 0 (x', y', z' , x, y, z, n) have the value zero. 
We have then only to apply Theorem I to the function 

0 {x', y', z', X, y, z, n). 

Another case of Theorem II which is of importance in the theory of 
double and multiple Fourier’s series may be given for the two-dimensional 
case, and can be immediately extended to the case of any number of 
dimensions. 

If {x, y) be a point in the rectangle A, a point {x' , y'), of A, for which 
one at least of the numbers \x' — x\, \y' — y \ is £ /x, is said to be in the 
cross-neighbourhood (/x) of the point {x, y ) ; that cross-neighbourhood con- 
sisting of the totality of all such points {x', y'). 
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The theorem may be stated as follows : 

// (f x', y', X, y, n) be defined for each point (x, y) in a set 0, contained 
in the cell A, and for each value of n in some increasing divergent sequence, 
and for all values of ix', y') in A; and if F (x', y' , x, y, n) satisfy the follounng 
conditions: 

(1) For each set of valves of {x, y, n), and for all points x' not in the 
cross-neighbourhood {p), of (x, y), the function F {x', y' , x, y, n) is equivalent 
to a function that does not exceed in absolute value a positive number , 
independent of (x, y) and n. 

(2) If Aj be any cell contained in A, F {x' , y’ , x, y, n) d {x’ , y') 

J(^t) 

exists as an L-integral, for all values of n, and for all those values of (x, y) 
which belong to O, and are such that A^ has no point which belongs to the cross- 
neighbourhood (p) of {x, y), and it converges to zero, uniformly for all such 
points {x, y). 

Then f {x') F (x', y', x, y, n) d {x', y') converges to zero, uniformly 

for all points {x, y) in O, for any function, f (x', y') summable in A; where 
{x, y) denotes the cross-neighbourhood (fx.), of {x, y). 

The importance of the theorem arises from the fact that, when it holds 
for every value of p (> 0), however small, the limit, as w ~ oo, of 

f / (»'» y') I y\ »» y^ y') 

J(A) 

depends only upon that of 

I / {F, y') F (x', y', x, y, n) d {x', y') 

(a:, l/) 

taken over the arbitrarily small cross-neighbourhood {p) of the point {x, y). 

In order to reduce this theorem to Theorem I, we have only to define 
<!> (x' , y', X, y, n) as having the value zero in the cross-neighbourhood (p) 
of {x, y), and as having the value F {x', y', x, y, n) outside that cross- 
neighbourhood. 


THE CONVERGENCE OF SINGULAR INTEGRALS 

292. The most important of the applications of Theorems I and II to 
the theory of series and integrals arise in the case in which the function 
F ix', X, n), of Theorem II, has the form F (x' — x, n). It will be assumed 
that this function satisfies the conditions (1) and (2) of Theo 'em II, for 
.all positive values of p. The question of the character of 

rb 

lim I / {x') F (x' — X, n) dx' 

n-^aoJ a 



447 


291,292] The Convergence of Singular Integrals 


then reduces to the investigation of the limit of 

/•X+Jt 

/ f {x') F (x' — X, n) dx', 

J X — fA 

or of I f {x + t) F (t, n) dt; where x' = x + t. 

J 

It thus appears that the character of the limit of the interval at a point x 
depends only on the properties of the function / {x') in the neighbourhood 
of the point x. 

Let it be assumed that the function F {t, n) satisfies the two conditions, 


{a) 

lim f F {t, n) dt = 1 , 
J — fl 

(b) 

1 \ F {t,n)\ dt S A, 

J -ft 


where A is a positive number independent of n and fi. 

We have 

I f (x + t) F {t, n) dt —f (x) I F {t, n) dt 
J ~i^ J - ft 

-b r {/ -ht) f (a;)} F {t, n) dt. 

I -fX 

Let it be first assumed that the function / (a:) is continuous at the point x, 
then /M can be so chosen that \ f (s: + t) — f (x) \ < rj, for all values of t in 
the interval (— /a, (m), where is a prescribed positive number. 

It then follows that 


lim f f {x - 1 - t) F {t, n) dt — / {x) 

U'^OO 


< ; 


and since t] can be taken to be arbitrarily small, by proper choice of /a, we 
have 


lim f f {x') F {x' — X, n) dx’ = f (a;), 
n'^oo J a 


If the set 0 consists of all the points of an interval (a, j8) in which / {x') 
is continuous, the continuity at o and jS being on both sides, /x may 
be so determined that the condition | / (a; + t) — / (a;) | < tj is satisfied 
for all the points x of the interval (a, j8). In that case the convergence 
of the integral to the value / [x) is uniform in the interval (a, /3). 

The following theorem has been now established : 

If the function F {x' — x, n) satisfies the conditions (1) and (2) of Theorem 
II, and satisfies the conditions 


(a) 

lim f F (t,n) dt ^ 1, 
Tl'^QO J —fJL 

ib) 

1 F (t,n) } dt^ A, 

J -fl 
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where A is independent of p and n, for all sufficiently small values of p{>0), th en 

I / (x') F (x' — X, n) dx' converges, as n ~ <x> , to the value f (x) at a point x 
J a 

at which f [x') is continuous; and it converges uniformly tof (x) in any interval 
{a, j8) in which f {x') is contimious, the continuity at a and jS being on both 
sides. The function f (x') is any function that is summable in (a, b). 

In C3isef{x') is a function of one of the types considered in §§ 282-285 the 
conditions (1 a), (1 b), (1 c)and(l d) maybe substituted for the condition (1). 
It should be observed that, in case F (t, n) is never negative, the condition 
(b) is contained in the condition (a), since, if necessary, a finite set of values 
of n may be disregarded. 

293. In the case in which p can be so chosen that the function / (.r') 
is of bounded variation in the interval (x — p, x + p),it is sufficient, instead 
of the condition (b), to assume that the condition 

{b') If F {t, n) dx ^ A 

I - A, 

is satisfied, for every interval (A^, Aj) contained in {— p, p). For in that 
case, in accordance with the theorem of i, § 424, 

r {/ (x -ht) -f (x)} F (t, n) dt 
J -II 

cannot exceed A multiplied by the total variation of / {x + t) in the interval 
(— p, p) of t. This is seen by dividing the interval of integration into the 
two parts (0, p) and {—p, 0). In any interval in which / {x') is continuous 
and of bounded variation, it is expressible as the difference P [x') ~ N (x') 
of two continuous monotone functions. In the interval ( — p, p) of t, the 
total variation of / (x + t) cannot exceed the sum of the variations of 
P (x + <) and iV (x + t), which is 

\ P (x + p) — P {x — p) \ + \ N {x + p) ~ N {x — p) \. 

For a point x of the interval, these are both arbitrarily small, by proper 
choice of p. Moreover, if x be confined to an interval interior to the interval 
in which / (x') is continuous and of bounded variation, p can be so chosen 
that \ P (x + p) — P {x — p)\, \ N {x + p) — N {x ~ p) \ are both less 
than an arbitrarily prescribed number, the same for all the values of x. 
It then follows, as before, that the integral converges to / (x), at a point 
in the neighbourhood of which / (x') is of bounded variation, and uniformly 
in a whole interval interior to another interval in which / (x') is of bounded 
variation and continuous. 

The following theorem has been established : 

If the function F (x' — x, n) satisfies the conditions (1) and (2) of 
Theorem II, or one of the conditions (1 a), (1 6), (1 c), (1 d) instead of (1), 
in case f (x') belongs to one of the corresponding classes of functions, and if 
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further F (x' — x, n) satisfies the conditions (a) and (6'), then at a point x 
in a neighbourhood of which f {x') is continuous and of bounded variation, 

f (x') F {x' — X, n) dx' converges to f (x), as n . Also for an interval 

J a 

which is interior to an interval in which f (x') is continuous and of bounded 
variation, the convergence of the integral to the limit f (x) is uniform in the 
interval. 


294 . Let us now consider the convergence of the integral at a point x 
at which the function / (a;') has an ordinary discontinuity, so that / (a: + 0) 
and f {x — 0) have definite values. 

The following theorem will be established: 

If the condition (a) of the theorem of § 292 be replaced by the conditions [a') 

lim f F (t, n) dt lim f F {t,n) dt ~ 
ti'^co J 0 ri'^co J - fi 

the condition (b) remaining unaltered^ then at any point x of ordinary dis- 
continuity of the functioyi f 

lim f f (x') F {x' — X, n) dx' =- {f (x + 0) + f {x — 0)}. 

n^^Qo J a 

We have 


f f (x + t) F (t, n) dt 

J 

= r{/(« + t) -fix + 0)} F it, n) dt +fix + 0) Fit, n) dt 

JO JO 

+ f {/ ■^ <) - / — 0 )} F it, n)dt +f ix — 0) f F it, n) dt. 

J -g. J -pi 

It can be assumed that /a is taken so small that 

\f ix + t) - fix + 0)\, \fix + t)-fix-0)\, 

for t in (0, /u.) and in 0), are both less than rj. 

It follows that 

lim r fix + t)F it, n) dt - i {fix + 0) +f (a; - 0)} 

n«^ao * 

< rj f j F it, n) j dt < Arj. 

J -IX 

Since ij is arbitrarily small, we have 

lim f f ix') F ix' - X, n) dt' = \{f ix + Q) + f ix - 0)}. 
n-'^oo J a 

In case the point a: is a point in a neighbourhood of which / ix') has 
bounded variation, the condition (6) of the theorem may be replaced by 

I ^ for every interval (A^ , Xf) 


the condition (6')> ^'hat 


r*‘ 

Fit,n) 

J A, 


HH 


29 
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contained fi, n), and for all values of n. The proof is precisely similar 
to that in § 293. Thus : 

If the conditions {a'), {b') are satisfied by F {t, n), then at any point x, 
in a neighbourhood of which f {x') is of bounded variation, 

lim f f (»') F (x' - X, n) dx' = ^ {f {x + 0) + f {x ~ 0)}. 

W'^Qo J a 


295. It has been shewn in § 294 that, subject to the conditions of 
Theorem II, and the conditions (a), (6) of § 292, the singular integral con- 
verges to \ {f {x + Q) + f {x — 0)} at any point of continuity or of ordinary 
discontinuity. If we assume that the value of / {x) at any point of 
ordinary discontinuity is taken to he ^ {f {x + 0) + f (x — 0)}, the integral 
then converges at such a point to the value / (x). It can, however, be 
shown that, provided F (t, n) satisfies certain conditions, the convergence 
of the integral to / {x) holds good at all points of a set which includes 
points at which / («) has a discontinuity of the second kind. 

It will be assumed that F {t, n) is an even function of t, and that it 
possesses a continuous partial differential coefficient F^ (t, n), with respect 
to t, for each value of n. It will further be assumed that F {t, n) converges 
to zero, as ri ~ 00 , for each value of t that is 0. 

We have 


f{x + t)F {t, n) dt = l^<^ (t) F {t, n) dt f 2/ {x) F {t, n) dt, 

where <f> {t) denotes f {x + t) + f {x — t) — 2f {x). The second term on the 
right-hand side converges to / {x), as n ~ oo , in accordance with the con- 
dition (a) of § 292. 


There then remains for consideration the integral I f) {t) F {t, n) dt, 

Jo 

which may be expressed as (p.) F {p, n)— (t) F^ {t, n) dt, where 

< ^ ** 

{t) denotes 4> (t) dt; since F (0, n) is finite, and (0) = 0. 

® t 

Let us assume that I 4> (#) dt has a differential coefficient equal to zero 
JO 

at the point i = 0; we have then'i^i (t) = tx (<), where x (f) is continuous, 
and X (0) = 0- It is known (see i, § 432) that this condition is satisfied for 
almost all points x, in (a, b). We have then to consider the limit of 

f%X (<) (f, 

JO 

the term <j>i (p) F (p, n), or px ip) F (p, n), converges to zero, as » ~ oo . 

The integral [ x (0 ™)] converges to zero, as a ~ oo , if the 

J 0 
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function tF^ (t, n) satisfies the conditions (1 c), (2) of § 284, for the interval 
ifji'yfj.), and the conditions (a), (6) of § 292, for (0, /x'), where fi' < fi,; 
since x (t) is a continuous function of bounded variation in (fj,', /*). 

If a', j8' be such that 0 < ft' ^ a' < )8' S fi, where fi' is a fixed number 
(< fi), we have 



tF (t, n) 



F {t, n) (It. 


Since F (t, n) converges to zero, for t — a', and t = and since F {t, n) 
satisfies the condition (2) of § 284, it follows that the integral on the left- 
hand side converges to zero, as w ~ oo ; and thus that tF^ (t, n) satisfies 
the condition (2) of § 284. 

The condition (Ic) that j \tFi{t,n)\dt should be bounded with 

respect to n is satisfied if the condition that I tF-^^ (t, n) I dt is bounded, 

J 0 

and is included in the latter condition. 


Since 
tF^ (t, n) 


- {tF [t, n)-F {t, n)} 


^f{tF{t,n)} +|i?’(#. w)|, 

we see that [ | tF^ (t, n) | dt is bounded with respect to n, if 
0 

dt 


I. 


^f. {tF {t, n)} 


is so, and if j | {t, n) | dt satisfies the condition (b), of § 292, which 

JO 

9 

we assume to be the case. Now ^ {tF {t, n)) 

Jo ot, 

i 


dt is the total variation of 


0 dt 


{tF {t, n)} dt (see i, § 415), or of tF {t, n), in the interval (0, y). 


Therefore the condition (1 c) of § 284 is satisfied if tF {t, n) has a total 
variation in the interval (0, y), less than some fixed number independent 
of n. Moreover 


lim f tF^ (t, n) dt — — lim f F {t, n) dt ~ 
n^QO J 0 n'^oo J 0 

it being assumed that the condition (a) is satisfied. Hence it is seen that 

lim f X (t) [tFi {t, w)] dt ~ 0, since x (b) ■= b- 
n<^cc J 0 

The following theorem has now been established : 

If F (x' — X, n) satisfies the conditions (1), (2) of Theorem II, for all 
values of y (> 0), and also the conditions {a), (b) of § 292, and if 

lim F (x' — X, n) = 0 

n'^oo 


29-2 
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whm x' ^ X, avd F {t, n) is an even function of t; then, provided tF {t, n) has 
a total variaiion in (0, jx) less than a fixed number independent of n, 

f (x') F (x' — X, n) dx' 


f 

J a 


converges to f (x), as n co , for every point x in {a, b) for which 
'\f(x + t)+f{x-t)-2f{x))dt 


r 

Jo 


has a differential coefficient at t == 0, equal to zero; this is the case for almost 
all values of x. 

In case F {t, n) is not an even function of t, we may define {t) to 
denote f {x + t) ~ f (a:), or f (x — t) —f (x) ; and thus 

f f (x + t) F (t, n) dt = f <f> (t) F {t, n) dt -t- f (x) f F {t, n) dt, 

Jo Jo Jo 

and by proceeding as before, it can be shewn that, subject to similar 

conditions, the convergence holds good at every point x at which 


f {/(a3 + t) -f(x)} dt, and [ {f(x- t) -f{x)} 

J a J a 


dt 


have differential coefficients equal to zero ; and this is the case for almost 
all values of x. 

296. Making, as in § 296, the assumption that lim F (t, n) = 0, for 
each value of t, except zero, we have 

X {l)-lF I (t, n) dt = ^ / I ^ 

Let it be now assumed that I \<f>{t)\dt has a differential coefficient for t — 0, 

J 0 

equal to zero; this is the case (see i, § 432) for almost every value of x. 

dt -= (Oj where xi (1) continuous, and 


f l<A«) 

J 0 


We have then 

Xi (0) = 0. 

We have now 

I /•on /•On fan 

x{i) (<» n)dts lx (t).tFi (t, n)jdt<M (a„) / x (0 ; 

\Jo Jo Jo 

where M (a„) is the maximum of ( tFi {t, n) \ in the interval (0, a„) ; and 

fan 

since I | x (^) I X where 0 < ^ , the absolute value of 

J 0 

the integral is < a„ M (“n) X («»')• 

If it be assumed that M (a„) a„ has a finite upper boundary with 
respect to n, and that a„ converges to zero, as % ~ qo , we have 

f“"x(<)<^i(^ ri)dt 
Jo 

for all sufficiently large values of n. 


< f, 
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Next, consider I x or (<» d#. Since 

J an J an * 

has bounded variation in the interval (a„ , /a), the integral is numerically 

I 


less than Vi 


Xj) 

t 


multiplied by the maximum of 


(t, n) 


dt 


for 


all intervals interior to where denotes the total variation 

of in the interval (a„, /a). Hence 

(x«)] • 


r X (i)-iFi (t, n) dt 

J a.mm 


< N («„) v: 


t 


where N («„) denotes the absolute value of the maximum of ^t^F^ {t, n)dt, 
for all intervals interior to (a„, /.t). We have also 


Thus 


7. X (m) - ;7 X (««) + 2 r ,1 X (0 dt. 

r** d an ^ 


X (f) _ X (« n) 

and this holds good when /a is replaced by any number t in the interval 

(«„, ix). 

It follows, employing the theorem in i, § 416 , that 


X(0 

t 


/: 


1 <f> (t) 

t^ 


(It -|- 2 




dt 


dt 


’/I IV’ * + ^l'JxA‘)dt 

1 

j fz Xi (0 dt 

(IV)- 


Xi (f) Xi (««) 


Xt M Xl («n) 


' |_ 4 


when Xl is the maximum of xi (t) in the interval («„ , /a). 


It follows that 




Xl (ja) + 4 xi < 6, provided /a be chosen 


sufficiently small. We have now 


l\it).tF, {t, n) 

J an 


dt 


< 


N (a„) , 


e; 


N id ) 

and thus, provided — ~ is bounded with respect to n, the integral on 


a„ 


the left-hand side is less than an arbitrarily chosen number. If then also 
I a^M (a„) I is bounded, we see that / <f> {t)F {t, n) dt converges to zero, 

J 0 


as » ~ 00 . 
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The following theorem has been established: 

If F (»' — X, n) satisfies the conditions (1), (2) of § 290, for every value of 
fi (> 0), and a sequence {a„} of positive numbers converging to zero, as n ~ co , 
can be so determined that, for a sufficiently small fixed number p, a^M (a„) 

and are both less than fixed positive numbers independent of n, then 

CCfi 

rb 

I / {x') F (x' — X, n) dx' converges to f (x), for all points x, interior to {a, b), 
J a ^ 

at which I \ f {x + t) f {x — t) — 2f (x) \ dt has a differential coefficient 
J 0 

att — 0, equal to zero. The number M («„) denotes the maximum of t — 
in the interval (0, a„), and N (a„) denotes the absolute value of the maximum 
of jt^ ^^-^^—dt, for all intervals interior to (a„, fi). 

It is clear that at any point x, at which f \ f {x + t) — f (x) \ dt, 

i 

I \f{^ — t)~f{^)\dl both have, at < = 0, differential coefficients of which 
the value is zero, then ( \ f {x + t) + f {x — t) ~ 2f {x) \ dt has at x the same 

J 0 

property. It follows from the theorem given in i, § 432, that this property 
holds for almost all values of x in the interval (a, 6). 

It is clear that, in the proof of the above theorem, there may be sub- 
stituted for J’l {t, n) any function {t, n) which satisfies the same condi- 
tions as jPi it, n) does in the theorem. 

Thus we obtain the following theorem, due to Lebesgue (Zoc. cit.)\ 

For any point x at which f \ <fi {t)\dt has a differential coefficient for 

J 0 

t = 0, equal to zero. 


J fi (t) dt^ fii {t, n) dt 


converges to zero as n ~ <x , provided fi {t, n) satisfies the conditions that, for 
some sequence {a„} of numbers converging to zero, a„M («„) and are 

Ctn 

bounded for all values of n; where M {a„) denotes the maximum of | tfi {t, n) | 
in the interval (0, a„) and N (a„) denotes the absolute mlue of the maximum 

of ^t^fi {t, n) dt for all intervals interior to (a„, y,). 

1 p 

2ff1. Let u {t) denote -r {f(^-i-t) + f(x — t)} dt, and let it be assumed 

* J 0 

that u (t) has bounded variation in the interval (0, y). For < = 0, we may 
take u (0) = u(-h0); then u (t) is continuous in the interval (0, y). We 
denote f(x + t) -l-f(x — t)hyfi(t). 
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We have 

I 6 (t) F (i, n) dt = uu (u) F {u, n) — ( u {Jt).tF^ {t, n) dt; 

Jo Jo 

if it be assumed that | tF {t, n) | < K, for all the values of t and n, then since 

fMU {fi) F {fi, n) = {u (fji) — u {+ 0)} [xF {fjL, n) + u{ {- 0) fiF (/*, n), 

we have lim {^lu (/x) F {jx, n) — u {+ 0) fxF (/*, n)} < 

where ~ 0, as ju. 0. 

Again, considering f u (t) {tF-^^ {t, n)} dt, we have 
J 0 


/' 

Jo 


{u (t) - M ( + 0)} tFi (t, n) dt 


VI {u (t))L{fx), 


where L (fx) is the absolute value of the maximum of JfFj {t, n) dt in 
intervals contained in the interval (0, fx). 


Since 


^tFi {t, fx) dt = (<, /x)] — {t, n) dt, 

we see that L (fx) is less than a fixed number independent of n, provided 
the absolute maximum of ^F {t, n) dt for all intervals contained in (0, fx) 

is so. Since lim Fo {u (<)} ~ 0, as /x ^ 0, it follows that 


pl'^QO 

lim 

where ~ 0, as /x ~ 0. 
It is now seen that 


(<)-«(+ 0)} tF I {t, n) dt < 
Jo 


lim 

Tl'^OO 


If 6 (t) F (t, n) dt — u (+ 0) f F {t, n) dt 
(Jo Jo 


<■>?/» + Cm > 


and assuming that F (t, n), an even function of t, satisfies the conditions of 
Theorem I, for every interval {ix',fx) when 0</x'</x, the above limit is 
zero when /x', instead of 0, is the lower limit in the integrals. 

We then have lim f (f> (t) F {t, n) dt ^ u {+ 0) Urn j F {t, n) dt. 

U'^coJ 0 71-^00 J 0 

The following theorem has now been established: 

If F {t, n) be an even function oft, and satisfies the conditions of Theorem I, 
in every interval (/x', /x), (/x' > 0), and if | tF (t, n)\<K, for all values of n, and 

all values of t in the interval (0, jix), then I f (x') F {x' — x, n) dx' converges 
to « ( -f 0) lim I F (t, n) dt, at any point at which the functio 

M (0 = J Jjf (;» + <)+/(«- f)} dt 

has bounded variation in some interval (0, p), of t. 


twn 
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This theorem is a generalization of a theorem given by de la Vallee 
Poussin for the case of Fourier’s series (see § 345). 


THE OSCILLATION OE A SINGULAR INTEGRAL 

298. Let it be assumed that F {t, n) S 0, for all values of t and n, and 

that the condition lim f F (t, n)dt=l is satisfied, together with the con- 

J — fl 

ditions (1) and (2) of Theorem II. 

If denote the upper and lower boundaries off (x') in the interval 

(x — ij.,x + fjb), and U, L are the lower and upper boundaries of M^, 
as /X ^ 0, the number /x can be so chosen that < M + r], m^> m — rj. 

We have 


I f {x + t) F {t, n) (It < {M + r}) f F {t, n) dt > {m — rj) j F {t, n) dt. 
J -'ll. J — /u. J — p 


It follows that 


and 


lim [ / (x') F (x' 
J a 

lim rf(x')F(x' 

n'^oo ‘ 


— X, n) dx' < M } rj. 

— X, n) dx' > m -- Tj. 


Since rj becomes arbitrarily small, by choosing jtx small enough, we have 
the following theorem : 

If F it, n) S 0, for all values of t, n, and satisfies the condition 

lim f F (t, n) dt ^ 1, 

then promded the function F {x' —x,n) satisfies the conditions (1), (2) of 
Theorem II, we have 

M ^ lim f / (*') F (x' — X, n) dx' ^ lim f f (x') F {x' — x, n) dx S w, 

J a 

where M, m are the maximum and minimum of f {x') at the 'point x. 


THE FAILURE OF CONVERGENCE OR OF UNIFORM CONVERGENCE 
OF THE SINGULAR INTEGRAL 

299. When the function F {t, n) is such that the ccmdition (6) is not 

satisfied, so thcU j | F (f, | dt increases indefinitely as n it is possible 

to define a function f {x'), continuous in (a, b), and such that, at a particular 

point X, j f {x') F («' — X, n) dx' does not converge to f (x), as n oo . 

J a 

One at least of the two integrals j I F (t, n) \ dt, | F {t, n) \ dt is 
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unbounded ; let us assume that the first of these is unbounded. It has been 
shewn in § 289, that a continuous function x {t), such that x (0) = X (/■*) ~ 

exists, such that x (0 ^ does not converge to zero, as w ~ . 

jo 

Let f (x') ^ 0, in the interval (a, x) and in the interval (x + /x, 6); 
and let / (»') = x ~ *)» the interval {x, x + /x). 

We have then 

I f (x') F {x' — X, n) dx' — [ f {x') F {x' — x, n) dx' — f x (0 (^> 

J a J X *'0 

It follows that I f (x') F {x' — x, n) dx' does not converge to zero, which 

J a 

is the value of the continuous function / {x') at the point x. 

The following theorem will now be established : 


// J I ^ {t, n) I dt increases indefinitely as n ~ ^ , it is possible to define 


rb 

a eontimious function f (x') such that f (x') F (x' — x, n) dx' converges 

J a 

to f (x), as n cc , at a prescribed point x, Imt does not converge uniformly in 
any neighbourhood of x. 


It has been shewn in § 289, that it is possible to define a continuous 
function («'), of which the numerical maximum is M, such that, for 

rb 

a given point x, <f> {x') F (x' — x, n) dx' has a value which exceeds 
& ^ 

M \ \ F (pc' — x,n) \ dx' — e, where € is arbitrarily assigned. Moreover this 

J a 

function <j> (x) can be so chosen as to be of bounded variation ; because 
it is clear that a function which is constant in each interval of a finite set, 
and is elsewhere zero, can be taken to be the limit of a sequence of con- 
tinuous functions of bounded variation. 


Also, if iff (x') be a function which has the value 0 in the interval 
(x — h, X + h), and is numerically not greater than M, we have 

t/f (x') F (x' — X, n) dx' 


f 

J a 


where It (h) is the maximum value of 

'•x-h rb 

F (x' - x,n)\ dx' + 

J X- 


rx- 
J a 


J x-\-h 


4 MR (h), 

F (x' - X, n) I dx' 


which is finite, on account of the condition (1) of Theorem II. Consider 
a sequence of intervals no two of which overlap or abut on one another, 
and such that their end-points have the point x for limiting point. Let 
their lengths be 4hi, ih^, ... ‘^hj,, and let Xi, X 2 , ... x^, ... be their 
middle points. Let k,, be the distance from x of the nearer end of the 
interval of which the length is 4hp . 
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A function («'), continuous and of bounded variation, can be so 
determined, that it is numerically < Zj, < 1, and such that, for n = n„, 

I f fv (*') F {F - Xj,, dx' > ‘P + 2B (hj ,) ; 

I J a 

the number may be so chosen as to exceed any prescribed integer. 

Let <f>„ (x') = fj, {x'), in the interval (x.,, - h^,, Xp + hp), and let (f)p {x') == 0 
outside the interval (Xp — 2hp, Xp + 2hp). This function {x') may be so 
determined as to be continuous and of bounded variation, and such as 
to satisfy the conditions | <t>p {x') | < Z, < 1, \^p {x') -fp (x') | < 1, in the 
whole interval (Xp ~ 2hp, Xp + 2hp). 

We have then 


f (F) - h {F)} F (x' - Xp, np) ^ R {hp), 

J a 


and therefore 


4>p {x') F (x' - Xp, Up) dx' > p + R [hp). 


Now let/ {x') (j>p {x') in each interval {Xp — 2hp, Xp + 2hp)-, and outside 
all these intervals let/ {x') = 0. Then 

fb 

f (F) F (x' - Xp, rip) dx' > p + R (hp) - R (2hp) S p\ 

d a 

it follows that I f (x') F (x' —x,np)dx' cannot converge iinTormly to 

f (x) in any neighbourhood of x ; since the numbers rip, Xp can be so chosen 
that the integral increase indefinitely with p. That / (x') may be so defined 

that I / (x') F (x' — X, n) dx' converges at the point x, to the value zero, 

•' a 

may be seen as follows. 

mi . °° rxp+2hp 

The mtegral is equivalent to S (fyp (x') F (x' ~ x, n) dx' ; and 

2hp 

the terms of this series are numerically less than those of the series 

QO 

2 Ij^R {kj). If we take equal to the smaller of the two numbers 

1 1 1 .. . . 

~ 2 » piR (jc'') ’ series is convergent. The series which represents 

I / {x') F {x' — X, n) dx' therefore converges uniformly with respect to n, 

d a 

and since each term converges to zero, as n ^ oo , it follows that 


f (x') F (x' — X, n) dx' 


converges to zero, the value of / (x') at the point x. It is clear that the point 
a: is a point of continuity of the function / (x') ; it is an isolated point of 
non-uniform convergence of the integral. 
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The above constructions of a series which is non-convergent at a single 
point, and of a series which although convergent, converges non-uniformly 
in every neighbourhood of a particular point, are due to Lebesgue (loc. cit.). 


APPLICATIONS OF THE THEORY 
300. As a first application of the preceding theory, let 

El / / \ {1 — 

F (x', X, n) = '-5- , 

2 / (1 - dt 

Jti 

when O&x' & 1, and the set O consists of the points of the interval (0, 1). 

To show that the conditions of Theorem II are satisfied, we see that 
a \ x' — X \ ^ fi, 


F (x', X, n) £ - (L - < -Jo 


JO 


dt 


1 

O.. > 


2f\l-tYdt 2fi[\l-tYdt 
Jo Jo 


1 

2fi' 


thus the condition (1) is satisfied; we can take 
Also 

rPi 

f F {X', X, n) dx' ^ < ; 

•"“* o/ it t2\n^4 2j (l-f^dt 2^{l-^j 


since 


J /\l 

Jo 

0‘ 


it has here been assumed that x is not interior to the interval (aj — /x, Pi + fi). 


We have 


where 1 + A ^ 


lim 


Vn (1 - fx,^)” e 


-^^lim 


Vn 


AXIJI " ' ' TT IXiXA VZ ^ 

n~oo 2 ^n~oo (1 


in ■ ■ ^ > 


j— — Hence the condition (2) of Theorem II is satisfied. 


Again, we have 




rF {t, n) 
Jo 


dt 


['*(1 - t^)»dt 
Jo 


<i; 


and writing the integral in the form | 


f\l-tr 

Jo 

f\l ~t^)”c 
y n 

i f\l- Y)” 

JO 


, we see that the 


dt 


limit of the integral is 



460 Repreamtation of Functiom 08 Limits of Integrals [oh.vii 
It now follows from the theorems in §§ 292-294, that 

JO 


lim- 

n^oo 


! f\l - t^dt 

Jo 


= H/(«; + 0)+/(a:-0)}, 


at any point x interior to (0, 1), at which / (a:) is ordinarily discontinuous. 
It follows also that, in any interval in which / (x) is continuous, the con- 
tinuity at the end-points being on both sides, the convergence to / (x) is 
uniform. The function / (x) is in general subject only to the condition 
that it is stunmable in (0, 1). 

The asymptotic value of j (1 —t^)”dt is hence the limit 

lim a/- f [1 - (x' — x)'^]” dx' 

has the same values as the above limit. 

This singular integral was studied by Landau*, in the case in which 
/ (x) is a continuous function, who applied it to obtain a proof of Weier- 
strass’ theorem (§ 159) that a function that is continuous in a given interval 
can be uniformly approximated to by a seqiience of finite polynomials. 

Since f [1 — (a;' — dx' is a polynomial of degree 2n in x, if f (x) is 
Jo 

continuous in the interval (0, 1), then in any interval (a, h), interior to 
(0, 1), the sequence of polynomials obtained by giving n the values 

1, 2, 3, ... in the expression j f {x') [1 — (x' — «)^]” dx' converges uni- 

formly in (a, b) to the value of the continuous function / (x). 

The theorem of § 295 may be applied to the function 

▼ 77 

We have ^ (i, n)] = (1 — (1 — (2n + 1) t^}, 

and thus tF (t, n) increases steadily from ^ = 0 to f and then 

V 2?i -j- 1 

steadily diminishes. The total variation of tF (t, n) in the interval (0, /a) 
is therefore 


* Rend, di circ, mat, di Palermo, voL xxv (1908), p. 337. The above theory for any summable 
function was given by Hobson, Proc, Lond, Math, Soc, (2), vol. vi (1908), p. 364. 
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and this is less than whatever value n may have. Thus the conditions 
of the theorem of § 295, being satisfied, it follows that 

V ^ fo-^ LI - 

converges to / (x) at every point at which 


l\f{<^ + t)+f{x-t)-2f{x)}dt 
J 0 


has a differential coefficient at < = 0, of the value zero, and this condition 
is satisfied at almost all points of the interval (0, 1), 

It has thus been shewn that: 

If f (x) be summable in the interval (0, 1), the limit, as n ^^oo, of the 

sequence of 'polynomials | f{x')[l — (x' — x)^]” dx' is f {x), at any 

interior point of the interval at which 

['{/(^ Vt)+f{;x-t)-2f{x)}dt = o{Jiy, 

Jo 

and which is the case almost everywhere. The convergence to f (x) is uniform 
in any interval of continuity of the function, the continuity on both sides at 
the ends of the interval being presupposed. 


11 r°° 

301 . The limit lim I f {■x')e~'"‘'('^'~^^‘ dx' 

ri'^oo y TT J -QO 

was considered by Weierstrass, and was employed by him to prove his 
fundamental theorem relating to continuous functions. It will here be 
assumed that / {x) is summable in every finite interval, and that, outside 
a certain finite interval (— ^, ^), it is bounded. 

Taking If {t, n) -= we have, if t ^ y., F {t, n) ^ ~ 

V TT ■ ' V TT 

7h , 1 • 

and since has the single maximum — e-*, we have 

-v/tt- MV 277 

F It, n) £ e-i, for t S u. 

M V27r 

Also, when x is not in the interval (a' — y, — y), we have 
r JL e-n‘(x' -x)‘ dx' < ^ (/S' - a') 

Ja.' Vtt Vtt 

and this converges to zero, as n ~ oo , uniformly for all values of x in any 
finite interval (a, j8). 
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We have 

4 - r / {x') fix' = 4 - i r + dx' 

ynJ-ao VTr (./^ J -«) 

+ — If ^ + f 1/ (»') dx' + -^ [ f {x') e-wM*'-®)* (/a;'; 

V TT Jos+m' V7rJa;-fi 

a^nd the first part of the expression is less than a fixed multiple of 

-n(A-¥x)) 


r 

Jn(A-x) J- 




e-*'dt. 


For all points x in a fixed interval interior to (— A, A), this converges 
uniformly to zero, as w ~ oo . 

The second part of the above expression converges rmiformly to zero, 
since the conditions of Theorem I are satisfied. Further, we have 

rx+ii n I 1 

% e-’^‘(^'-^ydx' ~ ne-'>yydt= ) e-^'^dt’, 

J X Vrr Vtt Jo Vn Jo 

fx ^ 

and the limit, as w ~ oo , is J. Similarly the limit of I -j- dx' 

J X-Ii. V TT 

is J. 

We have now established the following theorem : 

Iff {x') is summable in every finite interval, and is bounded outside some 

Yl 

fixed finite interval, then - I f {x') - ®)* dx' converges to 

y/ TT J -03 

H/(^ + 0)+/(a:-0)} 

at any point at tvhich f (x) has an ordinary discontinuity, or is continuous. 
Moreover, in any interval in tvhich f {x) is continuous, the continuity being, 
,at the ends of the interval, on both sides, the convergence is uniform. 

Since (1 — 2nH^), we see that increases steadily 

up to a maximum at t , and then steadily decreases. The total 

7h 

variation of -yr te-”’’^ in the interval (0, p.) is accordingly 

V TT 

/2 . n . 

J -e-\ --- 
V TT yfrt^ 

which is less than k/ e~*. Hence, in Accordance with the theorem of 

> TT 

§ 296, we have the theorem that: 
n f” 

f e “»*(*'“*)* dx' converges to f {x) at any point at which 

'V TT J -03 

f {f(x-h t) +f(x -t) -2f («)} dt 
J 0 
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has a differential coefficient at t = d, which has the value zero: and this is the 
case at almost every 'point of any finite interval. 

If / (x') have an Hi/-integral in (— A, B), and is bounded outside that 
interval, since the total variation of in an interval (/i, a) is 

n for all sufficiently large values of n, and this is less than 

e~i, which is independent of n, it is seen that the condition of the 
theorem of § 286 is satisfied; therefore: 


/ (^') dx’ converges to | {/ (a: -|- 0) -f f {x H- 0)} at any 

Vtt J -«> 

ordinary point of discontinuity, where f {x') has an HL-integral in (— A, B) 
and is bounded outside that interval. The convergence to f (x) takes place at 
all those points of the intervals complementary to the set of points of non- 

summability of f (x) at which {f{x + t)+f(x — t) — 2f (a;)} dt has, for 

JO 

t = 0, the differential coefficient zero. 


The condition in the above theorems, that / (x') should be bounded, 
outside some finite interval, may be replaced by a less stringent condition. 
It can in fact be shewn that it is sufficient that for \ x\> A, the condition 
I / (^) I < should be satisfied, where A, q are fixed positive numbers. 

Wc have only to consider the part 


n 

a/ tt 


I/;-/;: 


/ (*') e -»•(*' -*•>' dx' 


t ^ 

of 

V TT 


f (x') c dx' . This is less than a fixed multiple of 


r dt + [ 

Jn{A-x) J 


-n(A+x) 


6”“ 


dt. 


For n> Vq, this has a definite meaning, and it converges to zero, uniformly 
for all points x in an interval interior to (— .4, ^), as » ~ qo . 

Other examples of singular integrals, the convergence of which may be 
investigated in accordance with the methods here given, are 




The first of these has been investigated by de la Valine Poussin*. Other 
applications of the theory given in the present chapter will be given in 
later chapters, in connection with the theory of Fourier’s series and 
integrals. 


* Bull, de Vacad, toy. de Belgique (1908), p. 193. 
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THE CONVERGENCE OF THE rNTEGRALS OF PRODUCTS OF FUNCTIONS 


302. The theorems given in §§ 201-213, relating to the conditions that 
a sequence {«„ (a:)} should be integrable, have been extended, especially by 

rx 

W. H. Young*, to obtain conditions that an integral I / {x) {x) dx 

J a 

should converge to I / {x) s (x) dx, in a finite or infinite interval or cell {a, b). 

The function / {x) is in general taken to be summable in (a, b), but in some 
cases it may be less restricted. Theorems of this kind will here be deduced 
from the general convergence Theorem I, of § 279, and its modifications 
and extensions. 

Theorem I, and its modifications, may be applied to determine sufiicient 
conditions that, if {«„ («', a;)} is a sequence of functions all summable in the 
interval or cell (a, b) of x', for all values of « in a given set of points O, in a 
domain of any number of dimensions, and if s {x', x) be another such func- 
tion, then f f{x') s„ {x', x) dx' converges, as ri ~ oo , to / / {x’) s (x', x) dx’ , 

J a J a 

uniformly for all values of x in O, for all functions/ (a:') which are summable 
in {a, b), or which belong to one or other of the more restricted classes of 
functions that have been considered in the modifications of Theorem I. 


Let 4) (a:', n,x) = s (x', x) — s„ (x', x); we have then, from Theorem 1, 
the f ollowring result : 

It is sufficient in order that, for every summable function f {x'), 

I f («') -Sn X) dx' 

J a 

should converge to I / (a;') s (x', x) dx', uniformly for all values of x in G, 

(1), that, for each pair of values of x and n, \ s {x', x) — s„ {x', x) \ should, for 
almost all values of x', not exceed a number K independent of the particular 
values of x and n; and (2), that, for each pair of values of a, jS, such that 
/•/S 

a & a & ^ & b, \ {s {x’, x) — {x', x)} dx' shall converge to zero, as n ~ cc , 

J a 

uniformly for all values of x in G. 

It is sufiicient for bounded convergence for all values of x in G, if 
condition (1) is satisfied and condition (2) is replaced by (2'), that the inte- 
gral converges to zero for each value of x. This theorem holds good when 
x' is a point in a cell of any number of dimensions,, integration over the 
cell replacing integration over the linear interval {a, b ) ; (a, will be 
replaced by a cell contained in the cell (a, b). 


* Proc. LoTid. Math. Soc. (2), vol. rx (1911), p. 463. 
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In case O consists of a single point, we have as sufficient conditions that 

hm f / {x') s„ {x') dx' = f f (x') s {x') dx', 
n^Qo j a J a 

the conditions (1), that | s (x') — s„ {x') | < K, for all values of n and x', 

fP fp 

and (2), that lim / (»') dx' = I s {x') dx', for each interval (or cell) 

U'^ccJ a J a 

contained in the interval (or cell) (a, b). These conditions are both satisfied, 
in particular, if s„ (x') converges boundedly to s (x'). 

In case s„ (x', x) converges uniformly to s {x', x), in 0, the condition (1) 
of the above theorem being assumed to hold, it has been shewn in § 203 
that the condition (2) must be satisfied. 

We thus obtain the following theorem : 

If, in the interval or cell (a, b), the sequence {«„ {x', x)} converges to s (x', x), 
uniformly for all values of x in a given set O, of one or more dimensions, 
and if the condition is satisfied that | s (*', x) — {x', x) \ < K, a number 

independent of x and n, for almost all values of x', then f (x') «„ (x', x) dx' 

J a 

converges uniformly in O to f {x') s (x\ x) (Ix\ where f {x') is any function 

J a 

summable in {a, b). 

rb rb 

In particular lim / («') {x') dx' =- f {x') s {x') dx', where f {x') is 

n^Qo •’ a ^ J a 

any function summable in (a, b), provided {s„ {x')} converges almost every- 
where to s {x'), and \ s {x') — s„ (x') | is less than a fixed number K, in- 
dependent of n and x'. 

This theorem also follows directly from the theorem in § 203, since 
I / (x) {x', x) — (^', x)) I is less than the summable function K \ f {x)\. 

These theorems hold good when the interval or cell (a, b) is infinite, 
provided | / (a;) | is summable in (a, b). 

303. Considering the case in which {f (x')Y is summable in {a, b) for 

some value of gr > 1, and {s {x',x)}>i-^, {«„ {x',x)}i-^ are summable in (a, b) 
for each value of x, we obtain from § 282 the following result : 

It is sufficient, in order that f f {x') s„ (x', x) dx' should converge to 

J a 
fb 

I f {x') s (x' , x) dx' , uniformly, or boundedly, for all values of x in G, far all 

J a 

functions f {x') such that | / {x') |«, for same value of q (> 1), is summable in 
{a, b), that 

6 _2.- 

s {x',x) — s„ {x',x) |«~i dx' should not exceed a fixed number 


(la) I 

J a 

independent of n and x', and also that the condition (2) or (2*) be satisfied as 

<•6 rb 

regards the convergence of I (x', x) dx' to s (x', x) dx'. 

J a J a 


H II 


30 
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The interval (a, b) may in this case also be replaced by a cell of any 
number of dimensions : 

If we employ the results obtained in § 212, we obtain the following 
theorem : 

If s„ {x) converges almost everywhere in {a, b) to s (x), and the condition 
rb 

is satisfied that ] (a;) | da: < K, where K is independent of n, for some 

Ja , . 

f6 rh 

value of p> 1, then f (x) s„ (x) dx converges to f{x)s (x) dx, where f {x) 
Ja Ja ' 

is any function such that \f{x) 1^*“^ is summable in {a, b). 

304. We find also the following results, by employing the theorems 
in §§ 283-285: 

It is sufficient, in order that I f {x') s„ {x’ , x) dx' should converge to 

J a 

j f (x') s {x', x) dx' , uniformly, or boundedly, for all values of x in O, for all 
J a 

bounded and summable Junctions f (x'), that 
rb 

(lb) 1 I s (x', x) ~ Sn(x\ x)j dx' does not exceed a fixed number K, 
Ja , J , 

independent of n and x, and that, for every measurable set e contained %n 

{a, b) {s {x', x) - {x', a:)} dx' should converge to zero, as n ~ <x) , uni- 

J («) 

formly, or boundedly, for all values of x in 0. 

rb 

It is sufficient, in order that I f {x') s„ {x', x) dx' should converge to 

J a 

j f {x') s {x', x) dx', uniformly, or boundedly, for all values of x in G,for every 

function f (x') which has only ordinary discontinuities^ that 
rb 

(1 c) I I 5 (x', x) — Sn {x', x) I dx should not exceed a number K, inde- 
J a 

pendent of n and x, and further that the condition (2) or (2*), of § 279, be 
satisfied, as the case may be. 

It is here assumed that (a, 6) is essentially a linear interval. 

rb 

It is sufficient, in order that f {x') s„ {x', x) dx' should converge to 

J a 

I f {x') s {x', x) dx', uniformly, or boundedly, for all values of x in G, for all 
J a 

functions f (x') of bounded variation in the linear interval (a, 6), that 

(Id) (s (x', x) — s„ {x', x)] dx' does not exceed a fixed number M, 

J CL 

independent of a, j8, n, and x, when a^ ^ ^ b-, and further that the 
condition (2) or (2*) be satisfied. 

It will be observed that, in case s„ {x', x) converges to s (x', x) uniformly 
for all the values of x' and x, both conditions of the theorem are satisfied. 
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306. Taking the function O («', x, n) of Theorem I, let it now be as- 
sumed that the set O consists of the points of the interval (o, b), for which 


/: 


O {x', X, n)f(x') dx' is considered. Let O {x', x, n) be defined by 


0 (x', x,n) = s (x') — {x'), for x' ^ x, and 0 {x', x, n) — 0, for x' > x; 

and let the Theorem I be applied to this function; there may be a set of 
points x', of measure zero at which the definition of <[) {x', x, n) does not 
apply. 

The function O {x', x, n) is taken to satisfy the conditions 

I s («') - («') I < K, 

for all values of n, and all (or almost all) values of x' in (a, 6) ; and further 

that I {s («') — Sn {x')} dx' converges to zero as ~ oo , uniformly (or 

J a 

more generally boundedly) for all values of x in (a, b). 

We obtain thus the following theorem : 

If f {x) be sumtnable in {a, b), and | s (») — s„ (x) | is bounded for all the 
values of n and x {a set of points of measure zero being possibly excepted), 

and if I {x') dx' converges uniformly, or boundedly, in (a, b) to s (x') dx', 
J a J a 

then I / {x') Sn {x^) dx converges uniformly ^ or boundedly, as the case may be, 
J a 

rx 

in (a, b), to f {x') s {x') dx'. If the interval is {a, x ) the theorem holds provided 
J a 

rx 

f {x) is absolutely summable in {a, <x> ), the convergence of f {x) {x) dx 

• a 
rx 

to j f (x) s (x) dx being then uniform, or bounded, in any finite interval. 

J a 

In case (x) converges to s {x) almost everywhere, and so that, at the 
points of convergence, either (1), | 5 (a:) — {x) | < .K”, at all the points of 

convergence, or (2), | (x) | is bounded, it is known (see § 204) that 

r® .... r® 

1 s„ (x) dx converges uniformly in any finite interval to | s (x) dx. We 

J a J a 

thus obtain the following theorem : 

If Sn {x) converges boundedly to s {x) {with the possible exception of points 
of a set of measure zero which may be disregarded), and f (x) he absolutely 

summable in a finite or infinite interval, then j f (x) (x) dx converges 

J a 

uniformly to I f {x) s {x) dx in any finite interval. The same result holds if 

Sn (x) converges to s {x) so that | 5 (z) — {x) \ is bounded for all values of n, 

and almost all values of x; provided f {x) s {x) is absolutely summable. If, 
in either case, s (x) — s„ (x) ^ 0, for all valves of n and x, it is sufficient that 
f {x) should be summable in every finite interval, and bounded outside some 
finite interval {a. A). 


30-2 
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806 . By applying the modification of Theorem 1, given in § 284, we 
obtain the following "theorem: 

If f (x) have only ordinary discontinuities, and be absolutely summahle in 

the finite or infinite interval (a, b), and if I | 5 (a:) — s„ {x) \ dx is bounded 

J a 

rx rx 

as n varies, and / s„ (x) dx converges to I s {x) dx uniformly in (a, b), or 
J a J a 

in case b = oo , in each finite interval (a, A), then I f (x) (x) dx converges 

J a 

I X 

uniformly to / f (x) s {x) dx, in (a, b), or when b = oo , in a finite interval 

J a 

{a, A); it being assumed thatf (x) s (x) is summahle in (a, b). 
rh rb rh 

Since I | « («) — (a;) | da: ^ | s (a:) j da: + I | (a:) | dx it follows that, 

J a J a J a 

rh 

if I (x) I dx is bounded in (a, 6), and | « (x) | is summahle, then 
J a 

rh 

/ I 5 (rc) — {x) I dx 

J a 

is bounded. We have therefore the following theorem: 

Iff (x) have only ordinary discontinuities in {a, b), and if s (x),f{x) s (x), 
f (x) s„ (x) be absolutely summahle in the finite or infinite interval, then if 

rh rx 

I (x) I da: is bounded and I (x) dx converges either uniformly, or not, to 
J a J a 

rx ^ rx 

I s (x) dx, in each finite interval {a, .4), / (x) (x) dx converges uniformly, 

J a J a 

or boundedly, as the case may be, to / f{x)s (x) dx in any finite interval {a. A) 

J a 

contained in {a, b). 

A very similar theorem has been given by W. H. Young {loc. cit.) in 
which / (x) is taken to be bounded as well as to have only ordinary dis- 
continuities. 

307 . Next, let the Theorem I (a) of § 282 be employed, in the case in 
which the set O consists of the points of the finite, or infinite, interval 
(a, b). Let O (x', x, n) have the value s (x') — (x'), when x' & x, and let 

it have the value 0, when x' > x. It then follows that, |/(x) |«, for some 

value of q > 1, being summable, f f (x') (x') dx' converges uniformly 

J a 

in any finite interval [a, A) to j f (x') s (x') dx', provided the condi- 

J a 

fb 9 _ 

tions are satisfied that / |s (x') — (x')|®“^ dx' exists and is less than 

J a 

a fixed number independent of n, and further provided that I s„ (x') dx' 

J a 
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rx 

converges uniformly to s {x') dx' in {a, b), or in case b is infinite, in each 

J a 

finite interval {a. A). 

It has been shewn in § 212 that this last condition is satisfied if either 

rh JL^ 

(1), I s (a;)|®~^ is summable in (a, b) and | s (x') — dx exists, and 

J a 

is bounded ; where s„ (x') converges almost everywhere to s {x ') ; or (2), if 

6 JU 

{«„ {x')}'^~^ dx exists and is bounded as n varies, (x') converging almost 


/, 

everywhere to s {x'). On changing x' into x, we obtain the following 
theorem : 

If Sn {x) converges almost everywhere in the interval {a, b), where b may 
be oo , to s (x), then, if f {x) be any function such that | / («) |«, where q> I, 

rx rx 

is summable in {a, b), I / (x) (a?) dx com’erges to f (x) s (x) dx, uniformly 

J a J a 

Q 

in {a, b), or if b is infinite, in any interval {a. A), provided either (1), {s 

rb j?_ 

is summable in {a,b), and {s {x) — s„{x)Y~^ dx exists, and is bounded 

J a 
fb 

as n varies, or (2), ifj {s„ dx exists, and is bounded. 

The theorem holds also when it is not assumed that s„ (x) converges to s (x), 

a 0 rh Jl__ 

provided | / (a;) | «, | s (a:) [ ® ~ ^ , | (a:) | ® ~ ^ are summable, I | s (a;) — s„ (a:) | ® “ ^ (ia: is 

J a 

rx . rx 

bounded as n varies, and that I {x) dx converges to s (x) dx, uniformly 

J a ^ J a 

in {a, b), or in case b = cc , in each finite interval (a. A). 

The first part of this theorem was given in different forms by Lebesgue* 
and W. H. Youngf, for the case q ~ 2. 

308. In the theorem of § 285, let 4> (x', x, n) denote s {x') — s„ {x'), or 
zero, according as a; ^ a;', or a: > a;', when the set G, the field of x, consists 
of the interval (a, b): The function / {x') being of bounded variation in 

(a, 6), the conditions to be satisfied are that I {s (x') — {x')} dx' is 

I J a 

bounded for all values of x in {a, b), and for all values of n, and that for 
each value of x it converges to zero uniformly, or boundedly. These 

rx 

conditions will be satisfied if I (a:') dx' converges boundedly, or uni- 

J a 

formly, to I s (x') dx'. We have thus the following theorem: 

J a 

If f s„ (x) dx converges uniformly, or boundedly, to f s (x) dx in the 

j a J a 


* Annales de Toulouse (3), vol. i (1909), p. 50. 
t Proc, Lond, Math. 8oc. (2), vol. ix (1911), p. 469. 
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interval {a, b), and f (x) be any function of bounded variation in {a, b), then 

rx 

I s„(x)f{x)dx converges uniformly, or boundedly, to I s{x)f{x)dx, in 
J a J a 

the interval {a, b). 

In the case of an infinite interval (a, qo ), it must be assumed that the 
total variation of / (a;) in {a, A) has a finite upper limit, as J. is increased 
indefinitely. 

We have 

I {5 (x) - s„ (x)}f (x) dx-f (A) f {s (x) - (x)} dx <M.V^f [x), 

\Ja ja 


where M denotes the upper boundary of 


[ {x) — s„ ix)) dx 

J a 

I rr-^* 


for all 


intervals (a, j8) in {A, A'). By choosing A large enough Va f{^)<^> 
for all vlaues of A' ; and if / (a;) converges to zero, as a: ~ oo , ^ may be chosen 


is less 


rA' 

so small that | / (J.) | < c. In this case I {s (a;) — ix)}f{x) dx 

J A 

than a fixed multiple of e ; it being assumed that I [ {s {x') ~ s„ (a;')} dx' 

I J a 

is bounded with respect to {n, x) in the whole interval (a, oo ). Since c is 
arbitrary, the theorem holds for the case of the infinite interval. 

If instead of the condition that / (a;) converges to zero, as a: ~ oo , it 

be assumed that j s (x) dx exists, and that the convergence of j s„ (x) dx 

J a J a 

to s (x) dx is uniform in (a, oo), the result will also follow. Thixs: 

J a 

The above theorem holds for an infinite interval {a, oo ) provided either 

(1), f {x) converges to zero as a: oo , or (2), j s„(x)dx converges uniformly 

J a 

rx rx 

to s{x)dx, in (a, oo). The convergence of I {x)f{x)dx, in (a, oo ), to 
J a J a 

I s (x)f (x) dx is bounded, and is uniform in each finite interval, i 
J a 

rx ... 

I s„ (x) dx converges uniformly in each finite interval to I s (x) dx. 

J a J a 


in case 


309. Let a denote a parameter which is confined to have values in 
some set O, of points in one or more dimensions. Let s„ (x, a) be positive 
and steadily diminishing, as x increases in (a, oo), for each value of a and 
each value of n, and let | s„ (a, a) | be less than a fixed number A, inde- 
pendent of n and a. Let A„ be a divergent sequence of positive numbers, 
and let f(x) be summable in the infinite interval (a, oo). Further, let it 
be assumed that, in any fixed finite interval, s„ (x, a) converges to s (x, a) 
for each value of x in the interval, uniformly with respect to a. 
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Taking the theorem in § 279, let O {x, a, n) have the value 

(», a) - s {x, a), 

when a ^ X & and let it have the value zero when A„ < x. 

In accordance with the hypotheses | O {x, a, n) | is bounded with 
respect to (x, a, n), and thus the condition (1) of the general theorem in 

r&i 

§ 279 is satisfied. Again {s„ {x, a) — s (x, a)} dx, for each pair of values 

J ai 

of and in (a, oo), converges to zero, as » ~ oo, uniformly for all the 
values of a; since | (x, ce) | < | «„ (a, a) | < A (see § 203), thus the con- 

dition (2) is satisfied in any finite interval. 

The total variation of O {x, a, n) in the interval (a, qo ) is 

(a, a) — s {a, a), 

which is less than a fixed number independent of n and a. It thus appears 
that all the conditions of the last theorem in § 281 are satisfied. 

The following theorem has been established : 

7/(1), s„ {x, a) is positive for all values of n, x, a, and steadily decreases 
as X increases in the interval (a, qo), for each value of n, and each value of 
the parameter a in some set of points of one or more dimensions, and (2), if 

J•00 

1 / (x) dx is convergent, and (3), s„ {x, a) converges to s {x,a) for each value 
J a 

of X, uniformly for all the values of the parameter, and if {A„} be a divergent 

r An 

sequence of positive numbers, then f (x) s„ (x, a) dx converges to 

J a 

fOO 

f(x)s(x,a)dx, 

JO 

as n ~ CO, uniformly with respect to a. 

In case there is no parameter, which is equivalent to taking the set 
of points to which a belongs to be a single point, we have* the following 
theorem : 


If s„ (x) is positive in (a, oo ), for all values of n, and decreases steadily 

poo 

as X increases, for each -fixed valus of n, and if f {x)dx exists, then 

Jo 


r^n C« 

lim / (x) s„ (x) dx=^ f (x) s (x) dx, 
U'^co J a Jo 


where s„ (a:) converges to s (x) for each value of x, and s„ (a) is less than a 
fixed number independent of n, and {A„} is a divergent sequence. 


* See Brom^vich’s Theory of Infinite Series, p. 443. In Bromwich’s statement it is postulated 
that the convergence of Sn (x) to 8 (x) is uniform in any fixed interval. This assumption is un- 
necessarily restricted, since {Sn (a;)} is monotone for each value of x. 
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aider j : 


EXAMPLES 


(1) Consider j log x dx, where ^ + 1 > 0. If 0 < c < 1, the series 

1 - 2x + 3x^ - ... 

converges uniformly to (1 + x)~^, also x^logx is bounded in the interval (0, c). Thus 

/ + x)~-’^logxdx may be obtained by substituting the expansion and integrating 

J () 

term by term. 


Next consider j x^ {I H- x)-^^ logxdx 


/: 


(1 - xy (2 - »')-* log (I - *') dx'. 


(2) Consider 


( (1 + x)~'^~^x^ (logxY' dx. 

J 0 


310. In the theorem of § 286, let <t> (x', x,n) = s (x') — s„ {x'), for 
x’ S X, and O («', x, n) = 0, for x' > x, where the set G, the field of x, is 
taken to be the interval {a, b). In accordance with the condition (2) or 

rx rx 

(2*), / s„ {x') dx' converges uniformly, or boundedly, to I s {x') dx'-, also 
J a J a 

in accordance with condition (1), | s («') — (a;') | is bounded for all values 

of n and x’ (in the interval (a, b)). If it be assumed that s„ (x') converges 
everywhere to s {x'), and that «« {x') is finite, and bounded for all values 
of n, then it can easily be shewn that v\ ^ (^') is finite, and consequently 

Fo (x') — (a;')} is bounded for all values of n. We have accordingly^ 

the following theorem : 

If in a finite interval (a, 6), a sequence {s„ (a:)} converges to s (x), and 

rx 

I s (a:) — (a:) | is bounded, for dll n and x, and consequently I s„ (x) dx con- 

J a 

fdC y 

verges uniformly to | s (x) dx, and if Fa.9„ (a;) is finite, and bounded for all 
J a 

values of n, then if f (x) be any function which has an H L-integral in {a, b), 
f f (x) Sn {x) dx converges uniformly to j f (x) s (x) dx. 

J a J Cl 


In particular, if the functions s„ (x) are all monotone (increasing or 
diminishing) in the interval (a, b), (a), (6) are bounded, | (.r) | is 

then bounded for all values of n and x, and it then follows that j s„ (x) dx 

J a 

converges uniformly to | s (x) dx. 

J a 


We therefore have the following theorem : 

If in any finite interval (a, 6), (a:) is monotone in the interval {a, b) 

(increasing or diminishing) for all values ofn, and s„ (a), s„ (b) are numerically 
less than fixed numbers independent of n, and. (a;) converges everywhere to 
s (x), then, if f (x) be any function which has an HL-integral in (a, b), 
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rx rx 

f (^) {^) converges uniformly to f{x)s (x) dx. The theorem also 

J a J a 

holds for an infinite interval {a, oo ), it being assumed that lim s„ {x) is bounded 
for all values of n. 

The extension to the case of an infinite interval is made by an applica- 
tion of the mean value theorem. 

If we apply the theorem of § 287, to the case in which G consists of the 
points of the interval (a, b), and O {x', x,n) ~ s {x') — {x'), for x' ^ x, 

and O (x', x,n) == 0 when x' > x, we obtain the following theorem : 

Letf(x') have a D-integral in the finite interval {a, b), and let it be assumed 
that Sn {x') converges to s {x') everywhere in {a, b), and that 


d 


dx' 


exists and is less than some number K, independent ofn, and that s^ (x'), s {x') 

rx ^ 

are, for each value of n, of bounded variation in {a, b), then f (x') s^ {x') dx' 

J a 

converges, uniformly in {a, b), to I / {x') s {x')dx/. 

J a 


311. Instead of Theorem I, of § 279, the following theorem is sometimes 
useful for application : 

If <I> {x', X, n),f{x') are such that f (x') O {x', x, n) is summable for each 


f{x')<S>{x',x,n)dx' 


(E) 


< 


value of n, and for each mlue of x, in O, and if,{l), 

when € is arbitrarily chosen, promded m (E) < rje, n> Ne, where ye con- 

c? 

verges to zero with e, whatever value x may have, in G, and if, (2), I {x',x, n) dx' 

J a 

ccmverges to zero, asn <x! , uniformly far all values of x, in G, whatever values 


a, B may have, such that a & a < B & b, and if, (3), j 0 (x', x, n) dx' 

' J (E) 


< e. 


rb 

provideil n > Ne' and m (E) < ye' : then I / {x') O {x', x, n) dx' converges 

to zero, as » ~ oo , uniformly for all values of x in G. Further the integral 
may be taken over any measurable set H, in {a, b), instead of over the whole 
interval. 


Let N be a fixed positive number, and let / {x') = f^ {x') 
where fix (x') = / {x'), (x') == 0, when | / («') | ^ N, and fijx {x') = / (»'), 

/v («') = 0, when | / {x') \>N. A function {x') having only a finite set 
of values, all in the interval (— N, N), can be so defined that 

0 2 f^ {pc) > 

and >f>N {x') = 0, when/?/ («') = 0; where y is an arbitrarily chosen positive 
number. 
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We have now 

I f {x') O {x', X, n) dx' = f (x') ^ (x', x, n) dx' 

J a J a 

+ [ {/n (»') - >pN (»')} {x', X, n) dx' + f f (*') O (x', x, n) dx', 

J a J (Ey) 

where E^f is the set of points at which (*') # 0. The number N may be 
so chosen that the absolute value of the third integral on the right-hand side 
is < for n > n^, and for all values of x in O. 

We have f t/tjif {x') O {x', x, n) dx' ^ He f O (x', x, n) dx' , 

J a J (fio) 

where the numbers c are the values, finite in number, of (x'), and is 
the set of points at which {x') ~ c. Each set can be enclosed in a set 
of intervals of which the total measure is < m (e^) -t- rje, and a finite set A,, 
of these intervals can be so chosen that the measure of the remainder of 
them is arbitrarily small. The set consists of a set e!^\ contained in A^, 
and of a set in the remaining intervals ; also m (A -- e^) < ri^'. 

Thus f O (x', X, n) da;' = I I - [ + f 1 O (x', x, n) dx' . 

Since O {x', x, n) dx' converges to 0, as n ~ oo , uniformly for all 
J (Af) ^ 

X in G, and since m (Ac ec^^), m (4*^) are arbitrarily small, it follows that 


I (x', x,n)dx' < — , provided n is greater than some number ft,., 
I - (^c) 

where r denotes the number of values of (x'). 

Since this holds for each value of c, we have 

•b 

ipsr {x') <I) {x', X, n) dx' 


•i 
J a 


< v> 


provided n is greater than n, the greatest of all the numbers n,,. We have 
further 

I f {/iv {x') - («')} dx'\<y){ I <I) (a:', x, n) | dx' . 

\j a \ J a 

It will be shewn that it follows from the conditions (2), (3), of the 
rb 

theorem that I | (x', x, n) | dx' is less than a fixed finite number A, for 

. a 

all values of x and n. 

Since O {x', x, n) dx' 

\}(E) 


< €, for all sets E such that m (E) < 7)e', 


e. 


and for n > N/, we have 

I <I>+ {x', X, n) dx' ^1 <5+ (a;', x, n) dx' 

J (E) I I ■/ {Et) 

for n > Ne, where 0+ {x', x, n) is the function which is equal to O (x', x, n)' 

when this latter function is ^ 0, and is otherwise zero ; Ei denotes that 
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part of ^ in which <E»+ {x’, x, n) dx' > 0; this set Ei depends on x but its 
measure cannot exceed Tje'. 

Now divide the interval {a, b) into s parts, each of length < rje ; we see 
that 0+ (x', X, n) dx' < re, provided n > Ne', and for all values of x 

J a ^ 

in G. Therefore I 0+ (x', x, n) dx' is, for all values of n and x, less than 
J a 

some fixed number, when, if necessary, a finite set of values of n is rejected. 
The similar property can be shewn to hold for the corresponding function 

{x', X, n). Therefore j | O (x', x, n) | dx' cannot exceed a fixed number 
A, and hence 


/ 

da 


{!n («') - ix')} O {x', X, n) dx' 


Lastly, we have 




< At}. 


O (x', X, n) dx' 


< e, < ^ , f or all sufficiently large 


values of n, whatever value x has, in O. The same holds for (A — e].). 

rb 

It has now been shewn that / {x') <E> (x', x, n) dx' is in absolute value 

a 

less than an arbitrarily chosen number, provided n exceeds some value 
dependent on that number, whatever value x may have, in 0. 

Let 0 {x', x,n) = s (x' , x) — {x', x); we have then the following 

theorem : 

If f {x') s {x', x) and f {x') Sn {x', x) are summable in (a, 6), for all values 
of n, and for all values of the parameter x, in 0, and if I s„ {x', x) dx' con- 

J a 

fP 

verges to / s (x', x) dx', for each pair of values of (a, ]8) in (a, b), uniformly 

a 

for all points x in G, and if 

lim f / (*') {«„ {x', x) — s (x', x)} dx' = 0, 

{E) 

7n(jy)'-0 


lim f (x', x) — s (x', x)} dx' — 0, 
J (E) 


J (E) 

m ( E)'^0 


uniformly for all x in G; then 

lim f f (x') s„ («', x) dx' = f f (^') ^ 

J a da 

and the interval (a, b) may be replaced by any measurable set of points in 
{a, b). 

The particular case of this theorem when G consists of a single point, 
so that the parameter x may be omitted, was established otherwise by 
W. H. Young. In that case the conditions are simplified, because 


lim f {x') s {x')dx' andi lim s (»') da;' are both 


zero. 



CHAPTER VIII 


TRIGONOMETRICAL SERIES 

312. The theory of the representation of functions of a real variable by 
means of series of cosines and sines of multiples of the variable is of the 
highest importance, not only on account of the fact that such mode of 
representation is at present an indispensable tool in the various branches 
of Mathematical Physics, but also because this theory has exercised the 
most far-reaching influence upon the development of modern Mathematical 
Analysis. Historically, the questions which have arisen in connection with 
this theory have influenced the development of the theory of functions of a 
real variable to an extent which is comparable with the degree in which 
the theory of functions in general has been affected by the theory of 
power series. The theory of sets of points, which led later to the abstract 
theory of aggregates, arose directly from questions connected with trigono- 
metrical series. The precise formulation by Riemann of the conception of 
the definite integral, and the gradual development of the modem notion of a 
function as existent independently of any special mode of representation 
by an analytical expression, are further examples of the results of the 
study of the properties of these series upon Mathematical Analysis. 

It is a significant fact that the theory of this mode of representation 
of a function had its origin in the attempt to investigate the form of a 
stretched string in a state of vibration. The problem of the expansion of 
the reciprocal of the distance between two planets in a series of cosines of 
multiples of the angle between their radii vectores led to an independent 
development* of the theory of trigonometrical series. The discussions 
which arose in connection with the first of these problems were, however, 
of much greater importance in the history of the development of the theory 
of functions ; they form the first stage in the development of what is known 
as the theory of Fourier’s series, in intimate connection with which the 
modem theory of functions of real variables had its origin. 


THE PROBLEM OF VIBRATING STRING.S 


313. The first general solution of the differential equation 



9*w 


which determines the form of a string vibrating transversely, was given by 
d’Alembertf in the form y == / (x -f a<) -f ^ (a: — at). He further shewed 


* The importance of this fact has been emphasized by H. Burkhardt in his work “ Entwicke- 
lungen nach oscillirenden Functionen,” published as a Jahresbericht der deutschen Mathematiher- 
Vereinigung, vol. x (1901), and later. 

+ Memoirs of the Berlin Academy^ 1747, p. 214. 



477 


312 - 314 ] The Problem of Vibrating Strings 

that, a X = 0, X = I, represent the fixed ends of the string, the form of the 
string at any time t is representable by t/ = / (a< + x) — f {at — x), where 
the function / (z) is subject to the condition / (z) = f {21 + z). D’Alembert 
was thus led to the search for analytical expressions which remain unaltered 
when 21 is added to the argument. In a second memoir, d’Alembert ob- 
served that the motion is determinate if the values of y and be assigned 

at some fixed time. Thus, in modem notation, if y =fi {x), = /a {x), 

for < = 0, then, for all values of x between 0 and I, 

f{x)-f{-x)^f,{x), 

fix) +fi-x) = ^Jf2{x)dx; 

it follows that / {x) is determined for all values of x between Z and — Z, and 
thence, by means of the condition / (z) = / (2Z -f z), for all values of x. 

The treatment of the same problem which was shortly afterwards given 
by Euler* was in form of a similar character to that of d’Alembert, but 
the difference of meaning assigned by these writers to the word “ function ” 
was of fundamental importance in the controversy which afterwards arose 
between the two mathematicians in relation to this problem. D’Alembert 
understood by a function y — f {x), a, single analytical expression, whereas 
Euler employed the same expression and notation to denote an arbitrarily 
given graph. Both, however, held the view that two analytical expressions 
which are equal for values of the variable in a given interval must also be 
equal for values of the variable outside that interval. D’Alembert argued 
that Euler’s mode of determination of the function in the solution of the 
problem presupposes that y can be expressed in terms of x and t by means 
of a single analytical expression, and that thus an undue restriction is 
imposed upon the modes of vibration of the string. For example, in the 
case in which the initial figure of the string is polygonal, d’Alembert 
regarded the solution of the problem as impossible. The general effect of 
the controversy is to exhibit on the one hand the narrowness of the restric- 
tion of the conception pf a function as held by d’Alembert, to functions 
possessing at every point differential coefficients of all orders, and on the 
other hand the looseness of the conception of Euler that the ordinary 
methods of the Calculus are applicable without restriction to quite arbitrary 
functions. 

314. The formal solution of the problem by means of trigonometrical 
series was given by Daniel Bemoullif in a memoir in which he shewed that 
the differential equation and also the boundary conditions of the problem 

* Memoirs of the Berlin Academy, 1748, p. 69. 
t Ibid, 1753. 



478 Trigonometrical Series [oh. viii 

of the vibrating string, for the case in which there are no initial velocities, 
are formally satisfied by assuming 

, -nx vat . 2vx 2vat , . dvx 3vat , 

y = tti sin j- cos -j- + Uj sin ~j- cos —j — h Ug sin--^-- cos —j h .... 

He asserted that this represents the most general solution of the problem, 
and that the solutions of d’Alembert and Euler must therefore be contained 
in it. In a later memoir, he considered the case of a massless string loaded 
with n masses vibrating transversely, and indicated an indefinite increase in 
the number A criticism of Bernoulli’s theory was published immediately 
afterwards by Euler, who pointed out that a consequence of Bernoulli’s 
formula was that every arbitrarily assigned function of a variable x could be 
represented by a series of sines sin x + sin 2x + Ug sin 3x + .... This 
appeared to Euler to be a reductio ad absurdum, since such a series could 
represent only a function which is odd and periodic; the notion that a 
function could be capable of representation by a certain analytical expres- 
sion only in a limited interval being contrary to established opinion at 
that time. Bernoulli’s solution was consequently regarded by Euler as 
letcking in generality. A considerable controversy’*' took place on the 
subject between Bernoulli and d’Alembert. 

This problem, together with the related problem of the propagation of 
plane waves in air, was next taken up by Lagrangef, who obtained Euler’s 
results by the method of starting with a finite number of masses fixed at 
intervals on a massless string, and then proceeding to the limit when the 
number of masses becomes indefinitely great. In the course of his analysis 
Lagrange came near to the determination of the form of the coefficients 
in the expansion of a function in a series of sines of multiples of the 
argument. The defect of Lagrange’s method lies in the lack of any in- 
vestigation of the validity of the process of passing to the limit ; no restric- 
tions upon the nature of the arbitrary functions were recognized by him as 
necessary. The remarks made by Euler, d’Alembert, and Bernoulli in the 
course of the discussion of Lagrange’s work failed to elucidate the difficulties 
connected with this point, and no generally accepted theoretical views 
emerged from the lengthy controversies, the general course of which has 
been indicated. 

The difficulties felt by the mathematicians of this period in regard to 

* For a detailed history of these controversies, see Burkhardt’s Bericht, vol. i. The early history 
of the theory of trigonometrical series is given by Ricmann in his memoir, “ Ueber die Darstell- 
barkeit einer Function durch eine trigonometrische Reihe,” Math, Werke^ p. 227. For the general 
history of the theory of these series see Sachs, “Versuch einer Geschichte der Darstellung will- 
kiirlicher Functionen einer Variabeln durch trigonometrische Reihen,** Schlomilch^s Zeitschrift, 
vol. XXV, supplement (1880), p. 231, and Bulletin des sc, math, (2), vol. rv, 1880; also Gibson, “On 
.the History of the Fourier Series,” Proceedings of the Edinburgh Math. Soc, vol. vi, p. 137. 

t Miscellanea Taurinensia, vols. i, n, m. 
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the generality of the representation of a function by a trigonometrical 
series arose in large measure from their restricted conception of the nature 
of a function. To them it was conceivable that a function given by a 
continuous curve might be so representable, but since they regarded a 
function obtained by piecing two or more such curves together, not as one 
function, but as several different functions, it seemed to them impossible 
that such a broken curve could be represented by one trigonometrical 
series; a separate series seemed to be required for each separate portion of 
the given composite curve. Moreover, the idea was \infamiliar that a 
particular mode of representation of a function need only be valid for 
some restricted range of values of the abscissa; and thus a portion of a 
non-periodic curve was regarded as incapable of being represented by 
means of a periodic series. 


SPECIAL CASES OF TRIGONOMETRICAL SERIES 

315. Independently of the discussions of the problem of vibrating 
strings and of other physical problems, a number of trigonometrical series 
representing special functions of a simple character were obtained by Euler, 
d’Alembert and Bernoulli. The methods employed by these writers for this 
purpose are of a character which fails to satisfy the requirements now 
regarded as necessary for the establishment of such results; moreover, in 
many cases the ranges of values of the variable for which the representations 
of the functions by the series are valid were not assigned. 

For example, the series 

sin X — \ sin 2x + ^ sin 3a: - | sin 4x + ..., 
cos X — I cos 2a; + ^ cos 3a; — cos 4x — ..., 

were obtained by Euler*, as representing ^x, respectively; the 

range of values of a; ( — 77 , tt) for which these representations are valid was 
however not given by Euler, who appeared to regard them as valid for all 
values of x. These series were obtained by integration of the series 
cos X -h cos 2a: -1- cos 3a: -f ... , the sum of which was maintained by Euler 
to be - I . 

00 I 

By D. Bernoulli t the .series S - sin nx was obtained as a representation 

of I (tt — x), and the range of values of x (0, 27r) for which this representa- 
tion is valid was assigned. It was also observed that the sum of the series 
is discontinuous for a: = 0, 27r, 477 , The following series were also 

* Petrop, N, Comm, 1754-55, and Petrop, N, Acta, 1789. 
t Petrop, N. Comm, 1772, 
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obtained by Bernoulli, and the ranges of the validity of the equations were 
assigned : 


"1 111 
S —5 cos nX = — ^TTX + ^ x^, 

6 2 4 


"I 1 

S —5 sin nx tt^x 


.171“ 


6 


1 2,13 


00 1 \ 

S cos nx = 77 * 

n-lW* 


12 


•n^x^ + 


12 


TTX 


3 — 


48 


a^, 


sm nx 


00 1 

S -coswa: 

n-lW 




-vB 

240 ’ 


90 
1 

90 

llog- 

2 ® 2 (1 — cos x) 

The following results among others obtained by Euler may here be 
mentioned : 

1 V / i\r ( 2 /- + 1 ) a; 

ir 

4 r-O 


(2r + 1)2 ’ 

cos ( 2 r + 1 ) a; 

( 2 r + 1)2 

The true range of validity of these equations will appear later. 




LATER HISTORY OF THE THEORY 

316. No further advance was made in the subject until 1807, when 
Fourier, in a memoir on the Theory of Heat, presented* to the French 
Academy, laid down the proposition that an arbitrary function given 
graphically by means of a curve, which may be broken by (ordinary) dis- 
continuities, is capable of representation by means of a single trigono- 
metrical series. This theorem is said to have been received by Lagrange 
with astonishment and incredulity. 

Fourier shewed, in a variety of special cases, that a function / (x) is 
representable for values of x between — rr and tt, by the series 

Ioq + (Ui cos X + bi sin x) + (ag cos 2x + fig sin 2x) + ..., 

If’' If’' 

where a„ = - I f (x) cos nx dx, fi« = - f (x) sin nx dx, 
nj _,r nj 

1 f" 

®o = - / («) dx- 

TT J 

Fourier’s results in connection with this subject are best studied in the 
collected form in which they appear in his Thiorie de la Chaleur, published 

* Bulletin des aciencea de la aoc. philomathiqwe, vol. i, p. 122. 
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n 1822. Trigonometrical series of the above form, in which the coefficients 
ire determined as above, are known as Fourier’s series. It should, however, 
je remarked that Fourier also studied other trigonometrical series, in 
vhich the cosines and sines do not proceed by integral multiples of the 
argument. 

Although Fourier attained to correct views as to the nature of the 
jonvergence of the i nfini te series he employed, he did not give any complete 
general proof that the series in the general case actually converges to the 
iT'alue of the function; he indicates* however a process of verification of 
mch convergence which was not actually carried out until Dirichlet took 
Lip the subject. 

317. An attempt to prove Fourier’s theorem was made by Poisson, who 
started with the formulaf 

f" f (a;') ^ fix' 

J M - 2/i cos {X - x') + 

— J- [ f i^') dx' f E /i'‘ f f (x') cos n (x ~ x') dx\ 
which holds provided — \ < he 1. 

Poisson proceeded to shew that, as h approaches the limit 1, the integral 
an the left-hand side of the equation approaches the limit f {x), and 
argued that / {x) is represented by the series obtained by putting h = \, 
on the right-hand side. Apart from the questions connected with the 
limit of the integral on the left-hand side, the conclusion is invalid unless 
it is shewn that the series obtained by putting A = 1 is convergent. In 
accordance with a known theorem, given by Abel, for power series (see 
§ 126), in case the power series is convergent for A = 1, it converges to the 
limit of the sum of the series for values of h which are < 1, as A approaches 
the value 1 ; but no conclusion can be made immediately as to whether the 
series is really convergent, or not, when h = \. A direct investigation of 
its convergence would be required to make the proof a valid one. It will 
liowever be shewn later that, by the employment of a theorem due to 
Littlewood, Poisson’s proof may be made complete in the case when / {x) 
is of boimded variation in the interval (— tt, tt). 

Two proofs of the validity of the representation were given by Cauchy ; 
one at least of the.se is certainly invalid in its original form. Both of them 
iepend upon the theory of functions of a complex variable, and will conse- 
quently not be discussed here. An example of an invalid proof of a similar 
sharacter to one of Cauchy’s, and also to Poisson’s, is the proof given in 
Thomson and Tait’s Natural Philosophy. 

* See the Thdorie de la cltaleur, chap, ix, especially sect. 423. 

t Journ. de V4cole polyL cah. 19, 1823, p. 404. See also his Thiorie analytique de la chaleur. 

31 


HII 



1:82 Trigonometrical Series [ch. viii 

In 1829, Dirichlet* gave a proof that, in an extensive class of cases, 
4’ourier’s series actually converges to the value of the function. His proof, 
the first rigorous one, was based upon a recognition of the distinction 
between absolutely convergent and conditionally convergent series. 
Since a Fourier’s series, when convergent, is not necessarily absolutely 
convergent, it is impossible to obtain a proof of the convergence from the 
law according to which the terms diminish, as Cauchy had attempted to do. 
As Dirichlet’s proof, apart from its historical interest, still repays a careful 
study, on account of the light it throws upon the mode of convergence of 
the series, it will be given below, with some modifications and extensions 
which arise from later advances in the Theory of Functions. 


THE FORMAL EXPRESSION OF FOURIER’S SERIES 


318. Let / {x) denote a bounded function, defined for the interval (0, 1) 
of the variable x. A finite trigonometrical series of the form 

. iTX . 2ttx . snx . In — \) irx 

Ql Sin -Y + 0,2 1 " ••• + h ... + «n-l Sin I 


can be so determined that its value is equal to that of the function / {x) at 

I 21 M 


n 


11 


each of the points x = - , , — , ... . It must be shewn that the 

^ n n n n 

coefficients a^, a^, ... can be determined by means of the linear 
equations 

'l\ . Tt , . 2rt , . (n — 1) TT 


ffl\ • , 

/ I - 1 = a, sin — h Os sm 
\n/ n 


27t , in 

- + ...+ a... s.n—— 


277 . 2 . 277 

sm - + ao sm -- + 

^ n 


+ sin 


2 (n 1) 77 


n 



. TTT . 2riT . r In — 

= a, sm + do sm h ... + sm 

^ n ^ n ^ n 


1)77 

9 


„ /n ~ lA 
J[ ~ j = «lSl 


(n~-l)7T . 2(n — l)7r , (n~-l)(n ~ l)7r 

sin +- aosm + ... +a«_ism“ 

n ^ n ^ n 


Multiply the expressions on the two sides of these equations by 


. stt 2s7r . (n — 1) stt 

sm — , sm — .... sm-^ 

n n n 


CrelU^B Jovrnaly vol. iv (1829), p. 167, “Sur la convergence des series trigonometriques, 
qni servent k repr^senter une fonction arbitraire entre des linutes donn^es.’* See also his memoir 
in Dove and Moser's BepertoriumfUr Physik, vol. i, 1837. Memoirs by Dircksen, Crelle's Journal 
vol. IV (1829), p. 170, and by Bessel, Aatron, Ncuihnckten, vol. xvi (1839), No. 361, are on similar 
lines to those of Dirichlet, but of inferior importance. 
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respectively, and add the expressions on each side together. It can easily 
be verified that 


. rir , SIT . 2rTT . 2sn . In 

sin — sin h sin — sin h ... + sin 

n n n n 


— 1) rTT . In — 1) STT 

/_ — sin — 

n n 


provided r and s are unequal integers not greater than n — \ \ and also it 
can be shewn that 


sin 


, STT 


, 2stt 


2 H sin^ 

n n 


+ sin 


J w- - l)g 7r 
n 



Using these two identities, we have at once 

“• - l [■'’ (s) ^ (s) ^ ( 


rt — IttN . s (w — 1) ttI 

— ) sm - 

n J ^ J 


and thus the coefficients in the series have been determined so that the 
series satisfies the prescribed condition. Let us now assume that the 
function / (a;) is integrable in accordance with Riemann’s definition, and let 
the number n be indefinitely increased. The limit of the expression for is 

2 f ^ stt^Xj 

then seen to be / (*') sin — dx' . This process suggests the possibility 

that the function / (pc) may be represented by the infinite series 

. trx . ‘Ittx . Snx 

sm -j- + 02 sm — h ... + a, sm — j- + ..., 


where the coefficients are given by 


«» 



dx, 


for points x within the interval (0, 1). It will be observed that the series 
cannot possibly represent the function at the point x — 0, unless / (0) = 0; 
nor at the point x = I, unless / (1) 0. This limiting process is entirely 

insufficient to shew either that the infinite series converges at all, or that, 
when it does converge, its limiting sum is at any point equal to the value 
of the function / (x) at that point. 


It will later be shewn by various methods that, for extensive classes of 
functions, the series 


2 

T 


S 





. SITX' 

sm— 5— 


dx' 


( 1 ) 


actually converges to the value / (x), for values of x within the interval 
(0, 1), at which / (x) is continuous. This series is known as Fourier's sine 
series. 

ttcc 

Let us now assume that the function / (x) sin -j- is represented within 
the interval (0, 1) by the Fourier’s sine series. 
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This series is, in the present case, of the form 

2 S . Sirx f * , / ,V . TTX' . STTX' J , 

j- S sin -j- f {x ) sin-^ sm ax , 
>' s-i t Jo <' f' 

which is equivalent to 


1 S . STTX 
j 2 j sin — j 
I «-! t 


or to 
1 . TTX 


jj{x')dx' + ]l^\> 


s — Ittx' 


I 


cos 


s + Ittx 
I 


dx'. 


1 S. I . «'* + 1 TTX . -s — 1 TTX 

Sin f — - sin — — 




STTX , , 
COS -J- dx ; 


and this by hypothesis represents the function / (a;) sin -y. 

It thus appears that, on the._assumptions made, the function / {x) is 
represented by the series 

iTf (x') dx' + j ^ cos f V (»') cos dx' (2). 

tjo ^ s-l i Jo !' 

This series (2) is of the form 

» n TTX r, ^TTX » STTX , 

Ho Hi COS y + p2 COS — J- + ••• + Ps OOS —J— ■[- ... , 


and is known as Fourier’s cosine series. 

The cosine series, unlike the sine series, may possibly converge to the 
values /(O), / (I), for a; = 0, Z respectively, when these functional values 
are not necessarily zero. 


319. Assuming for the present that the function / (a;) may be repre- 
sented for the points of the interval (0, 1) by either of these series (1) and (2), 
we proceed to consider some obvious properties of the series themselves. 
The sum of the sine series (1) has, for the point — x, the same value, with 
the opposite sign, as for the point x. If then we suppose that the function 
/ (a:) is defined not only for the interval (0, 1), but for the interval {—1, 1), 
it appears that the series can represent the function for the whole interval 
(— 1, 1), only in casef{— x) = —f («); that is, in case the function / (a;) be 
odd. Further, the series (1) is unaltered by adding to x any multiple of 21, 
and thus the series, considered as existent for all values of x, defines a 
periodic function, of period 21. If / (x) be defined for all values of x, it can 
only be represented by the series, for all such values of x, provided / (a:) 
is periodic and of period 21, and also f (x) = —/(—a;); otherwise the 
representation of the function by the series is valid only for the interval 
( 0 , 1 ). 

The cosine series (2) is unaltered by changing x into — x; therefore the 
series represents the function f {x) for the interval {—1,1), only when 
/ (— a;) = / (a;), i.e. when / {x) is an even function. The cosine series, like 
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the sine series, considered as existent for all values of x, is periodic, and of 
period 2Z; therefore the series can represent a function / (a;), defined for all 
values of x, only when / {x) is periodic with period 21, and also 

f{x)^fi-x). 

It is thus seen that, if the function / (x) be defined for the interval 
{—1, 1), it is in general not represented by either the sine or the cosine 
series for the whole of that interval, although it may be represented by both 
the series for the interval (0, 1). For the part of the function / {x) in the 
interval {—1,0) is in general independent of the part in the interval (0, 1) ; 
neither of the relations f {— x) = — / {x), f {— x) = f (x) being in general 
satisfied. In fact there is in general no relation between the values of a 
function, defined for the interval (— 1, 1), at the two points — x, x. 

It is however possible to obtain, from the series (1) and (2), a series 
containing both sines and cosines, such as to represent the function / {x) 
for the whole interval (—1,1). The function ^ {f (x) +/(— »)} is an even 
function, defined for the whole interval {—1,1), and in accordance with the 
assumptions, representable for that interval by the series 

jo {/(«')+/(- *')} + 7 cos r/ {x’) {-f{-x’)] cos ^ dx'. 

Again, the function ^ {f {x) — /( — .r)} is an odd function, defined for 
the whole interval {—1,1), and is accordingly representable by 

1 ” . SITX r i I £ I /\i • J > 

I A ~r ~r ' 

By addition of the two series, we find the series 

2l\ + 7 ^coHf{x-x')f{x')dx' (3), 

which is of the form 


TTX r, • 

COS j- -H Pi sm -j 


)^( 


cos 


as representing the function / (a;) for the interval (— 1, 1). This series (3) is 
known as Fourier's series, the sine and cosine series being regarded as the 
particular cases of it which arise when f {— x) = — f {x), or f {— x) = f {x) 
respectively. 


320. With certain assumptions, the form of the series (3) may be 
obtained directly. Let it be assumed that a function / («), defined for the 
interval {—1,1), can be represented by the series 




TTX . . TTX\ 

COS -y- + »! sm -J- 


UTTX , . mTX\ 

cos —J — h o„ sm -y- ) + 


in the sense that, for each point x in the interval, the series converges uni- 
formly to the value / {x) of the function at the point x. It then follows that 
f {x) is continuous in the interval {—1,1), and that / (Z) = / (— Z). 
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The fundamental property of the functions 

, ITX . TTiC 2 tTX . 2‘7TX riTTX . niTX 

1, cos-|-, sin , cos , sm-|-,..., cos ,sin-^ 
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X, VJUO -J- , Olll "y 9 ^ , Olii I 9 ••• 9 ^ J OiXi ^ 9 ••• 

is that the integral of the product of any pair of them taken over the 
interval (— 1, 1) has the value zero. On account of this property, the set 
of functions is said to be an orthogonal set of functions for the interval (— 1, 1). 

On account of the uniform convergence of the series to the value / (x) 
through the interval (— tt, it), it is legitimate to submit the series to term 

by term integration, even when it is multiplied by cos , or by sin 

1*2 ri ifi/TTOC n/iTiJC 

Observing that I dx = 21, I cos^ -y- dx ^ j sin* y— dx = I, and em- 
ploying the property of orthogonality, we obtain in this manner, 

j J f cos dx' = a„ , for ?! =- 0, 1 , 2, 3, : 

If* - , . niTx' , , , , , ^ „ 


i^'^dx 




sin ^ dx' = bn, for n ~ 1, 2, 3, 


Therefore we have, for the interval {—1, 1), as the series representing / («), 
If* S fl nrrx f* „ niTx' , , 


1 f* .f / /\ J ^ , ?! r* t , i\ J / 

a i _/(’’)* 1? “r j _/ (^ ) oos ~ 

+ J sin j f (^•') sin rfx'j-, 

"I rl CO 1 rX HfioT 

or 07 / (*') dx'+^j f (x') cos - J (x' ~ x) dx'. 

M J -I n=-l t J -I I 

TTX 

If we replace y by x, no essential change will be made in the formula; 

thus there is no loss of generality in taking (— tt, tt) to be the interval in 
which / (x) is defined, and for which it is represented by 

^ f f {x') dx' + S -- f / {x') cos n (x' — x) dx' (4). 

Ztt J n~irr J 

This expression (4) will be taken to the standard form of Fourier’s .series. 


321. In the above process, by which the form of the series has been 
obtained, it would have been sufficient to have assumed that the con- 
vergence of the series to the value of the function is simply uniform 
in the interval (— 77 , 77 ). In that case the convergence becomes uniform 
if a suitable system of bracketing the terms of the series is carried out 
(see § 67). More generally, it is sufficient to assume that, whether the 
series is convergent or not, when a suitable system of brackets is intro- 
duced, the new series, in which the terms of the original series that are in 
a single bracket are regarded as a single term, converges uniformly in the 
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interval (— tt, n). The uniformly convergent series would then take the 
form 


Juo + S (a„ cos nx f sin nx) 


n«na 

4- S (o„ cos nx -f b„ sin nx) 

n^Tii+l 


n^n» 

+ S (a„ cos wa: + 6„ sin war) + ... , 

n«*n2+l 

which is assumed to converge uniformly in {-it, tt). The original un- 
bracketed series does not necessarily converge for the values of x in the 
interval. We find, as before, that 


J f (os') cos mx' dx' — j 


n-rip+i 

COS mx ' . 2 (a„ cos nx + 6„ sin nx) dx 

r n np + 1 

cos* mx' dx' — TTa ^ , 


where m is one of the numbers n^ + 1, »j, + 2, ... ® similar manner 

we find that | / (x') sin mx' dx' = -irbin ; hence the form of the series has 

J —rr 

been obtained. 


THE GENEEAIi DEFINITION OF A FOURIER’s SERIES 

322. We now take the series 

J- [ / («') dx' 1 - 2 [ / (a:') cos n (x' - x) dx' 

^iTT J— TT 71"" 1 ^ J —yr 

as the starting point, independently of any assumption as to its con- 
vergence. In order that the series may be said to exist, whether it converge 
anywhere, or not, it is necessary that the coefficients 

tiT f f{os')dx', - I f (x') cos nx' dx' , ^ [ f (x') sinnx' dx' 

2iT J TT J 

should have definite meanings, whatever value n may have. 

Until the last few decades it has been assumed that f (x) is either 
bounded in the interval (— n, tt), and integrable (B) in that interval, or 
else that / (a;) is unbounded in that interval, but possesses in it an. integral 
in accordance with one of the earlier definitions which were employed to 
meet such cases. The recent extension of the definition of integration, due 
to Lebesgue, to the case of functions which, whether bounded or not, are 
not integrable (B), has led to a corresponding extension of the range of 
Fourier’s series. It has been proposed by Lebesgue* to assign to the series 
(4) the name Fourier’s series, in every case in which / (») is summable, and 
consequently also / (x) cos nx, f (x) sin nx are summable, in the interval 

♦ Lebesgue’s treatment of the series is contained in a memoir, “ Sur les series trigonometriques,” 
Atinaks ^c. de Vdcole normale, sup&ieure (3), voL xx (1903), p. 453, in a memoir, “Recherchea 
sur la convergence des Series de Fourier,” Math, Annahn, vol. lxi (1905), p. 251; and in the 
Lemons sur les series trigonom^triques, 1906. 
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(— 77 , 77), whether the function be bounded or not. This terminology will 
be here adopted. The two series 

- I / {x') da;' + S - cos nx I f {x') cos nx' <lx', 
wJo n-i^ jo' 

00 2 

S - sin nx / (a;') sin nx' dx' , 

n-l ^ .'0 

in which / (x) is taken to be summable in the interval ( 0 , 77), will be termed 
Fourier's cosine series, and Fourier's sine series respectively. The first of 
these series is the Fomier’s series corresponding to f (x), provided/ (a:) is 
an even function of x, so that it exists in the interval (— 77, 77), and the 
coefficients 


I 

77 



sin nx' dx' 


then all exist, and have the value zero. The Fourier’s sine series is the 
Fourier’s series corresponding to / (a:), in case / (a:) is an odd function, 
defined for the interval (— 77, 77), in which case the coefficients 

0“ [ f i^') “I f {^') 

Zrr J 77 J 


all exist, and have the value zero. 


Each extension of the definition of an integral, beyond that of Lebesgue, 
leads to an extension of the scope of the series. Thus cases may be con- 
sidered in which the coefficients exist as // //-integrals, as Z)-integrals, as 
D/TF-integrals, or as F-integrals, or as integrals existing in accordance 
with other definitions which have been suggested. All series of these kinds 
may be termed generalized Fourier's series, but the only kind which will 
be considered in this work will be tho.se in which / {x) and conseqiiently 
/ (x) cos nx, f (x) sin nx, have //-integrals, or in particular, fl^L-integrals, in 
the interval (— 77, 77). Such series will be termed Fourier's D-series or 
Fourier's (HL) series. There may exist also Fourier’s //-cosine-series, 
and Fourier’s //-sine-series, which as explained above are Fourier’s D- 
series in case the absent coefficients exist and have the value zero. 


EXAMPLE 

Let us consider the function f{x) = where <i(«) is summable in the interval 

X 

(- TT, tt), then the coefficients — dx, — / cos?? a; will not in general exist, 

2^; -W ^ -n ^ 

either as /^-integrals or as D-integrals. Thus the function will, in accordance with the 

X 

definition given above, have no Fourier’s series, or Fourier’s i)-series, corresponding to it, 

although the coefficients - | gjn nx dx will exist as //-integrals. The series 

1 ^ . frrdy (x') . , , , 

- 2 sin nx I ^ sm nx dx 
TTn-l Jo ^ 

will, however, exist, but it is not a Fourier’s sine-series, because is not summable in 
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( 0 , it). For example* * * § , let — \xoot\x, 0(0) = I, in the interval (0, tt). It is easily 
found that | ^ cot i* sin «« da; = 1, but - \ J cot Ja: cos nx dx does not exist. It follows 

”■.'0 “ J 0 

that sin a: + sin 2a: + sin 3a: + ... is a generalized Fourier’s sine-series corresponding to 
the function -J- cot Ji, non-summable in the interval (0, ir), but it is not a Fourier’s X)-series. 
Discussions of such series have been given by Titchmarshf and by Perron}. 

It should be observed that all summable functions which are equivalent 
to one another correspond to one and the same Fourier’s series. Conditions 
have been investigated by Carath6odory§ that, among the functions that 
are equivalent to a function / {x) to which correspond the Fomier’s co- 
efficients Uq, 6], ^2 ••• > there should exist one which is integrable {R), 

so that the Fourier’s series defined by means of these coefficients should 
be a Fourier’s i?-series. 


A series of the form J Uq + S (a„ cos nx + b„ .sin nx) is not necessarily 

a Fourier’s series, even assuming that = o (1), bn = o (1). An example 

. S sinna? 

IS the senes L , . 

n 2 log re 

THE PARTIAL SUM.S OP A KOURIER’s SERIES 

{ 3 ^ It being assumed that / (x), as defined for the interval (— tt, tt), is 
such that the coefficients in the series (4) exist, either as L-integrals or as 
/)-integrals. We denote by {x) the finite sum 

I rw r-n n 

J f ^ j ^ 

; I / {x') sin rx' <lx\ , 


1 . 
sin rx 

7T 


I I 

or - f (x') [-1 [- cos {x' — x) + cos 2 {x' — x) I- ... 1- cos re (x' — a;)] dx. 
n J 

Since 

siu(2re 4- 


X —X 


i < 


cos {x' -■ x) + cos 2 {x' — a?) f ... + cosre («' — x) 


2 sin 


X — X 


1 1’’^ 

we have i^) = ^ j _J i^’) 


sin (2re + 1) 


X - X 


sin 


X — X 


dx'. 


If we change the variable x' by taking x' = x + 2z, and write 2re + I = m, 
the expression takes the form, 

sm mz 
sin 2 


1 ri(ir-X) ai 

«»» (a;) = - f(^+ 22) - 


dz, 


where m = 2n + 1. 


* See W. H. Young, Proc, Lond, Math, Soc. (2), vol. ix (1911), p. 431. 

t Proc> Lond, Math, Soc, (2), vol. xxiii (1924). Records, p. xn. 

J Math, Anncden, vol. Lxxxvir (1922), p. 84. 

§ Math, Zeitschr, vol. i (1918), p. 309. 
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It is convenient to extend the definition of / (x) so that it may apply 
to all values of x outside the interval (— We assume that / (x) is 

so defined as to be periodic, of period 27t; thus f (x) = f (x ± 2r7r), for aU 
integral values of r. In case, in the original definition of / (x) for the interval 
(— TT, it), the values of / (w) and f {— it) are unequal, it will be necessary 
to alter the value of the function at one of the points tt, — tt, in order that 
the function, in accordance with the extended definition, may be periodic.. 
This can be done without affecting the values of the coefficients of the 
series, or the value of {x). Taking the function / {x) then to be periodic, 
so that it is defined for all real values of x, it is clear that in the expression 
for Sm (x) the limits of the definite integral may be altered to any two values: 
which differ from one another by n, without altering the value of the inte- 
gral. We have thus 


Sm (X) 


ir f(x-l-2z)^-^dz 

^ j — Jir 


Sin z 




The integral of the form 


F (z) dz is known as Dirichlet' a 


.'0 


sin z 


integral, the term being, however, generally applied to the more genera! 

form f F (z) and also to [ F (z) where a is such that 

J 0 sin z Jo s 

0 < rt ^ ^TT. 

If we take J -f- cos (x' — x) -{■ cos 2 (x' — x) + ... + } cos n (x' — x) 


which is equal to ■ 


sin (2n + 1) 


X —X 


2 sin 


X — X 


, . , . , 1 sin ??. (.T - x) 

i cos n{x — x), or to K u. v-ri- \ > 
^ ' ’ 2tani(x'-.r) 


we see that 


(») - 2^ f'y (*') C 08 .. ix' - X) *' - («') 

r^Tr 

/(« + 2z) 

J -iir 


If*" n , . . sin 2nz 

IT J _j„” ■ ' tan 2 

Thus S 2 n+i {x) has its value* dependent upon an integral 

sin 2nz 


r*" „ , . si 
F{z) - 
.'o t 


tan z 


of a form very similar to that of Dirichlet. 


dz, 


* See Nieder, Math. Annalen, vol. Lxxxiv (1921), p. 120, where it is pointed out that this formi 
for (*) sometimes be conveniently employed. 
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THE CONVERGENCE OF FOURIER’S SERIES 

324. If the function f {x) be summable in the interval (— ir, ir), the 
coefficients in the Fourier’s series corresponding to / (*) all exist, and are 
given by 

1 fir 1 fir 

a„ = - f{x) COS nx dx, = - / (») sin nx dx\ 

’’’’ J -n 

and this independently of any assumption as to the convergence or non- 
convergence of the series at points of the interval. Thus, corresponding to- 
any summable function / (x), there exist the numbers a^, a^, b^, a^, , 

which may be termed the Fourier's coefficients, or Fourier's constants, for 
the summable function / (a:). The relation of the constants to the function- 
may be expressed by* 

/ (^) ~ + (®i cos X + bi sin x) -}- {a^ cos 2a; + b^ sin 2a;) + ... 

which does not involve any implication as regards the convergence of the 
series. It will be seen that all equivalent functions have the same set of 
Fourier’s constants. 

A similar definition will apply to the Fourier’s {D) constants corre- 
sponding to a function / {x) which has a D-integral in the interval (— tt, tt). 

It will be seen later that the Fourier’s constants of summable functions^ 
i and of particular classes of such functions, possess important properties- 
which do not depend upon the convergence of the Fourier’s series. 

The question as to the convergence of the series in the whole, or in a 
part of the interval (— n, it), or at assigned points of that interval has 
been fundamental in the history of the subject, and the earlier investiga- 
tions, from the time of Dirichlet’s investigations onwards, were almost 
exclusively concerned with this qiiestion. In considering this question, two 
lines of investigation may be pursued, according as the function itself, 
or the series as defined by its coefficients, is taken as the starting point. 
In the first of these Unes of investigation, the question takes the form — 
what properties must the function have, in order that the Fourier’s series 
may converge at a particular point, or in the whole or a part of the interval? 
In the second of these modes of approach it is not usually assumed that 
the series is a Fourier’s series, and the question takes the form — what 
can be inferred as to the convergence of the series from the existence 
of special restrictive properties of the coefficients? An account will be 
given of investigations of both these classes; in the earlier investigations 
the first of these modes of investigation was alone employed. In the first 
instance an account will be given of the investigations, by various writers, 
which have as their object the determination of sufficient conditions to be 
satisfied by the summable function / (x) in order that the series may con- 

• See Hurwit/., Math. Anmlm, vol. lvii (1903), p. 427. 
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verge either through a whole interval, or at' particular points of the interval 
{— It will appear that, for a summable function/ {x), the convergence 

or non-convergence of the series, at a particular point, depends only upon 
the nature of the function in an arbitrarily small neighbourhood of that 
point ; and is independent of the general character of the function through- 
out the interval (- tt, tt); this general character being limited only by the 
necessity that the function shall be summable in the whole interval. These 
investigations have resulted in the discovery of sufficient conditions, of 
considerable width, which suffice to ensure the convergence of the series 
at particular points, or generally through the whole or a part of the interval 
for which the fimction is defined. The necessary and sufficient conditions 
for the convergence of the series at a point of the interval, or throughout 
any particular portion of the interval, have not been obtained. This is 
not surprising, in view of the very general character of the problem; 
and indeed it may be the case that no such necessary and sufficient con- 
ditions may be obtainable. It is possible that the mere fact of the conver- 
gence of the series at a particular point characterizes the nature of the 
function in the neighbourhood of that point in a manner incapable of 
reduction to any simpler form; so that, although the characteristics of 
various sub-classes of the functions which satisfy this condition may be 
obtained, as has in fact been done, yet the whole class of such functions 
has no property capable of being stated in any form essentially different 
from, or simpler than, the mere statement of the fact of the convergence 
of the series at the point. It will appear that there exist funetions, and 
even continuous functions, for which the series fails to converge at every 
point belonging to an every where-dense set of points. The question whether 
a Fourier’s series, corresponding to a continuous function, can be so 
determined that it fails to converge at all points of a set of measure greater 
than zero, or in particular almost everywhere, has not yet been answered. 


In order that the Fourier’s series, corresponding to a summable func- 
tion/ (a:), may converge at a point x, it is necessary that («), or 

1 


V 


^ r/ , o \ sin mz , 
j {x f 2z) . - - dz 

-iir 


Sin z 


should converge to a definite limit, as the odd integer m is indefinitely 
increased. 


1 

It will appear (§ 434) that - f (x') cos n {x' — x) dx' converges to 


zero, as n. ~ 00 , consequently it is necessary, for the convergence of the 
series at the point x, that the integral 


1 fi" 

„ f{^ + 2z) 

^ J — iff 


sin 2nz 
tan z 


dz 


should converge to a definite Umit, as n ~ oo . Either of these expressions 
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may be used in the investigeCtions, but Dirichlet’s form will be here 
employed. 

It was first shewn by Dirichlet that, for an important class of functions 
/ {x), (x) converges to the value / {x) at every point x interior to the 

interval (— 77 , tt), at which / (a:) is continuous; that, at a point of ordinary 
discontinuity of f (x), the series converges to the value 

ll/(* + 0)+/(-0),. 

which is, of course, not necessarily equal to / {x) ; and that at the points 
TT and — TT, the series converges to the value i {/ (tt ~ 0) + / (~ TT +• 0)}. 
Although Dirichlet’s investigation has now been superseded by the em- 
ployment of methods applicable to a wider class of cases than was con- 
sidered by him, his investigation has still an interest not exclusively 
historical. It Avill therefore be given in § 328, in a form in which certain 
modifications and simplifications will be employed. 

More recent investigations, an account of which will be given, shew 
that the Fourier’s constants have important properties which are related 
to the functional values, independently of whether the series converges 
or not. It will appear that, in important classes of cases, Fourier’s series 
may be employed, independently of whether they are known to converge, 
for the representation of functions, and that such series may be validly 
subjected to many of the ordinary proces.ses of Analysis, siich as substitu- 
tion for the function in a definite integral and subsequent term by term 
integration. Much of the recent progress in the Theory of Fourier’s series 
is due to the employment of the conventional sums of the series, especially 
those of Riemann, Cesaro, and Poisson. By this means a representation 
of a function by means of a convergent sequence can be obtained when the 
Fourier’s series corresponding to the function is not convergent, or is not 
known to be convergent. 

PARTICniiAR CASES OF EOTJRIER’S SERIES 

325. Before proceeding to the theoretical investigations relating to 
the convergence and the properties of Fourier’s series, it will be instructive 
to consider some simple cases of the use of the series. It will be assumed 
that, for the functions employed, the series corresponding to a function 
/ (x) converges at every point to the value \ {f {x + 0) +f {x — 0)}. 

If we employ the sine series to represent the function defined, for the 
interval (0, tt ), by y = J (77 - x), we find on evaluation that 

- [ i (■”■ — a;) sin nxdx = - ; 

and thus the series is of the form 

sin X + ^ sin 2a; ^ sin 3a; 4- ... + - sin nx -V — 
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The function defined for all values of x by 

y = sin a; + I sin 2x + ... + - sin nx + ... 

TV 

is represented graphically in the figure. The function is discontinuous at 
the points 0, 2ir, 4Tr, ... — 27r, — 47r, ...; the functional value being zero 
at all those points. It is seen that the series represents the function i (it — x), 
not only for the interval (0, ir), but for the interval (0, 277-), except at the 
points X = 0, X — 2-7T, where the sum of the series is zero. For the interval 
277, 0) the function represented by the series is — J (tt- + x), except at 
the ends of the interval. 


91 



This series may be employed to illustrate some important points con- 
nected with -the convergence of the series in the neighbourhood of the point 
ic = 0, at which the function represented by the series is discontinuous. To 
this end we shall examine the series by a method employed by Fourier*, 
and further developed by Kneserf. 


Denoting sin a; -f- i sin 2a; + ... + - sin nx, by s„ (x), we have 

ft 


ds„ jx) 
dx 


— cos X + cos 2a: + ... + cos nx = 


sin {n -{■ \) x 
2 sin Aa: 


\ '■> 


therefore 


=/, 


“■ sin {n + ■. 

X 

(n+i}x ain z 


(a: — 2 sin Aa:) , 
X ' ^ dx 


\}^-dx-^x + j\m(n + ^).. 2a:sinia: 
dz — ^x + I (x). 


On integrating by parts, we find that 

, _ a: — 2sin Ja:cos (w -H J)a: Pcos (w -t- ^)a; 4 sin^ |a: — x^ cos ^x 
' 2a; sin ^a: n-\-\ ^ Jo w-fj ' 4a:*sin2Ja: 


♦ Thiorie de la chaleur, chap, in, sect. 3. 

•f Sitzungsber. of the Berlin Math, Soc, (1904), p. 28. See also Bdcher’s “Introduction to the 
theory of Fourier’s series,” Anncda of Mathematics (2), voL vn (1906), p. 81, where numerical 
^ details are worked out. 
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. X — 2 sin ix 4 sin* ix — «* cos hx , ,, , 

The expressions —x — : — Tz^~n become m- 

juX Sin sin '^x 

definitely great, as x increases up to 27r ; but if a; be confined to the interval 
(0, 6), where 0 < 6 < 2v, they are both bounded functions. It follows, since 

I cos {n + !«) I s 1, 

that a positive number A can be determined, independent of n and x, such 
that I / («) I < A/{n + |), provided x is in the interval (0, b). Hence it 
appears that I (x) has the limit zero, when n is indefinitely increased, 
whether x varies with n or not; in fact | 7 (re) ] is arbitrarily small for 
sufficiently great values of n. 

We have now 

, , , , r(«+i).* sin z , , , 0A 

s„(x)-s(x) = J^ 2 + 


provided 0 .S- x ^ b; where 6 is such that 
d 


1 < 1 . 


A , - r / X /XX 1 Sin (». + I) re . » . . , 

Also , {s- (re) — s (re)} -- „ , it 0 < re & 6; 

dx 2 sin lx 

and therefore .s„ (re) - s (re) has maxima and minima at the points re 


Att 

n + i’ 


where A = 1, 2, 3, 

It can now be shewn that, for sufficiently large values of n, at least, 
/ 2tt \ ( 2tt \ ( Ait \ f Att \ / Qtt \ / Gtt \ 

+ ij “ \2nVl)’ 1 j ~ ^ i2wr-r 1/’ j “ ^(^+1/ ’ ••• 

are alternately positive and negative, the first of these differences being 
positive. 

We have 


f sin 2 , f" . /I 
- — dz = \ sin z 
Jo 2 Jo V2 


1 1 

1_ 

Z + IT z + 2it 


... + ~ 


(- 1)"+^ 


z + (A - 1) ttJ 

= % - + W 3 - ... + (- 1 )*+^'«A, 

where u^, u^, ... U\ are all positive, and Ui> U 2 > ... > n^. Also 

2 


dz 


Ux < 


hence lim Ma = 0. 


(A 


1 . 

r 81 

- 1) TT.o 


sin zdz < 


(A - i)7r’ 


A ™co 

r sill z 

Further, it is well known that lim ' dz, which is the improper 

A-oo Jo ^ 


integral j 


sin z 


dz, is equal to Jir ; it follows thatUi, — U 2 , Ui — u^ + Ug, ... 

2dA 

are alternately greater and less than Jtt. Since small, 

for sufficiently great values of n, it thus appears that the differences 

/ 2A7r \ / 


2A + In' 
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are alternately positive and negative for A = 1, 2, 3, ; and that for A 1, 

the difference is positive. 

It thus appears that, for large values of n, the form of the curve y = «„ (a;) 
in the neighbourhood of the origin is as in the figure ; consisting of a wave- 
form passing above and below the straight lines which represent y = s {x). 
The first maximum on the right of the point a; = 0 has as its abscissa 

27r ^TT 

X = ^ s, and its height above the point whose coordinates are — — r, 

Zti + 1 “p •- 

s nearly dz — which is independent of the value 

of n. The first minimum on the right of the point a; ^ 0 has for its 

4:77 |*27r ^ 

abscissa x = is at a depth approximately i'”' ~ j ~ dz 

below the corresponding point of the locus y s (x). 



As 71 is continually increased, the abscissae of the maxima and minima 
of s„ (x) — s (x) become indefinitely small, the magnitudes of these maxima 
and minima remaining however nearly unaltered. If a particular value of 
X can be chosen, n can be so determined that | s„ (x) — s (cc) | is arbitrarily 
small, for such value of n, and for all greater values; but if a particular 

value of n be chosen, there is always a value of x, viz. 

s„ (x) — 5 (x) is nearly equal to ^ dz — ^ir. 

Jo ^ 

The graphs y ~ s„ (x), as n becomes indefinitely great, tend to the form 
given in the figure, which consists of the continuous curve formed by the 

r sin z 

straight lines of length 2 dz (> tt), through the points x ~ 0, 2tt, 

Jo ^ 

— 277, ..., and of the series of oblique straight lines which belong to the 
curve y = s (x). The graph of the curve y ~ s (x) — lim {x) has been 

71-00 

already given. The limit of the graphs of the curves y = (x), and the 

graph of the limit of (») differ in the respect that, for the abscissae 
X = 0, 277, — 277, the former contains the continuous straight lines of 

f TT 

dz, whereas the latter contains only the single points on the 

■ 0 ^ 
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a:-axis. Corresponding to any point P on the straight line LM through the 
origin, it is possible to determine an indefinite number of pairs of values of 
X and n, such that the distance of P from the point whose coordinates are 
X, (x), is less than an arbitrarily prescribed positive number c. Thus the 

double limit lim s„ (x) is indeterminate between the limits of inde- 

71 ==* 00 , 0 

, . f sin z j sin z . 

terminacy dz, — - — dz. 

.'o 2 : Jo ^ 



By letting n increase indefinitely, and x at the same time diminish to 
zero, in such a manner that nx has a as its limit, where a is any fixed positive 

number not exceeding 77, we have as the particular value of lim s„ (x), 

( ct\ r * sin z 71 =» Qo , x = 0 

- j, the number I -- dz. It will be observed that the repeated 

limit lim lim s„ (x) has the value Jtt, or — J 77 , according as x approaches its 

X^O 71.-00 

limit from the positive, or from the negative side. The repeated limit 
lim lim s„ (x) has the value zero. 

7i=*Qo a? = 0 

The distinction between the graph y = s (x), which represents the 
series, and the limit to which the graphs y = s„ (x) tend, is clear, if it be 
borne in mind that the limit y — s {x) is obtained by the special mode of 
first fixing a value of x, and then letting n increase indefinitely; thus, for 
example, s (0) = lim s„ (0) = 0; whereas, as we have seen, lim (x) 

71*00 71 = 00 , = 0 

is indeterminate between limits which have been found above. The 
difficulty which has been frequently felt in understanding how a series, 
of which the terms are continuous, such as the series here considered, can 
represent a function which is not continuous, will be removed if the point 
just explained be fully grasped*, that the sum of the series at a 'point x 

* Some criticisms of Dirichlet’s determination of the sum of a Fourier’s series at a point of 
discontinuity, made by Schlafli, Crelle^a Journal, vol. Lxxn ((1870) p. 284), and by Du Bois- 
Reymond, Math, Annalen, vol. vii ((1874) p. 244), where it is maintained that the sum of the series 
is indeterminate, are due to a lack of appreciation of this point. 


HII 
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means the limit obtained by first fixing the abscissa x, and then afterwards 
making the number of terms increase indefinitdy. 

It has already been shewn, in § 82, that the points a: = 0, —27t, ... , 

must be points of non-uniform continuity of the series; moreover, other 
examples have been already given, in which the peaks of the approximation 
curves y = 5„ {x) remain of finite height above the curve y = s (x), however 
great n may be. That the portions of the limit of the graphs y = Sn (»), in 
the present case, have a length greater than n, the measxire of discontinuity 
of the function, was pointed out by Willard Gibbs*. 

In this and all similar cases, the non-coincidence of the upper and lower 
double limits of (x), at a point f , with the upper and lower limits of s (x) 
as is spoken of as Gibbs’ phenomenon. The phenomenon, however, had 

been discovered earlier, in the case of the series cos a; — ^ cos 3a; -t- ^ cos 6a: — ... , 
by H. Wnbrahamf , at the point x == The phenomenon has been ftilly 
discussed by GronwallJ, Dunham Jackson §, and Bocherl], 


The expression [ 
Jo 

above, for (x) 


(n+i)X gin z 


dz ■— + 


20A 


which has been found 


— dz, for X ^ a, 
z 


z ^ ' 2n \ 

s (x), provided 0 < a; ^ 6 < 27 r, may be employed to 
shew that the series converges uniformly in any interval (a, 6), such that 

r sin 

0 < a<b<2iT. For, by choosing n so great that 

Jo 

differs from by less than a prescribed number Jc, which is possible on 
account of the convergence of the integral, and further choosing n so great 
2A 

that ^ chosen so great that, for the 

chosen value of n, and for all greater values, | s„ {x) — 5 (a:) | < c, for all 
values of x in the interval {a, b). This expresses the fact that the series 
converges uniformly in the interval (a, b). It is clear that the smaller a is 
taken, the greater must be the value of n, so that {n -\- \) a may be suffi- 

sin 

dz — < |e; 

Jo ^ 

and that this value of n increases indefinitely as a is indefinitely diminished. 
This is a verification of the fact that the convergence of the series is non- 
uniform at the point a: = 0. 


326. Let/ (a:) be defined for the interval (0, tt), by the specifications 
/ (a;) = c, for 0 S a: < Jtt; / (») = — c, for \n ^ x ^ tt. 

* See an interesting discussion on this subject in Nature, vol. Lvni (1898), pp. 544, 669; 
vol. Lix (1899), pp. 200, 271, 319, 606; vol. lx, pp. 62, 100, in which Gibbs, Michelson, Love, Baker 
and Poincar^ took part, 

t Carnb. and Dublin Math, Journ, new series, vol. iii; old series, vol. vii (1848), pp. 198-200. 

X Math, Annalen, vol. Lxxn (1912), p. 228. 

§ Rend, di Palermo, vol. xxxn (1911), p. 267. 

II Crelle^a Jcmrnal, vol. oxLiv (1914), p. 41. See also Fej4r, Crelle^s Journal, vol. oxlh (1913), 
p. 166, where methods are given for determining the saltus, and the functional limits, at a 
point, from a Fourier’s series. 
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To find the sine series for this function, we have 

f (x) sin nxdx = c sin nxdx — c sin nxdx 
0 Jo Jiir 

= - (cos nn — 2 cos \n7T + 1). 

This integral vanishes if n is odd, and also if w. is a multiple of 4, but if 
n — Am + 2, it has the value Acfn. The series is therefore 

~ (J sin 2x + ^ sin 6x + sin lOx -}- ...). 

For unrestricted values of x, this series represents the ordinates of the 
series of straight lines in the next figure, except that it vanishes at the 



points 0, tt, — Jtt, — 77, — It will be observed that, if the meaning 
of / {x) be altered, so that it denotes the sum of the sine series for every 
value of X for which that sum is continuous, then at the point tt, for example, 

/(77 + 0)-C, /(77-0)= -C, 

and the series represents at the point tt the arithmetic mean of these two 
values. 



32-2 
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In a similar manner, we find that the function defined for the interval 
(0, tt) as before, is represented, for the interval (0, tt), by the cosine series 

4c 

— (cos X — ^ cos 3x + i cos 5x — ...). 

TT 

For unrestricted values of x, the series represents the ordinates of the 
straight lines in the figure, except that its sum vanishes at the points 

Jit, - Jtt, fTT, .... 


327. Let / (a:) = a;, for 0 ^ a; ^ Jtt, 

and f (x) = n — X, for ^ x & ‘ir. 

In this case we find that 

f” r*" . f" 

J f (x) sin nxdx = J x sin nxdx + J {tt — x) sin nxdx 


= —5 sin imr. 


Hence the sine series is 
4 

TT 


^sin a: - p si 


sin 3a: + -s sin 5x 




For general values of x, the series represents the ordinates of the line in 
the figure. The broken line in the interval {— tt, n) is repeated indefinitely 
in both directions. 
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The cosine series, which represents the same function for the interval 
(0, tt), will be found to be 

7 77- — - fcos 2x + ^ cos cos lOx + ... V 

4 TT \ 32 5^ / 

This series represents, for general values of x, the ordinates of the line in 
the second figure. As before, the broken line in the interval rr,7r) is 
to be repeated indefinitely in both directions. 


EXAMPLES 

(1) Prove that the series 

sin a; - I sin 2a; + J sin 3a; - J sin 4a; + ... 
represents, for the interior of the interval ( - tt, tt), the function Ja;. 

For any value of x which is not a multiple of tt, the series represents ^ (a? - 2i;7r), where 
ik is a positive or negative integer so chosen that x - 2 kir lies between rr and - tt. The 
sum of the series vanishes for all values of x which are multiples of tt. 


(2) Prove that the series 

cos a; - J cos 2a; + ^ cos 3a; - cos 4a; + ... 
represents the function - lx% for the interval (- tt, tt). 

(3) Prove that 

Jtt = sin a; + J sin 3a; + J sin 5a; + ... , for 0 < a; < tt ; 

Jtt = cos a; ~ J cos 3a; + J cos 5a; - ... , ior - < x< Jtt. 


(4) Prove that 

\tvx = 

(5) Prove that 


\7tx = sin a; - ^ sin 3a; + p sin 5a; - ... , for ~ Jtt ^ a; ^ ^rr. 


2 n 

= „ 2 — „ (1 - cos utt) sin war, for 0 < a; < tt, 

TT ^ vf 

gfcTT _ 1 2k % cos nir - I # a ^ ^ 

2 — , « o- — CCS for 0 ^ a; ^ TT. 

kn TT n-1 k^ ‘\r 


(6) Prove that 

TT sin kx _ sin x 2 sin 2a; 3 sin 3a; 

TT COS Axr _ 1 k cos x ^ k cos 2a; 

2 sin /jTT 2k - P ^ F - 2^ 

k not being integral. 


where 0 ^ a; < tt, 
where 0 ^ a; ^ tt; 


(7) Prove that 

TT sinh kx _ sin a; 2 sin 2a; 3 sin 3a; 

2 sinST^ ~ 1* + P “ ^ 3* + P ■ 

TT cosh (tt - a;) _ 1 , cos a; ^ cos 2a; ^ cos 3a; 

2k sinhibn- “ 2lb* FTP FTP ^ FTP 


where 0 ^ a; < tt ; 


... 9 


where 0 < a; ^ tt 
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DIBIOHLBT’S investigation of FOTTRIBR’s SEMES 


328. As a preliminary to the consideration of Dirichlet’s integral, some 
properties of the integral 


are required. 
We have 


[ 


sm mz 
0 sins 


dz 


+ 2 cos 2nz] dz ^ • 


f2 dz==? [1 + 2 cos 2z + 2 cos 42 + 

J 0 sin 2 Jo 

If we divide the interval ^0, ^ of integration into the portions 


TT 


\ mj \m mj \m 

in these portions, the ini 
and negative signs ; thus if we write 


friT r + Itt 
m 


\ /UTT 7r\ 

Vm’ 2/’ 


sin TYvzt 

we see that, in these portions, the integrand -. has alternately positive 

sin 2 


Pt 




rir 

sin mz 


r -ln 

m 


smz 


dz, 


Pn 


^ (- 1 )” 

}n„ Sins 


sm ms 


dz, 


TT 


we have g = Po ~ Pi + /»2 + ••• + (- Pr-i + 
where all the p’s are positive. 


+ (- 1)"P«. 


In p,_i, sin mz is always of the same sign, and ^ is monotone and 


decreases as z increases, hence 

1 


Pr- 1 <(- 1)’ 

and similarly 
It follows that 
For Pn , we have 


ir-l 


. (r — IItt 
sm ' ' 


rw 

si 


j 2 r ~ Itt 

sin mz.dz < — cosec ; 

m m 


m 


2 ru 

p-_i > — cosec 

• ' /VM 


m 


m 


2 ttt 

Pr—i ^ — cosec ^ p» • 

• * * nnn /vm • ’ 


m 


m 


1 niT 1 

— cosec — > Pn> — j 

/W» /VM • /Wl 


m 


m 


m 


2 niT 

Pn^\ > ““ cosec > Pn* 


hence 
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It follows that, if 2p < n. 


and 


< Po “ Pi + ^2 — ••• + P2J)J 
> Po ~ Pi + P2 “ ••• ~ P2P-1* 


Let ns suppose that the function F {z) has a finite upper boundary, 
for the values of z such that 0 & z ^ Jir, and further, that it is in the whole 
interval positive and monotone non-increasing; it is consequently an 
integrable function. 


In the integral 


I “ „ , . sin mz , 

F{z)—. dz, 

Jo sing 


where a ^ \tt, we proceed to divide the interval of integration as in the 
case of 


sin mz 


dz 


J 0 sin z 

into alternately positive and negative portions; thus if 

rr 

/ . . T”* „ , . sin m 2 , 

s,._i - (- ^ (2 — - dz, 

smz 

m 

/ 1 xo f El / \ , 


9.^ 

m 


where g is a positive integer such that 


m m 


we have 


f“ _ , , sin mz , , , , , / , 

^ ~ + ^2 - — + (- + ••• -t- (- 

J 0 sin 2 


where Sq, s^, s^, ... are all positive. On account of the supposition made 
as regards F (z), we have 


From these inequalities it follows that 

.s,_i S > p,F > 6v; 

and this holds for all values of r from 1 to q. 

We have consequently the result, that 
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is less than + Sj — ... — + s^p, 

and greater than + Sg — ... — s^p-i, where 2p ^ q. 

From these inequalities, with the help of those obtained above, we have 

V>lp>- P.) F (^) + ip, - P,) (^) + ... + (p,.., - p„_,) F 

2prr 


>Fr-^- 


also 


( W ) Pi p2 />3 ■)■••• "f" p2»-2 P2p-l) j 

U < P,F (+ 0) - F ip, -p, + p,- ... - p,p). 


On using the theorems which have been proved relating to the p’s, 
we obtain 


and 




where, in accordance with the supposition made, p is any integer such that 

ma 


2p^q< 


7T 


2? 

m 


Now let m and p both increase indefinitely, but in such a way that 


has the limit zero. Since 


P2V ^ 


1 

< — 


2^77 

m 


. 27m rm . Zpn 

m sin ^ sin 

m m 


we see that p 2 v has zero for its limit; and hence 

7T 

has 2 ^ (+ 0) for its limit. Again 


P2P i 


77 


77 


77 , 2 m 


/>o<2 + Pi<2 + 7r 


Sin 


77 


m 


77 2 

and hence pq has a limiting value not greater than ^ + “ • follows that 

2 77 


Po 


|f(+0) 




77 

+ I H + P2p 


)^(-r) 


77 

has for its limit the value ^F (+ 0). 

2 
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It has been proved that U lies between two numbers, each of which 
has -^F (+ 0) for limit, when m and p are indefinitely increased in such a 

way that - has the limit zero ; hence the limit of 
^ m 

1/ = F(z) . dz 

Jo sin 2 


F (+ 0 ). 


where a is such that 0 < a ^ 

It follows, as a corollary from this theorem, that 


“ „ . , sin m2 , 

F (z) dz 

(3 ' ' sm2 


has the limit zero, when m is indefinitely increased; where a, jS are two 
fixed numbers, such that 0 < < a S 

329. We have now seen that, if F (2) be a bounded and positive 
function which never increases as 2 increases from 0 to ^tt, the integral 


f 2 , sm mz 

F {z)-. 

Jo sm 2 


converges to the value ^ F {+ 0), as m, is increased indefinitely. The func- 
tion F (2) may be freed from the condition that it must be positive in the 
whole interval. For if F is negative, we may apply the theorem to 
the function C + F [z), where the constant G is chosen so that 


is positive; thus 
converges to the limit 


{C -1 F 2)} - dz 

0 sin z 


{C -\-F(+ 0)}. 


, 1*2 sin mz 
Jo "sin 2 


converges to the limit ^ C ; hence j F (2) converges to ^ F (+ 0), 

where F (2) is not restricted to be positive. 

Again, the theorem holds for a function F (2) which is monotone and 
never diminishes ; for we can apply the theorem to the monotone function 
— F (2) which never increases. 
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The theorem has now been established, that if F ( 2 ) be any bounded, 
monotone function, d^ned for the interval (0, ^rr), then 


rF(z)^^^^ 

Jo sin 2 


converges, as the odd integer m is increased indefinitely, to the value ^ -P’ (+ 0). 

The theorem also holds if the upper limit of the integral be any fixed 
number a, such that 0 < a ^ 


It has been shewn, in i, § 244, that any function with bounded variation 
is expressible as the difference of two monotone functions. Hence the 
results which have been established can be immediately extended to 
functions of this class. We have, therefore, the theorem that, if F ( 2 ) be 
a function defined for the interval (0, {u), and mth bounded variation, then 
the integrals 



sin mz 
sin 2 


dz. 



sin mz 
sin 2 


dz. 


where 0 < a ^ Jtt, 0 < a < j8 ^ ^tt, 

7T 

converge, as the odd integer m is increased indefinitely, to the values ^ F ( + 0), 0 
respectively. 


If we apply this result to the two integrals contained in the expression 
for Sm {x) , the sum of the first 2n+\ terms in Fourier’s series, we obtain the 
theorem that, if f {x) be a function with bounded variation, defined for the 
interval {— n, n), the sum of 2n + 1 terms of the series 

f f(x')dx'+ S |-cosTCa;[ f {x') cos nx'dx' 

' + i sin nx j f (x') sin na;'da:'| 

converges, as n is indefinitely increased, to the value 

H/(a^ + o)+/(* - 0)}. 

It will be remembered that a function with bounded variation is 
integrable, in accordance with Riemann’s definition; and that it can 
have discontinuities of the first kind only, so that at every point the 
functional limits f (x + 0), f {x — 0) exist. 

In the case x - ± ir, the limit to which the sum of the series converges is 
H/(’r-0)+/(-^ + 0)}. 

At a point x of continuity of the function / (x), the limiting sum of the 
series is / (x) ; at a point of discontinuity of / {x), the limiting sum of the 
series agrees with the value of the function at the point only if 

/(«) = i{fi^ + 0 ) +fi^ - 0 )}. 
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At the points tt, — n, the limiting sum of the series agrees with the value of 
the function only if / (it), or / (— it), is equal to 

i{f (ir - 0) +f (- TT + 0)}. 

330. It is now clear in what sense the given function/ (x) is represented 
by the corresponding Fourier’s series. The representation is necessarily 
complete for all points at which the function is continuous, with the possible 
exception of the end-points ± n, which cannot both be points of continuity 
of the extended function, unless/ (tt) = f (— tt). At a point of discontinuity, 
or at an end-point ± ir, the series represents the function only if the 
functional value is properly chosen in relation to the functional limits at 
the point; in the case of the end-points these functional limits are those 
of the periodic function obtained by extension of the given function beyond 
the domain for which it was at first defined, this extension being such that 
f (x) = f (x + 27 t), as explained in § 323. 

The functions wdth bounded variation include, as a. particular case, 
functions which satisfy the following conditions : 

(1) The function is continuous in its domain at every point, with the 
exception of a finite number of points at which it may have ordinary 
discontinuities, (2) the domain may be divided into a finite number of 
parts, such that in any one of them the function is monotone ; or in accord- 
ance with the more usual expression, the function has only a finite number 
of maxima and minima in its domain. 

These conditions are known as Dirichlet’s ccniditiom, and his proof, in 
its original form, applied to the case only of functions which satisfy these 
conditions. 

331. Dirichlet extended his results to the case in which there are a 
finite number of points in the domain (—77,77) in the neighbourhood of 
which I / («) I has no upper boundary. In this case the Fourier’s series must 
be so interpreted that the integrals in the coefficients are the improper 
integrals 

1^^/ (x) dx, nxf (x) dx, 

the fxmction being such that these improper integrals exist. From our 
somewhat more general point of view, we shall suppose that the function 
/ (x) is such that, when arbitrarily small neighbourhoods of these infinite 
singularities are excluded from the interval (—77, 77), in the remaining 
part of the interval / (x) is of bounded variation ; and further it will be 
assumed that the improper integral 
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dz, for 0 < a S J 7T, 


exists, and is absolutely convergent. Under these conditions, it can be 
shewn that the theorems still hold, that the integrals 

sin mz j , - „ ^ , 

J/ <"> ^ ^ ® S'’ 

and f“ F (z) dz, for 0 < a S in, 

Jo smz ^ 

converge to zero, and to F {+ 0), respectively, as m is increased in- 
definitely. 

If, between a and j8, there is a point c in whose neighbourhood \ F {z)\ 
has no upper boundary, 

. sin mz , 

F (z) dz 

Ja sin z 

is interpreted by Dirichlet as the limit of 


rc-s 

F{z) 

J a 


, sin 
F (z) — 

Jc+, sil 


where 8, € have, independently of one another, the limit zero ; assuming that 
such limit exists. 

Let 8' < 8, then 


~ rc-s' 'rc-S' 
__•/ a J a _ 


. sinmz j , XT / \ I ^ 

F (z) — dz < cosec a \ \ F {z)\dz\ 

sin z J c- 8 


where the expression on the right-hand side is arbitrarily small, on account 
of the absolute convergence of the integral of F (z), and is independent 
of the value of m. 

Now, if F (z) dz converges absolutely at the point c, we can choose 8 so 
small that, for every 8' 8, 

fc-S' 

cosec a I I (z) | dz 

Je-S 

is arbitrarily small ; hence the integral 

r®"* r, , . sin mz j 
F (z) - . dz, 

Ja Sin 2 

for a fixed m, converges to a definite value, as 8 converges to zero. Similarly 
it can be shewn that 


. sir 
F(z) ~r 

Jc+e SI 


sin mz 


converges to a definite value, as e converges to zero. It has thus been 
shewn that 


. sin mz , ,. r«-* ^ , . sin mz j 

F (z) dz = lim F (z) dz 

Ja sinz Ja sinz 

+ lim F (z) dz = (m) + (m) ; 

,-o Jc+e smz 
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and we have now to shew that (m), (^) converge to zero as w is 

increased indefinitely. It has been already seen that 8 may be so chosen 
that, for all values of m. 


te-s 


„ , , Sin m2 , , / , 

F (z) dz — dll (m) 

sin 2 -ri \ / 


< V> 


where rj is a, fixed arbitrarily small positive number. Now, for a fixed value 
of 8, Ml may be chosen so great that, if m S mj , 


•c-« 

•/ a 


F (z) dz 

sm 2 


<L 


where ^ is arbitrarily small ; hence, if m S m, , • 

I (m) I < 17 h i, 

and therefore ^1 (m) converges to the limit zero ; similarly (m) converges 
to the limit zero. 


If, between a and there are any finite number of points such as c, we 
may divide the domain (a, jS) into a finite number of parts, such that each 
part contains only one such point as c, and apply the above result to each 
of the integrals which are taken through one such part, 
r ^ sin YH/X 

The integral J F (2) dz can be divided into two parts 


r“i ,, , , sm mz , r, , ^ sni W12 , 

F (2) dz \ \ F 2) . dz, 

Jo sin 2 J„, sin2 


where is so chosen that all the points of infinite discontinuity of F (2) are 

f a Sin TTIZ TT 

F (2) ‘ — — dz converges to ^ (4- 0), when 

0 sill Z 

m is indefinitely increased. 

It has now been shewn that: if f (x) he such tliut, when the arbitrarily 
small neighbourhoods of a finite number of points in whose neighbourhood 
I / (a;) I has no upper boundary have been excluded, f (x) becomes a function 
with bounded variation, then the Fourier's series 


1 

27r 




S i [ / (x') cos n {x ~ x') dx' 

TT J 


converges to the value | {f (x + 0) + f (x — 0)}, at every point in (— tt, tt), 
except at the points of infinite discontinuity of the function, provided the 

improper integral [ / {x) dx exists, and is absolutely convergent. 


APPLICATION OF THE SECOND MEAN VALUE THEOREM 

332. An alternative method of investigation of the limit to which the 
partial sum of Fourier’s series, corresponding to a function of bounded 
variation in the interval (— tt, tt), converges, is obtained by the employ- 
ment of the second mean value theorem (i, § 422). This method was first 
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employed by Bonnet, who used his form of the mean value theorem*. 
The method was also used in his treatise by C. Neumannf, and by JordanJ 
who applied it to the case of functions of bounded variation. The method 
is also employed, and discussed in great detail, in Dini’s treatise §. 

We have need of the following lemmas : 
sin TYhx 

dz = ^TT, m being an odd integer. This has already been 


•i» 

( 1 ) 

Jo 


smz 


sin mz 


proved in § 328. 

/.XV r/. « 1 sin m 2 , ,,, , 

(2) If 0 < a < ^ ^ in, - dz ^ 0 (1), and 

J ^ SxXl Z J OL 

To prove this, we have, by the second mean value theorem, 

sin m 2 j 1 fv . , , 1 , 

; - dz = — sin mz dz + sin mz dz, 

sin 2 sinaj„ sin p jy 

where y is in the interval (a, ]8) ; and therefore 

2 


dz^o ( 1 ). 


P sin mz , 
— . " dx 

. sm 2 


< — (covsec a -h cosec 6) < — cosec a, 
m ^ m 


from which the result follows. The second part of the theorem is proved 
in a similar manner. 

sin S 


6 


dd 


s n. 


(3) If 0 & a< j3, then 

I f* 

By the mean value theorem, if 0 < a < h, I 

1 J a 


sin 9 

9 


d9 


2 2 

< + T ; and 

a h 


therefore 


f d9 S - ; and if a S tt, we have [ 

Ja 9 a Ja 


sin 9 


d9 


^ < 


n 


n 2 ' 


1* ^1X1 0 

It is clear that, as a increases from 0 to tt, j ^ d9 diminishes, since 


/' 


sin 9 


v, d9 does so. Therefore, since n- = i^r, we have 
9 Jo 0 

°° sin 9 ' 


sin 9 


j 

J a 


9- 


d9 S in. 


if a <n, and it has been shewn to be < in, if a S tt; hence 

= i^, 


r 

y c 




for 0 ^ a. It now follows that 


/ 

J a 


^ sin 9 

~r 


d9 


^ n, where 0 ^ a < )8. 


/, 


After having established these lemmas, we proceed to consider 
'■j’lf sin Tttz 

F{z) -i dz, where F {z) is monotone, and non-diminishing, in the 

Q Sin z 

interval (0, |7r). 

♦ Mdmoirea des Savants Grangers of the Belgian Academy, voL xxm. 

t Ueber die nach Kreis- Kugd- und Cylinder-functionen fortschreitenden Beihen, Leipsic, 1881. 
t Cours d^AnaJysep vol. n. § Sopra la Serie di Fourier^ Pisa (1880), 
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If /i be a fixed positiye number, we have 


Jo ^ ' sin z ' 'Jo sin 2 


f {F (z) 
Jo 


^ sm mz j , 

F (+ 0)} dz + 

sin z 


f f liT / V rr / Sin YTIZ , 

{F {z) - F {+ 0)} - dz. 

J u 


sm z 


j 

J 0 


On applying the second mean value theorem, we have 

(*) dz - (+ 0) = 


Sin z 


/' 


. sm mz , 

G (z) dz 

' ' z 


X n / r^'sinm2 , , rr / . f sin m2 , 

where is some number in the interval (/x, \tt), and Q {z) denotes the 

z 

monotone, non -diminishing, function {F (z) — F {+ 0)} 


sm z 


Again, 


.'0 


Giz) 


dz = Q 


wj 


> sm mz J 

— - - dz 

^ z 


rmp 

= G{f.) 

Jrn^ 


sin z 


dz. 


where | is in the interval (0, /x). 

The number | depends on m, and on the function G (z ) ; it may happen 
that, as m is indefinitely increased, ^ diminishes indefinitely in such a 
manner that has a finite limit. Whether this happens or not, we see 


from (3) that 


’M 

Jo 


G(z) 


~-dz 


does not exceed tt\G and fx may 
be so chosen that this is less than the arbitrarily chosen positive number e. 
Since 


/ 

J fi. 


sin mz 


sm 2 


dz 


< cosec tx, 
m 


ft’" sin mz 


dz\<-- cosec < cosec ix 

1 /Wl ^ * AVI ■ 


m 


m 


j f , sm 2 

it is seen that both integrals converge to zero, as m ~ oc , notwithstanding 
the fact that is dependent upon m. It now follows that fj. and m^ can 
be so chosen that, for m ^ , 


1 , 


, sm mz , , „ / 

F (z) — dz - \7tF (+ 0) 

0 ' sm 2 ^ 


< 2c. 


Since e is arbitrary, it follows that 

1 - f*" n / ^ sin mz 

hm F ( 2 ) 


dz = \itF (-1- 0). 


TO-ooJo sm 2 

Since any function that is of bounded variation in the interval (0, Jtt) 
is expressible as the difference of two monotone non-diminishing functions, 
it follows that this result holds for any function F ( 2 ) which is of bounded 
variation in the interval (0, Jtt). Writing f (x + 2z) f {x — 2z) for F ( 2 ), 
we see that 


lim [* {/ {x + 2z)+f{x- 22 )} - " - = ^7r{f{x -f 0) +f{x 

ii/^00 J 0 sm 2 


0 )}. 


sm 2 
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Thus the convergence of the Fourier’s series at any point x of the interval 
(— TT, 77-) has been established. The following theorem has been established : 

If f (x) have bounded variation in the interval (—77,77), the Fourier’s 
series corresponding to f (x) converges to the value f {x) at any point within 
the interval, at which the function is continvjous; it converges to the value 
i {/ (aj + 0) + / (a; — 0)} at any such point at which the function is discon- 
tinuous. At the points 77, — n it converges to the value 

H/(- + 0) +/(7r - 0)}. 


333. It is known that a convergent series of continuous functions 
is non-uniformly convergent in the neighbourhood of a point of dis- 
continuity of the sum-function, but that the series is not necessarily 
uniformly convergent in an interval in which it is continuous. In the 
case of the Fourier’s series corresponding to a function f{x) which is of 
bounded variation in the interval (— 77, 77), it can be shewn that the 
series converges uniformly in the whole interval (—77,77), provided the 
function obtained by extending / {x) beyond the interval, as a periodic 
function, is continuous in the closed interval (—77,77). This requires 
the condition / (77 — 0) =/ (— 77 -f- 0) to hold, in which case the complete 
continuity holds if the values of f {n) and /(— 77) are the same as those 
of / (77 — 0) and /(— tt + 0). The function then converges uniformly to 
f {x) in the whole interval (— 77, 77). 

It can further be shewn that, provided / {x) is of bounded variation in 
(— 77, 77), the series converges uniformly to / (a;) in any interval (a, 6 ) in 
which the function is continuous, the continuity at the points a, b being 
on both sides. 


It has been shewn in § 332 that 


f*" „ , , sin m2 , 'n „ , 


<TT\G{fl)\ + - 


4 


m sin fjL 


\F{p)-F{+0)\ 


-\- --i- \F{^n)-Fi+0)\, 
m sin ju. ' ‘ 

where F (2) is monotone non-diminishing. Using this inequality, and the 
corresponding one for — F {— z), and writing f {x + 2z) f (x — 22) for 
F (z) + F {— 2), we have 

I ix)-Hf{‘>^ + 0)+f{x-0)}\<\G{p)\+\ G, (p) I 

+ { I / (« + 2/i) - / (a; -f- 0) I -1- I / (a; + 77 ) - / (a: -t- 0) ( 

777/6 Sin /JL 

+ l/(« - 2/a) -f(x - 0) I -f \f(x - 77 ) -f{x - 0) |} 

< 1 (/a) I -h I O'! (ja) I -h - cosec /x; 
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where ^ is a fixed number dependent on the upper boundary of / (x) in 
the whole interval (— n, tt), and 

6* M = {/(» + 2a<.) -f{x + 0)} cosec fi, 

(m) = {/(*- 2/i) - / (a: - 0)} ja cosec /a. 

If now / (a;) is continuous and monotone in the interval (a, b), and is 
continuous at a and b on both sides, on account of the uniform continuity 
of the function, jUi can be so determined, that, for aU points x in the interval 

(a, 6), \f{x + 2/i) — f {x)\ and | / (a; — 2fi) — f (x)\ are both less than ^ , 

provided ji* S . Also fi cosec /x < Jtt, thus | O (/x) | and | Oi (/x) | are 
both less than Je, provided /x S yxj, for all values of a: in {a, b). Therefore 

A 

I {x) -f{x)\ < € H cosec /i-i, for all values of x. The number 

TYh 

A 

having been fixed, an integer can be so determined that — cosec /x^ < e, 

IfYt 

for and therefore | (a:) —f{x)\< 2e, for m^m^, and for all 

points X in (a, 6). Since e is arbitrary, this establishes the uniform con- 
vergence of Sjn+i (*) 1-0 /(^) in the interval (a, b). The function / (a;) has 
been taken to be monotone, but a function of bounded variation may 
be expressed as the difference of two monotone functions, each of which 
is continuous in (a, 6) when/ (a:) is so. Therefore the theorem holds for 
any function of bounded variation in (— tt, tt). 

It has thus been shewn that : 

If f {x) be of bounded variation in {— n, tt), the Fourier's series converges 
to f (x), uniformly in any interval (a, b) in which f {x) is continuous, the 
continuity at a and b being on both sides. 

Returning to the general case in which the function / (a;), of bounded 
variation in {— tt, tt), may have discontinuities in an enumerable set 
of points of the interval, we see that, if /x be a fixed number, 0 (/a) and 
Oi (/x) are bounded for all values of x in the interval (— tt, tt), since /(a:) is 
a bounded function. We find that 

I «2»+l I < ^ ^ COS®® 

where K depends only on the fixed number /x, and on the upper boundary 
of the functions \f{x) \ in the interval (— tt, tt). When/ (a:) is not monotone, 
the result can be, as before, immediately extended to any function of 
bounded variation. Since | 52„+i {x) \ < K + A cosec /x, it is seen that 
I ^ 2 n+i (®) I is bounded for all values of n. 

We have accordingly established the theorem* that: 

If f (x) be any function of bounded variation in the interval ( - tt, tt), 
the Fourier's series converges boundedly to the value i {/ (a: 4- 0) -f / (a: — 0)} 
throughout the interval {— tt,tt). 

* See W. H. Young, Proc, Lond, Math, 8oc. (2), vol. ix, p. 453. 
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THE LIMITING VALUES OE FOURIER’S COEFFICIENTS 

334. The following general property of the Fourier coefficients of a 
summable function was first established by Lebesgue* : 

If ttn, bn denote the Fourier's coefficients corresponding to any summable 
function f (x), then an = o (I), b„ = o (I). 

This theorem is a generalization of the theorem due to Riemannf in 
which the function is restricted to be integrable {B). It is consequently 
frequently known as the Riemann-Lebesgue theorem. The case when the 
function is continuous J was treated by Stackel. 

Lebesgue’s theorem can be obtained as a special case of the 
general convergence Theorem I, of § 279. Consider the interval (a, b), 

COS 

and let <t> (»', x, n) = nx', the set G consisting in this case of a single 

point, so that x does not occur. The conditions (1) and (2) of the theorem 

are satisfied, since Si, lim f nx' dx' — 0: from which it 

cos n~ao J a cos 

fb 

follows, in accordance with the theorem, that lim / (x') cosnx' dx' = 0, 

} a 
rh 

and lim / (^') sin nx* dx* == 0. It will be observed that n may diverge 

J a 

as any sequence of positive numbers, not necessarily integral. 

It has been shewn by Lebesgue § that this theorem cannot be made 
more precise ; that, in fact, if u {n) be any function which converges 
monotonely to zero, as n'^co, a continuous function f (x), such that 
I / («) I S 1, can be constructed, for which the coefficients are not of order 
superior to that of u (n). 

The following more general theorem may be given : 

f ^ sm 

If f (x) be summable in the finite interval (a, b), then J f (x) '^^^nxdx 

converges to zero, as n oo , uniformly for all intervals {a, j8) contairml in 
(a, b). 

To deduce the theorem from Theorem I, of § 279, let the set (7 be a 
two-dimensional set consisting of all points (a, jS) such that a ^ j8, 
a & a&b, a^ ^ ^ b. Let O {x', x, n),i when x = (a, j8), be defined by 
sin 

O lx', X, n) = nx', for all values of x' in the interval (a, B), and 

<t> («', X, n) = 0, when x' is not in that interval. 

* Armales ac, de V4cole normale aup, (3), vol. xx (1903), p. 471. 
t Qea, Werke, 2nd ed. vol. i, p. 254. 

t Leipz. Ber, vol. un (1901), p. 147; also Nouvellea Annalea (4), vol. n (1902), p. 57. 

§ Bulletin de la aoc. mat. de France, vol. xxxviii (1910), p. 184. 
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Since | <E> (a;', a;, to) | S 1, for all points x', x, and for all values of to, 
r/3' 2 

and since I O (a:', x, to) Ax' ^ - , which converges to zero, uniformly for all 

Jo! ^ 

points X, the conditions of the theorem are satisfied. Therefore 

converges to zero uniformly for all pairs of values of a, )S in the interval 

(o, 6). 

It is of interest to have a direct proof of the theorem. First let 0 < a < 6 ; 
we then prove the theorem for the particular function / (a:) = xf. 


Since 

r / 

x'^ nx dx 



Ja cos 

Jy cos 


where y is in the interval (a, j8), the theorem is established for this case. 
Next let f (x) = P (x), where P {x) is a finite polynomial ; the integral is 
then the sum of a finite number of integrals, each of which converges 
uniformly to zero, as to ~ oo . It is clear that the condition that a and b 
should be positive can be at once removed by changing the variable x 
into a new variable $ ~ x + k-, P (x) then becoming a polynomial P (i). 
Thus the complete theorem holds for a function which is a polynomial P (x). 
Next, if / (a;) be any function, summable in (a, b), a finite polynomial P (pc) 

can be so determined that I \f{x) — P (x) \dx<e (see i, § 430). We have 

J a 

then 


jj' ^0*8 ^ ci ^ COS 


The second integral on the right-hand side is numerically less than c, 
whatever values a, j8, to may have. The numerical value of the first 
integral on the right-hand side is also < e, provided to > TOe , for all values 
of a and )3. Therefore 




< 2e, 


if TO > TOe, 


for all the values of a, j8, in the interval (a, b). Since e is arbitrary, the 
theorem has been established. It may be observed that the theorem holds 
good if TO be a continuous variable which increases indefinitely. 


It may be observed that the extension of Theorem I, in § 280, to the 
case in which the interval {a, b) is indefinitely great, when/ (x) is absolutely 
summable in the indefinite interval, furnishes a proof of the following 
theorem : 


If fix) is ahsolutdy summable in one of the intervals (0, oo ), (— oo , oo ) 
/o/ (x) nxdx = o (1), or | y {x) nxdx = o (1). 


33-2 



516 


Trigonometrical Series 


[oh. vni 


836. In case the function/ (a:) is bounded and monotone in the interval 
(— TT, it), we have, 


f{x) nx dx — f {— TT + 0) f nx dx + 
J \ j V ' j _„cos 


or 


cos 

cos 




cos 


nx dx 


< — , where .4 is a fixed number depending only 

upon the upper boundary of f{x) in (— tt, tt). Since any function of 
bounded variation in (— tt, tt) can be expressed as the difference of two 
monotone fimctions, we have clearly 

If / (®) ~ > 

I j ' ' cos n 

where JT is a fixed number. It has now been proved that: 

Iff (x) have bounded variation in the interval (— n, tt), then a„ - 0 (n-^), 
b„ = 0 (»-i). 

It is clear that, if / (x) be of bounded variation in the interval (a, b), 


then 


f /(*) 

J JTi 


sm 


cos 


nxdx 


K 


< ~ , where is a fixed number, independent of 

n. The number n may be taken to be any positive number, not necessarily 
integral. 

EXAMPLES 

(1) Let f(x) = - X + lim / (1 + cosa;)(l + C084a:) ... (1 + cos4”'~*a:)rfa;; then f{x) is 

m^ooy u 

a continuous periodic function, of period 27 r, and it is of bounded variation in the interval 

( ~ tt, tt). 

It can bo shewn that the Fourier’s coefficients of this function are such that nb^ = 1, 
when w is a power of 4. This example was given by F. Riesz * to illustrate the fact that, 

for a continuous function of bounded variation, the condition % = o — o are 

not necessarily satisfied. 

(2) If / (x) is of boimded variation in the infinite interval (a, oo ), and converges to zero 

/ » gjjj /j\ 

/ (x) nxdx exist, and are O ( - ) . 
a cos \n) 

We have / (a;) —P(x)-N (x), where P {x), N {x) are monotone non-increasing, and con- 
verge to zero, as X ^ oo. 


It A'>A>af we have 


/: 


P (x) nxdx 
ji cos 


=P{A) 

'^'^^nxdx 

J. 

A COS 


Since P (.^) is arbitrarily small, if A be sufficiently large, the integral on the left-hand 


exists. Also / P(x)^ nxdx=0 

Ja cos 

/CO 


; and since 


• r 

mce 

Ja 


/■ 


P(x)^^ nxdx =0 

COS 


P (*) nxdx 
COS 

©■ 


/: 


side is <e, for all values of A', when A is properly chosen. Therefore I P {x) nxdx 


cos 
, we have 


A similar result holds for N {x); therefore 

* Jiiath. Zeitschr. voL n (1918), p. 312. 


( f(^) nxdx=0 
Ja cos 
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(3*) If the even function / (x) is continuous, and is of bounded variation, and is an 
integral in any interval which does not contain the point a: =0, then =o . 

Since / (a;) is an integral in the interval (i;, tt), it has a summable differential coefficient 
f'{x), thus 

f f(x)cosnxdx— - 1 [ f'(x)8iiinxdx, 

Jri n nJn 

Since /(a;) is continuous and of bounded variation in (0, ?;), we have, expressing / (a;) 
as the difference of two monotone functions (a;), /g (a;), 

j^f, (.) 00. -A (0) +A (0) (”'■ , 

Jo n \ n J 

where t]" are in the interval (0, 1). We now find that 

n [ f(x) cos 7ixdx = “ / f'{x) sin nxdx +[/i (0) (i;)] sin nrj' +[/2 (0) -/g (j;)] sin nrj", 

Jo ' Jv 

hence the expression on the left-hand side is less than 3e, provided r) be chosen sufficiently 
small, and 7i sufficiently large. It has thus been shewn that =o 

(4) If / (a;) is summable in every finite interval, and g (a?) is of bounded variation in 

{a, b), then f /(^■hu)g (u) nudu converges to zero, as n oo , uniformly for all values 
J (I cos 

of X in any finite interval. 

It is sufficient to assume that g {u) is monotone, then 

f f(x + f/)g (u) nudu =g(a) f f{x+u) nudu+g (6) f f(x+u) nudu, 

J (ji cos J CL COS J cos 

where A is in the interval (a, b), and depends on n and x. It is sufficient to shew that the 

result holds for each of the integrals on the right-hand side. Let x-¥u=^v, then it is easily 

sin 

seen to be sufficient that the integrals / f(v) nvdv converge to zero, as n oo , uniformly 

J CL cos 

for all values of a and in a finite interval. This has been shown in § 334 to be the case. 


336. Let the function / {x) be assumed to have, in the whole interval 
(— TT, it ), a differential coefficient /<*■) {x) of order r, which is continuous in 
the interval, or more generally a differential coefficient {x) which is 
an indefinite integral. 

The integral j f{x) nx dx may then be expressed by r successive 
integrations by parts, and its value depends upon that of 

i {X) 

' 'con 


* See W. H. Young, Proc. Land. Math. Soc. (2), vol. x (1911), p. 256. 
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which exists, since /<’■> {x) exists almost everywhere in the interval, and is 
summable. As the integral converges to zero, we have the following theorem: 

/// {x) have a continuous differential coefficierU [x), of order r, or more 
generally, if {x) exists and is an indefinite integral, then a,, = o {n~*), 
K = o in-^). 


331. Let us consider the function / {x) = 1x1 (x), where 0 < v < 1, 

and <f> {x) is of bounded variation in (— tt, rr). 

We have 

f r~^ nxdx = f f sin nx dx+ f ifj (x) sin nx dx, 

J -Tt \ ^ \ I - h \ ^ \ J -n 

where tfi (x) = in the intervals (— tt, — fj,), (/x, tt) and has the value 0 

I ® r 

in the interval (— /x, /x). The function fs (x) is of bounded variation in the 
interval (— tt, tt), and therefore [ {x) sin nxdx = O (n-^). We now 

J —It 

consider the integral T sin nx dx, where x (^) denotes (x) + ^ ( — x). 
Dividing the interval (0, /x) into the two parts ^0, and we 


X (*) 


f 

J 1 x” 


sin nxdx 


l> P(x) . , 

■ - sin nx dx 


f'* Q(x) . , 

- sin nx dx. 


J 1 x” J 1 X” J 1 x- 

Vn Vn Vn 

where P (x), Q (x) are two non-increasing monotone functions. The ex- 
pression on the right-hand side is, applying Bonnet’s form of the second 

mean theorem, numerically less than a fixed multiple of - rx*”, or ni’'~^. 


fVnpM , rv»8in/xx , , [t,/ 1 \ T>/n\1 r’^sinnx 

where ^ is in the interval (o, ; also a similar result holds for Q (x). We 


thus find that 


(X) 


0 


sin nx < A 


sin nx 


dx + B 


fv^sin nx 
J( x^ ^ 


where A and B are fixed numbers, independent of ; we now have 


r V n gin nx _ 

L x'^ ^ n^ 


1 - vw . 

1 r sin X , 

t dx, 


/— “v ^ • 

rvn siixnx J 1 f sin x , 

— --- dx = -rz — dx. 
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It is known that 




TT 


Jo x” 2 sin ^j/TT-.r (v)’ 

and if the indefinite interval of integration be divided into parts (0 , tt), 
(n, 2‘7 t), the integral is represented by a series L — + I3 — , 


when denotes 


(- f" 

Jo 


sin X 


(x + m — lir) 
^sina: 


; thus I^> I3 


r ^ sin X 

It now easily follows that — — dx is numerically less than a fixed 

J a 

number, independent of a and jS. It is thus seen that 






' sin nx dx 

Jo x"' 


is less than a fixed number, independent of n, and it then follows that 

0 (fti-i) + 0 = 0 (W'-i). 


J( 


^ x(^) ■ j 
- sin nx dx 

0 X'’ 


We have now 

[ nxdx = 0 + 0 = 0 

J “ IT I ^1 

A corresponding result can be obtained when cos nx takes the place 
of sin nx. There is no loss of generality in taking any point of the interval 
as the singular point instead of the point 0 , because the interval (— tt, tt) 
can be replaced by the interval — tt, jS + tt), the function / (x) being 
taken to be periodic. The following theorem has now been established: 

If f (x) be defined as . ^ where j8 is any 'point interior to (— tt, tt), 

\ X — pl" 

V is any positive number less than unity, and <f> {x) is of bounded 'variation in 
the interval {—tt,tt), the Fourier's coefficients of f (x) have the property 

a„=r.O (rj.-'-i), 6„ = 0 (n”-^). 

338. The following theorem is of u.se in some parts of the theory: 

If f (x) be summable in (a, b), then 

rh fh 2 

lim f (x) \ sin nx\dx = lim f (x)\ cos nx\dx = - \ f (a?) dx, 
'where n is unrestricted. 

Let the finite polynomial P (x) be so determined that 
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If 


we have 


rb 

I P(^) 

Ja 
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s-m 

rb 
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P {x) ~ 2 
8-0 


sin nx I dx 


a-m rb 

= 2 .4 J 

8-0 Ja 


sin nx I dx. 


Dividing (a, b) into intervals (a, j8) in each of which sin nx is of fixed sign, 
we have 

rb 8-m ( ) 

P (a;) I sin I dx = 2 .4, J 2 x* I sinwx I dx> 

Ja 8-0 U‘^,$)Ja J 


8-m 

- 2 Ag 

8-0 


2 
(«. /5) 


8 {«./ 3 ) £8 




/ 3 ) 


where 8(a, ^s) is equal to 2, for all the intervals (a, jS) except possibly the two 
extreme intervals, in which it may be < 2; and i{a,p) is some number in 
the interval (a, j8). It now follows that 

[b 2®””* f f** ) 2 

lim P {x)\ sin m-x I dx == - 2 .4* ■! x*dx|- = - P (*) dx. 

Ti'^coJa (Ja ) '^Ja 

rb rb 

Since I / («) | sin nx | dx, P (^r) | sin nx | dx differ from one another 
J a J a 

rb rb 

by less than ; and since I / (x) dx, P (x) dx also differ from one another 

Ja Ja 

by less than rj, it follows, since rj is arbitrary, that 

fb 2 

lim / (x) I sin Tix I dx = - / (x) dx. 

n—ooJ a n J (I 

The case in which cos nx takes the place of sin nx can be treated in the 
same manner. 

339. If / (x) have a D-integral in the interval (a, h), let (j) (x) denote 

the continuous function [ / (x) dx. Employing the method of integration 

Ja 

by parts (i, § 474) we have 

[ / (x) cos nxdx = \<f> (x) cos wxl + n \ (f> (x) sin nx dx. 

Now (f) (x) is summable in (a, 6), and (x) cos wxj is bounded; we thus 
1 f* 

see that - I / (x) cos nx dx converges to zero, as n ~ oo . Similarly 
1 

- / (x) sin nx dx can be shewn to converge to zero. We thus obtain as 

n Ja 

the analogue of Lebesgue’s theorem of § 334, the proposition: 


Iff (x) have a D-integral in (— tt, tt), the Fourier’s (D) coefficients a„, 
have the property a„ = o (n), b„ — o (n). 
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The statement in this theorem cannot be improved. It has in fact 
been shewn* by Titchmarsh that, if A {n) be a positive monotone de- 
creasing function of n which converges to zero, as » ~ oo , then, however 
slowly 1/A {n) tends to oo, a function which has a single point of non- 
summability, and which has a non-absolutely convergent integral, exists 
for which a„ gfe o {wA (w)} , 6„ ^ o {nX (n)} . 


CONDITIONS OF CONVERGENCE AT A POINT OB IN AN INTERVAL 


340. It has been shewn in § 323 that the partial sum of the Fourier’s 
series corresponding to a function / {x), summable in the interval (— tt, tt), 
is given by 

sm [2n + 1) -- 5 — 

; —dx'. 

. X — X 



In order to consider the behaviour of the Fourier’s series at any point x^ , 
interior to (— tt, tt), let /x be a fixed positive number, so small that the 
interval (x^ — fi, Xi + fi) is interior to (— tt, tt), and let the function (x) 
be defined to be equal to / (x) in the interval {x^ — fi, x^ + fi), and to be 
zero in the rest of the interval (— tt, tt). Let /a {x) be such that 

/i (^) +/2 (ip) =/(«); 

so that /a {x) has the value zero in the interval {Xy — p., a:, -h fi), and has 
the value / (x) in the rest of the interval (— tt, tt). 

In the general convergence Theorem I, of § 279, let O consist of the 
single point x^ , and let <I> (x', Xi , n) be defined to be zero in the interval 

sm {2n -I- 1) — ^ 

(xi — /X, x^ + fi), and to have the value p — — within the 


two intervals { - tt, x — p,), {x + /x, tt). 


We have then | <I> {x', x^, n) [ £ cosec ^/x, for all values of x' and w; 
and I O {x', Xi, n) dx' converges to zero, as w ~ oo , since cosec — ^ 

summable in the intervals in which O (x', x, n) is not zero, and thus the 
theorem of § 279 is applicable to the function /j (x). It follows that, since 
the conditions of Theorem I are satisfied. 



sin (2w + 1) 


X — X, 


. X — X, 

sin 


dx' 


* Proc. Lond, Math, Soc, (2), voL xxii (1924), Records^ p. xxv. 
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converges to zero. Since/ {x') = («') + (»') it follows that lim « 2 n+i (^i)' 


1 f’*’ 

depends only on lim — (x') 

n-^oo J ^rr 


sin {2n + 1) 


sin 


X — X, 


dx ' ; or on 


sin(2n+l)^ ^ 

irr f ? - L > 

n^oo j xi-fjL • ^ JO 

Sill 


and this is independent of the values of / (x') outside the interval 

(«i - /*, a?i + /x). 

We have accordingly established the following theorem which, in the ease 
of functions that are integrable (i2), was given by Riemann* : 

The behaviour of the Fourier’s series corresponding to the sumtnable 
function f (x), as regards convergence, divergence, or oscillation, at a particular 
point, depends only on the values of the function f (x) in an arbitrarily small 
neighbourhood of the point. 

It will be seen that this theorem is an immediate consequence of the 
Riemann-Lebesgue theorem (§ 334) as applied to the function 


/a (a:) cosec 2 " 


It has been assumed in the proof that x^ is an interior point of (— tt, tt). 
This does not involve any real limitation, because, when / (cc) is defined to 
have the period 2^, we may take for the interval any interval of length 
2it, instead of (— n, n); and such interval can be chosen so that either of 
the points tt, — tt is interior to it. 

If the function / (a;) is of bounded variation in the interval 

(Xi - fl,Xi + fl), 

the function /i (x) is of bounded variation in the interval (— tt, tt). Applying 
the results of § 332, to/j {x), we obtain the following theorem: 

If, for a summable function f {x), a neighbourhood of the }X)int Xi can be 
determined so that f {x) is of bounded variation in it, the Fourier's series 
converges at the point x^ to the valve J {/ {x^ + 0) + / (a:i — 0)}, which is equal 
to f (xi) in case the function is continucms at x^ . 

This sufficient condition of convergence was given by Jordanf, and is 
known as Jordan’s condition. 


341. Next, let an interval {a, b) be taken, interior to (— 77 , tt) ; and let 
/X be a positive number such that (a — /x, 6 + /x) is interior to (- v, tt).. 

♦ See his memoir, “Ueber die Darstellbarkeit,” Math, Wetke, p. 227. 
t Coura d'Analyse^ vol. n, 2nd ed., p. 237. 
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Let /i (x) = / («) in the interval (a — /u., 6 + /a), and let it have the value 
zero in the rest of the interval (— rr, tt). Let /a (x) be given by 

/(») =/l(«) +/ 2 (»). 

so that /a («) has the value zero in the interval {a ~ fi, b + fj,), and the 
value / (a:) in the intervals {— n,a — /m), {b + [i, n). 

If in the Theorem I of § 279, we take O to consist of aU the points x, 
of the interval (a, 6), and O {x', x, n) to be defined as 

sin {2n + 1) — 

. x' — X 
Hin ;; 


within the two intervals {— rr, a — fi), (6 + fj,, it), and to have the value 
zero in the interval (a — fj,, b + (x.), it can be shewn that this function 
satisfies the conditions of the theorem. For | O {x' , x,n)\ M cosec for 
all values of n, and for all the values of x; thus condition (1) is satisfied. 
Again, if (a, be any interval contained in (b + p., tt), 



, X, n) dx' ■— 2 


'i O-®) sin (2n + 
sin 2 



and by the second theorem of § 334, since cosec z is summable in the interval 
\tt — \a) which contains the interval {J (a — x), \ — x)}, it follows 

that this integral converges to zero, as oo , uniformly for all values of 
X in {a, b). The corresponding result can be shewn to hold if (a, j8) is con- 
tained in (— 7T, a — ju.). Taking the summable function /a (x), it follows from 
the result of Theorem I, that 



• /n , 1 \ ^ 

Sin (2» -t- 1) —" 2 — 

. x' — X 
sin 2 


dx' 


converges to zero, uniformly in the interval (a, b), of x. 

Therefore, in the interval (o, b), lim 52n+i (^) depends only on 


27r 


lim I /i {x') 

J — TT 


sin {2n + 1) 


X ™ X 


sin 


X ~ X 


dx' 


or on 


1 f6+s + 1) 

^ 


X ~ X 


1 fo+M 

lim / (*') 

j a-ja 


sm 


X — X 


dx'. 


We thus have obtained the following theorem* : 

Iff {x) be summable in (~ tt, tt), and (a, 6) be any finite interval contained 


* See Hobson, Proc. Land. Math. Soc. (2), vol. v (1907), p. 282. 
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within (— TT, tt), the behaviour of the Fourier's series correspondiv^ tof{x) in 
the interval {a, b) as regards cmvergence, divergence, and oscillation, depends 
only on the values of the function f (x) in the interval (a — jti, 6 + p,), where p 
is an arbitrarily small positive number. 

In case / (x) is of bounded variation in the interval (a — p,b -\- p), 
fi (x) is of bounded variation in (— tt, n), and consequently the results of 
§§ 332, 333 can be applied to the function (x). We obtain accordingly 
the following theorem : 

If f (x) be summable in (— tt, tt), and (a, 6) be an interval which is con- 
tained in another interval {a', b'), in which f (x) is of bounded variation, the 
Fourier's series converges uniformly to the value f (x) in the interval {a, b), 
in case f (x) be continuous in (a, b), the continuity at a and b being on both 
sides. If f (x) is not continuous in {a, b), the series converges boundedly 
in the interval (a, b) to the value \{f {x ->r Q) + f {x — 0)}. 


342. It has now been shewn that, in all cases, the question of the 
convergence of the Fourier’s series at a point x depends upon the con- 


sin (In -i- 1) 3 


sin 3 


dz, where e is an 


vergence of ~ I {f {x + 2z) + / (a; — 23)} 
n Jo 

arbitrarily small positive number. In fact, it has been shewn that 
Um * r {/ (» + 2.) + / (X - 2.)) & = 0. 



sin {2n -f- 1) 3 
sin 3 


dz = ^77, for all values of n, and 


we see that 


lim 

ft- sin (2n+\)z 

- 0, 

n'^00 

Je sin 2: 


lim 1 

f (2? +Ji» ^ _ 

|77. 

n'^QO J 

0 8inz 


Thus the condition that the Fourier’s series may converge at the point x 

to the value lim ^ {f (x 1) + f (x — <)} is that 
«~o 

lim f [f {x -j- 2z) f (x - 2z) - lim {f {x + t) + f (x - #)}] dz = 0. 

H'^aoJO 8111 Z 

At a point of continuity off(x) this reduces to the condition 

lim {/ (x -h2z)+f(x- 2z) - 2f (a:)} dz = 0. 

It can be shewn that, in this integral, — can be replaced by 

Sin z z 
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For the function 

[f{x + 2z) +f(x - 2z) - Urn {f {x + t) + f {x - «)}] - i) 

is summable in the interval (0, e) ; and therefore, by Lebesgue’s theorem, 

Urn f ' [/(a: + 2*) +f{x - 2z) - Urn {f{x + 1) +/ {x - 1)}] dz = 0. 

n~i»Jo i~0 \sinz z / 

Thus the condition of convergence to J Um {f(oi: + t)+f{x — <)} is 

<~o 

r ® 7Y9Z 

Um [f {x + 2z) + f {x — 2z) — Um {f (x + t) + f {x — i)}] dz — 0. 

n~oo.'o <~o ^ 

Writing for convenience 2z = t, f {x + t) + f (x — t) = <f> (t), the condition 
of convergence is 

Um [ ^ ^ sin dt = 0. 

This condition is certainly satisfied in case the function - -- — y i--~i is 

summable in the interval (0, e), on account of Lebesgue’s theorem (§ 334); 

and the condition of summabUity is satisfied in pairticular if ^ 

is bounded in (0, e), or if | ^ (t) — <5^ (+ 0) ) 5 where a < 1, and A 

is a fixed number, in the interval (0, e). 

In case f {x + 0), f {x — 0) both exist, it wiU be a sufficient condition 
of convergence of the series to the value ^ {f (x + 0) + f {x — 0)}, that both 

and'^^*- should be summable in the 

t t 

interval (0, e). 

We thus obtain the following sufficient conditions of convergence of 
the Fourier’s series at the point x. 

(a) If e can be so chosen tJmt is summable in the interval 

(0, e), where (f> {t) denotes f {x + t) + f {x — t), then the Fourier’s series is 
convergent at the point x. This condition is satisfied when f {x 4- 0), f {x — 0) 


both have definite values, and 


f{x + t)-f{x + 0) f(x-t) -f(x - 0) 


are both summable in (0, e); or else when f {x + 0), f {x — 0) are not definite 

but <f> {+ 0) is so, and is summable in (0, e). In either case 

the series converges to J Um {f (x + t) + f {x — t)}. 

<~o 

(6) If X be a point of continuity off {x), the series converges at the point x 


to the value f (x) if 


sffix + t) +f{x -t) - 2f {x) . 


is summable in the interval 
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. j • . • 7 -e f + t) — f {x) f — t) — f {x) , , 

(0, e); and in particular if — , 7 — are both sum- 

t t 

mable in that interval. 

This condition, which is known as Dini’s condition, is satisfied, in 
particular, in case the four derivatives of / (x) at the point x are all finite, 
and in particular if / {x) have a fini te differential coefficient. We thus have : 

(c) At a point of continuity of the function f (x) the Fourier’s series 
converges at the point x to the value f (x) if f (x) have a finite differential 
coefficient at the point, or if all the four derivatives D+f (x), D+f {x), D-f (x), 
D_f {x) are finite. 

Further we have the following condition : 

{d) The Fourier’s series converges at a point to <fi {+ 0), if, for all values 
of t not greater than some fixed positive number e, | ^ (#) — ^ (+ 0) | S At^, 
where A and k are fixed positive numbers. 

At a point of continuity of f {x), the series converges if 

\f (x + t) - fix) \S= Af^, 

where k, A are positive numbers, pro vided t is numerically less than some fixed 
positive number e. At a point of ordinary discontinuity it is sufficient that 
both \f(x + <) — / (ic + 0) I and \fix — t)—fix — 0)\ should satisfy this 
condition. 


This condition was given by Lipschitz*, and was also given by Dini. 
A more general sufficient condition of summability of ^ (+ 9) 


in the neighbourhood of < = 0, is that, in a siifficiently small interval (0, €), 
i (<) - <^ (+ 0) ■ ' ^ 


log I log log i 


log log .. 


1+0 = 


where A and a are positive numbers; we therefore obtain the folloAvlng 
sufficient condition of convergence; 

(e) The Fourier’s series converges, at a point x, to the value 

ilim {fix + t)+fix-t)}, 
t~o 


if, for all positive values of t not exceeding some fixed number e, the condition 


log I log log I 


log log ... 


1+0 


be satisfied; where A and a are fixed positive numbers. In particular it is 
suffiicient that both \f{x + t)—f{x + 0)\ and \f{x — t)—f(x — 0)\ 
should satisfy this condition. 


♦ Crelle^a Journal, vol. Lxm (1864), p. 296. 
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It may be observed that, of the two tests of convergence of Dirichlet’s 
integral, at a point, that of Jordan and that of Dini, neither includes the 
other. 

For, considering the function / («) == ^log » this does not satisfy 

Dini’s condition that ^ is summable in the neighbourhood of the 

point X = 0; but it satisfies Jordan’s condition that it is of bounded varia- 
tion. 


Again the function f {x) = \ x sin r— . , where 0 < p £ 1, satisfies Dini’s 

I ^ I 

condition, but not Jordan’s. 

343. The condition lim [ sin dt = 0 may be trans- 

m^QoJo ^ 

formed so as to yield a sufficient condition of convergence of a very general 
character. 


have 


^ sin l7nt dt ^ \ y (0 

^ Jo 


4pTr 

P C 

S 

p=-lJ2(2p-l) 


Jx (^) -x(t + sin dt 


+ X (<) sin dt, 

J 2 (20^4* 1) 


l. /A .4 + ^ (^) ■“ ^ (+ b) J 4 / , i\ ^ 2 (2g -f- 1) 77 

where v (t) denotes ^ , and 4 (g + 1) — > c S — — . 

t ' m m 

The last integral is numerically less than the integral of | x (^) I over the 
interval therefore it eonverges to zero, as w ~ oo . The 

first integral is numerically less than tt times the upper boundary of 
I ^ (<) — <^ (+ 0) I in the interval ^0, of t, and this also converges to 
zero, as m ~ qo . 


The remaining expression is numerically less than 


and thus the series converges if 


lim I X (0 - X (< + S) I = 0. 
s^o Js 


s 
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We have thus obtained the sufficient condition of convergence in the 
following form : 

At any •poini, x at which lim {f {x + t) + f {x — f)} exists, the Fourier’s 

<~o 

series converges to the value | lim {f {x + t) + f {x — t)}, if 


lim I lx (<) - X (< + S) = 0, 
«~o 


where x (t) denotes 
1 


[f{x + t)+f(x-t)-^{f{x + t)+f{x~ <)}]. 
t <~0 

In particular, at a point of corUinuity of f {x) the series will converge to 

f (x) if ]im f I xi (t) - Xi (^ + 8) and]mi f | X 2 (0 - X 2 + S) | - 0, 

«~0 «~ 0.'8 


where Xi (#) 


J(x + t) -f{x) 


. Xi (0 = 


f(x-t) - fix) 


t ’ ' t 

This condition, which contains the preceding conditions, was given by 
Lebesgue*. 

The condition may be stated in the equivalent form that 

«~o Js I 

where F (t) denotes ^ (t) — ^ 0), or 

f{x-j-t)+fix-t) - \im.{f{x + t) Jrf(x-t)}. 

<~o 

For, if Si denotes a number such that 8 < 81 < e, the difference between the 
two integrals does not exceed 
j-' \ F(t)-F{t +8) 
j*. 




t 


dt 


+ I I X (0 - X (< + 8) 

J Si 


dt 


+ 


•»> / I 

. s i + 8 


F(< + 8)((f<; 


1 f* 

the first integral is less than »- | F (f) — F (# + 8) | dt, therefore the 

hi 

two integrals converge to zero, as 8 ~ 0, since F (t), x it) ^^re summable in 
the interval (81, e) (see i, § 431). The number 81 can be fixed so that 

|F(f+ 8 )|<e, 

in the interval (8, 81) ; thus the third integral is less than e log 2. Thus, since 
the difference between the two integrals is less than an arbitrarily chosen 
number, when 8 is taken sufficiently small, the equivalence has been 
established. 

At a point at which ^ (+ 0) does not exist, the preceding investigation 


* Math. Annahn, vol. lxi (1905), p. 251. In this memoir there is contained a detailed ac- 
count and comparison of the various criteria. 
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can be applied to the function f {x 1) + f (x — t) — 2f {x). In this case, 

we have x (^) = ^ , and the integral 

z 

2Tr 

rm 

Y (<) sin hmt dt 
Jo 

27r 

rm 

is numerically less than j f (x + t) + f (x — t) — 2f (x) \ dt. This will 

JO 

have the limit zero if the condition is satisfied that 

f I / (« + 0 + / (« - <) - 2/ (a;) I d# 

J 0 

has as differential coefficient, at the point t = 0, the number zero. We have 
thus the following theorem, which includes the preceding theorem : 

At any 'point x the Fourier's series converges to / {x) if 

f lf(x + ^)hf(^-0- 2/ («) I dt 

Jo 

has, at the 'point < = 0, a differential coefficient of which the ■value is zero, and 

if also lim | x (0 “ X (^ + ^) I X (^) denotes 

f{x-\-t)+f(x-t)-2f {x) 
t 


344. Returning to the expression 

^Pn 

P-^q f m ( / 27r\' 

2 ]x («) - X (^ + sin^w<di; 

J2(2p-l)w ( \ W/J 

m 

this expression is equivalent to 

^ 


or to 


J. I' 


0 p-i I ^ ■i 


4p — 2'Tt 
m 


X ^ + 


/t + 4p - 27r\ 

r (< + ^”)1 

\ 7n J 

\ m l\ 

-t- (4p — 2) 77 

t + 4p7r J 


sin ^mt dt 


sin \t dt. 


where F (t) denotes (f> (t) — <f> {+ 0). This is less numerically than 


f p ft + ^p- 27r \ _ ^ /M; 4p7r 

|'2irj>^aJ \ m ) \ m 

Jo p-i I < + 4n — 27t 


n + 4pw\ 

\ m ) 

0 p-i {^V — 2) 4p7T 


HH 


34 
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m j 


for 


The second integral is less than the maximum of 
all the values 1, 2, ... of or of the maximum of | -f’ (<) | in the interval 
(0, c). The first integral is less than (i + I + ... + — ^ multiplied by 


the upper boundary of 




i + 4p — 27r 


m 




of t in the interval (0, 27r) and all the numbers 1, 2, 3, 


for all values 
q. Now 


1 1 1 

T + 2 + - +2g 


is equal to (<7, + log 2q), when (7, tends, as q increases indefinitely, to a 
fixed number, Mascheroni’s constant. 


Writing 8 = -, the upper boundary of 

TTt 

~ _ jp + 4^77 

\ m J \m 

is that of I jP (<) — .f’ (< + 8) I in the interval (0, e). Thus the first integral 
converges to zero, as m ~ qo , if the maximum of | {F {t) — F {t + 8)} log 8 | 
for all values of t such that f + 8 is in the interval (0, e) converges to zero, 
as 8 ~ 0. 


The second integral may be taken to be arbitrarily small, by choosing 
€ sufficiently small. 

We have now established the following sufficient condition of conver- 
gence at a point x, of the Fourier’s series: 

At a ‘point at "which f {x + t) + f {x — t) has a definite limit, as t ~0, 

the Fourier's series converges to \ lim {f {x + t) + f {x ~ f)}, if an interval 

<~o 

(0, s) can be determined such that 

\{f {x + t) + f {x - t) - f {x ~\- 1 Jr b) ~ f {x ~ t - 8)} log 8 I 

con'verges to zero, 8 ~ 0, uniformly for all values of t in the interxial (0, e). 
This condition will be satisfied in particular if both 

\{fix + t)-f{x + t + 8)} log 8 I and \ {f {x - t) - f {x - t + 8)} log 8 | 
converge to zero, uniformly for all "values of t, in the inter'val (0, c) of t. 

This condition was given by Dini*. 

In this condition a condition givenf by Lipschitz is included. Thus it 
is sufficient for convergence at the point x that 

\fix + t)+f{x-t)-f{x + t + 8) -f{x- t-8) |<(78^ 
in the interval (0, e), of t, where G and k are fixed positive numbers. 


♦ Serie di Fourier, p. 49. 


t Crdle'a Journal, vol. lxiii (1864), p. 308. 
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346. In accordance with the theorem proved in § 297, if, in an interval 

1 r< 

(0, jt*), - {/ (a; + <)+/(« — <) — 2/ (a:)} dt, or xi (<), has bounded variation 


(0, jt*), - {/ (a; + <) +/ (a; — <) — 2/ (a:)} dt, or xi (t), has bounded variation 

t Jo 

in (0, fj,), then provided | tF (/t, n) | is bounded for all values and n and t 
in (0, ju,), we have 

lim [ {f(x + i)+f(x- t)} F {t, n) dt = x (+ 0) lim I ** {t, n) dt, 

where F {t, n) satisfies the conditions of Theorem I, of § 279, in every 
interval {fi', (jl) of t, where 0 < /i' < /x.. 

In the present case F {t, n) = ^ - — , and thus tF {t, n) is bounded. 

The following sufficient condition of convergence, first given by de la 
ValMe Poussin*, has thus been obtained: 

The Fourier's series corresponding to f (a:) is convergent at any point x 
1 f* 

/or which T {f {x + t) + f {x — t)} dt has bounded variation in some interval 
t Jo 

(0, p) of t 

T’his criterion includes the case in which / (a:) has bounded variation 
in the neighbourhood of the point x. To see this we need only consider the 

If* If* 

case of a monotone function; the functions - f {x \- 1) dt, - f (x ~ t) dt 

r .' 0 t Jo 

are then also monotone, because the mean value of an increasing function 
increases when the function increases. Therefore 


f {f(x + 1) +/(« - t)} 

Jo 


has bounded variation when / (a;) has bounded variation in the interval 
{x — p,x p). 

Again, it will be shewn that if [ K dt exists in a neighbourhood of 

Jo t 


Again, it will be shewn that if [ ^ dt exists in a neighbourhood of 

Jo 

t =■-- 0, where <f) (t) = f {x + t) + f {x — t) ~ 2f (x), then also [ | xi' (t) | dt 

exists in that neighbourhood ; and thus xi (0 is an indefinite integral, and 
accordingly of bounded variation in the neighbourhood. 

We have 

Xi' («) = /(^ + <) - 1 £ {/ (a: + <) + / (a: _ _ 2/ (a;)} dt, 

it being assumed that / (a:) is continuous at x, or else that 

lim {/(x + t) +f(x - <)} 

♦ Rendiconti di Palermo, vol. xxxi (1911), p. 296. Another proof of the theorem was given by 
W. H. Young, Pibc. Lond, Math, Soc, (2), vol. x (1911), p. 266. 


34-2 
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exists and is taken to be the value of 2/ (x). Thus 

//(<)*, 

and thus | x,' (<) | * S | ? /o I ^ I 

The integrand in the repeated integral being positive, we may change the 
order of integration, after changing t' into ut; the second integral on the 
right-hand side then becomes 

f T I I ^ I f I ^ ('“0 I i dt, 

Jo^.'o Jo Jo t 

or [ du I I ^ I T’ which is less than 1 I I dt. It follows that 
Jo.^o * Jolf| 

I I Xx (0 I exists when 
Jo Jo 


ijf) 

t 


dt does so. Therefore de la Vall6e 


Poussin’s criterion includes Dini’s criterion (6) of § 342 ; and it has been 
shewn to include that of Jordan. 


346. The following test of convergence has been given* by W. H. 
Young : 

If, at the point x, f {x + t) -i- f (x — t), or (f> {t), converges to a unique 
limit <j> {+ 0), as t ~0, it is sufficient for the convergence of the Fourier's series 
at the point x, to the value ^<f> {+ 0) tlmt, in some neighbcmrhood of the point, 

\'\d{t<t>(t)}\^0{t). 

./o 

If (f> (a;) be a function of bounded variation in an interval (a, b), the total 

J 'h 

I d(f> ix) |, which represents, as in the 

a 

definition of the i?-integral, the hmit of the sum of the absolute differences 
of <f> (x) at the ends of a mesh of a net D„ , belonging to a system of nets, 
as % ~ 00 . In order that the notation may be justified, it is necessary, in 
order that the total variation so defined may be independent of the par- 
ticular system of nets employed (see i, §246), that <f) (x) should have no 
external saltus at any of its points of discontinuity; and we may assume 
that this is the case, since the set of points of discontinuity is enumerable, 
and thus a change of the values of the function at points of this enumerable 
set is sufficient for the removal of any external saltus which may originally 
exist. Thus, it is assumed in the above test that the function {t) has 
bounded variation in some neighbourhood of the point < = 0. 

In order to prove the validity of the test, it will be sufficient to shew 
that, when it is satisfied, Lebesgue’s test, given in § 343, is satisfied. That 

* Comptea Rendua, vol. CLxm (1916), pp. 187, 976; also Proc. Land. Math. Soc. (2), vol. xvii 
(1916), p. 206, • 
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this is the case has been proved* by Hardy, in connection with a general 
discussion of the relations between the tests given by Dini, Jordan, de la 
Vallee Poussin, Young, and Lebesgue. 

Let it then be assumed that, in some neighbourhood of the point t = 0, 
t(f) (t) is of bounded variation, thus that t {tf> (t) ~ <f) {+ 0)} = (t) — (t), 

when ( 7 i (t), g^ {t) are both monotone non-diminishing fxmctions, and that 
the total variation of t<f> {t) in (0, t), when divided by t, is bounded in a 
neighbourhood of the point < = 0. 

We have, denoting <f> (t) — <f> {+ 0) hy F (t), 

iF(t)-F(t-^- 8 )1 I 

t Js t 


+ 



t 


where 1 < m, and mS < e. 


gi (t + S) ^ /•' g^ (t) 

t -j- S t j ms t 


g% [<_+ 8 ) 
<- 1-8 


di 
1 ’ 


The first integral on the right-hand side does not exceed 
J& t Jit’ 

and is therefore not greater than 2/j, log m, where ju. is the upper boundary 
of F (t) i)i the interval (0, m -|- 18). 

The second integral I, does not exceed 

Of these parts, the second integral is less than k [ fy — . ^ s.1 df, or 

JmS \t t + oj 

than k log > where k is the upper boundary of in the interval 

(0, e + 8), and is a finite number, since is bounded in a neigh- 

t 

bourhood of < = 0, and the numbers 8, e can be so chosen that 8 -f e is in 
that neighbourhood. The first part of 1^ can be expressed as 


I 


'+« jTi (<)_ 
(m + l)st (t —8) 


or as 


1 


e - i -6 


ffi (t) 

l(w-n)s t{t + 8) 
which is less than 


dt -f 


28/ 


,+i 


9i{t) 

J„,it(t + S) 

Sti(t) 


dt, 


i: 


ffi(t) 


o>ni)i i(t^ - S^) Jmit(t-h8) 

Je r(r + o) t(t+o) 


dt, 


* See Messenger of Math, vol. xltx (1919), p. 154. 
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This is less numerically than k log ^ ^ + k log ^ '[' ■ f H — ; thus 

’’ ®€ + 8 ®m+l m+1 

e 4 ^ 28 > 

6 + 8 


7. is less than k 


(log 


m+1,, m+2, 4 ,, 

+ log -• - , H + log 

®m+l m+1 ® 


m 




First m may be so chosen that k (log 


m + 2 




-l)' 


is less than an 


m m + 

arbitrarily chosen positive number iq, then 8 may be so chosen that 

g _j_ 28 

k log — — ^ < rj ; thus /j < 2 tj. Similarly by proper choice of m and 8 we 
have Is < 27). 

Also 8 may be so chosen that 2/a log m < r), since F (<) converges to 
zero, as < ~ 0. 

+ ^ll dt < 57), provided 8 

V 

is sufficiently small, and therefore Lebesgue’s test is satisfied. 

Thus Young’s test of convergence at a point is included in Lebesgue’s 
test. 


It has now been shewn that 


/: 


Yoimg’s test includes that of Jordan, for assuming that Jordan’s test 
is satisfied, we have 

f' I d{tF (t)} Is f^lF (i) I dt + \\ I dF it) I 

Jo Jo Jo 

o {t) I- < I it) 1 

Jo 

= 0{t). 

That Young’s test does not include that of Dini is seen by considering 
the fimction 1 a; |® sin , where p > 0 in the neighbourhood of a: = 0. 

I ^ I 

We have 


d {tF (t)) = 2 |(p + 1) sin ^ cos ^ [■ dt. 


and the condition 



1 

tv-1 

cos - 

Jo 

t 


dt 


t t] 

0 {t) is only satisfied if p S 1, whereas 


Dini’s test is satisfied when p > 0. Since de la Vall6e Poussin’s test in- 
cludes that of Dini (§ 345) it follows that Young’s test does not include 
that of de la Vall4e Poussin. Conversely, it has been shewn by Hardy 
{loc. cit.) that de la Vall6e Poussin’s test does not include that of Young. 

He has shewn that, if F(<) = sin (log ^^^log then Young’s test is 

satisfied, but de la Vall6e Poussin’s test is not satisfied. A proof has been 
given by Hardy that Lebesgue’s test includes that of de la Vall6e Poussin. 
It thus appears that Lebesgue’s test includes all the other four. 
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347. If we employ the general convergence theorem of § 279 in a 
modified form, since t ^ bounded, we obtain the following 

theorem : 

C fi {^)-f 2 (*) summable in the interval (— tt, tt) and, in some neigh- 
bourhood of a point x,fi {x) is of bounded variation ; and further iff^ (a; + 0), 


fiix — O) exist, and 


/a (a; + 0 -/ 2 (a: +0) h{x -t)~f^(x-0) 


I 


t 


are summable in 


some interval (0, ju.) oft, then the Fourier’s series corresponding to f^ (x) . /a {x) 
is convergent at the point x. 


SUFFICIENT CONDITIONS OF UNIFORM CONVERGENCE OF FOURIER’S SERIES 


348. Sufficient conditions will now be investigated that the Fourier’s 
series, corresponding to a given summable function / (a;), may be uniformly 
convergent in an interval {a, b), contained in (— tt, tt). It has already been 
seen that this will also cover the case in which (a, b) contains one of the 
points TT, — 77 as an end-point or an interior point, because any interval of 
length 277 may be substituted for (— 77 , 77 ) without essential change, the 
function / {x) being taken to be periodic. 

It is convenient to employ the following theorem* which may be 
deduced from the general Theorem I, of § 279. 

The function f (x) being summable in the interval (— tt, tt), each of the 
CP sin 

four integrals f {x ± 2z) x (z) mz dz, taken through any interval {a, j8) 

such that 0 ^ « < j8 £ ^ 77 , converges to the limit zero, as the positive number m 
is indefinitely increased, uniformly for all values of x in the interval (— 77 , it); 
the function x ( 2 ) being any function that is bounded in the interval (a, j8). 
The function f (x) is assumed to be such that f {x ± 277 ) — f {x). 

There is no restriction on the number m. 


It will be sufficient to consider f {x + 2z)x {^) sin mz dz ; the cases 

J a 

of the other three integrals can be treated in exactly the same manner. 

Taking (— 277 , 277 ) as the interval for which/ (a;') is defined, let the set G, 
in § 279, consist of the points x of the interval (— tt, tt). Let O (x', x, n) 

denote x ^ ^ 9 ^ x + 2a ^ x' ^ x -i- 2 j 8 , and let 


9 (X , X, n) = 0 

in the remainder of the interval (— 277 , 277 ). Since 


X 


tx' — x\ . 
( 


smm 


X 


X 


is less than a fixed positive number, for all values of x\ x, and n, the 
condition (1) is satisfied. 


* See Hobson, Proc. Land. Math, Soc. (2), vol. v (1907), p. 277. The restriction there made, 
and also in the first edition of this work, § 468, that x (^) is of bounded variation, is unnecessary. 
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Again 

f® fx' — x\ . x' — X j 

I X — s — ) ^ — 5 — X (*) sin W12 ar, 

lA \ ^ J A Ji(A-x) 

and since (J (A — x), i (£ — x)), is contained in the interval 

a (A - tt), i(B + tt)), 

whatever value x may have, it follows from the theorem in § 334, that the 
integral converges to zero, as m ~ oo , uniformly for all values of x in the 
interval (— tt, tt); thus condition (2) is satisfied. Therefore 

rx+2p 


J X’i-2( 


or 


‘ jy/ (x' - X\ . x' — X j , 
/ (« ) X j ^ ’ 

f f (x + 2z) X (z) sin mz dz 

J a 


converges to zero, as m ~ oo , uniformly for all values of a: in (— tt, tt ). 

349. Let it be supposed that, in an interval (a, b), the function / (a;) 
is continuous, the continuity at the points a and b being on both sides; 
and let / {x + 2z) +/ (a: — 2z) — 2/ {x) be denoted by F (z). In accordance 

fj>r p M 

with the theorem of § 348, — -- - sin mz dz converges to zero, as w ~ qo , 

J fx. ^ 

uniformly for all values of a: in ( — tt, tt), since - is bounded in the interval 

(ju, ^ 77 ). In order that the series may converge uniformly, for all values of 

/ (x) in the interval (a, b), it is necessary that — - ' sin mz dz should 

.'0 z 

converge uniformly to zero in the interval (a, b), of x. Since 

f'* I 

Jo I « 


. 0 


>^F{z) . ,1 

' sm mz dz < 


dz, 


it will be sufficient that, for all values of x in {a, b), 


> 

Fj2) 

. 0 

2 ; 


dz should 


exist and be less than a number e„ , independent of x, which is such that 
lim = 0. For, in that case, ju, can be chosen so small that e^< rj; and 

(i~0 

\ rr /^\ I 

< 2r], for all values of x in (a, b), provided m is 


ri>r jP ( 2 ) 

thus sin mz dz 

Jo 2 


not less than some fixed number w,. As •>; is arbitrary, the condition of 
uniform convergence is then satisfied. We have thus obtained the following 
theorem : 

It is a sufficient condition for the uniform convergence of the Fourier’s 
series in an interval (a, b) in which f {x) is continuous, the continuity at the 
points a, b being on both sides, that 

f'‘ | /(a^ + 2 z)+f {x- 2z) - 2/ {x) I 

Jo I « I 
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shoxdd exist for all values of x in (a, b), and should converge to zero, as fi 0, 
uniformly for all values of x in {a, b). The condition is satisfied in partictdar, 
if both the integrals 

/ 

exist, and converge to zero, as y, = 0, uniformly for all values of x in {a, b). 

From this theorem we obtain at once the following sufficient conditions 
as special cases: 

If, in the interval {a, b), in which f {x) is continuous, being continuous at 
a and b on both sides, one of the four derivatives {and therefore each of the other 
three) off (a:) is bounded, the series converges uniformly tof{x), in the interval 
{a, b). 

If, in the interval {a, b), in which f (x) is continuous, being continuous at 
a and b on both side.s, the condition is satisfied that \ f {x + t) — f {x) \ ^ A \ 1 , 
for all values of x in {a, b), and for all values oft not numerically greater than 
some fixed positive number, where A, k are positive numlters independent of x, 
then the series converges uniformly in {a, b) to the value f {x). 

The condition may be replaced by 

\S{XV P_, 

|,|.log|^.loglog^...|loglog...p^j 

where A, k are jmitive members independent of x. 

Corresponding to the theorem given in § 343, relating to the convergence 
of the series at a single point, the following theorem may be obtained : 

In the interval {a,b), in which f{x) is continuous, the continuity at a, b 
being on both sides, the series will converge uniformly to f (x) in {a, b), if 

j I X (0 “ X (^ + S) converges to zero, os 8 ~ 0, uniformly for all valties 

f • / I ^ r ,t\ ^ t f 1) A f {x - t) - If {x) 

of X m {a, b), where x (t) denotes - — — i-A.j . 

A slight modification of the proof of the theorem in § 343 is sufficient 
to prove this result. That the first and third integrals converge as m ~ oo , 
uniformly for all values of x in {a, b), follows from the fact that, e being 
sufficiently small, \f{x-\-t)+f{x — t) — 2f{x)\ is bounded in the interval 
(0, e) of t, for all values of x in (a, b). 

The proof of the theorem in § 344 suffices to establish the following test : 

If f (x) be continuous in {a, b), the continuity at a and b being on both 
sides, it is sufficient in order that the series may converge uniformly in {a, b) 
to the value f (x), that an interval (a — e, 6 + e) enclosing {a, b) can be deter- 
mined such that 

\f {x At) + fix- t) - fix + t + 8) -f{x- t -8) \ log 1/8 


/I* ±^l 
0 2 


■fix) 


dz, r 

Jo 


jfix - 2z) - fix) 


dz 
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converges to zero, a« 8 ^ 0, uniformly for all 'pairs of poirUs (» + <,» + < + 8) 
or (x — t, X — t — 8) in the interval (a — e,b + e). This condition is satisfied 
if \ f (x) — f {x + 8) \ , I / (a:) — / (a: — 8) I both converge to zero, uniformly 
for points in the interval {a — e, b + e), 05 8 ~ 0. 


360. Let it be assumed that the f\mction / (x) everywhere satisfies the 
Lipschitz condition \f{x + t) —f{x) \ ^ A | < |*, where .4 is a positive 
constant, and 0 < A; < 1. The Fourier’s series then converges miiformly to 
the continuous function f{x). In order to determine the order of the 
coefficients a„, b„, we have 


1 1 r / itN 1 

^n — -\ f{x)minxdx—- S /(«) — /( a; -I- - ) sin«.a;da:; 

2pn- [_ \ J 


J p “n- 1 

7 ) “= 0 ^ 2pir 


sin nxdx. 




by means of the Lipschitz condition, we have then 


I nA /ttN* f” . j 
a„\< — -) sin nxdx. 
' TT \nj Jo 


From this it follows that a„ = O , b,^ — 0 ; thus the following 

theorem has been* established : 

If f (x) satisfies the Lipschitz condition \f{x + t)—f(x) \ £ A | i j*’, then 

In case k = I, \ f {x + t) — f {x) \ & A \ t \, it can be shewn that / (a:) 
is an indefinite integral of a summable function. For, if we consider, in 
the interval (— 7t,tt), a set of intervals, finite or infinite, of which the 
measure is < e, we see that the sum of the absolute variations of / (a;) over 
the intervals of the set is < .4e, and therefore the function/ (x) is an indefinite 
X-integral. It follows that the Fourier’s series converges uniformly in 

{— n, tt) to G + \ f'{x) dx, where (7 is a constant. It will be shewn in 

J —ir 

§ 360 that the summable function / ' {x) has, for its Fourier’s series, the 
series 

^af + S ( — na„ sin nx + nbn cos nx), 

n = 1 


♦ See Lebesgue, Bulletin de la soc, mat, de France^ vol. xxxviii (1910), p. 190. 
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where is a constant. Applying the Riemann-Lebesgue theorem, it 
follows that nan = o (1), = 0 (1). Thus we have the theorem* that: 

If f {x) satires the condition \f{x + t)—f(x)\&A | < | , where A is a 


positive number, then a„ 




It has been shewn by Lebesgue (loc. cit.) that the difference between 
/ {x) and the sum of the first 2«. 4 - 1 terms of the Fourier’s series is 

SATr log w Qtjjgj. investigations relating to Dirichlet’s integral have 


< 


n 


been made by Kroneckerf, Holder, and Brod^nJ. At the present time 
these have only historical interest. 


POINTS OF NON-CONVERGENCE OF FOURIER’S SERIES FOR A CONTINUOUS 

FUNCTION 


361. The continuity of a summable fvmction at a particular point is 
neither necessary nor sufficient for the convergence, at that point, of the 
corresponding Fourier’s series. The first example of a continuous function, 
for which the Fourier’s series fails to converge at a particular point, was 
given by Du Bois-Reymond§, who also constructed a continuous function 
for which the Fourier’s series fails to converge at the points of an every- 
where-dense set. It is the most important outstanding question in the 
Theory of Fourier’s series whether a continuous function can exist for 
which the Fourier’s series fails to converge at all points of a set of positive 
measure, or at the points of a set of measure equal to that of the whole 
interval, or at every point of the interval. A function has been con- 
structed 1| by Kolmogoroff for which the Fourier’s series fails to converge 
at the points of a set of measure 27t; but this function is not continuous, 
and neither is its square summable in the interval. 


It was suggested^ by Fatou that trigonometrical series of the form 
|ao + 2 {a„ cos nx + b„ sin nx) might exist, such that = o (1), o (1), 

n=-l 

which converge only at points belonging to a set of measure zero. Such 
a series was actually constructed** by Lusin. A simple examplef f of such 
series was given by Hardy and Littlewood, who proved that the series 
2 cos nhrx, 2 sin nhrx, where 0 < a J , are convergent when 


a; is a rational number of one of the forms 


2p + 1 2p 

2 ^ 7 ^ 1 ’ 4 ^ + 3 ’ 


in the case of 


* See Fatou, Acta Math, vol. xxx (1906), p. 398. 

I Berliner Sitzungsher, 1885, “Ueber das Dirichlet’sche Integral,” by Kronecker; and in the 
same volume, “Ueber eine neue hinreichende Bedingung...” by Holder. 

J Math. Annalen, vol. lti (1899), p. 177. 

§ Abhandlungen der bayer, Akad, vol. xii, Abthg 2 (1876). 

II Fundamenta Math. vol. iv (1923), p. 324. 

jf Acta Math. vol. xxx (1906), p. 398. Rendiconti di Palermo, vol. xxxii (1911), p. 386. 

tt ^cta Math. vol. xxxvn (1914), p. 232. 
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the cosine series, and of one of the forms ^ _ in the case of the 

2^ -f 1 + 1 

sine series ; but that the series do not converge for any irrational value 
■of X. It was shewn that, at a point at which the series is not convergent, 
it is not summable by any Ces^iro mean. Since the series are non-summable 
at points of a set of measure greater than zero, it follows from § 368 that 
they are not Fourier’s series. It can be shewn that, when a > J, the series 
are Fourier’s series, and that they converge almost everywhere. A series 
for which a„ = o (1), 6„ = o (1) has been constructed* by Steinha\is which 
is nowhere convergent. 

The general condition that, at a particular point of continuity of the 
function, the Fourier’s series should fail to converge, has been investigated 
by Lebesguef , and by HaarJ. The former of these also investigated the 
condition that, although the series converges at the point, the convergence 
should be non-uniform in every neighbourhood of the point. 

A method of constructing continuous functions for which the Fourier’s 
series exhibit these singularities at a point, or in an everywhere-dense set 
of points, was given by Fej4r§. This methgd is of great simplicity as com- 
pared with that of Du Bois-Reymond, although the latter was simplified 
by Schwarz. 

352. In accordance with § 299, in order that a continuous function / {x) 
may exist, for which the Fourier’s series will not converge at a particular 
point, or that it may be convergent at the point, but may not converge 
uniformly in any neighbourhood of the point, it is sufficient to shew that 
the integral 


sin (2» -H 1) < 
sin t 


dt 


increases indefinitely with n. 

Taking the portions of the integral, in which {2n + 1) i lies in the 
intervals 


/TT SvN /Stt 1 tt \ / 

Vi’ 4/’ V 4 ’ 4/’ V 


(6tT 777 > 

4 ’ 4 


77 377 

r77 + r77 + -- 


)... 


in all of which intervals | sin {2n + 1) < 
exceeds in value 


1 


> , we see that the integral 


rn--f Jtt 


_ . I dt 1 


r =■ 0 J rw+jw i 






2n+l 


* Comptes Rendus aoc, sc, de Varsovie (1912), p. 223. 

f Annales de Toulouse (3), vol. i (1909), p. 76; Comptes Rendus, vol. OXLI (1905), p. 875. 

X Math. Annalen, vol. lxix (1910), p. 336. 

§ Crelle's Journal, vol. cxxxvn (1909), p. 1, vol. oxxxvin (1909), p. 22; Rend, di Palermo, 
vol. xxvm (1909),^p. 402. 
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1 + diverges, as n is iii- 

di, for n — 2, 3, ... have been 


1 / 

^log n ( 

■v/2 r-0 V 


definitely increased. 

2 ['^ 

The numbers - 

W .'0 


I sin {2n + 1) # 
sin t 

termed by Fej6r the Lebesgue constants for Fourier’s series. He shewed* 
that these numbers pi, p^, ... are given by the asymptotic expression 


Pn 


2 [2 I sin (2n -f 1) t 


2 p 

-fT Jo 


sin t 




\dt= ~ log n + CQ-V- -\-0\ 

where Cq , Cj are determinate numbers. A complete investigation of the 
asymptotic expression for />„ has been givenf by Gronwall, who shewed 
that the divergence of the sequence {p„} is monotone. 

353. The method given by Fej6r for the construction of Fourier’s 
series for continuous functions which exhibit these phenomena depends 
upon the following Lemma: 

The series 

cos {r + \)x cos (r -\- 2)x cos {r + n)x 

1 -|- ... -j 

n n — I 1 


cos (r -{■ n + 1 ) a; cos (r + n + 2) x 


cos (r + 2n) x 


1 2 n 

is less in absolute value than a fixed positive number A, independent of x and 
of the integers n and r. 

The expression is equal to 


. ( 1\ f . a; 1 . 3a; , 1 . {2n — 1) x 

sin ( r + + 2 1 a; j sin 2 + 15 sin ^ 4- ... f - sin — 


Let Sn (x) denote 
sin 

and let (a:) denote 


sin a; + K sin 3a; + ... + - sin (2n — 1) a;; 
2 n 


sinx + |sin3a;4-... 1-2^^ 


sin {2n — 1) x\ 


then 

Sn («) - \ Sn («) = sin a: + sin 3a; + ... + 


hence 


Sn (*) - I (X) 


< + ... < 1, for all values of n and x. 

JL , ju t> • 4 


Since s„ (x) is the partial sum of a Fourier’s series (see Ex. 3, § 327) of 
bounded variation, | s„ (x) | is bounded with respect to (n, x) (see § 333).. 

♦ C relief 8 Journal, vol. cxxxvm ( 1910 ), pp. 22 , 30 . 
t Math, Annalm, vol. Lxxn ( 1912 ), p. 244 . 
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It now follows that | {x) | is bounded with respect to {n, x), and thus the 

Lemma has been proved. 

In order to define a Fourier’s series, representing a function which is 
continuous, but such that the series does not converge at the point x = 0, 
let = 2.2’"’; and consider the series S A„ cosnx, of which the terms 

n-l 

are grouped as follows : 

l^A„eo8nx+ S A„ cos nx + ... + E A„cosnx+.... 

In the mth group, let A„ be so chosen that the group is 

cos (ffj + 9^2 + • • • + ffm -1 + 1) ^ , , COS 9^2 + •” + ff m -1 + jffm 

~ ^ ■ 1 - - 

COS ( 9 'i + 9^2 + ••• + ffm-l + iffm + 1 ) 

1 




COS + ... + gj 


}• 


This is less, in absolute magnitude, than and therefore the series, so 

grouped, is uniformly convergent, and the original ungrouped series is 
consequently (§ 321) the Fourier’s series for a continuous function. 

At the point x — 0, the value of the (9^1 + 9^2 + ... + g^-i + i9'm)tfi 

partial sum 1® ^2 (l + ^ + | + ••• ^•)> ''^hich is > log 2’"’ > rn log 2; 

and this increases indefinitely with m. Therefore the sum does not con- 
verge. The (9'i -I- 9^2 + ••• + 9'm)th partial sum is zero. 

The series E sin nx converges at x = 0, the coefficients being 

n-l 

taken to be those defined above; it will be shewn that both the series 
EAn cos nx, EA„ sin nx converge uniformly in the interval (€, 2tt — c), 
but that the series E sin nx does not converge uniformly in the interval 

71 QQg 

{0, e). Consider a partial remainder (x) = E A„ , nx. We have in 
the interval (c, 2tt — e) 

8in(2w+ 1)| 


sin 


1 

5 L cos rx 
^ 1 


2 sin 


X 




hence 


p 

E cos rx 


7T 


< - ; and similarly 


p 

S sin rx 


< 


TT 


COS (r -t- 1) a: 


n 


+ ... -I- 


cos (r n)x 

- 


l-«i + i («2 - «i) + — + ^ («» - ^«-i) 


(1 — i) + (i “ i) ^2 + •'• + “ 


Therefore 



1\ TT TT , . 1 . 

— , which IS 
€ ne 


363, 354] Points of Non-Convergence of Fourier's Series 543 
where Sj = cos (r + n) x, = cos (r -\-n)x + cos (r + n — \)x, ... ; hence 
the expression on the left-hand side is less than ^1 — 

TT 

less than ^ . If we split each group of terms in {x) into its terms with 
positive and with negative coefficients, the absolute value of the sum of the 

1 27r 

terms in the group is < ^2 • ~ holds good if only a part of the 

group is contained in Rj,,q {x). It now follows that 

I p.a {^) I < ^ ^ |J 2 + ••• + c p m/ " e 'nij, — 1’ 

for all values of q. It now follows that the series are both uniformly con- 
vergent in the interval (e, 277 ~ c). 

To shew that S An sin nx does not converge uniformly in the 

n-1 

interval (0, e), observing that the part of the mth group which has positive 
coefficients is 


m 


1 (sin 4 - 1 - g„,-y 4 - 1) .r sin {g^ + g^ 4 - ... 4 - x 

2m? - I- ... t- “ 1 ■ 


consider the point « = jr 


TT 


; this is in the interval (0, c) 


2 (s'! + 9^2 + • • • + \9m) ’ 
if m is sufficiently large, and all the terms in the bracket are positive. 
Denoting gi + g^-t- ••• + gm-x 5y /!■, the expression becomes 

I 


m‘‘ 


sin {fi + l)x sin {fi. + yj x 


and observing that fi 4- \gm > Mm + 

1 


fl 1 

7^1 |i + 2 p’"' ri[ ’ 


), the expression is greater than 
1 


and this exceeds log 12'"’, or - 

m2V2 a/2 


m 


V2 


log 2, wliich increases 


independently with m. Since these are partial remainders which increase 
indefinitely with m, for some point in (0, e), the series cannot converge 
uniformly in (0, c). 


354. In order to construct a series which fails to converge at an every- 
where-dense set of points, taking the series S An cos nx, defined in § 363, 

ri" 1 

in the first group of terms write 1 ! x for x, in the second group write 2 ! x 
for X, and generally in the mth group write m ! a; for x ; we have then a series 
S An cos A„a:, where A„ = 1 ! » when 1 ^ n £ ; A„ = 2 ! w, when 

n = l 

gi ^ 1 ^»^ 9 'i + 9 ' 2 . •••• 

HfhTT 

The series then fails to converge at every point a: = ± — , where m and n 
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are integers; but the series converges uniformly when it is grouped, and 
thus it corresponds to a continuous function, and therefore (see § 321) the 

series is a Fourier’s series. When x — the part of the vth group which 

has positive coefficients, if v be sufficiently large, has the value 


1 



+ ... + 


2>'7 ’ 


and this increases indefinitely with p. The series cannot therefore be con- 
vergent at the point. 


355. Let <f>n {x) have the value + 1 , or — 1 , according as 


sin I {2n + \) x 


sin 

is positive or negative, and when it is zero, let <f>n (x) = 0. The nth. partial 
sum of the Fourier’s series corresponding to (a;) is at the point x = 0 , 

X 


I r 

27rj_„ 


sin {2n + 1 ) ^ 


sm 


X 


dx, and this diverges, as n ~ qo (see § 352). 


Let tfi„ {x) — sin ^ ^ x, for 


TT £ X ^ TT, then the »th partial sum 


of the Fourier’s series corresponding to (x) has, at a: = 0 , the value 

rr 

2 r + 1) < ^ which diverges with n. Let ih (u, x) denote the even 

TT ./ 0 sin t 

function, defined in the interval ( — tt, tt), which has the value sin ^ix in the 
interval ( 0 , tt) ; and let |ao + cos nx denote the Fourier’s series corre- 
sponding to ift (fjL, x ) ; we find then 

1 -|- (— 1 )”+^ cos iiTT 2fi « _ ^ ^ 

TT ■ ' TT ‘ fl’ 


a„ 


hence a„ is positive ii n < fi, and negative it n> fx. It is easily seen that 
tfi(2,x), tp{4r,x),..., have the same properties, as regards the partial 
remainders at the point a: = 0 , as (x), {x), .... If we define a function 


GO 

by means of the expression S — 2 - in (0 < a; < tt), it is seen from the 

properties of t(i (2, x), (4, a;), ..., that the cosine series for this function 

does not converge at the point a; = 0 . 


„ sin ( 2 ’” + 1 ) I 

Again, if we take/i (a;) = S 5 , then/i {x) is continuous in 

m-l ^ 

the interval (— tt, tt), but as is seen from the properties of t(t (J, x), ift (f , a;), 
the cosine series for/j {x) does not converge at the point a; = 0 . 
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366. An example, due to Schwarz*, will be given here of a function 
which is everywhere continuous, but for which the Fourier’s series fails to 
converge at a certain point. It will here be shewnf that the series is, at that 
point, oscillatory, with an infinite upper sum. 


Let the product 1.3.5 ... (2A + 1) be denoted by [2A +1], and let the 
function ^ («) be defined for the interval (0, a), where 0 < a S Jtt, in the 
following manner: In the interval (w/[A], 7r/[A — 1]), let <f> (z) ~ sin [A] z, 
where Cx is a constant, depending upon the value of A ; let A have aU values 
Ai, Ai + 1, Ai H- 2, ... , where A^ is a fixed integer, and we may suppose a so 
chosen that a — 7r/[Ai — 1]; also let <f> (0) = 0. If the sequence Cx^, Cx,+i, 
Cxj .,2 5 ... , be so chosen that it converges to the limit zero, the function <f> (z) 
is continuous at the point z = 0, but it has an indefinitely great number of 
oscillations in an arbitrarily small neighbourhood of that point. If the 
constants Cx satisfy the further condition, that Cx log (2A -H 1) becomes 
indefinitely great, as A is indefinitely increased, it will be shewn that the 
integral 


z 

will increase indefinitely, as n has successively the values of integers in 
a certain sequence. Thus the Fourier’s series, corresponding to the con- 
tinuous function defined by / (;c) 0, for — tt -S a; S 0, and / («) = ^ (^a:), 

for 0 & X & 2a, and / (x) =- 0, for 2a S. x ^ tt, does not converge at the 
point X = 0. 


Let 2n I- 1 = 1.3.5 ... (2/x + 1) = [fj,]; then 

may be written in the form 

c. + 's c, W 2 

J nlln] ^ r=Ai w/[r] ^ 

The first integral may be written in the form 

which is equivalent to 

log {2fj. + 1) - ^ cos 2 [/i] z dz, 

where ^ is some number between 7 r/[^] and 77-/[/i. — 1]. 


>r/[M-i] 1 _ cos 2 [/u,] z 




dz, 


* See the history of the theory of Fourier’s series, by Sachs, Schlomilch's ZeitscJir. Supplement, 
vol. XXV (1880), p. 231. 

t See Hobson, Proc, Lond, Math. Soc. (2), vol. m (1904), p, 55. 


HU 
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Now let log {2[i + 1) increase indefinitely with fi. This is consistent 
with having the limit zero; for we have only to take 

Cm = {log (2/* + 1)}"®, 

where s is some fixed positive number, less than unity. 


Since 


— f cos 2 [ju.] z dz 
^ J irjitLl 


is numerically not greater than cjrr, we see that, with the supposition made 
as to C(», the expression 


I 


>r/[M-i] sin2 z 


dz 


1 ir/[M] * 

becomes indefinitely great, as p. is increased indefinitely. 

ain [r] z sin [/x] z 


To evaluate 


M-i 

2 

r-A, 


I rrri 
Cr 

1 J Wl 


dz. 


ir/[r] 2 ! 

we see, by writing sin [r] z . sin [jn] z as half the difference of two cosines, 
and applying the second mean value theorem to each integral, that the 
absolute value of the expression is less than 

1 1 




or than 




TT 


+ 




1- 


M- W M + Wi’ 

1 . u 


+ r‘ 


rr., TT [/X - 1] 12/x + 1 - [r]/[fi _ 1] ' 2/x -i- 1 + [r]/[iM - 1]| ’ 

£ixy._W i. 

TT [fl- l]'/x’ 

and this is less than 


which is less than 


Trjjb 


1 


-1- 


] 


+ 


2^-1 ' (2/x - 1) (2/x - 3) 

Therefore the absolute value of the integral is less than 2cx/7rj(x; and this 
becomes indefinitely small, as /x is indefinitely increased; and therefore the 
limiting value of the expression is zero. 

Lastly, we have to consider the expression 

l-ir/tr-i] gin [r] z sin [/x] z 

ir/[rl 2 


r-M +1 


i: 


dz. 


Since 


<; and I sin [r] z I ^ I, 


the absolute value of the expression is less than and this has the 

limit zero, when /x is indefinitely increased. 

It has now been shewn that 


f “ (g) sin [^] g 

Jo 2 ’ 


increases indefinitely with /x, where [/x] = 1.3.5 ... (2/x + 1), provided 
has the value {log (2A + 1)}“*, where 0 < s < 1. 
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367. We proceed to consider the case in which 2n + l = (2p+ l)[/x-l], 
where p is an integer which varies with fi in such a manner that it always 
lies between 0 and (jl. 

In this case, as before, we divide the integral 

l'“ A (2» + 1) 2 


into three parts, 

I’tt/C/ia-I] 

Cg. si] 

J W[mJ 


r«)4(2) 

Jo 


sin [fi] z 


sin (2p -h 1) [/Lt — 1] a; 


rir/[r-i] gin [r] z sin {2p + 1) [/jl — l]z 


”h S C, 


+ i sin [r] z sin (2p + 1) [/x - 1] 

r J 7r/[7*] ^ 

The first part is equal to 

I ^ Lcos {L/4 - 1] (2/x - 2p) z] - cos {[/X - 1] (2/x + 2p + 2) z}] dz, 

j 7r/[/x] 

where ^ is a number between 7r/[/x] and ir/[jtx — IJ; and this expression is 
less, in absolute value, than 

1 , 1 ] 


l[/^ - 1] (2 /a - 2p) [/*-•!] (2/x f 2p + 2)1 ’ 

or than ^ ■! ^ -I- 1 + 1/2/x ) 

TT I 1 - p//* 1 f l/fj, + p//aJ ■ 

If, now, p increases with p, in such a manner that pjp is always less 
than some fixed number which is less than unity, then this expression 
diminishes indefinitely, as p is indefinitely increased. It would also be 
sufficient that 

pIp = 1 - k {log {2p + !)}-«', 

where s' < s, and == (log {2p + 1)}“*; the positive number k being fixed. 
The second part of the above integral is less, in absolute value, than 

L. , 1 1 

A TT |(2p+l)L/A-lJ-[/-] ^{2p+l)L/A-lJ + Mr 

or than j !: i ]; { 

77 [^ - 1] |2p + 1 - [r]/[p - 1] 2p + 1 + [r]/[p - 1]( ’ 

and this is less than 


P77i ' 2p- I ' {2p~ \){2p -3) ' -j’ 

or than 2C),Jptt. Therefore the expression diminishes indefinitely, as p is 
indefinitely increased. 

That the third part of the above integral has the limit zero is seen from 
the fact that its absolute value is less than (2p + 1) [p — 1] 7>’/[p], or 
than TTC^+i (2p + l)/(2p + 1). 


35-2 



548 Trigonometrical Series [ ch . viii 

It has now been proved that 

Jo 2 

has the limit zero, if 2?4 + 1 increases indefinitely through a sequence of 
the form 

[Ml - 1] (2pi + 1), - 1] (2p2 + 1), [^3-l](2p3+l),... 

where increasing sequence of integers, and Pi, P 2 > Pa > ■■■ 

are such that pl/x & I — k {log (2/i, + 1)}“*', where s' < s. 

It has now been shewn that the sum of the Fourier’s series oscillates ; 
the limit being infinite, or zero, according as one or other of two particidar 
sequences of values of n is chosen. 


THE ABSOLUTE CONVERGENCE OF TRIGONOMETRICAL SERIES 


358. Let Jtto + S (a„ cos nx + b„ sin nx) be a trigonometrical series 
which converges absolutely at the point We have then 

n 

\aQ + 2 {a„ cos n{^ + h) b„ sin n(i + h)} 




+ 


+ S {a„ cos n - h) + b„ sin n{i- h)} 


n 1 


= 2 


|ao+ 2 («„ cos + 6„ sin 


n= 1 


4 S sin^ Ink (an cos + b„ sin ni ) ; 


n* 1 


and it follows that the expression on the left-hand side converges as 
w ~ 00 . If either of the expressions in the two brackets is convergent as 
w ~ 00 , then the other is so, and if either is non-convergent the other is 
so also. Also, if either converges to a sum-function which is continuous 
with respect to h, for h ■— h^, the other has the same property. It has 
thus been shewn* that : 


The points of continuity of the sum-function of a trigonometrical series, 
and the points of convergence of the series, are symmetrical with respect to 
a point of absolute convergence of the series. 

Since 

I a„ cos n($ — h) -\-bn sin n(^ — h)\ 

& I a„ cos n (^ -{- h) -\- bnSinn ($ + h) \ + | a„ cos n^ -h sin 
it follows that, if the trigonometrical series is absolutely convergent at 
the two points $ + h, it is also absolutely convergent at f — h. By con- 
tinued application of this result it then appears that the trigonometrical 
series must be absolutely convergent at all the points ^ db ih, where i is 
any integer. In case hj-ir is an irrational number, and (a, j8) is any interval 

* See Fatou, Acta Math, vol. xxx (1906), p, 398. 
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contained in (— n, tt), t can be so determined that ^ ± ih differs by some 
multiple of 2tt from a number in the interval (a, j8). It follows that: 

If a trigommetrkxil series is absolutely convergent at two points x^, x^, 
such that x^ — x^ is incommensurable with tt, then it converges absolutely at 
the points of an everywhere-dertse set. 


359. The following theorem was given* by Lusin : 

If a trigonometrical series ^ (®« cos nx + b„ sin nx) is absolutely 

convergent at all points of a set of which the measure is positive, then S | a„ | 

n«l 

and S I I are convergent, and the trigonometrical series is absolutely con- 
vergent everywhere. 

If J I Uo I + I cos {nx -«„)[, where />„ = (a„2 + converges in 
a set E, such that m {E) > 0, there exists a perfect set P, contained in E, 
of measure p (> 0), in which the series converges uniformly (see § 99). If 
s (x) denote the sum of the series, we have 



= • 4 I ao I + 


Pn\ I COS n{x-’ I dx. 

n-l i{P) 


It will be shewn that I cos n {x — a^) \ dx is not less than a fixed 

HP) 

positive number iij,, independent of n. 


If 6 be between 0 and we have | cos n {x — a^) \ ^ cos 6, when x -- 
(Vtt —6 Ttt + d\ 


is in an interval 


n 


n 


7 \ 

j , where r is a positive or negative integer, 


26 

including zero. The condition is satisfied in each interval of length — - 

belonging to a set, consecutive intervals of the set being separated by an 
^ 20 

interval of length — — . It follows that, in the interval (—77,77), the 

condition | cos n (x — a„) | ^ cos 0 is satisfied at all points belonging to a 

set of which the measure is 40. If 0 be taken to be > , there is a 

4 

set of points of positive measure q, contained in P, at which 

I cos n {x — a„) \ S cos 0. 

It then follows that | I cos n(x — a„) I dx exceeds a fixed number , 
HP) 

independent of n. 

« j 

We have then S s(x)dx; and therefore S is con- 

vergent. The result in the theorem then follows at once. 

It is clear that the series converges uniformly in (— 77, 77) ; hence it is 
the Fourier’s series of a continuous function. 


♦ Gomptes Bendus, vol. clv (1912), p. 580. 
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It follows that ; 

Unless a trigonometrical series is the Fourier’s series of a continuous 
function, it can only converge absolutely at the points of a set of measure zero. 
The following Lemma will be applied : 

If E be a measurahle set of points contained in (— tt, tt), and there are 
in (— TT, it) an infinite number of points with respect to which E is sym- 
metrical (when E is repeated periodically beyond the interval (— tt, tt)), then 
E has either measure zero or measure 2tt. 

Let Pi, P^, ... Pr, ... be an enumerably infinite set of points of sym- 
metry; and let us consider any pair P,, P, of these points. Let En, be 
the component of E in the interval P, , P^ , of length S^s ; then if m (P„) = 0, 
it is clear from the double symmetry of E that m (E) = 0. If m (Prs)= Irs > 0, 
we see that m (E) ^ nl^s , where n is the integer such that 

nbrs ^ 2tt < (n + 1) 8rs', 

and thus m (E) > {2tt — S^s) • Since the set {P„} is not finite, it contains 

^rs 

an infinite number of pairs of points P,, Pg for which 8,, is less than an 
arbitrarily chosen number rj, hence m (E) > 2tt ^ — r). If possible, let 

^rs 

/-- < h < 1, for all pairs of values of r and s for which 8,* < r;; thus every 

point of E in 8„ has a neighbourhood 8„ (< tj), for which the component 
of E in that neighbourhood has measure < hh^^. Now any fixed point P, 
of E, corresponds, on account of the symmetry of the set E with respect 
to the pomts P,, P,, to a point of 8„; hence P has a neighbourhood of 
length 8,j in which the component of E has measure < hh^s, where /k 1 ; 
and this for every pair of values of r and s for which 8,., < tj. Since 8^* has 
indefinitely small values, this is contrary to the fact that P may be so 
chosen that E has metric density 1 in its neighbourhood (see i, § 140). 

It is thus impossible that h < 1-, and r, s can be so chosen that f-* is 

^r.s 

arbitrarily near unity. Hence m (E) > 2tt (I — 1) — rf, where -q and C are 
arbitrarily chosen positive numbers. It thus follows that m (E) = 2tt. 
From the Lemma, combined with the results in § 358, we obtain the 
following theorems given by Lusin : 

A trigonometrical series having in the interval (— tt, tt) an enumerable 
set of points of absolute convergence is either almost everywhere convergent, or 
almost everywhere non-convergent. 

For the set of points of convergence must, in accordance with the 
Lemma, have either measure 2tt, or measure zero. 

A trigonometrical series having two points of absolute convergence, of 
which the distance is incommensurable with tt, is either almost everywhere 
convergent, or almost everywhere non-convergent. 
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The theorem has been given* by S. Bernstein that : 

If the function f (x) satisfies the Lipschitz condition that, for any pair of 
points Xi, x^ in the interval (— rt, it), \ f (a^i) — / (x^) | S A | a;i — |“, where 

0 < a < 1, and A is a positive constant, then, provided a > |, S | a„ |, S | 6„ | 
are convergent, so that the Fourier’s series converges uniformly and absolutely 
to f (x). There are Fourier’s series of functions which satisfy the condition 
for a value of a (< J) which do not converge absolutely at all points. 

The more general theorem has been givenf by Sz4sz that: 

If the function f {x) satisfies the Lipschitz condition, S (| fln I* + I I*) 

2 2 
is convergent ^ ^ 2a + 1 ’ diverge if h < • 


THE INTEGRATrOH OE FOUEIEB’s SERIES 


360. Let Jtto + S («n cos nx + h„ sin nx) be the Fourier’s series corre- 

W = 1 

spending to a function / (x), summable in the interval (— n, n), and of 
period 2v. No assumption is made as regards the convergence of the series. 

The function g {x) = \ f (x) dx — ^a^x is continuous and of bounded 

J - n 

variation in any finite interval ; also it is periodic, and of period 2tt, in the 
variable x. It can consequently be represented everywhere by a Fourier’s 
series ^af + S (a„' cos nx + b„' sin nx) which converges uniformly to g {x). 
1 1 

We have a„' = - \ g {x) cos nxdx, 6„' = - g (a;) sin nxdx. Since 

77 J 77 J 

g (a:), sin nx are both indefinite integrals, the formula of integration by 

parts can be applied to the expression for a„'. Thus 

1 f" 1 f” 

~ ^ 9 {^) nxdx = — - sin nx . Dg (x) dx, 

77 J - „ W77 J _ „ 

where Dg (x) is any one of the four derivatives of g (x) (see i, § 420). Now, 

at almost every point of (— 77, 77), the four derivatives of g {x) are all equal 

to / (x) — (see i, § 405). Accordingly, we have 

1 f" 1 

< = - f sin nxdx = - b„ -, 

in a similar manner it can be shewn that b' = - 6„. It has now been 
shewn that the series 


\(hi' + 


S 


n«*l 


a„ sin nx — b„ cos nx 
n 


* Compter Rendus^ vol. CLvni (1914), p. 1661. 
t Miinch. Sitzungsber, (1922), p. 135. 
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converges uniformly in any interval to the function 



dx — 


where 


(l{% 


^ I g{x) dx. 

TT J -yr 


[CH. VIII 


The following theorem has been established : 

If f (x) be any summable function, periodic, and of period 2n, then, if 

• f 

(^1 > ^ 2 ) interval, f {x) dx is represented by 


JUflara 


+ S 

n«=l 


sin nx^, 


cos nx 2 


n 


' ~ iaoXi + 


* a„ sin nxi — b„ cos nx^ 

w-l W 

CO 


which is obtained by integrating the series ^a^ + 
term by term. 


S 


(a„ cos nx + sin nx) 


This theorem, which in this general form was given* by Fatou, was a 
generalization of an earlier form of the theorem due to Lebesgue. It is 
remarkable in view of the fact that the Fourier’s series which is integrated 
is not necessarily known to converge. 

It follows, by letting x = 0, that the series S " is always convergent. 

n-l ^ 

The necessary and sufficient conditions that 2 should be convergent 

n -1 ^ 

have been givenf by Hardy and Littlewood. 


To obtain the converse of the above theorem, let it be assumed that 
00 

the series + S (a„ cos nx sin nx) is such that the series 
1 

a„ sin nx — b^ cos nx 

n-i 


converges in (— tt, w) everywhere to a function F (x) which is an indefinite 
Zcintegral of a summable function. The function F (x) being continuous 
and of bounded variation, is representable by a Fourier’s series which 
converges everywhere to the value of the function. As there cannot be 
two distinct trigonometrical series which have this property (see § 320), 


S On sin nx — b„ cos nx 


2 
n-l 

Therefore 


n 


is the Fourier’s series corresponding to F (x). 


n 



sin nxdx, 


bn 

n 



cos nxdx. 


0 = 



dx. 


♦ Acta Math. voL xxx ( 1906), p. 384. 
t Math, Zeitschr. voJ. xix (1924), p. 95. 
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Let DF {x), one of the four derivatives of F {x), be denoted by / (*); 
we have then, on integration by parts as before, 

If” 1 f” 

“ / (*) nxdx, = - / {x) sin nxdx. 

TT J IT J 

Therefore + S (a„ cos nx + b„ sin nx) is the Fourier’s series correspond- 
ing to the function / (a:) + Juj (*) + i®o- 

Combining this result with the previous one, the following theorem has 
been established* ; 

Tlie necessary and suffi^iient condition that the series 
Jao + S (a„ cos nx + b„ sin nx) 

n = \ 

should be a Fourier’s series of some function f {x), summable in (— tt, n), is 
that the integrated series 

, “ sin nx — b„ cos nx 

s — 

n^l 

should converge throughout the interval (— tt, tt) to a function which is the 
indefinite L-integral of a summcd)le function. The function f{x) differs by a 
null-function from any one of the four derivatives of the L-integral. 

361. The theorem of § 360 can be applied to shew that two non- 
equivalent functions, summable in the interval (— tt, tt), cannot have one 
and the same Fourier’s series. For if / (a;), <f> {x) be two summable functions 
which have the Fourier’s series Ioq -t- S (a„ cos nx -f- b„ sin/ia:), it follows from 

the first theorem of § 360 that \ f (x) dx — \ (x) dx, where A is any 

finite interval. Since the integral of f (x) ~ <f> (x), taken over every interval, 
is zero, it follows (i, § 394) that the two functions / (x), <f> {x) are equivalent. 

The following theorem has accordingly been established : 

There cannot exist two non-equivalent functions f (x) such that 

1 rw If”’. 

f{x) cos nxdx — a„, - / [x) sin nxdx ^ b „ , 

TTj_,r TT.I.w 

for Ti = 0, 1 , 2, 3, . . . , ivhere Oq , «! , 6 ^ , O 2 > > • • • given numbers. 

362. If/„ {x) denote the finite sum 

\aa + (Oi cos a: -t- 61 sin a:) + ... + (a« cos nx + b„ sin nx) 
of the first w + 1 terms of the Fourier’s series corresponding to the function 
/ (x). the theorem of § 360 may be expressed in the form 

lim [ ’ {/ (ic) - /„ (a:)} dx = 0 , 

W^QO J Xx 

where (x^, xf) is any finite interval. , ' 

* See W. H. Young, Proc. howl. Maih. Sw. (2), vol. rx (1911), p. 423. 
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Let it now be assumed that { / (a;)}^ is summable in the interval (— tt, tt) ; 
then 


4- S 

r-l 


since 


As 


f {S{«)Ydx- 

J —It J —Tt 

i *7r r — 71. 

/ (x) fn (x) dx = + TT S (a,2 + br^), 

-TT r-l 

f {/n (!»)}*“ dx = i7Ta„2 + ^ s (a^2 + 6,2). 

J-T r-l 

{/ (®) — fn (®)}^ dx is essentially positive, it follows that the series 
Jtto* + S (a,2 + 6,2) is convergent, and has for its limiting sum a number 

r-l 

1 f’’ 

— " if (*)}* dx. This result is known* as Bessel’s inequality. 

TT J -ft 

We have now j {/ (x) — f„ (a;)}2 dx S K^, for all values of n, where 
J —It 

K is some fixed number, independent of n. 

If e be any measurable set of points in (— tt, tt), we have, by Schwarz’s 
inequality, 

f {/ (*) - fn (a:)} dx ^A\ dx\ {fix)- f„ (x)}2 K V m (e). 

Let the set e be enclosed in intervals Sj , 82 , ... of a set A, of non-overlapping 
intervals, such that m (A) — m (e) < e ; and let F denote the set of points 
A — e; thus m {F) < e. If A, be a finite set of the intervals 81 , 82 , . . . , such 
that m (A) — m (A,) < e, we have 

f {/(«)-/n(«)}«^a;= j f +f -f \[f(x)-fnix)]dx. 

J(e) {.'(A,) J(P)) 

Since A, consists of a finite set of intervals, 

lim [ {/ (x) - /„ (x)} dx = 0. 

ri'^no J (Ar) 

{ L A ) ~ 1(F)1 ^ KVmitT^) -1- K^MF) < 

S 2 K€i. 


Also 


for all values of n. It follows that 

I f {fix)-f„{x)}dx 

TI'^OO ' 

Since c is arbitrary, we obtain the result 

lim f { / ix) - /„ («)} dx = 0 , 

U'^cc . (e) 

and thus the integral of / (x), over any measurable set c, is obtained by 
♦ Astron, NojchricMm^ vol. vi (1828), pp. 333-348. 
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term by term integration, over the set e, of the Fourier’s series corre- 
sponding to / {x). 

In accordance with the definition (§201) of complete term by term 
integration of a series, the following theorem has been established : 

If f (x) be a function of which the square is summable in (— it, tt), the 
Fourier’s series correspcmding to f (x) is completely integrable term by term, 
giving as its sum, when taken over a measurable set of points, the integral of 
f (x) over that set. 


363. The method of § 360 can be applied to prove the following 
theorem relating to the integration of a Fourier’s D-series corresponding to 
a function for which the set of points of non-summability has measure zero. 

If f (x) be a function which has a Denjoy integral, and for which the set 
of points of non-summability has measure zero, in the interval {— n, tt), the 

Fourier’s series corresponding to f (x) dx — ^a^x is 




a„ sin nx — cos nx 


n 


The class of functions considered here includes those which have an 
iffX-integral in {— tt, tt). 

In this case the function g {x) = \ f {x) dx — ^OqX is continuous, 

J —IT 

although in general not of bounded variation, in (— tt, tt). The Fourier's 
series corresponding to g (x) has for coefficients a„', b„', given by 

I r»r 1 

a„' = - g (x) cos nxdx, = g (x) sin nxdx. 
n J ttJ_„ 

Since g {x) is of bounded variation in any closed interval which contains 
no points of H, the non-dense closed set of points of non-summability of 
/ (x), the Fourier’s series converges uniformly to g (x) in any interval 
interior to an interval contiguous to H, but it cannot be assumed that the 
series converges to g (x) at points of H. In any case the Ces&ro sum of the 
Fourier’s series is everywhere g (x) (see § 366). At almost all points of an 
interval contiguous to H, g' {x) exists and has the value / {x) — ^a^. In 
the case here considered, in which H has content zero, this also holds for the 
whole interval (- tt, tt). The method of integration by parts being applicable 
when one of the functions is a D-integral, and the other is of bounded varia- 
tion (i, § 474), it follows, as in § 360, that «„'==— - 6„ , 6„' = - a„ ; and the 

Th Tt 

theorem has thus been established. 


364. Taking the case in which the closed set H is enumerable, let it now 

1 wi .Lxi -1 „ a„sin?uc — 6„coswa; i. 

be assumed that the senes Jaoa; -f- S — converge^;*^jpTngh 

71 / 



666 TrigonometricaZ Series [ ch . viii 

the interval (— 77 , tt) to a function F (x) which is the HL-mtegral of a 
function which has H for its sole points of non-summ ability ; except that the 
convergence is not assumed to hold at the points of H. In case tt and — w 
toelong to H, F (x) will be defined at these points so as to satisfy the condition 
F{7r) — ttUo; otherwise this condition follows from the periodicity 

of the series. If (a, b) be an interval interior to an interval contiguous to 
H, the series converges everywhere in (a, b) to the continuous function 
F (a) which has bounded variation in (a, b). The Fourier’s series of 
F (x) — \a^x converges to F (x) — ^a^x at every point not belonging to H. 
Since there cannot be two trigonometrical series both of which converge, 
at every point not belonging to an enumerable set, to the same function 

(see §442) it follows that 2 is the Fourier’s series 

of F {x) — \afiX, and therefore 

a \ 6 1 

- ” = - {F (x) — \(t(tX} sin nxdx, — - = - {F {x) — ^Oox) cos nxdx. 

n TT j -TT n TT j 


Since F (x) — ^a^x has almost everywhere a differential coefficient 

rar 

f(x) — 1^0 j where (^) = / (x) dx, we find, by integration by parts, 

1 

- I f (x)dxmnnx, 


or 


also 


n 


n 


{F (x) - iOyX} 


sm nx 


7177 

sin nxdx: 


= M /(»)i 

77 J 

{F (x) — iagz) ^ nxdx, 


1 

•77 


/ (x) cos nxdx. Hence the series Jap + S (a„ cos wa: + 6„ sin nx) 

T 

is the Fourier’s IIL-series corresponding tof{x). 

The following theorem has now been established* : 

The necessary and sufficient condition that a trigonometrical series 
iag + S (a„ cos nx + sin nx) should be the Fourier's HL-series corre- 
sponding to a function with only an enumerable set of points of non-sum- 

mability is that the integrated series \agX + 2 should, 

n-l 71 . 

except at an enumerable set of points, converge throughout (— 77, 77) to a 
function F (x) which is the HL-integral of a function with only an enumerable 
set of points of non-summability. Also, in case 77,-77 are points of non- 
summability, the condition F {it) — F (— 77) = ttag must be added. 

W- 

' • See W. H. Young, Proc. Land. Math, 80c. ( 2 ), vol. ix ( 1911 ), p. 425 . 
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THE SEBIES OF AEITHMETIC MEANS RELATED TO FOIJEIER’s SERIES 

365. If the Fourier’s series corresponding to a summable function /(a;) 
be summed by the method of arithmetic means (§ 27) we find, since 
the sum {x) of the first n terms of the Fourier’s series is 

^ I f {x') dx' + - S 1 / {x') cos r {x' — x) dx', 

that the Ces^iro’s partial sum (x) is given by 


Sn («) 


1 

TT 


1 r-^n-1 

2 + 2 
^ r-l 


n 


n 


cos r (x' — x)\f {x^) dx\ 


from winch it is easily found that 

" ^ ' 2n7rJ ( smi (x — x) ) ^ ' 

If we apply the Theorem I, of § 279, to the case in which 

El / / X 1 (sini» (a:' — a:))2 
F {x', x,n)-=^--\ . \ ;^r -/ V , 

2mr ( sm \{x — x)) 

for all values of x for which \ x' — x \ > ^i, and F {x', x,n) = 0 for all 
values of x for which | a;' — a; | S /x, where x is in the set 0 which con- 
sists of all the points of the interval (— v + fji,, v — fi), it can be verified 
that the conditions (1) and (2) of the Theorem I are satisfied. 


For 


1 isin {pc' 


x) I 1 

' < 2 ^ cosec^ for all values of n, and of x 


2mT [ sin ^ (x' — x) 

(in G) such that \ x' — x\> and for the other values of x, F (x', x, n) = 0, 
for all values of n. Therefore the condition (1) is satisfied. 


Also 


(^- 1 ^ 1 (sin Aw (a: — a:)) 2 j , , 

- — x-V dx , where x> — tt 

' 2w7r ( sin I (a: — a;) ) 


cosec^ Ajd, and therefore converges to zero, as n 


+ fx, does not exceed 
00 , uniformly for all 


j jsin^ (x' - a;)l 


27177 [sin I {x' — x) 


I 


dx' 


n 

the values of x in G. 

Similarly 

J JT-hl 

converges to zero, as n ^ qo , uniformly for all values of x in the interval 

rP 

(— TT -f- /ft, TT — /x) of X. It follows that F (x', x, n) dx' converges uniformly 

to zero, for all values of x in ( — tt 4- /x, tt — /x), where (a, /8) is any interval 
in (— 77, 77-); thus the condition (2) of Theorem I is satisfied. 


Hence 


converges uniformly to zero. 



. n , , 
sin 2 - 


:')dx' 
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The behaviour of S (x) at any interior point x of the interval (— tt, tt), 
as regards convergence, divergence, or oscillation, accordingly depends 
only upon the limits of 


1 

2n‘7T 


I 


X + fl 

x-fi 


{sm'^ix'-x) 

^ |sin^(a:'- a;)j 




as % ~ 00 , where n is so chosen that x — fi, x + ^ are interior points of 
(— TT, tt) ; and this expression is equivalent to 


where € = ^/u.. 


J /;{/(*+ 20 +/(.- 2 *)} 


That the behaviour of 8 (x) at a point x depends only upon the character 
of the series in an arbitrarily small neighboiurhood of a: is a consequence 
of the corresponding property of f{x). For, as in §340, f {x) may be 
expressed as (a;) + (a:) ; and since the series for /g (a;) converges to zero 

at the point x, the corresponding Ces^iro sum is also zero at x, and 8 {x) 
depends therefore only on the function /j (a;). 


Taking the case in which / (a:) = 1, in the interval (— tt, it), we see that 

dt, 




^^oo ^ttJo \ sin t 


1^00 ^7r Jo \sint 


and the expression on the right-hand side is 

f^TT 


r^TT 

lim 2 [J + cos 2t + cos 4t + ... + cos 2nf] dt = \it. 
Jo 

lim-!- 

«,~«W7r Jo \ smi / 


Therefore 
where 0 < e < ^ir. 

At a point at which f {x + 2t) + f {x — 2t) has a definite limit as < ~ 0, 
the limit of 


dt 


may be evaluated. For the value of the integral lies between 

^ (e) — (■“—;■) 3.nd m (e) — { ) dt, 

' Jo \ sm< / ^'mTjoXsmtJ ’ 


when M (c), m (e) are the upper and lower boundaries of /(a; + 2t) +/(a: — 2t) 
in the interval (0, e). T+. follows that 8 (x), 8 (x), the upper and lower limits 
of 8„ {x), as % ~ 00 , ' interval {\m (e), \M (e)). 

sly, (c), \M (e) have one and the same 
to which 8n (x) must converge. 


e is diminishe 
' fix + 
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In case / (« + e) + / (« — «) does not converge to a definite value as 
e ~ 0, it will have finite or infinite upper and lower limits 

/ (a; + 0) + / (a; - 0), / (a; + 0) + / (a; - 0), 

which certainly lie in the interval 

(/(a? - 0 ) + S{x + 0) , f ix - 0) -I- / ix T'O)'). 

We have accordingly established the following theorem : 

If f (x) be a summable function, periodic and of period 2 tt, the Cesctro 
partial sum 8„ (x), for the Fourier's series corresponding to f (x), converges 
at any point x at, which f(x) is continuous, to the value fix); at any point at 
which f ix) has an ordinary discontinuity, to ^ { / (a: + 0) + f ix — 0)}; and 
at any point at lohich / (a; + e) + / (x — e) has a definite limit, to 

ilim{/(x + 6) +fix- e)}. 

.~o 

Moreover, at any point x, the upper and lower limits of S„ (x) both lie in the 
interval bounded by the finite or infinite upper and lower limits of 

i if (* I- e) + fix - €)}, as e ~ 0. 

This theorem, so far as it applies to points of continuity, or points of 
ordinary discontinuity, of / (x), was first established for the case in which 
/ (x) is integrable (i?) in the interval (— n, n), by* Fejer. 

366. It has been shewn in § 27 that, if fix), fix) denote the upper 
and lower sums of the Fourier’s series at the point x, 

/(x)^.5(x)--*S'(x)^-/(x). 

It follows that Sn ix) cannot diverge unless (x) diverges, and thus that, 
when S„ ix) converges, /„ (x) must oscillate and cannot be divergent, 
unless it also converges. We have accordingly the following properties of 
Fourier’s series: 

At a point of continuity of f (x), or at a point of ordinary discontinuity at 
which / (x + 0), f ix — 0) are finite, the sum of the Fourier's series is either 
/ (x) or I { / (x + 0) + / (x — 0)} , or else it oscillates between finite or infinite 
limits so that f ix) or \ {f ix \- 0) -|- f ix — 0)} lies in the interval hounded by 
these limits, but it cannot diverge. It can only diverge if the Cesdro sum S ('■ 
is + CO , or — <x> . 

Next, let (a, b) be an intervp’ ’ >n ai 

(a — 8, 6 4- 8) in which / (x) ' 
for points in (a, b), are gi' 

— !*{/< 

nTrJo *' 

* Math, Annaleriy vol. Lvm ( 
vol. cxxxiv (1902), p. 702. 
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where e may be taken to be so smaU that the points a — 2e, b + 2^ are in 
the interval (a — 8, 6 + 8) for which / (a;) is bounded. The value of the 
above expression, for all values of x in (a, 6), does not exceed, numerically, 

^ f where A is the upper boundary of \f{x) | in 

(a — 8, 6 + 8). 


The remaining part of 8„ (x) has been shewn to converge to zero, as 
n~co, uniformly for all values of x in (a, 6), an interval interior to ( — tt, tt). 

We have accordingly the following theorem : 

In any interval {a, b), contained db an interval (a — 8, b + 8) in which 
f {x) is bounded, | 8^ {x) | is bounded for all values of n, and of x, in {a, b). 
If also all the points of {a, b) are points of continuity, or of ordinary discon- 
tinuity, 8„ (x) converges boundedly to f {x) or \ {f {x + 0) + f {x — 0)} . 


367. In case/(a:) is continuous in (a, 6), an interval interior to (— tt, tt), 
the continuity at a and 6 being on both sides, e may be so determined 
that 

\f{x + 2t)-f{x)\, \f{x-2t)-f (a:) | 

are both < rj, for all values of x in (a, b) and for t^e, We have then 

(a:) - / (x) = {/ (x + 20 + / (x - 20 - 2/ (x)} dt-{-d„, 

where is a number which converges uniformly to zero, for all values of 
X in (a, 6). From this equation we deduce that 

I s. I < S’) ^ I I < , + I I < 2,, 

for all values of x in {a, b), provided n is not less than some fixed value 
ri, . It follows that 8^ (x) converges uniformly to/ (x) in the interval {a, b). 

The condition that (a, 6) is interior to {— tt, tt) may be removed by 
considering overlapping intervals, each of which by proper choice of the 
origin may be made interior to ( — tt,tt). 

It has thus been established that : 


In any interval (a, 6), in which f {x) is continuous, the continuity at a and 
feeing on both sides, the Gesdro sum 8„ (x) converges uniformly to the xmlue 
fun t 


III 


’ision of the knowledge we have 
'Courier’s series, as compared 
theorem Avith the corre- 
X, we observe that in the 
I variation in an interval 
'•y for the validity of the 
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368. A more general theorem than that of § 366 has been obtained by 
Lebesgue. He has in fact shewn that the Cesiro sum converges to / («) at 

r ^ 

any point x for which \ f {x + t) + f {x — t) — 2f {x) \ dt has a differential 

J 0 , 

coefficient equal to zero, at the point t = 0. This condition will be satisfied 
at any point x for which both the functions 

I f l/(x-t)-/(x)jdt 

Jo Jo 

have differential coefficients of value zero, for # = 0. It has been shewn 

in I, § 432, that these conditions are satisfied almost everywhere in the 

interval (— tt, tt), of x. At a point of continuity of / (x), these conditions 

are satisfied, and the complete condition is satisfied at any point at which 

lim [f(x-ht)-i-f(x — t)] has a definite value, provided / (x) is taken to 
/~o 

have as its value half this limit. Thus Lebesgue’s theorem includes the 
theorem of § 365. 


In order to prove the theorem we have to shew that, when the con- 
i’* 

dition that \ {t)\dt has a differential coefficient of value zero, at the 
Jo 

point ^ = 0, then j <f> (t) dt — o {1), where <f> (t) denotes 

/ (x + t) +f{x - t) — 2/ {x), and /x is such that 0 < /a ^ ^tt. Taking 

I r< 

j ^ (t) dt X (0 ; point X, at which the condition is satisfied, 

t J 0 

X (0) = 0, and x (0 is continuous in the interval (0, pt). 

Since 


2nnlo ^ Isin 1 J [ 2»7r V sin j J 2»7r dt V sin 

it is seen that it is only necessary to shew that 


We have 


2n7T J 0 dt 

d /sin lnt\^ _ n sin nt 
dt V sin \t } 2 sin* \t 

and it wiU be sufficient to shew that 
1 
71 


sin® ^nt 
sin® \t 


cos y,, 


sin®in< ,,, 

an»T( -<>('), 


and 


... sinnf ,, 
JO sin® It 


In order to prove the first of these results it is sufficient to shew that 
1 ^ satisfies the conditions (1) and (2) of Theorem II of § 290, 

7h Sin^ 'hv 

and also the conditions (a) of § 292, and (6') of § 293. Since the function is 


TT 

numerically < - cosec® \t, in any interval interior to (0, tt), it converges 
yh 


HIT 


36 
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uniformly to zero, as w ~ oo ; therefore the conditions (I), (2) are both 
satisfied. In the present case conditions (b') and (a) may be taken 
together. 

To prove that these conditions are satisfied, we have 


t sin® \nt cos 
\^n sin3p 


< 


TT 


77 -; 


wJa, \sin|f/ »Jo\sinf</ 
thus the conditions (a), (6') are satisfied. The first part of the result has 
accordingly been established. 

sin 7zt 

To consider the integral J tx (t) apply the method of 

1/ Sin 7ht 

§ 296. The function . ^ . is bounded for all values of n in any interval 
Sin 

^ t sin Tht 

where 


'a sin®|< 

0 < a < jS S 77, converges to zero, as % ~ oo , since t cosec® is summable 
in (a, ^). 

Thus the conditions (1) and (2) of the theorem of § 290 are satisfied. 
To apply the condition (3), of § 296, we have to write for tF^ (nt), the 
expression t sin nt cosec® 

The maximum M (an) of t sin nt cosec® \t in (0, a„) is less than tt times 
the maximum of sin nt cosec \t, and this is less than 7 r®n. If we choo.se 


ttr, 


TT 


'I 


we have a„ Jf («„) < tt®. Again, N (a„) denotes the absolute 

Th 

maximum of cosec^ for all intervals contained in /x); and 

r/3 ’ rp 

since sin nt cosec^ ^tdt ^ (j8 cosec sin ntdt, where a' is in the 

J a J a' 

interval (a, j8), we see that N (a„) < — ; and thus ^ < 277. The two 

n a„ 

conditions of the theorem of § 296 being satisfied, it follows that 

sinw# J. ... 

/o sin®f# ' 

It has now been proved that ; 

The Fourier's series corresponding to f {x) is summable by Cesdro’s means, 
at almost all points of the interval (— tt, tt), the Cesdro sum being f (x). These 

points include all points at which \f{x + t)+f{x—t)—2f {x) \ dt has 

.0 

the differential coefficient zero, for t ~ 0. 

369. The theory of the Ces^iro sums may be applied to throw light upon 
the convergence of an important class of Fourier’s series. If the coefficients 

satisfy the conditions a„ = O , b„ = O , in which case 

a„ cos nx + 6„ sin nx = O , 



563 


368-370] Arithmetic Meam Related to Fourier's Series 


we have a class of Fourier’s series which includes the series corresponding 
to functions of bounded variation. By Hardy’s theorem (§ 64), at any 
point at which the series is sumraable {G, 1) it is convergent; therefore the 
Fourier’s series converges almost everywhere, and in particular, at every 
point of continuity or of ordinary discontinuity of the series. Although 
the convergence of the Ces^iro partial sums is uniform in any interval of 
continuity of the function, provided the end-points are points of continuity 
on both sides, it does not follow that the convergence of the Fourier’s 
series itself is uniform in the interval. It has thus been shewn that: 


A 


Fourier’s series for which a„ = O 



is almost everywhere 


convergent; in 'particular, it converges at every 'point of continuity, or of 
ordinary discontinuity of the function. 


The more general theorem has been established’*' by Hardy and Little- 
wood that: 


The necessary and sufficient condition that a Fourier’s series for which 
a„ = 0 , b„ = O should converge at a point x is that 

J-Jo{/(» + ^) \-f{x-t)-'2f{x)}dt^o{\). 

The theorem will be proved in § 414. 


370. It will be shewn that : 

The Fourier’s series for f {x) is summable (C, 2) at every point x at which 

I if + 0 + / ~ ~ 2/ (a;)} dt has, for t = 0, a differential coefficient of 

Jo 

value zero. 

This theorem is duef to Lebesgue. The set of points at which the 

condition is satisfied includes those for which | f{x)dx has a differential 

coefficient equal to / {x), and the set also contains that set of points at 

which \f{x\-t)-\-f(x — t) — 2/ (x) I dt has a differential coefficient at 
Jo 

the point t = 0, of value zero. To prove the theorem, we take for {x), 
the Cesliro partial sum, of order 1, the expression 

tr 

Sn (*) -/(*) =- + 20 t-/(a; - 2t) - 2f(x)} (}^Jdt-, 

writing u(t) =f{x + 2t) +f{x — 2t) — 2f {x), 17 (<) = [ u [t) dt, 

Jo 

* Proc, Lond» Math, Sac, (2), voL xvin(1917), p. 229. 
t Math, Annalen, vol. lxt (1905), p. 278, 

36-2 
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and integrating by parts, we have 

tr 





2 f2 

H U (t) cot t 



dl 


(7 m cosec .- — at. 

IT id ' ' sin i 


We now form the arithmetic mean - {/Si {x) + /Sj (») + ... + >S„ (*)} — / (a;) 

for the expression 8„ (x) —f(x), and consider separately the parts of this 
mean corresponding to the three terms on the right-hand side. The first 
term converges to zero, as w ~ oo , and therefore also its arithmetic mean 
converges to zero, as % ~ oo. At a point at which U {t)/t converges to zero, 
the second term converges to zero, as % ~ oo, by the theorem of § 366, and 
therefore its arithmetic mean does so also. The integral in the third term 
can be expressed by 



sin {2n -t- 1) < -t- sin {2n — 1) t 
sin t 


dt, 


where x (0 — ^ {t)f sin 2t., and for the point < = 0, ^ {t) is continuous and 
X (4- 0) = 0. Applying the theorem of § 365, the arithmetic means of the 
expressions 


fx(t) 

Jo 


sin (2n 4; 1) ( 


dt, 


^ . sin (2n — l)t 


[2 

xit) 

Jo 


dt 


Sint sin( 

both converge to zero, as w ~ oo , It has now been shewn that the sum 
{JS, 2), and consequently the sum {C, 2), of the series exists, and has the 
value / {x), at a point at which the condition stated in the theorem is 
satisfied. 


THE PROPERTIES OF A CERTAIN CLASS OF FUNCTIONS 

371. For the investigation of the Cesaro sum of order k, not equal to 1, 
of a Fourier’s series, it is convenient to employ certain functions, of which the 
properties have been investigated* by W. H. Young. Only those properties 
of the fimctions which are absolutely necessary for the purpose will be 
given here. 

The function defined for all finite values of t by 

_(, , ] 

r (p4-l)r (P 4- 1) (p 4- 2) ^ (p + 1) (p 4- 2) (p 4- 3) (p 4) •••[’ 

where p S 0, will be denoted by (<). It will be seen that (t) = cos t, 

(7j (t) = sin t, C 2 (t) = 1 — cos t, — ('p-i ( 0 - Writing tu for t, and 

multiplying by (1 — where g > 0, since (1 — t)”-^ is summable in the 
* Quarterly Journal, vol. XLm (1912), p. 161. 
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interval (0, 1), and the series which represents Oq (tu) converges uniformly, 
we may apply term by term integration, and thus obtain the formula 

r ^ 

(«) = wy-x C'p m (1 - dt, (0 < q). Giving p the values 0, 1, 
A wl .'0 

we obtain the formula 

16® r ^ 

Gg i'l^) = I (1 — 0*“^ COS tudt, q>0, 

Gg (u) = j (1 - tf-^sintudt, q> I, 

^9—2 j* 1 

Gg N = (1 - (1 - cos tu) dt, q> 2. 

It will be shewn that the function C, {u) is bounded for all values of q 
such that 0 ^ g 4 2, and for all values of m S 0. 

ri 

We have F {q) G, {u) = cos (1 — 0 udt, where g > 0; thus 

Jo 

r (g) Cq (u) — p-^ cos u cos tudt + P-^ sin u sin tudt 

Jo Jo 

f u ru 

COS tdt + sin sin tdt 

0 Jo 


= cosu 


TT TT 

• j” + I ■ <«~^cos#d< + sintt || '+ j |#«-isin<tft. 


Also 


“ p-^'^^^tdt, 
sin 


f 'V QQg 

. tdt, which is 

Sin 

TT 

1*2 COS 

numerically less than 2 The integrals P~^ tdt are both 

1 f'lry’ 

numerically less than ■" ( 2 ) • have thus 

|r«,)C.{«)i<?g)%4(|)''“, 


when 0 < g < 1. As g increases from 0 to 1, F (g) decreases down to a 

1 1 


minimum M which lies between 1 and 2, hence — ^ ^ ^ 


F (g) “ Jf ’ F (g + 1) M' 

0 < g < 1 , and thus | G, («) | < ^ ( 2 j (tt + 4) < (tt + 4) ; since Gq (u) is 

also bounded for all values of u, it has now been shewn that | G, (u) | is 
bounded for 0^g<l,t*S0. In case 2 ^ g ^ 1, by employing the formula 

r (g — 1) cos — t)udt in a, similar manner, it can be 

shewn that | C, {u) | is bounded for all such values of g, and for u^O. 
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If g > 2, we have 




r(.7-i) r(?-2)jo 


(1 — <)«-®cos tudt, 


and therefore 


^ 1 ^ 2 . 


hence | u~^G„ (m) | < where 4 is a fixed number. 
u 

When 0 ^ ^ 2, it has been shewn that | Cg (u) \ < 


Since 


we have 


{u-^ Cg {u)) = — qu-^-^ Gg (u) + Gg . J {u), 

L I < /« + f. • ‘O'- • < « ‘ 2, 

<?+|, for2<,<3, 


{U-OCgiu)} <^ 3 , 


for q> S, 


where P and Q are fixed numbers independent of u. 

d 

Therefore, when g'> 1, ^^{u~^Cg{u)} is, for all values of u greater 

than 1, less than a fixed multiple of u-^, or of %“«, according as > 2, or 2, 
Since the variation of Cg {u) . u~^ in the infinite interval (0, qo ) is given by 

J„ I* 

which integral exists, as the integrand is less than a fixed multiple of u~^, 
or of «-«, it is seen that Cg («) u-^ is, for g > 1, of bounded variation. 

If g > 1, we have 

1 1 7"/ 

M ^9 (^) cos xtdt — ^ dt — — sin tu{\ — uY~^ du, 

!o ^ l(g — t)jo tJo 

and the order of the successive integrations may, in accordance with the 

theorem of § 241 (2"), be changed, since (1 — is summable in (0. 1 ), and 


sin^itcosx . 


is a bounded function of {t, u) in a rectangle (0, 0 ; .4 , 1 ) , whose in- 


f ^ si 

tegral over (0, .4 ) with respect to t converges boundedly to - - 

I n 


sin tu cos a;f 


Therefore 


f" 1 


cos xtdt 


r(g- 1 ) 


^ (1 - uY 

Jo 


“2 du 


sin tu cos xt 


1 

;pr . Jtt (1 — uY~^ du, if X ^ 1, and = 0, if a; S 1. 

1) Jx 
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Therefore 

/•QO 

I (7, it) cos xtdt 
Jo 

provided g" > 1. 


if a: S 1, and = 0, if a; S 1, 


THE STJMMABILITY {C, k) OP POHRIER’S SERIES 


372. It was shewn by M. Riesz*, Chapmanf , and W. H. YoungJ that a 
Fourier’s series is summable {C, k), where !;> 0, at any point of continuity 
or of ordinary discontinuity of the function. The theorem was extended 
by Hardy §, who shewed that the summability holds good almost every- 
where in the interval (— w, tt), of x. 


Since / {x) ~ ^<*0 + ^ (®m cos mx + sin mx), 

m 1 

we have 

00 

i {/ (* + 0 + / (a: — t)} ~ iuo + S cos mx -f sin mx) cos mt. 

By the theorem of § 384, since (co<)-0+*) C-i+j, {tot) is of bounded variation 
in the whole interval (0, 00 ) (see § 371), and since it is absolutely summable 
in (0, 00 ), we have 

I r *=) {oyt) \f(x + t)+f(x- <)] dt 

^ .'0 

= I '■*> Ci+k (w<) dt 

Jo 

00 

+ S (a„ cos mx + sin mx) G^+k (‘"O cos mtdt. 

VI 1 Jo 

Changing ojt into t, and using the theorem 


f <-{!+*:) Cj i fc {t) COS ^ tdt 

where m < to, we have 


TT 

2r (!;■+ 1) 



/ 7Yh\ 

+ S (1 ) (a„, COS mx + b,„ sin mx) 

7tl<fo \ CJ / 

- ' ■’ J. + i) + - i)_ 


dt. 


where k is any positive number. The expression on the left-hand side is 
the partial Riesz’s sum of the Fourier’s series, of order k (see § 45). 


♦ Comptes RenduSy vol. cxlix (1909), p. 909. 

t Proc, Land, Math, Soc, (2), vol. ix (1911), p. 390; also Quarterly Journaly vol. XLiii (1911), 

p. 26. 

X Leipziger Ber, vol. lxiii (1911), p. 377. 

§ Proc. Lond. Math. Soc. (2), vol. xii (1913), p. 365. 
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Let <f> (/) denote/ (a: + <)+/(« — <) — 2/ (x), then 

r (1 + *) 


[oh. vm 


(r 

Jo 




/ ??l»\ ^ 

— iOo + S 1 1 ) (a„ cos mx + sin mx) — f (a:). 

It will be proved that 

lim f *-(1+*=) Cj+fc (t) <f> (-*-) dt = 0 
<»~« Jo \t»/ 

for any point x at which [ j ^(t) j dt has a differential coefficient of value 

Jo 

zero, for f = 0. This is the case for almost all values of x, and in particular 
at a point of ordinary discontinuity, provided f(x) = i {f(x + 0) +f{x — 0)}. 
Thus the theorem is established when the limit of the above integral has 
been shewn to be zero. It will be assumed that 0 < I; < 1, because the 
summability when I: > 1 follows from the summability (C*, 1) which has 
already been established. 

The interval (0, oo ) may be divided into three parts (0, 1), (1, co), and 
(a>, oo ). Considering these separately, we have 

since Ci+k (t) is bounded for < S 1. At a point at which 

lim 7 [ \<l>(t)\dt = 0, 
t~o * Jo 

have \ (f> (t) \ dt < et provided t is sufficiently small, thus 
Jo 


we 


j <f> ^ (?# = a> j" \ (f) (t) \ dt < e, 


if tt> be sufficiently large, or 

i: 


dt 


< Ae, 


where e is an arbitrarily chosen positive number, provided to > we. 

Again j (t) <f> dt, since Cj+j. (t) is bounded for < ^ 1, is 

numerically less than 

B J” I ^ (ft,) i 1 ^ I 

and this is equal to 

J* 1 ^ (f) I + (A; -i- 1) J ^ /-(*+2) I Jj ^ W I di^ 

Bco-^ jo (1) - a)*+i 0) + (* + 1) I ^ <-(*+2) O (t) (ftj , 


or to 
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where ^> (<) = [ I ^ (i) I dl. Since 0 (<) < et , for 0 £ < S >i ; and dividing 
Jo 

the last integral into parts taken over (w~^, ij), (rj, 1), we see that this 
expression is numerically less than an arbitrarily chosen positive number f , 
provided <o is sufficiently large. 


Lastly, I <-(!+»■) Oi+i: (t) ^ j df, or a>”* j" Ci+n. (<ot) <f> (t) dt, is 

/•CO 

numerically less than a fixed multiple of to“*= J <-(!+*=> | ^ (t) | dt, or than 
[ I ^ (0 I ^ ll+fc + •••^ which is less than a fixed multiple 


of w*, and thus converges to 0, as a> ~ qo . The theorem has now been 
established that : 


A Fourier’s series is summable {C, k), where k> almost everywhere in 
the interval (— tt, v), the sum (C, k) being f (x). At any point of continuity 
of the function, the sum (C, k) is f (x), and at any point of ordinary discon- 
tinuity it is h if {x + 0) + f {x — 0)}; at any point at which f {x + t) +f(x — t) 

has a definite limit, as f ~ 0, the sum {C, k) is | Hm {f{x-\-t)+f{x—t)}. 

t-o 

If F {x) denote an indefinite integral of / {x), the theorem, when com- 
bined with that of § 370, may be stated as follows : 

A Fourier’s series is summable (C, 2) at any point x at which 
^^l{x + t)-J'(x-t) 

has a unique value, and the set L of all srwh points contains a set, of measure 
2w, at e(tch point of which the series converges {G, k), where k>0. 


373. It is easily seen that, in any interval (a, b), in which / {x) is 
continuous, the continuity at a and 6 being on both sides, the sum {€, k) is 
continuous. For a number S can be so determined that \ <f> (t) \ < -q, for 
all values of t such that 1 1 1 < 8, and for all values of x in (a, b). The 


integral j ^-(1+*') (f) (j, 'j dt is less than Arj, for < 8. The integral 

.0 ' \o)/ 

j <-(1+^) (t) dt converges uniformly in (a, b) to zero, as ~ co , 

^ 1 r< 

because | <5^ (^) I dt converges to zero, uniformly for all values of x in 
t Jo 


f “ ' t \ 

(a, b). Also <-(!+*) (t)<h( ) dt converges uniformly to 0, as w ~ oo . 

.' m \(0/ 


Thus it has been shewn that : 


In any interval {a, b) in which f {x) is continuous, the continuity at a and 
b being on both sides, the partial sum {C, k), where k> 0, converges uniformly 
iof(x) in (a, b). 
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374 . The theorem that a Fourier’s series is summable {C, k), for k> 0, 
almost everywhere, does not provide necessary and sufficient conditions 
that the series should be summable (C, &) at a particular point, and no such 
conditions, of a simple character, are known. The question has been 
considered by Hardy and Littlewood, of the conditions under which, at 
a particular point, the series is summable {C, k), for some value or another 
of k. They have obtained* * * § the following theorem : 

The necessary and sufficient condition that the Fourier's series correspond- 
ing tof (x) should be summable {G, r), for some value or another, of r, at the 
point X, is that there should be an integer k such that, if 
<f>(t)^f{x\t)-\-fix-t)-2f(x) 

1 1 j’* 

and (1) ~ j ^ (li) dlit ^2 ( 0^7 (^i) ••• > 

then lim {t) = 0. 

<~o 

The function f {x) may be either summable, or may satisfy a certain more 
general condition of integrability. 

From this theorem they have deduced that: 

If f (x) is bounded in a neighbourhood of the point i, the Fourier's series 
corresponding to f (x) is, at the point $, either summable (C, k) for every 
positive value of k, or summable for no value of k. 

375 . At a point x at which the condition 

I \fix + t)-\-f{x~t)-2f{x)\d.t--^o (t) 

.'o 

is satisfied, the condition 

[ {/ (» + t) +f ~ <) - 2/ («)} dt^o (t) 

Jo 

is also satisfied, but the converse of this does not hold. 

It has been shewnf in § 370 that, at any point at which the second 
condition is satisfied, the series is summable {C, 2), and it was shewnj by 
W. H. Young that the series is summable (C, k), where A: > 1. 

An example has been given § by Hahn of a function which at a particular 

[t 

point X satisfies the condition {f {x t) + f (x — t) — 2f («)} dt -= o {t), 

Jo 

but at which the series is not summable {C, 1) ; at this point the condition 

[t 

ll/(* + t) -{■ f [x — t) — 2f {x)\dt = o (f) is of course not satisfied. Ac- 
■ 0 

cordingly the first condition, although necessary, is not sufficient, for the 

* Math, Zeitachr, vol. xix (1924), p. 70. 

t Math, Annaleyif vol. LXi (1905), p. 274. 

X Proc, Lond, Math, Soc, (2), vol. x (1912), p. 268. 

§ Dentsch, Math, Vereinig, vol. xxv (1916), p. 359. 



374 - 376 ] The SummahilUy (C, k) of Fourier's Series 571 

convergence (C, 1) of the Fourier’s series. The series is then however 
summable {G, 2). 

It has been shewn* by W. H. Young that the series obtained by term 
by term differentiation of the Fourier’s series corresponding to a function 
of bounded variation is summable (G, k), for k>0, almost everywhere, 
the sum {G, k) being equal to the differential coefficient of the function. 

sm Ti/Cc 

For example 2 cos nx is a series of this kind, since 2 is the Fourier’s 

91=1 

series of a function of bounded variation ; but 2 sin nx is not such a series, 

n-l 

COS Tl/CC 

since 2 isnottheFourier’sseriesof a function of bounded variation. 

n-l 


THE CESARO summation OF A FOURIEE-DENJOY SERIES 


376. Let / («) have a D-integral in the interval (— tt, tt), then the nth 
CesAro sum, of order 1, of the Fourier’s D-series, corresponding tof{x), is 



sin In {x' — a;)] ^ 
sin J (x' — x) _ 


dx\ 


Let (a, b) be an interval interior to an interval contiguous to the set 
H, of points of non-summability of the function / (a;) ; and let 


fix) =/i («) +/2 (a;). 


where (x) == / (a:) at all points of the interval (a, 6), and let fi (x) = 0 at 
aU other points of (— n, n). The function /i (x) is summable in the interval 
(— TT, it), and consequently (see § 368), 

converges to / (a;) almost everywhere in (a, b), and in particular at any 
point at which {fix + t)+fix—t)} converges to 2/ (a:) as < ~0. Also the 
convergence to / (x) is uniform in any interval contained in (a, b) in which 
the function is continuous, the continuity at the end-points being assumed 
to be on both sides. 


sin ^n jx' - a;) ] ^ 
sin A [x' ~ x) \ 


We have to examine the convergence of 




sm 2 

sin I {x' — x) 


dx' 


in the interval (a + jjb, h — /x), where /x is an arbitrarily chosen positive 


number (< 


a 


. The function /g {x') has the value zero within the 


♦ Proc, Lond, Math, Soc, (2), vol. xiii (1913), p. 23. 
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interval (a, 6), and elsewhere it has the values of / {pc'). The expression to 
be examined is equivalent to 


1 f® 


where 


"sin \n {x' — x)' 


dx' + 


"sin \n (x' — x) 


dx’. 


<I> {x' — x,n) = 


sin \ {x' — Jc) J ' 2mr\b ^ [ sin J («' — x) \ 

Let us consider | / {x') <I) {x' — x, n) dx', 

'sin \n {x' — a;)"| ^ 

2TO7r L sin f («' — «) J 
"We shall suppose x to be confined to the interval (a + ja, b — fi); so 
that, in the integrand, x — x'^jx, x — x'&b~iJi. + ‘jT<27T — fi, and thus 
I sin ^ {x' — x) \ z, sin ^fx, for all the values of x and x' concerned. Applying 

ra 

the theorem of § 287, we see that lim / («') O {x' — x, n) dx' = 0, and 

n,/^O0 J -TT 

the convergence is uniform for all values oi x in {a + (x,b — fx), provided 
(1), 0 (»', X, n) is, for eaeh pair of values of x and n, of bounded variation 

in (— TT, a), and (2), the condition < K i& satisfied, where K 


is independent of x and n, and (3), O {x' , x, n) converges to zero, as n 
uniformly for all points x, in {a + fx,b — fx). 

It is clear that the condition (1) is satisfied; also 

<I> (x', X, n) < „ - - cosec* iix, 
zn-TT 

and therefore (3) is satisfied. 

"We have also 


00 


30 {x' — X, n) 


dx' 


thus 


1 

2n7T 
00 {x' — X, n) 
dx' 


n sin n {x' — x) sin* \n {x' — x) cos J {x' — x) 
2 sin* J {x’ — x) 2 sin* J (x' — x) 

< ^ coseo* iix + cosec* hfx, 

47r ^ 47 t 


and hence the condition (2) is satisfied. 
It has now been proved that 


1 f® 


r . n , 
sin 2 (a: — x) 


dx' 


[sin i (x' - x)j 

converges to zero, as n ~ oo , uniformly for all points x in the interval 
(a + ix,b — fx). 

In a similar manner the corresponding result can be proved for the 
integral whose limits are b and tt. 

It has now been shewn that, for any interval (a, b) interior to an interval 
contiguous to H, the partial sum {C, 1) of the series converges to / (x) 
almost everywhere in the interval (a, 6), converging to 

i lim {/(« + «) +/(«-<)} 

<~o 



376, 377] The Cesaro Summation of a Fourier-Denjoy Series 57S 

at a point at which the limit exists. Moreover the convergence is uniform 
in an interval interior to (a, 6), in which / {x) is continuous, provided it is- 
continuous on both sides at the end-points. 

For that class of Denjoy integrals for which m (H) = 0, including the 
ZfZcintegrals as a sub-class, the series must converge almost everywhere 
in (— tr, 7 t). 

The following theorems have accordingly been established* : 

If f {x) have a D-irUegral in (— tt, tt), then, almost everywhere in an 
interval contigvmis to the set H, of joints of non-summability of f (x), the 
Cesdro sum {G, 1) of the corresponding Fourier’s D-series exists, and is equal 
tof{x). 

In case the set H have measure zero, and in particular for all functions 
which have an HL-integral in (— n, 7 r), the series is summable ((7,1) almost 
everywhere in (— it, - n). 

In any interval of continuity of f (x), provided the continuity at the end- 
points is on both sides, the Cesdro partial sums converge uniformly to f (x). 

The first theorem cannot be improved by taking the Ceskro sum (C, 8), 
where 8< 1, instead of (G, 1). For if the series were summable (C, 8) at 
a particular point a, which we may, without loss of generality, take to be 
the point a; = 0, we should have a^ ^ o (w*) (see § 52). It has been shewn 
by Titchmarsh (see § 339) that a series of the type in question can be 
constructed for which this condition is not satisfied. 

A proof has been pubhshedf by Priwaloff that every Fourier’s (D) 
series is summable (C, 1 -f 8), (8 > 0), almost everywhere, but there is a 
part of this proof which appears to need elucidation. 

PROPBBTIBS OP THE POUBIER’s CONSTANTS 

377. Let/(a:), g (x) be functions such that {/(«)}^ {g {x)Y are both 
summable in the interval (— 77, tt). It will be shewn that 

j_ g{x){f{x)-fn(.x)}dx 

converges to zero, aa n ~ fn {x) denoting the sum of the first 2» -)- 1 
terms of the Fourier’s series Jao -t- S (a„ cos nx + 6„ sin nx), corresponding 
to fix). 

First, let g (x) be a bounded function, then a function ge (x) can be 
defined (i, § 385) which takes only a finite set of values in the interval,, 
and is such that \g{x)- ge {x) \ < e. We then have 

I («) {/ («) - fn ix)} dx= t cJ {/ (x) - f„ («)} dx, 

* See Hobson, Proc, Lond, Math, 8oc, (2), vol. xxii (1924), pp. 420-424. 

f Rendiconti d, Palermo^ vol. xu (1916), p. 203. 
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where c^, Cg, ... c, are the values of ge {x), and where e, is the set of points 
at which {x) = c,. 

In virtue of the theorem of § 362, the expression on the right-hand side 
converges to zero, as % ~ qo . 

Thus lim [ ge (x) {f(x)— /„ («)} dx = 0. 

n^co J —rr 

Also - 

r S' («){/(«) - /« («)} dx=\ {g («) - ge (a;)} {/ (a;) - /„ (a;)} dx 
J — TT J -V 

+ f ge{x){J{;x)~f„{x))dx. 

J —IT 

The first integral on the right-hand side is numerically less than 

el \fi^)~fn{x)\dx, 

J —TT 

or than c {/ (a?) — /„ (x)}^ di^ 

which is less than a fixed multiple of e. The second integral converges to 
zero, as w ~ 00 . It follows that 

g (*) {/(«)- fn (a;)} dx 

cannot exceed a fixed multiple of e ; and since € is arbitrary, it follows that 

lim [ g{x){f (x) - /„ (a;)} dx = 0. 

Tt^QO J -TT 

Next, let g (x) be unbounded, but such that {g (a;)}^ is summable, and 
consequently such that / (a;) g (x) is summable. 

Let g {x) = gfi (a:) -|- g^ {x), where g^ {x) -= 0 when | s' (a;) | > A", and 
9\ (®) = 9 (®) when | (a;) | ^ A ; where A is an arbitrarily chosen positive 

number. 

We have 





9i{^){f{x)-fn{x)}dx 

— TT 

f 92{«:){f{x)-fn{x)}dx; 


the first integral on the right-hand side converges to zero, as w. ~ qo , since 
gi (x) is bounded; and the second is numerically less than a fixed multiple 

(independent of «.) of | J {g (x)}^ dxj^; where B denotes the set of points 
in which I g (a:) I > A. For {/(») — f„ (a;)}^ dx is less than a fixed number. 

J(E) 
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Since {g (a;)}® dx converges to zero, as m {E) converges to zero, which 
hm 

happens when N is indefinitely increased, it follows that 

f ■ 9{^){f(^)-Sn{x)}dx 

J —TT 

converges to zero, as w ~ qo . 

The folloAving theorem has now been established ; 

If f (x) he a function whose square is summable in the interval (— tt, tt), 
the Fourier's series corresponding to f {x) is integrable term by term over 
(— 7T, tt), when multiplied by any function g {x) whose square is summable, 

and the integrated series converges to j f (x)g (x) dx. 

J —It 

It may be observed that the theorem holds when the integration is 
taken over any measurable set e in (— tt, tt); for we have only to replace 
g {x) by a function which is equal to g {x) in the set e, and to zero in the 
complementary set. 

378. If the Fourier’s series corresponding to g (x) be denoted by 
^ao' 4- S (a,/ cos nx f b„' sin nx), 
we obtain the following theorem : 

If f (x), g (x) be two functions such that the square of each of them is 
summable in (— tt, tt), and their Fourier’s constants be denoted respectively by 

oO 

ao, ai, 6i, a^, b^; af, af, 6/, af , b./, ... the series Jao«o' + ^ («na«' + b„b„') 

n *1 

1 

cmiverges to - \ f{x)g (x) dx. 

In particular, let g {x) = / («); we have then the theorem that: 

If f (x) be a function such that its square is summable in (— tt, tt), and 

OO 

ao,«i,6i,... are its Fourier’s constants, the series ^a^^ \- 2 {a„^ + b„^) 

n~l 

1 f" 

converges to - \ {/ («)}* dx. 

TT J -fl- 
it will be observed that these remarkable theorems express properties 
of the Fourier’s constants for functions whose squares are summable, and 
do not involve any knowledge as to the convergence or non-convergence 
of the corresponding Fourier’s series. They have been obtained as the 
result of a whole series of investigations in which the theorems were proved 
for the cases of functions of special classes involving greater restrictions 
than the sole condition that the squares of the functions should be sum- 
mable. The first theorem is known as Parseval’s theorem, in virtue of the 
fact that it was first stated’'* by Parseval, whose proof was valid only 


* Sav, 4tr, vol. i (1806). 
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subject to very stringent assumptions. For the case in which the function 
is integrable (F), the theorems were proved independently of one another 
by Hurwitz* * * § , Liapounofff, and de la Vall6e PoussinJ. The theorems were 
extended by Lebesgue§ to the case of bounded summable functions, by a 
method involving Fej6r’s theorem relating to arithmetic means. The 
theorem, as given above in its complete generality, was obtained by Fatou ||. 
It will be shewn in § 399 that the theorem may be extended so as to apply 
to any two functions / {x), g {x) such that | / (a;) (**, \g {x) are summable 
in the interval ( — 77, w), where p and q are two positive numbers such that 



379. Let -f 2 (a„ cos nx + 6„ sin nx) denote any trigonometrical 

n^l 

00 

series such that 2 (a„® + b„^) is convergent. Denoting hyfj, {x) the partial 

n= 1 


P 

sum 4 - 2 (a„ cos nx + b„ sin nx), it is seen that 
1 

r {fA^)-SA^)?dx = n Y (a/ + 6„2), 

. -rr W = 2?+l 


where q> p, and it follows that 


lim (x) - /p (a;)}2 dx = 0 ; 

and thus that the sequence /j (x), {x), {x), ... is convergent on the 

average (see § 170). Consequently, a sequence 

/«l i^), ••• 

can be so determined as to converge almost everywhere to a function / (x) 

whose square is summable, and which is such that {/ (x) — /„ (x)}^ dx 

J —TT 

converges to 0, as » ~ oo ; and thus the sequence {/„ (x)} converges on the 
average tof(x). 

It follows, as in §172, that I {f(x)}^dx = lim 1 {f„(x)y^dx, and 

J -n j —TT 

1 

therefore - {/ dx is the sum of the convergent series 

^ J -IT 

+ S +- 6^2). 

7l=»l 


* Maih, Annalm, vol. lvii (1903), p. 425, and Comptes Rendus, vol. cxxxii (1901), p. 1473; 
see also Annalea de Vicole ncrmcUe sup. (3), vol. xix (1902), p. 357. 

t Stekloff states in the Comptes Rendus for Nov. 10, 1903, that the first theorem was com- 
municated by LiapounofE to the Kharkow Mathematical Society in 1896. 

t Anncdes de la soc, scL de Bruxelles^ vol. xvi (1893). 

§ Lemons sur lea sdriea trigonomitriquea, pp. 100-101. 

11 Acta Math. vol. xxx (1906), p. 352. 
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Since j {/(«)—/„ («)} cos mxdx cannot numerically exceed 

I'"' f {/ (*) - /» (*)}** 


is less than the arbitrarily chosen 


it follows that | / (x) cos mxdx — 7ra„ 

J —n 

number e, as is seen by taking n sufficiently large. 

1 

It follows that = - \ f(x) cos mxdx ; and similarly it can be proved 
TT J -ir 

1 

that = “ f {^) sin mxdx. 


Consequently the trigonometrical series is the Fourier’s series corre- 
sponding to / («). It has now been established that: 

Any trigonometrical series such that the sum of the squares of its coefficients 
is convergent is the Fourier's series of a function f (x), of which the square is 
summable in (— n, n). 


This is the converse of the theorem of § 378. 

That the function/ (x) is unique, in the sense that every function which 
satisfies the condition that its Fourier’s series is the given series differs 
from / (x) only at points of a set of measure zero, has been established 
in § 361. It can also be proved as follows: Let /j {x), f^ {x) be two sum- 
mable functions to which correspond one and the same Fourier’s series. 
By the theorem of § 368, the Ces^ro sum of the series is almost everywhere 
equal both to /i (x) and to /a (x). Therefore the values of f^ (x) and f^ (x) 
coincide almost everywhere. 

This may be stated in the form that: 

If a^, a^, b^, a^, b^, ... be a given sequence of numbers such that the sum of 
their squares forms a convergent series, there exists a function f (x), and it 
is unique except for equivalent functions, for which Oqj ^ 2> ••• 

the Fourier’s constants. Moreover the square of this function is summable. 

This theorem is known as the Riesz -Fischer theorem*,! or trigonometrical 
series. An account of various proofs of the theorem has been givenf by 
W. H. and G. C. Young. 

A simple proof of the Riesz-Fischer theorem has been obtained, but 
not yet published, by Pollard, who proves that, when {/(x)}* is not 


* See F. Riesz, Comptes Eendus, vol. cxliv (1907), pp. 615-619 and 734-736; also Oottinger 
Ndchr, (1907), p. 116 and Comptea Rmdua, vol. cxLvm (1909), pp. 1303-1305. See also Fischer, 
Comptes EenduSy vol. cxliv (1907), pp. 1022-1024. 

f Quarterly Journal, vol. xliv (1912), p. 49. 
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summable, this implies that ^0^®+ 2 (a„® + 6„®) is divergent, and who 

n“l 

proves simply, by means of Ces^iro summability, that 

- f" {f{x)ydx^ K" + s (a„® + 6„®), 

TTj-w W-1 

which is the reverse of the inequality of Bessel. 

The above theorem may be expressed in the form that, if ao> %> 

... be numbers such that Ui® + bi^ + Uj® 4- 62* + ••• is convergent, 
the set of equations 

If*" If” If” 

ao = - f (x)dx, «„ = - / (x) cos nxdx, b„ = - I f (x) sin nxdx, 

77 J n J 77 J • 

where ti — 1, 2, 3, ... is satisfied only by a single summable function, apart 
from equivalent functions, and this unique solution is such that its square 
is summable. If the sum of the squares of the numbers is not convergent, 
it has not been established that there exists any solution of the equations. 

It is thus seen that no summable function F (x) exists which differs 
from zero at a set of points of positive measure, such that 

[ F {x)dx = 0, f F (x) nxdx, for n~ 1, 2, 3, ... . 

J -IT J -ir Sin 

This may be expressed by the statement that no summable function 
exists which is orthogonal to all the orthogonal functions 

1, cos X, sin X, cos 2x, sin 2x, ... , cos nx, sin nx, ... 
the orthogonality having reference to the interval (— 77, 77). 

In other words these functions form a complete system of orthogonal 
functions for the interval (— 77, 77) (see § 489). 

GO 

A sequence of numbers x^, x ^, ... x „, ... such that 2 a:„® is convergent 

71“ 1 

is said to define a point in Hilbertian space. The above theorem shews 
that there is a unique correlation of the points of Hilbertian space with 
functions whose square is summable in a given interval, provided equi- 
valent functions are regarded as identical. 


380. Parseval’s theorem, given in § 378, may be extended to the case 
in which one of the functions / {x) is summable, but not necessarily either 
{/(a;)}® or \f{x) for any positive value of q, and the other function 
g {x) is measurable and bounded ; provided that the series 

^UoUq' -f 2 {ttnCtn + ^nbn) 

71 “ 1 

is convergent. 


It has been shewn in § 366 that the partial Ces^lro sum 
-f (cq' cos X -I- bi sin x) ^1 — -f ... 
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converges boundedly, provided g (x) is bounded in (— tt, tt), and that it 
converges almost everywhere to g (»). Denoting this partial Cesiiro sum 
by Gn (x), we have 

^ ^ 

+ K-ia'n-i + b„-ib'n-i) (l - — : 

the sum on the right-hand side being the nth partial Ces4ro sum of the 

CO 

series + S («„«„' -f- 6„6„'). 

1 

In accordance with the theorem of § 306, since (7„ (x) is bounded for 
all values of n and x, \ f (x) Gn (x) dx converges to j / {x) g {x) dx, and 

J —TT J -IT 

consequently the sum on the right-hand side is convergent. Therefore in 
1 f" 

any case f (x) g (x) dx is the Ces^ro sum of the series of products of 

the Fourier’s constants of the functions / (x), g {x). In case this latter 
series is convergent, its sum is equal to the Ces^lro sum. 

The following theorem has accordingly been established : 

If f{x) be summable, and g{x) be measurable and bounded in (— tt, tt), 

00 

and if the series \aQaf -t- S {a„an -t- b„b„') is convergent, its sum is 

n 1 

] 

f(^)G (*) dx. In any case the Cesdro sxrni of the series exists, and has 
TT j 

this value. 

In the particular case in which g (x) is of bounded variation in the 
interval (— tt, tt), it has been shewn in § 333, t]iatg„ (x) converges boundedly 
to g (x) ; and it therefore follows that 

lim I fix)g„{x)dx=^\ f{x)g{x)dx, 

Tl'^CO J —IT J —IT 

from which Parseval’s theorem follows. It has accordingly been proved 
that: 

Parseval’s theorem 

1 Tit 00 

- f{^)9 («) dx = Ktto' + S (a„a„' + 6„6„') 

TT J n-1 

holds for any pair of functions, one of which is summable, and the other of 
which is of bounded variation, in (— tt, tt). 

381. The theorem can be extended to the case in which the function 
/ («) possesses only an JEfL-integral in (— tt, tt), the other function g (x) 
being of bounded variation. 


37-2 
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The functions /(»), g {x) will be taken to be periodic, of period 27t. 

We have g (x) — lim 0„ {x) = lim J g {x + z) provided 

g (x) = ^ {g {x + Q) + g {x — 0)}, at any point of discontinuity of g (x). It 
is known (see § 366) that Gn (x) is bounded with respect to (n, x), and it 
will be shewn that the total variation of G„ (x) in ( — tt, tt) is bounded with 
respect to n. 

Since g (x) is of bounded variation in (— 2jr, 27r), g {x) can be expressed 
in the form P{x) — N {x), where P {x) and N {x) are bounded and mono- 
tone non-diminishing in the interval (— 2tt, 2tt); and thus 
g{x + z) = P{x + z)~ N (x + z), 

where P {x+ z), N {x + z) are monotone non-diminishing, for each value 
of X, in the interval (- tt, v) of z, provided x is in the interval (— w, tt). 

1 /sin ^ 

The function „ — P (x + z)(—. — ) dz is a monotone non-diminish- 

2n-iT J \ sin Jz / 

ing function of x, in the interval (—tt, tt), and thus its total variation is 



/sin \nz 
V sin iz 

for all values of n ; therefore the total variation is bounded with respect 
to n. The same argument applies to the case in which N {x + z) takes the 
place of P{n + z), and therefore the total variation of G„ (a?) is bounded 
with respect to n. 

In accordance with the theorem of § 310, since \g i,x) — Gn{x)\ is 
bounded with respect to {n, x), and Vl„G„(x) is bounded with respect 
to n, and G„{x) converges to g{x), it follows that 

[ f{x)g (a;) dx = lim [ / (x) G„ {x) dx. 

J — TT Tl'^co J —IT 

Therefore 

- I f{^)g (*=) dx = lim |iao«o' + f 1 ” 1 i + ••• 

TT J -rr ( \ 71 

+ (l" 0 

The following theorem* has therefore been established : 

Iff (a;) have an HL-irdegral in (— tt-, tt), and g (x) be of bounded variation 

IT" 

in the same interval, then - f {x)g (*) dx is the sum of the series 

TT J 

00 

Jaotto' + S (a„a„' -|- 6„6„'), 


dz, which = 1, 


1 f 

which does not exceed a fixed multiple of J 


* See W. H. Young, Proe. Land, Math. Soc. vol. ix (1911), p, 458. 
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provided this series converges, and it is in any case eqvxil to the Cesdro sum 
(C, 1) of this series. 

The above theorem may be extended to the case of integration over 
any finite interval (a, )8), in which f{x) has an HL-integral. If (a, jS) be 
contained in {— n, n), we may take the function which has the value /(») 
in the interval (a, j8), and the value zero in the remainder of (— tt, tt). It 
thus follows that 

f («) 9 («) = lim f /(a;) G„ (x) dx. 

J a H'^oo J a 

In the general case the same result follows by dividing (a, into a finite 
number of parts, each of which is in an interval (rvr, r + 2^), where r is 
integral. We have therefore 

•/3 r (-3 

/ {x) g (x) dx = lim f{x) dx 

* a L *' 

•f S ^1 — f {x) cos rxdx -\ b/ J f (x) sin rxdx^ . 

It may be proved, in a similar marmer that, if f{x) have the period 27r, 

and have an HL-integral in{~ tt, n), and g (x) be any function of bounded 

variation in (a, $), then 

rP r fP 

f{x) g («) dx lim ^a^ g{x)dx 
J a 71'^ 00 L ' ^ 

r^n~\/ T\ { 

f S (1 — ) g {x)cosrxdx \ hr g {x) sin rxdx)- . 

These results have been extended*, by W. H. Young, to the case in which 
is infinite, provided, in the second case, that a© — 0, and that g (x) ~ 0, 


as X ■ 


00 


THE StTBSTITHTION OE A FOCTRIEE’s SERIES IN AN INTEGRAL 

382. If f(x) be a periodic function, of period 27r, and the corresponding 
Fourier’s series be denoted by -h S (a„ cos nx + b„ sin nx), no assump- 
tion being made as to the convergence of the series, it is frequently of 
importance to be in possession of sufficient conditions for the validity of 

the process of substituting for / {x) in an integral [ f (x) g (x) dx, the terms 

J a 

of the series, and of asserting that 

f g (x) dx + S |a„ f g {x) cos nxdx + 6„ f g (x) sin nxduX 

• a n=‘ 1 { J a J a / 

TP 

converges to | f (x) g (x) dx, where (a, jS) is any finite interval. The 

function g (x) need not be supposed to be periodic, but is defined for the 
finite interval (a, j8). In case (a, j8) is contained in the interval (— tt, tt), 
we may replace g (x) by a function gi (x) which has the same values as 
g (x) at all points of (a, )8), and is zero in the intervals (— n, a), (j8, tt). If 
/ (*)> ffi (*) satisfy the conditions of the theorem of § 377, by applying that 

* Loc, ciL p. 459. 
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theorem, we obtain the required justification of the term by term integra- 
tion indicated above. In case (a, /3) is not contained in the interval (— n, n), 
we may suppose it to be contained in an interval (rv, stt), where r and a 
are odd integers, positive or negative. The function {x) may be taken 
to be zero in the intervals (rv, a) and (stt, jS), and to be equal to g (x) in 
the interval («, j8). If {/(a:)}^ is summable in (— v, v), and {g (x)Y is 
summable in (a, jS), {g^ {x)Y is summable in each of the intervals {rrr, r -H Itt), 
(r -I- Iv, r + 27 r), ... {a — lir, stt). The theorem may then be applied to the 
functions / {x), g^ {x) in each of these intervals ; then, by addition, the result 
is obtained. We have therefore established the following theorem : 

If {f (a:)}2 be of period 2tt, and aummable in the interval (— tt, v), and 

flS 

{g (a;)}® be aummable in the finite interval (a, ^), the integral f (x) g (a;) dx 

may be obtained by aubatituting for f (x) its Fourier’ a aeriea, and applying 
term by term integration. No aaaumption ia made aa regarda the convergence 
of the Fourier’ a aeriea correaponding to f (x). 

383. In case / (x) is summable in (— tt, tt), and g [x) is of bounded 
variation in the interval (a, jS), or in case / (a:) is periodic and of bounded 
variation in (— tt, tt), and g {x) is summable in (a, j8), precisely similar 
reasoning, assuming the result of § 380, establishes the following result: 

If the periodic function f (x) be aummable in (— tt,tt), and g (x) be of 
hounded variation in the finite interval {a, j8), tlien f(x)g (x) dx tnay be 

J a 

evaluated by aubatituting for f (x) ita Fourier’ a aeriea, and applying term by 
term integration. The aame holda in caae the periodic functiona f (x) ia of 
bounded variation in (— n, tt) and g {x) ia aummable in {a, j8). 

By applying the theorem obtained in § 380, we have the result that: 

If the periodic function f (x) be aummable in (— tt, tt), and g {x) be bounded 
in the finite interval (a, P), then the integral I / {x) g (x) dx may be evaluated 

J a 

by aubatituting for f{x) ita Fourier’ a aeriea and applying term by term 
irUegralion, provided the resulting aeriea ia convergent; in any caae the series 
ia summable {G, 1). The same holds if f {x) is bounded in (— tt, tt) and g {x) 
is aummable in (a, j3). 

From the theorem of § 381, we find that: 

If the periodic function f (x) have an HL-integral in (— tt, tt), and g (x) 
ia of bounded variation in the finite interval (a, j8), then f {x)g {x) dx may 

be evaluated by substituting for f (x) its Fourier’s HL-aeries, and integrating 
term by term, provided the resulting aeries ia convergent; in any case the series 
is summable (O', 1). The same holda if f (x) ia of bounded variation in (— tt, tt), 
and g (x) has an HL-integral in {a, j3). 
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384. For the case of integration over an infinite interval (0, oo), the 
following theorem, which is of use in the evaluation of integrals over an 
infinite interval, wUl be established : 

// / {x) have the period 2 'jt, and be summable over (0, 2it), and g {x) 
satisfies the conditions (a), that it is of hounded variation over the interval 

f oo 

/ {x) g {x) dx may 

0 

he calculated by substituting fw f {x) its Fourier’s series, and integrating term 
by term. The conditions (a), (6) are satisfied, in particular, if (a)', g {x) 
is positive and monotone decreasing, and {b)', g {x) is summable over the 
interval (0, oo). 

If Uq = 0, the condition (6), or (b)', may be replaced by the condition that 
g ix) converges to zero, as x ~ co. 

This theorem was given* by Hardy, who states that it can be obtained 
by the collation of results due to W. H. Young. 

It will first be shewn that, if g (x) satisfies the conditions (a), (6), the 
series g (x) + g {x + 2 tt) ■+■ g {x + 4ir) + ... converges, for every positive 
value of X, to a sum G (x) which is summable and of bounded variation in 
the interval (0, 2it). 

r.r+(2M + 2)7r 

Denoting ( g (t) dt by v„ {x), where 0 ^ £C-5. 2tt, we have 

X-\ 2n7r 

n==^7n \-r n^m \-r rj'-l-(2n4-2)»r /•«> 

S I «;„(«) I s S I \g{t)\dt&\ \g{t)\dt\ 

n^7n-\-l w = x-\-2n7t J(2m-i-2)rr 

n-’m+r 

thus S I v„ (x) I < e, for a sufficiently large value of m, and for all 
n-m+l 

values of r. It follows that the series Ev„ (x) is absolutely and uniformly 
convergent. 

We have also 

rx~i-(2n-h2) TT 

27rg (x + 2%7t) — v„ (x) = {g (x -h 2n7r) — g (t)} dt; 

J jr+2/iTr 

and thus | 27rg (x + 2n7r) — v„ (x) j is not greater than 27rF„, where F„ is 
the total variation of g (t) in the interval {x + 2n7T, x-\-2n-{- Itt). It follows 
that S {2ng {x + ‘Inrr) — v„ («)} converges absolutely and uniformly; and 
consequently S gr (a; + 2n7r) is absolutely and uniformly convergent in 

(0, 2-7t). Denoting its sum, in that interval, by G («), we have 

\G{x)\^^ 2 \g{x + 2nn)\; 

r 27r /* 30 

thus \G(x)\ is summable in (0, 27r), and \G {x)\dx^- \ \g (x)\ dx. 
Further, if x^ , x^ be any two points in the interval (0, 27t), we have 

I G (jCi) - (? (ajg) I S \g (x^ + 2rvn) -g {x^^ 2mT) |. 

11-0 

* Messenger of Math, vol. dt (1922), p. 186. 
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It follows that the total variation of O {x) in (0, 2tt) cannot exceed the total 
variation of g (x) in (0, oo). 

If we multiply the partial sum/„ (x) of the Fourier’s series corresponding 
to f {x) by g {x), and integrate over the interval (0, oo), we have for 

f oo 

/„ {x) g (x) dx the expression 


i- f 

277 


foo /-a 

g {x) dx 


sin (n + i) (a; — <) 


sin ^{x — t) 


f (t) dt, 


and since the integrand g (x) f (t) ^ ~ absolutely sum- 

mable over the domain (0, 0; oo, 27r), the order of integration may be re- 
versed, and becomes 

^ f”/«) * ™ 

277 J 0 Jo smi(x - t) 

r2iT 

or f {t) G„ {t) dt; 

Jo 

where (t) is the sum of the first 2% + 1 terms of the Fourier’s series 
corresponding to the function G (t), defined in the interval (0, 27r). 

Since G (t) is of bounded variation, G„ {t) converges boundedly to G {t) ; 
hence, applying the theorem of § 380, we have 

lim I / (t) G„ (t) dt=\ fit) G (t) dt. 

Jo Jo 

It follows that 

J -oo r2jr r'^ 

fn (x) g («) dx=\ f(t)G (t) dt=\ f{t)g {t) dt; 

and thus the first part of the theorem has been established. 

Let it next be assumed that ag = 0, and that the condition that 
gr (oo) = 0 takes the place of the condition (6). 

Let y (x) = g (2m7r), where 2 m 7 r ^ x < (2m -h 1) 77 ; and let 

^ (x) = y (x) - g (x). 

It is clear that y (x), and consequently g (x), is of bounded variation in 
(0, 00 ), Also, we have 

f(2?/i + 2)7r _ r(2m’h2)7r 

I y (x) I dx = {g (2m7r) - g (x)} dx S 277 F„; 

J 2mn J 2mir 

cco 

therefore the integral | y (x) I dx exists. Since g (x) satisfies the conditions 

which g (x) satisfied in the first part of the theorem, we can apply to the 
Fourier’s series for /(x), term by term integration over (0, oo), after 

ccx> 

multiplication by g (x), and the result converges to f {x)g (x) dx. 

Jo 
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Since 

/•» . /•(2n.+2)ir 00 /■2ir 

f{x)y{x)dx= S f{x)y{x)dx= 'Lg{2mt)\ f{x)dx = 0; 

d 0 n - 0 J 2nir n = 0 J 0 

roc roo 

and similarly ) y (x) cos nx^ = 0, y {x) sin nxdx — 0, 

JO Jo 

it is seen that the second part of the theorem is satisfied. 


THE EORMAL MULTIPLICATION OP TRIGONOMETRICAL SERIES 

385. If two trigonometrical series 

Jgo + (»! COS X + hi sin x) + ... + {a„ cos nx + b„ sin nx) + ... (1), 

+ {oi cos X + Pi sin «) + ... + (a„ cos nx + sin nx) + ... (2) 
be multiplied together, as if the series were finite, and the result be 
arranged as a trigonometrical series, we obtain the series 

^^0 + {Ai cos X + Bi sin a:) + ... + (A„ cos nx + B„ sin nx) + ... (3), 
where 

+ I 2 + b„p„), 

n 1 

An = ^ 2 [Up A Uj,— n) bp {Pp+n ”1” Pp—n) 1> 

p -I 

B„ = ^CloPn "f" J 2 \(lp iPp+n Pp—n) ^p i^p+n n)]> 

p = l 

where it is assumed that = a*, p_te = — jS*. 

In this expression, the numbers Oq, a„, b„ and Oo, a„, p„ may be inter- 
changed. 

The scries (3) is said to be the formal product of the series (1) and (2). 

In case the series 2 | a„ | , 2 | | , 2 | «„ | , 2 \ P„\ are all absolutely 

n=l nl n 1 n-1 

convergent, the series (1), (2) converge absolutely and uniformly to con- 
tinuous sum-functions (a :),/3 (x). In that case the Cauchy-multiplication 
of the series (1) and (2) yields an absolutely and uniformly convergent 
series of which the sum-function is the product /j {x)/^ (»). The series may 
then be arranged in the form (3) without altering the character of its 
convergence; and therefore the series (3) converges to fi {x)f^ (x). 

In general, since the process of obtaining (3) from (1) and (2) is purely 
formal, it is a subject for investigation what relation there may be between 
the sum-functions of the three series, in case they exist, or between any 
conventional sums of those series that may exist at particular points or 
in an interval. 

Let the series (1) be the Fourier’s series corresponding to a function 
/ {x), summable in the interval (— w, ir). It will be shewn that the formal 
product of the series (1) into a finite trigonometrical series is the Fourier’s 
series corresponding to the ftmction which is the product of / (x) and the 
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function which is represented by the finite series. It is clearly sufficient 
to consider the cases in which the finite series consists of a single term 
cos kx, or sin kx, where ^ is a positive integer. Let a„ — 0, except when 
n = k, when a*. = 1, and let j8„ 0, for all values of the system of 
equations (K) then becomes 

■^0 = -^n = i (® fc+n + = I ( 6*+n — 

We have now 


1 1 

■^0 ” “ / (*) cos kxdx, An= - f (x) cos kx cos nxdx, 

TT J -w TI" J -ir 


1 

B„= - f (x) cos kx sin nxdx ; 

■71’ J -ir 


it follows that the formal product is the Fourier’s series corresponding to 
/ {x) cos kx. Similarly, it is seen that, when we take sin kx, the formal 
product is the Fourier’s series corresponding to / (x) sin kx. 

Next, let (1) and (2) be the Fourier’s series which correspond to two 
summable functions/ {x), g (a;) which are such that either (1), { / (a;)}^, {(j (x)}^ 
are both summable in the interval (— n, tt), or (2), one of the functions 
g (x) is of bounded variation in ( — tt, tt). In either case, Parseval’s theorem 

COS JCtJC 

is appUcable to the two functions f ix) . , , g {x), where k denotes a 

Sin . iCQo 

positive integer. We have accordingly 


1 

TT 


'rr _ 

/ (a;) g (x) cos kxdx - iAgOo + 2 {A„a„ + 

—n 


where A,), A^, B„ are the Fourier’s constants corresponding to the function 
/ (a:) cos kx. The expression on the right-hand side is 

■f' {®n “i" ^k-n) "k Pn i^k-in ^k—n)} J 

where .d* is the coefficient of cos kx in the formal product of the series 
(1) and (2). It thus appears that .4*. is the coefficient of coskx in the 
Fourier’s series corresponding to the function / (a:) g (x). Similarly, it 
may be shewn that is the coefficient of sin kx in the Fourier’s series 
corresponding to / (a;) g (x). The following theorem has now been 
estabhshed : 


If either (1), {/ (a;)}^, {g {x)}^ are both summable in the interval (— tt, tt), 
or (2), one of the functions f (x), g {x) is summable, and the other of bounded 
variaiicm, in the interval {— tt,tt), the formal product, of which the coefficients 
are given by (K), is the Fourier's series corresponding to the product f {x) g (x). 

This theorem was given* by Hurwitz for the case in which the two 
fimctions are both integrable (B) in the interval (— w, tt) ; and byf Lebesgue 
in the case in which they are both summable and bounded. The theorem 


* McUh, Annalen, vol. lvii (1903), p. 46, and vol. lix (1904), p. 663. 
f Lemons aur les siriea trigonomitriques, p. 101. 
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may be extended to the case in which \f{x) I*, \g {x) are summable in 
(— TT, rr), where k and k' are positive numbers such that ^ + p ^ 
(see § 399). 

386 . The theory of formal multiplication has been applied by Rajch- 
man* and by Zygmundf to more general classes of trigonometrical series. 

It has been proved by Rajchman that: 

-VK + S (a„ cos nx + 6„ sin nx), + S (a„ cos nx + j8„ sin nx) be two 
trigonometrical series such that a„ = o (1), h„ = o (1), »®a„ = o (1), = o (1), 

then the convergence to zero, of the second series, at the point Xq , involves the 
convergence to zero, at Xq, of the formal product of the two series. 

If, at Xq, the second series converges to a value different from zero, the 
convergence, or the summability {G, r), or the summability by Poisson's 
method (§ 411), or by Riemann's method (§ 420), of the formal product of the 
two series is the necessary and sufficient condition for the convergence, or for 
the summability by the same procedure, of the first series, at the point Xq . 

This theorem has been extended by Zygmund, who proved that : 

If the two trigonometrical series are such that, for some value of y (S 0), 
n-ya^ = o (1), n-ybn = o (l), n^y^^Un = o (l), n^y^^^n = o (1), and further (G) 
the sum-function of the second series, and its first k differential coefficients, 
where k<y + \,all vanish at the point Xq, then (1), the formal product of the 
two series has its sum {G, y) equal to zero; (2), the series conjugate to (§ 400) 
the formal product series is summable (G, y) with the sum {G, y) in general 
different from zero; (3), the series obtained by differentiating the formal 
product p times is, at Xq, summable {G, y + p), with its sum (G, y + p) equal 
to zero, provided the sum-function of the series possesses a sufficient number 
of differential coefficients which vanish at Xq , with an analogous result for the 
conjugate series; (4), if the conditions (G) are fulfilled in a closed set of 
points E, the summability is uniform in E. 

Further, analogous results hold when y is negative, but not integral, the 
second of the conditions (G) then disappearing. 

AN EXTENSION OF THE THEOREM OF ARITHMETIC MEANS 

387 . It has been shewn in § 368 that, almost everywhere in (— tt, tt), 
the arithmetic mean of the partial sums of a Fourier’s series converges to 
the value of the function. This may be stated in the form 

{/o (») - / (a;)} + {/i {x) - f (a;)} -I- ... + {/„ {x) - f (a;)} = o {n) 

at each point x at which j j f (x + t) -h f (x — t) — 2f (x) j dx = o (t). 

* Comptes Bendus, vol. clxxvii (1923), p. 491. 

t Ibid. vol. CLXXVII (1923), pp. 521, 576, 804. Zygmund has developed the method in Math. 
Zeitachr. vol. xxrv (1925), p. 47. 
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For the case in which {f (x)Y is summable, the more precise theorem 
has been given* by Hardy and Littlewood that : 

At almost every point in the interval (— tt, tt), and in particular at every 
point at which f {x 1) f {x — t) is convergent as t ~0, and f {x) is half 
the limit, the relations 

I /o (*) - / («) I + I /i (a;) - / («) I + — + I /« {x) - / («) I = o (w) 

{/o - f + {/i (») - / +...+{/„ (x) - f (x)}^ = o (n) 

are satisfied, provided {/ (a;)}® is summable in the interval (— it, tt). 

It is clear that, if the second of these relations holds good, then the 
first holds also ; this follows from the known inequality 

/’ I I + I C 2 [ + ... + I Cn l y Cj^ 4- C2^ + ... + c„^ 

\ n ) ~ n 

It is therefore sufficient to prove the second relation. The first relation 
shews that, in the case of a function whose square is summable, the 
average of the numbers /, {x) — / (x) tends to zero because the. number of 

n 

terms in S {/, («) —/(»)} which are not themselves small is small compared 
0 

with n, and not merely on account of the cancelling of positive and negative 
terms. 


Denoting f (x + t) + f {x — t) — 2/ {x) by ^ (<), we have 
1 

fm («)-/(«) = - <f> (t) sin (w + i) « cosec ltdt 

TT Jo 

1 rrr If"* 

= - ^ (t) sin mt cot ^tdt + </>(t) cos mtdt 

TT Jo tt Jo 

“ "i" Pm Ymy 

1 

where a^ = - \ 6 {t) sin mt cot \tdt, Pm= \ ^ (0 
TT Jo Je 

1 

and Vm = ~ ^ (0 cos mtdt; 

TT Jo 

and € denotes a fixed number in the interval (0, tt). 

Employing an inequality given in i, § 435, we have 

H /m = n- \4 /m^n \X /ni-n \4 

s |/„w-/(x)|« *£( s |«„|*)- + ( E |^„r)- + ( s Ir.lT; 

and we can estimate the values of the three expressions on the right-hand 
side separately. 

We have | sin mt cot \t\ <m\t cot \t | < Am, where .4 is the maximum 

of 1 1 cot \t I in (0, tt) ; therefore < Am I \ <l> (t) \ dt. It follows that 

J 0 

S I ttm I®}’ is o (c), or n^ o (e), if a; is a point at which 

= 0 ) 

r \ i> it) \dt==o {€). 

J 0 


rm = n 
(m 


♦ Comptes RenduSy vol. clvi ( 1913 ), p. 1307 . 
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Again, 2y„, is the coefficient of cos mt in the Fourier’s cosine series which 
represents the function ^ (<), the square of which is summable; it therefore 

m=oo 

follows from Parseval’s theorem that S = 

m=»0 

QO 

We have next to evaluate 2 | i8„, |^. By integration by parts we find 

0 

that 

1 If’' 

Pm = -- cot ie . (e) + (t) cosec^ ^tdt, 

where (t) denotes f 6 (<) sin mtdt. 

JO 

It follows, by emplopng the same inequality as before, that 

[ tn-n “|A 1 rni-n 'll 

S \5icot|€ 2 

771 = 1 J L^7i = l 

1 ( rn ) 2"] i 

+ 2^ 2^ I 0,„ (t) cosec® ltdtV . 

Now 

1 1 (<) cosec® sj cosec^ (t)}^ df J cosec^ jidl 

S - [ cosec® \t {ifsm (<)}* dt. 

Hence we have 

2 |i8,„|® --^icotje 2 {^,„(€)}® 

1 } ^ Lm-l J 

1 r f" 

H cosec® 2 {ijj^{t)Ydt . 

TTV € L'^ ^ 777, = 1 

The Fourier’s sine series of the odd function which has the value <l> (7)i 
in the interval (0, e), and the value zero in the interval (e, n), is 

2 00 r€ 

- 2 sin mt .\ (f> (t) sin mtdt 

771 = 1 Jo 

or ^ 'Ltjj fa (c) sin mt. 

TT 

It follows by Parseval’s theorem that 

I 2 {^„(e)}®==r{^(f)}®df, 

771 = 1 Jo 

and this can be shewn to be o (e), almost everywhere. For we have 

r {t)}^ dt^2\ff{x + t)-f (a:)}® dt + 2\’{f{x-t)-f (a:)}® dt 
Jo .'0 JO 

and 

f {f(x-ht)-f(x)}^dt== I {/(x + t)pdt + e{f(x)}<‘-2/(x)[ f(x + t)dt;. 
Jo Jo Jo 
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now r {fix + <)}* dt = € ifix)}^ + 0 (c) 

J 0 

and I f(z + t)dt = €f (x) + o (e), 

J 0 

almost everywhere, since (i, § 432) for any summable function ^ («'), 

fx' 

{<f> (x') — <f> (a:)} dx' has a differential coefficient equal to zero for almost 
J X 

all values of x, and we may put x' = x 1, and / (»), or {/ for <j} («). 
Hence 

[ {Six + t)-fix)Ydt^0ie), 

Jo 

for almost all values of a;; similarly 


I {/(^-f)-/(^)}^df = o(€), 

J 0 

almost everywhere, and therefore 

f\,^(t)}^dt = o(e), 

Jo 

for almost all values of x. 

In particular this relation holds at every point at which 

lim{/(a; + #) -i-f(x-t)} 

<~o 

is convergent, in which case the limit is 2/ (x), by adjustment if necessary, 
of the value of / (a;). 

We now have 


m^’Qo 

S 1/3. 

m = 1 




j cosec® . 0 (<) dt 
i<,(l) + |(log')*. 


e* € 

where h, h' are fixed numbers. 

Let c = w.“^, the right-hand side is then o (n). 

We now have, for almost every value of x, 

m^n "14 

m ==0 

and the theorem has thus been established. 

The foregoing proof is founded upon the proof given* by Carleman of 
the following more general theorem : 

If, at a 'particular point x, the relations 


<n^oi\) + 0 (1) + o(n) = o (n), 


f lf(x + l)+f(‘^-l)-2f(x)jdf = o(€), 

J 0 

+ t)+f{x-t)- 2fix)}^dt = 0 (e) 
J 0 


^ Proc. Lojhd, Math, Soc, (2), voL xxi (1923), p. 484. See also Sutton. 
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hM good, then lim — . S | /„, {x) — f {x) |* = 0, for every positive value 

of k. 

It has been shewn above that, if { / (a;)}^ is a summable function, the 
second relation holds for almost all values of x, O (e) being in that case o (e) ; 
but in the theorem it need only be assumed that {fix)}^ is summable in 
a neighbourhood of the point x. 


EXTENSION AND GENERALIZATION OE PARSEVAL S THEOREM 


388. Some caution is requisite in the employment of Parseval’s theorem 
in particular cases ; it is always necessary to make sure that the conditions 
of one or other of the theorems given above are actually satisfied. It has not 

been proved that the existence of the integral I f{x)g{x)dx is by itself 

J — TT 

sufficient for the validity of the theorem. For example, it f (x) has the 
value zero at all points of a measurable set E, contained in (— tt, tt), and 
g (x) has the value zero at all points of the set which is complementary to 

E relatively to (— tt, it), the integral j f (x) g (x) dx exists, and has the 

value zero; but, unless /(»), g {x) satisfy further conditions, it cannot be 
inferred that the series ^a^af + 2 (a„a„' + h^hn) converges to zero. In 

71^1 

the particular case however in which the set E consists of a finite set of 
intervals, it can be shewn that, subject to a certain condition, Parseval’s 
theorem is still valid. The following theorem will be established: 

If the summable functions f (x),g (a;) are such that f (x) has the value zero 
at the points of a finite set of intervals contained in (— tt, tt), and if g {x) has 
the value zero at all points not in these intervals, and has bounded variation 
in sufficiently small neighbourhoods of the end-points of the intervals of the set, 
then la^af + 2 (a„a„' -|- b^b^) converges to zero. 

It will be sufficient to take the case in which there is a single interval 
(a, j8), for which the conditions of the theorem are satisfied. There exist 
intervals (a — h, a + h), (/3 — h', ^ h') in which g (x) has bounded 

variation, and we may assume that in intervals (— w, a + ^), (j8 — tt), 
where ^ is less than both h and h' , the convergence of g^ (x) to g (x) is 
bounded (see § 341), so that | {x) | < A^. Let ^ be so chosen that 

fa 

\f{x)\dx<€, \f {x)\dx<€, where e is a positive number, 
J a — ^ J 3 

chosen arbitrarily. We have 

f / (x) Sin (!») dx=\ V («) Qn (a;) dx-lr \ f (x) g„ {x) dx 

J —ir J— IT J a~^ 

rs+{ r*- 

+ f{x)gn{x)dx-\-\ f(x)g„{x)dx; 
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in the intervals {— rr, a — C) and (/S + ’’’)> 9n (®) converges uniformly to 

zero, since the intervals are interior to intervals in which g (x) is of boimded 
variation, therefore the first and fourth integrals on the right-hand side are 

each numerically less than el \f{x)\dx, provided n is not less than some 

J — TT 

integer Ue. Also (x) converges boundedly to its limit in the intervals 
(a — a), ()8, j8 -f ^), and thus the second and third integrals on the right- 

hand side are numerically less than for all values of n. We now have 

j f {^) 9n {x)dx\<2i\ \f{x)\dx + 2eA^, for and thus, since 

J ■—IT I J —n 

e is arbitrary, and A( is independent of e, it has been shewn that 

lim I f{x)g„{x)dx = 0, 

U'^CO J —IT 

which is equivalent to the result stated in the theorem. 


From this theorem the following extension of Parseval’s theorem may 
be deduced, which is capable of application in certain cases : 

Iff (x), {g {x)Y are summcd>le in the interval (— tt, it), and if the further 
conditions are satisfied that (1), in some neighbourhood of a point c in the 
interval, {/ {x)Y is summable, and (2), g (x) is of hounded variation in (— tt, tt), 
when a neighbourhood of the point c is excluded from the intenul, then 

ParsevaVs theorem holds good for [ f{!x)g {x) dx. 


It can easily be seen that the theorem can be extended to cases in 
which there are a finite number of such points c. 

To prove the theorem, let / {x) = {x) + /j {x), where fi (x) = 0 in the 

interval (c — 8, c + 8), and /2 (®) = 0 outside this interval; thus/i (x) — f {x) 
outside the interval, and f^ (x) = / {x) in the interval. The interval can be 
so chosen that {f^ (x)}^ is summable in (— tt, tt). 


Let g (x) be expressed in a precisely similar manner as the sum of two 
functions g^ (x) and g^ (x). Any Fourier’s coefficient for / (a:) or g {x) is 
the sum of the corresponding Fourier’s coefficients for/j (a;) and /2 (^)> 
for gi (x) and g^ (x). 

Parseval’s theorem holds for /j (a:) g^ (x) dx, because /i (a:) is sum- 

J —n 

mable and gi (x) is of bounded variation. It holds for j /j (x) g^ («) dx 
because both /g (a;) and g^ (x) have their squares summable. It holds for 
j /a (*) 9i (^) die, since (f^ (x)P, {gi (x)P are summable. By the last 

theorem it holds for j /j (a:) gg (x) dx, since /j (a:) = 0 in the interval 

J —n 

(c — 8, c 4- 8), and gg (x) is zero at all points not in that interval, and has 
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bounded variation in neighbourhoods of the points c — 8, c + 8. It now 
follows, by addition, that + S {a„a„' + b„b„') converges to 

n* 1 

M f{x)g(x)dx. 

^ j -It 


389. The following theorem is an extension of the first theorem of 
§ 388 : 

If the summable functions f (x), g (x) are such that f {x) has the value zero 

at the points of a finite set of non-abutting intervals A, contained in {— n, n), 

and if g {x) has the value zero at all points not in those intervals, and is bounded 

in the neighbourhood of the end-points of the intervals, then the sum {C, 1) of 
00 

the series ^a^^af + S (a„a„' + is zero; and consequently, if the series 

is convergent, it converges to zero. 

We may say that Parseval’s theorem holds {C, 1) for the two functions. 

If {ttf, jS,) be one of the intervals of A, the points a^, )8,. have neighbour- 
hoods in which g (x) is bounded. Let G„ (x) be the »th Cesaro partial sum 
of the Fourier’s series corresponding to g (x). It is known (§ 366 ) that, 
in any interval interior to an interval in which g (x) is bounded, G„ (x) is 
bounded with respect to {n, x). The integral of / (x) G„ {x) over {— tt, rr) 
may be expressed as the sum of integrals over the intervals 

(- TT, «! - 1), («i - i, tti), (^1 , -1- 0. (A + 0. {«2 - L 

... n). 

We may choose ^ so small that | {x) | is bounded in the intervals 

(«! — I, tti), 4- 0, («2 — I, Cj), ..., and thus | G^ {x) | is less than a 

fixed number A, through these intervals. 

If e be an arbitrarily chosen positive number, ^ may be so chosen, by 
diminishing it, if necessary, that the integral of | / (a:) ) over each of these 
intervals is < c. 


It follows that j / (a;) G„ (x) dx is numerically less than 

J —ir 

[ ‘ ^ f{x)G„{x)dx\-\-\\' ^f{x) G„(x)dx\-^ ... 

J-n I iJfc+f I 

+ |f f{x)G„{x)dx 

'■'Pr+( 


4 - 2rA€. 


r«i-s 

Now lim f (x)G„{x)dx — 0, since (— tt, etj — Q is interior to an 

J —n 

interval in which g (x) is bounded, and G„ (x), g„ (x) converge to zero. A 
similar statement applies to each of the other integrals. It follows that, 
if « is i an integer ne. 


f f(x)G„(x)dx 

J —V 


<€{l + 2rA) 


HII 


38 
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and, since c is arbitrary, lim j /(«) 0 „ (pc) dx — 0 ; thus the theorem is 

J -ir 

established. 

From the above theorem the following theorem may be deduced ; 

• Iff{x), {g {x)y^ are summable in {— n, it), and the closed set H of points 
of infinite discontinuity of g (x) is such that no point of H is a point of non- 
summability of {f then ParsevaTs theorem, holds [C, 1 ) for f (x) g {x). 
In case the series is convergent, ParsevaVs theorem holds in its original form. 

The closed set H may be enclosed in the interior of the intervals of 
a finite set A, so that A contains no point of non-summability of {f (x)}^; 
for the set of all such points is closed, and therefore has a finite distance 
from the set H. Each end-point of an interval of A has a neighbourhood 
in which g (x) is bounded. 

Let f{x) =/i (x) 4-/2 {x), where [x) = 0 in A, f^ (x) - 0 outside A, 
and g (x) = g^ (x) + g^ {x), where {x) = 0 in A, g^ [x) = 0 outside A; it 
follows that 1/2 (x)}^ is summable in the interval (— tt, tt). 

For/i («) g^ {x),fi (x) is summable, and g^ {x) is bounded; thus ParsevaTs 
theorem holds {C, 1 ) tor fi{x)gi (x). 

For /2 (*) sr2 (»), if^ix)}^ and {g2{x)Y are both summable, and thus 
ParsevaTs theorem holds for/2 (^) (^)- 

Similarly ParsevaTs theorem holds for/2 (^) 9 i (^)- 

For /i {x) g^ (a:), we have f^ (x) = 0 in A, g'2 (^) zero outside A, and is 
boimded in neighbourhoods of the end-points of the intervals of A ; there- 
fore, by the last theorem, ParsevaTs theorem holds {G, 1) for/i {x) g.^ (a;). 

The truth of the theorem now follows by addition. 

390 . We can now establish the following general theorem : 

Iff (x), g (x) are both summable in {— w, w), and the set of points of non- 
summability of the functions {f{x)Y, {g (a:)}^ be K^, respectively; which 
are contained respectively in the closed sets of points of infinite dis- 
continuity off (x) , g (a:) ; then, if have no point in common with , and 

no point in commm with Ki, ParsevaVs theorem holds {C, 1 ) for f{x) g (x). 

In accordance with the assumption made in this statement there is no 
point which is a point of non-summability both of {/(a;)}* and {g{x)}^, 
and at each point of non-summability of either fimction, the other function 
is bounded in the neighbourhood of the point. 

Let be enclosed in the interior of intervals of a finite set A ; then 
g (x) is bounded in the neighbourhoods of the end-points of the intervals 
of A. 
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Let/ (») =/i (x) 4-/2 {x), where /i (») = 0 in A, and /a (x) = 0 outside A, 
and let g (x) = sTj (a:) + (x), where gi (x) = 0 in A, and g^ (x) = 0 outside 

{fz (*')}* is summable, because A can be so chosen as to contain no 
points of the closed set . 

Since /i (x) is summable, and g^ (x) is bounded, Parseval’s theorem 
holds (C, 1 ) for fi (x) g^ («). Since {/g {x)Y, g^ (x) are summable, and no 
point of infinite discontinuity of /j {x) is a point of non-summability of 
{9^2 i>y the last theorem, Parseval’s theorem holds {C, 1) for /2 (») 92 i^)- 
Since (x) is summable and g^ (x) is bounded, Parseval’s theorem holds 
(G, 1 ) for /a {x) grj (x). Since f (x), g^ {x) are summable, and g^i^x) is 
bounded in the neighbourhoods of the end-points of the intervals A, 
Parseval’s theorem holds {C, 1 ) for /^ {x) g^ (x). It now follows that 
Parseval’s theorem holds (G, 1 ) iorf{x)g (x). 

The above theorems and those of § 389 are capable of generalization 
by taking into account M. Riesz’ theorem given in § 399, in which powers 
of \f(x) I other than the square are taken into account. 


391 . It has been shewn, in § 230, that j f {x + t)g {t) dt is a continuous 

function of x if, either (1), f {t) is summable and g{t) is bounded, or (2), 
I /(<)!»’ and lgr(f)|" are summable, where p and q are both positive, 

and such that 1 -f ^ = 1 ; (2) includes the case in which 2 ^ = g = 2, The 

functions / («), g (t) are here supposed to be defined for all values of t so 
that they are periodic, with period 2tt. 

Let ^Qq 4- S (a„ cos nt + sin nt), -l- S («„' cos nt 4- sin nt) 

n X 

be the Fourier’s series corresponding to the periodic functions / (<), g {t). 
Let us consider the function J [f {t + x) + f (t - x)\g (t) dt which 

is an even periodic and continuous function of x, when one of the above 
conditions is satisfied. The coefficient of cos nx in its Fourier’s series is 

^ J cos nxdx j _U{t + x)+f{t-x)]g{t) dt. 

The same conditions that are satisfied by / (#), g (t) are satisfied by | / (<) j , 

I gr (f) I , and thus, by the theorem of § 230, when the same conditions are 

satisfied | / (^ + *) S' (0 I [ \f{’^~^)9 (0 I are continuous func- 

J -TT J -IT 

tions of X, and therefore the repeated integral 


exists. 


[ |cos?w:|da;f \f(t + x)+f{t-x)\\g{t) 

J —n- J — TT 


cU 


38-2 
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In accordance with the theorem of § 237, cos nx[f {t + x) f {t — xy\g (t) 
is therefore sunuuable in the domain of {t, x), and its repeated integrals 
are equal to one another. Therefore the coefficient of cos nx in the Fourier’s 
series is 

[/(« + «)+/(<- «)J cos Jiirda:, 

and this is equal to - I g {D (a„ cos id + sin id) dt or to + bnbn- 

itj 

In a precisely similar manner it can be shewn that the coefficient of 
sin nx in the Fourier’s series corresponding to the continuous odd function 

f* [/ (* + ®) - / (^ - *)] 9 (0 dt is - a„6„' + 6„a„'. We have now ob- 

ZtT J —ir 

tained the following theorem* : 

If f (<), g (t) be periodic summable functions, loith period 2ir, and (a„, 6„), 
bn) be the Fourier’s constants in the Fourier’s series corresponding to 
them, then 

^a^af + S (a„a„' + 6„6„') cos nx 
1 

and S (6„a„' - «„&„') sin nx 

are the Fourier’s series corresponding to the continuous functions 

^ f" {f{t + x)+f{t-x)}g{t)dt, ^{f(t + x)-f(t-x)}g{t)dt 

respectively, provided either (1), gr {t) is bounded, or (2), \f{t)\'^, \g if) \ '‘ are 

summable, where p, q are positive numbers such that ^ ^ ~ ^ • 

As regards the convergence of the Fourier’s series in this theorem the 
following statements may be made : 

If either {l),f{t) is summable and g{t) is of bounded variation, or (2), {f{t)}^ 
and {g (<)}^ are both summable, the series 

la^af + S (a„o„' + 6„6„') co»nx, 

S (6„a„' — a„6«') sin nx 

converge everywhere to the continuous functions which they represent. 

df (3), 1/(0 I*** \ 9 (0 I® summable, where p> 1, g > ] , ^ + ^ = 1, 

Gesdro sums (C, 1) of the two series are everywhere equal to the functions 
which the series represent, and for any value of x at which one of the series is 
convergent, that series converges to the value of the function. 

To prove the statement (1), we see by a change of variables that 

j [f(t + x)±f(f~i>^)]ff(l)dt= ± j_Jff(t-l-x)±g(t~x)]f(t)df, 

* W. H. Young, Proc, Boy. Soc, voL lxxxv (1911), p. 110. 
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if now g (t) be of bounded variation, so also is gr (< + a;) ± gf (< — x), con- 
sidered as a function of x, and this property is preserved after multiplication 
by / (<) and integration, since the property is clearly so preserved in the 
case of a monotone function. Therefore, when g (t) is of bounded variation, 
the continuous functions of x which the Fourier’s series represent are of 
bounded variation, and consequently the series converge everywhere to 
the values of those functions. 

To prove the statement (2), we observe that the general term of either 
series does not exceed numerically J (a„^ + bn^ + a„'^ -t- 6„'*), which is 
the general term of a convergent series. This is seen from § 378, or by 
observing that if f (x) = g (x), and a; = 0, the series S (a„® 4- b„^) is con- 

vergent, since it cannot oscillate. It follows that both series are abso- 
lutely convergent 5 and that the convergence is uniform, and they therefore 
converge to the values of the corresponding functions. 

In case (3), the Cesaro sum of the series always exists and has the value 
of the function, since the functions are both ever5rwhere continuous; and 
when either series converges, its sum is equal to the sum (C, 1). 

If we consider the point x = 0, we obtain the following extension of 
Fatou’s form of Parseval’s theorem (see § 378): 

If \f (x) \g {x) are both summable in the interval (—77,77), where 

11 

p and q are positive numbers such that p'^ series 

IUqUo + 2 (C^n^w ) 

7i. = l 

1 

converges (G, 1) to the value - f {x)g (x) dx, and if the series be convergent, 

^ J-TT 

its sum has this value. 

These theorems were given* by W. H. Young. An indication will be 
given in § 399 of a proof, due to M. Riesz, that the series in the last theorem 
is necessarily convergent, and thus that la^a^ S -f- {a^a^ + b^bn) con- 

1 

verges, in the case specified, — | / (x) g [x) dx\ the extension of Fatou’s 

theorem being accordingly complete. 

EXAMPLES 

(1) The Fourier’s coefficients corresponding to/ {x) being a„,b„, shew that 

2 r dx r f{x)dx-f f(x)dx. 

71 2n J — ir J —ft J — w 

CL siu yvx b cos itvx 

In S360 it has been shewn that converges uniformly to 


* Froc, Lcmd, Math, 80 c, (2), vol. xi (1912), p. 88. 
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/ X b 

f (a:) dx - ^aQX, Taking the point a; = 0, ^Uq' - 2 converges to / / (x) dx ; therefore 

-IT n-l ^ ^ -IT 

A ro 

2 converges to ~ / / («) which is 

fl""! ^ — TT 

U f(x)dx-iaoxj-J f(x)dx 

2 r IT r ic To 

or TT- \ dx \ f (x) dx - \ f (x) dx. 

27r J -^n J —TT J —n 


(2*) If 0 <g <1, then, provided / (a;) has bounded variation in the neighbourhood of the 
point x=0, 

[ xO-^fi(x)dx= r(g)coaiq7r 2 

Jo to-im® 

f x«-^fi (x) dx=r (q) sin 2 

where fi{x) = l[f(x)+f(-x)]~^j lf(x)+f{-x)]dx, 

/i!(*)=i [/(*)-/(-*)]• 

Shew that, if i<g<l, the result still holds if {f {x)Y is summable in the neighbourhood of 
the point x=0. 

(3*) Prove that, provided { / (a;)}^ is summable in some neighbourhood of the point a; =0, 

— I i (i cosec^ h^)f(^) ^ Fourier’s series corresponding to 

ir J n-1 ^ 

ilog(J:COscc2 Jar) 

COS TtX 

is 2 . The function ^ log ( J cosec* ^a;) has its square summable in the interval 

n-1 n 

( ~ 7 r, tt), and it is of bounded variation, except in a neighbourhood of a; =0. Thus, since f(x) 
has its square summable in some neighbourhood of a; =0, the conditions of the second theorem 
in § 388 are satisfied. Hence the result is obtained by applying ParsevaFs theorem to 
the two functions /(a;), g (x). The necessary and sufficient conditions that, for any summable 

function, 2 should be convergent have been givenf by Hardy and Littlewood. 


(4*) Obtain expressions for 

% ^ ^ 2®?? 2^ 2 2 2 S 

n^l 

where 0 <g < 1. 


(5*) 


is summable in an interval which contains the point a: =0, then 


2 6„=l 

n = l rrJo X 


♦ See W. H. Young, Proc. Roy. Soc. (A), vol. Lxxxv (1911), pp. 14-24, see also p. 415. There 
is an hiatus in the proof given (p. 19) of the result in Ex. 3, as the necessity for employing a 
theorem such as that in § 388 appears to have been overlooked. When the interval ( - tt, tt) is 
divided into two parts, there are four separate products to consider; and one of these requires the 
extension of ParsevaFs theorem given in § 388. 
t Math. Zeitschr. vol. xix (1924), p. 95. 
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392. We proceed to establish two theorems, the first of which may be 
regarded as a generalization of Parseval’s theorem, and the second as a 
generalization of the Riesz-Fischer theorem (§ 379). 

i+~ . 

I. If p be a number S 1, and the function f (x) be such that | / (a;) | ^ is 

irvtegrable {L) in the interval (— tt, tt), and the Fourier’s series corresponding 
to f {x) be denoted by + S {a„ cos nx + b„ sin nx), then the series 

n-=l 

V2 


is convergent, and its sum is 




IT. If, for the trigonometrical series ^a^ + 2 (a„ cosnx + b„ sin nx), the 


^ % S {\a„rv + \b„\^^n) 

V2 n-l 

is convergent, for a value of p that is ^ 1, then the trigonometrical series is a 
Fourier’s series corresponding to a function f {x), such that \f{x) 1^+” is 
summable in (— tt, tt); and the sum of the series of powers of the coefficients is 

=Alf i/(«) 


In case p = 1, the two theorems reduce to the equahty 

- r {f{x)Vdx=^W+ 2 (a„2 + 6„2), 

TT J -n »t-l 

which is equivalent to Parseval’s theorem. In this case, II is equivalent 
to the Riesz-Fischer theorem. 

A slightly less general theorem than I is : 

I'. If I / (x) 1® is integrable {L), where 1 < q & 2, then the series 

S (a„^ + 

n-l 

is convergent. 

This follows from I by taking account of the inequality 

^ -t- (6„2)2 (/-i) 


It follows from II, by taking account of the inequaUty 


that: 
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II'. // the aeries S is convergent, where \ <q & 2, then 

n-l 

Q. 

a„, 6„ are the Fourier^ a coefficients of a function f (x) such that | / {x) is 
integrable (L). 

The Theorems I, II were first established* by W. H. Young, for the 
case in which p is an odd integer. They were extended to the general casef 
by Hausdorff ; and by F. Riesz J they were established, in the general case, 
by a method applicable to a bounded set of orthogonal functions in 
general. The proofs given below are substantially those of F. Riesz. 

The numbers p and ^ cannot in either theorem be interchanged. In 

the case of Theorem I, it has been shewn by Carleman§ that a continuous 
function, of which all powers are consequently integrable {L), exists for 
which S (I a„ + I p+*’) diverges when p < 1. It has been shewn 

71 “ 1 

by Hardy and Littlewood||, by means of an example, that when 

S (I rU I f 

converges for a value of p that is < 1, the coefficients are not necessarily 
Fourier constants. A case of a function which illustrates this matter has 
also been given^ by Titchmarsh. This is the odd function / (x) which has 

the value log n cos (xn^ log n) in each interval = ; vt < S , , 

° ” log (w + 1) logw’ 

where w = 3, 4, 5, ..., and which has the value zero elsewhere in the 

interval (0, n), and is such that f (x) = — f {— x). It can be shewn that 

\f{x) I is not summable in (0, tt), and thus that the series corresponding 

to it is not a Fourier’s series, although the Fourier coefficients exist as 

non-absolutely convergent integrals. But 6„ = 0 {n~i (log nY) , therefore 

2 I 6„ I is convergent if I: > 0. 


It is convenient to replace the functions 1, cosa;, sin x, ... cos wa;. 


sin nx , ... by 


cosx smx 


cos nx sin nx 


, . . . , which are said to be 


V'2n Vtt ’ 

normal functions, because the integral of the square of any one of them 
over (— 77 -, 77 ) has the value 1 . 


If we denote these latter functions by ff>i{x), ^^{x),..., we have 


* See Comptes Rendua, vol. CLV (1912), pp. 30 and 472; also Proc, Roy, Soc, vol. Lxxxvii ( 1912), 
p. 331, and Proc, Lond, Math, Soc, (2), vol. xn (1912), p. 71. 
t Math, Zeitschr, vol. xvi (1923), p. 163. 

X Ibid, vol. xvin (1923), p. 117. 

§ Acta Math, vol. xli (1916), p. 378; see also Landau, Math, Zeitschr, vol. v (1919), p. 147. 

II Acta Math, vol. xxxvn (1914), p. 237. 

H Proc, Lond, Math, Soc, (2), vol. xxii (1923), Recxyrds, p. xxi. 
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f {<^n (*)}* dx = 1, for n = 0, 1, 2, 3, ... and the Fourier’s series corre- 

j —JT 

spending to a summable function may be denoted by 

Ci^l (x) + C2<f>2 (x) + ... + c„<f>„ (x) + ... . 

\1+P oo 

+ S {| a„ P+*’ + I 6„ 1^+*’} will be equivalent to 

"v 2' n ==» 1 

1 °° 

Sic 


and the same statement holds good if p is changed in - . 

Consider’*' first the first r functions {x), <j>z{x ), ... {x), and the first 

r constants CuCj,... c, corresponding to a function f {x) such that 

I / (®) I **18 summable, for a value of p > 1. 

n^r 

We subject the constants c^, Cg, ... c,. to the condition 2 | c„ 1^+*’ = 1, 

H-i 

and proceed to shew that a function f {x), for which | / (a:) | 2’ is summable, 

C" i+” 

exists such that | / (a;) | ^ dx has a minimum value when /(») — / (x), 

J — TT 

for all functions of the given type such that the r constants c^, Cj, ... 
satisfy the imposed condition. 

If 2 I c„ = 1, it is clear that f jf(x)j^^Pc(x has a lower 

boundary S 0, which cannot be an isolated point of the set of all values 
of the integral. If L denote this lower boimdary, there exists a sequence 
of functions {/„ (a;)}, for which 


lim l/„(a:)| Pdx = L; 

n'^oo J —IT 

all the fiinctions/„ (x) being such that their first r constants c^, Cg, ... 

n-r 

satisfy the condition 2 | c„ |^+*’ = 1. 

71-1 

In accordance with the theorem given in § 176, a sub-sequence {/("' (a:)} 
of the sequence {/„ (a:)} exists which converges weakly, with exponent 

1 - r*’ /■*’- 

1 + -, to a function / (x); so that lim (x) g (x)dx = j f {x)g (x) dx, 

P n-^oo J a Ja 

for every function g (x) of type also, as has been shewn in § 175, 

we have 

r fim r \f^”Hx)\^^i>dx^L. 

J -IT 

* A modification of F. Riesz’ procedure is made. He took the set of normal functions to 

Ibe in the first instance finite. 
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Let g (x) = <f>n (x), then f f (x) (x) dx = lim f /<"> (x) <f>„ (x) dx, for 

J —n ri'^co J -n 

n = 1, 2, 3, ... r; and it follows that, for the function / {x), the r constants 

n^r 

c„ satisfy the condition S | c„ = 1 ; hence we have 

n=« 1 

f \f {x)\^^» dx^L. 

J — TT 

I’"' - 1+1- 

Prom the two inequalities we find that ^dx — L, and / («> 

J — TT 

is a function whose r constants Ci,C 2 , ... satisfy the condition 

Y I = 1, 

n = l 

and thus/ (x) cannot be a null-function, and we have consequently L> 0. 

The existence of the minimal function /(«) having been established, it 
is clear that it is the minimal function for 


X 

fir 


when the condition 2 | c„ 1^+** = 1 is no longer imposed. For iif{x) could 

n«l 

be such that this ratio were < L, writing 


1 ^ 

'n=*r 

= 1 ) 


we should have, for the constants c„' of ^ (x), 


J I Cn = 1. and [ \ ift (x) ^ dx < L, 

= 1 J ~TT 


ih) 
n > 


which is impossible. 

Let f{x)^f («) 4- )di (x), c„ = c„ + AcJ 

where h {x) is any chosen function, of type [l }^ and are the constants 
corresponding to h (x). The ratio must then satisfy the necessary condition 
that A = 0 makes it a minimum, namely, that its differential coefficient 
with respect to A vanishes when A = 0; we thus have 

r l/(») |^'sign[/(a;)]A(*)d*= r \/{x) l^-^idx.Yl c„ |» .c,|f'sign[c„], 

J —V J —ir n**! 

where sign (z) = 1, — 1, or 0, according as z is positive, negative, or zero. 
If we give h {x) the special values <l>„ {x), where n = 1, 2, 3, ... r, succes- 
sively, we obtain the values of the r constants €„ corresponding to the 
function 

\f{x) I® sign [/(a:)]. 
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which we may denote by F (x ) ; the value of is thus 
I I / («) dx.\c„\^ sign [c „] . 

J —IT 

If we assign to h (x) the value of a function which is orthogonal to all 
the functions ^ {x), (*)» i>r {^) I and for which therefore = 0, for 

w = 1, 2, 3, ... r, we see that this function is also orthogonal to F (x). 
Therefore all the Fourier constants, after the first r, corresponding to 
the function F {x) vanish, and thus the Fourier’s series for F (x) con- 
verges everywhere, being a finite trigonometrical polynomial. It follows 
that, almost everywhere, 

F(a:) = |/(a:) |Psign[/(a:)l = [ \f{x)^^Pdx. S | |»’sign[c„] (a:); 

and from this we have 


r {F {x)Y dx = r \/{x) \vdx^ Y I |21> { [" I fix) l'' pj'. 

J -’ir J —TT n=l TT J 

Let Pi = 2p— 1, then 1 + — = <^l-|--^-|-(l — t)-, where t — • 


2p — 1 ’ 


we have then 


f da; - f I fix) f I f ix) dx 

a |/j/ W r^|‘{/', i/W 

Tir _ ^ 

On substitution of the value of I | /” (») I** dx, obtained above, we have 

J —TT 


the expression on the right-hand side is not less than the minimum of 

|/_^ |/(*) 

for all functions for which the first r constants satisfy the condition 

Y|c„|1+2»=1. 

71 = 1 

/■it H-l 

Denoting the minimum of | / (a?) | ^ dx, for all functions for which 

J —ir 

n = r 

the first r constants c„ satisfy the condition S | c„ 1 2 + 1 ’ = 1 , by «,, , we have 

71 = 1 
Pi 

Up S ttp 


)Pl-^l 


. 1 ] i+Pi 
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Similarly it appears that 


Itpj = "'Vi 


Pt Pt 

... where p, == 2p,_i - 1. 


1 

The constants c„, for a function /(a;), are numerically = - 7 = I / (®) I 

VlTJ-ir 


which is 


Ps 

1 \»«+i 


1 ( f’' 1 + - 

S^|J_J/(a:)| (27rp«+i; 

and if / («) be chosen to be the minimal function for all the functions of 
the prescribed type whose coefficients^ c„ satisfy the condition 

Y I c„ \up‘ = 1. 


we have 


p« 


c„ S - 7 = (27r)P'+i 

V IT 


1+P» 


From this we have 1 = S | c„ S 2TTrUp*,lv ^ . 


n~l 


Now pg increases indefinitely with s, hence if UjiJVtt were less than 1, for 
sufficiently large values of s, this inequality would be impossible. It follows 
that Mp, S a/tt, for all values of s ; and we have 

P 1 P 2 — Ps 


for every value of s, where Pg denotes 


(1 -HPi)(l H-Pz)--- (1 +P3) 


; it can 


11m Pg 


thus be inferred that Up S (V 7r)»~*’ , assuming that the formation of the 
sequence {p,} is continued indefinitely. 

Now 

M • 

1 V PJ Pi + 1 Pa + 1 V Pa/ ’ 

1 


1 1 _ Pi - 1 

p Pi+1 Pi + 


hence 


lim . 1 

8 ~« (Pl+ 1 )... (P,+ 1 ) P' 


1 1 


and thus we have Up S tt* therefore 


J -IT (n~l ; 

where c„ are the first r constants, corresponding to f{x). 

If the constants c„ are expressed in terms of the ordinary Fourier’s 
constants a„ and b„, we obtain a„ or 6* by multiplying c„ by l/Vw, except 
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that tto = Co */ - . We have therefore, since the above inequality holds 

▼ TT 

for every value of r, the result of Theorem I, that 

( fj Xl+'P 00 

1 f f" 1+-)*’ 

converges to a value S | J \f (x) \ p ■ . 

393. In order to prove Theorem II, let Op , Uj , . be such that the series 




.1+; 


ii+« 


W2) + I ^ + I I 

for a value of p ^ 1, is convergent; and let/, (x) denote the sum 


H S (a„ cos nx + b„ sin nx). 

n^l 


Let .4o> ••• be such that (-f) + S (| .d„ |^+>’ + | Bn 1^+®) 1 

convergent, which wiU, in accordance with Theorem I, be the case if 
Aq, Ai, Bi, ... are the Fourier’s constants corresponding to a function ^ (x),. 
1+1 

such that I ^ I is summable. We have then 


IS 


-f (f> (x) fr {x) dx 

TT J 


“1“ ^ (P'n^n "l~ ^n^n) 


p n^r 


1 + - 14-- iP+l 

+ S (I «„ ri> + I bn Cp) 

n = 1 


*[lv^ 

^ [(^r* + <1 1”' + 1 


1 

i+p 


Employing Theorem I, the expression in the second bracket on the- 
right-hand side is 

i_ 

“ 1 ( fir 1.1 ] V~\l+P 

Assigning to ^ (a;) the value | /, (x) I** sign {/, («)}, we obtain 




l+JJ 


^0 

V2 


1 I ^ 

P n^r 1.1 14.1 

+ S {\anrP + \bnrP) 

n- 1 




Thus j I /, {x) \ I’+i dx is, for all values of r, less than a fixed positive 

J —n 

number. Accordingly the sequence {/, (»)} contains a sequence which 



606 Trigonometrical Series [ch. viii 

converges weakly, for the exponent p + 1 (see § 175), to a function / {x), 
which is such that 


/ 


COS 

sin 


rxdx = lim f" /, {X) dx - 

r'^OO J — TT 


COS rx 
sin rx 


br' 


Therefore a^, Oi, b^, ... are the Fourier’s constants corresponding to the 
function/ (x) ; and in accordance with the properties of weak convergence, 
we have 

f j f (x) 1^+^ dx S lim f \ff.{x)\^+^dx. 


It follows that 


1 

+ S (1 a„ I + I 

n = l 


1 HD 
p) 


or 


1.1 1 

I /r I l-(-^ 1 f )P 

1^1 ^' + \bn\ 2 — |j_J/(aj) p+*’da:| , 


which is the result stated in Theorem II. 


394. The following Lemma was (Zoc. cit.) established by W. H. Young: 
If g (x) is summable in the linear interval {a, b), and f (x) is summable 

fb 

in every finite interval, I f {x + t)g (t) dt is a function of x which exists for 

J a 

-almost all values of x in any finite interval, and is summable in such interval. 

Since each of the functions / it), g (t) can be expressed as the difference 
of two non-negative functions, it is clearly sufficient to prove the theorem 
for non-negative functions, f {x + t), g (t). 

The repeated integral j dt I f {t + u)g (t) du is equal to 

J a J a 

[ [F (a: -h <) — F (a -f <)] 9 (t) dt, 

J a 


which exists, since F (x + t), F {a + t) are continuous functions of t, where 

rx 

F (x) denotes / {x) dx. It follows, by applying a theorem in i, § 429, that 

J a 

fi(t + u) g (t) is summable in the domain [a £ u £ x, a ^ t ^ b]; conse- 

fx rb 

quently the repeated integral is equal to I du j f (t + u)g (t) dt. It follows 

J a J a' 
fb 

that f (t + 'u)g (t) dt exists for almost all values of m in a finite interval, 

J a 


and that it is a summable function of u. 


395. To apply the above Lemma, let / {x), g (x) be summable periodic 
functions, of period 27r, and let a„ , b„ and a„', 6„' be respectively their sets 
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of Fourier’s coefficients. We have then, since the Fourier’s series corre- 
sponding to F {t x) — i<io + a;) is 

a„ sin n{t + x) — bn cos n{t + x) 


G+ S 

71 = 1 


n 


f Ei/ , n , I • , V a« COS + 6„ sm wa; , , 

F (x-'rt)g{t)dt = C + \aaaoX-\- IL “ ^ 6 „' 

J -«• M l ft 


1 f" 

77 


„ a„ sm TOx — 6„ cos n.x , 

+ ^ a„ . 

The series on the right-hand side being the Fourier’s series of an integral 
in X, we see that the differentiated series 

iooffo' 4- 21 (a„a„' + 6„6„') cos wx - 2 (a„6„' - a„'6„) sin «,x 

71 -- 1 71 , = 1 

is the Fourier s series corresponding to the function - I f (x + t)g (<), 

and the Theorem I, of § 392, may be applied to this function. We have 
the known inequality 

I uvw I ^ I 7 ^ 1 “ ^ 1 ^ If I" 

where a ^ y - 1, a > 0, jS > 0, y > 0. Let a 1 — - , R = 1 — 

fx, A 

y = ^ - 1 - ^ — 1, where A > J , ja > 1 ; and let | « | = | n \ v \ == \v 


77 ; I = I u I y ; the inequality then becomes 


[ uvdt ^ j I tty I dl S I [ I (i I"' I y I'* dl 
J a J a \J a 


A n 



ch ) 

I 1 \^dt\ j 

1 y !»* dt\ 

u« J ( 

J a J 


1- 


where A > 1 , /a > 1 , I + * — 1 > 0 . 

i\ jJb 

Now let it be assumed that |/(x) p+»', | g (x) |i +9 are summable, for 
1 f- p = A, i+q^ IX, — , ] „ > 1 ; if we put 6 = 77, a = - 77, 


1 -f p I + q 

ti = f {x + t), V — g {t), we have 

I S' (0 

- |/_J/(a; + t) |i+»' I g (<) 

I l/(« + 0 I 


(1 l-g)( H-g ) 
1-/77 


qil+p) 

1-pq 


11:. I, » 


dx 


7>(l+«) 

1-pa 



608 


Trigoviometrical Series 


[CH. vm 


The expression on the right-hand side is a summable function of x, by 
applying the Lemma to the first factor; it follows that 


If f{x + t)g(t) dt 

\ J —TT 

is summable, provided pq<\,'p> (i,q> 0 


(l+ pXl+ g) 
l-pq 


Applying the Theorem I, of § 392, we have then the following extension 
of Parseval’s theorem : 

If p, q be positive numbers such that pq< 1, ^ S 2, the series 

fc-f-1 00 

-h S {| a„a„' + 6„6„' |*+i + | a„b„' - b^a^' 

n~l 


ao«o 

V 2 ' 

converges to a sum 


1 


7T'‘ 


f dx\^- \ f{x + t)g{t)dt 

-TT I 77 j 


1+^ 


(1 — VC!^ 

where A; = - ^ g + 2^* provided are summable, and 

the constants a„, 6„ are the Fourier’s coefficients for f (x), and a„', b„' those 
for g (a:). 

In case A: = 1, the relation is that of equality; thus for example, if 
1 / (®) |^> I 9 (®) 1^ summable, the series 

s («»" + + K'^) 


n- 1 


1 r"” 

converges to - I dx f {^ + 1)9 (0 

'TT J J ~n 


dt 


396. The following theorem has been given* by F. Riesz : 

The necessary and sufficient condition that the trigonometrical series 


\an + S (a„ cos nx + b„ sin nx) 

is the Fourier’s series of a function f (x) such that \ fix) is summable, where 
p is a positive number > 1, is that a positive number M should exist such that, 
for every value of n. 


la^af + 2 {arttf 4- bX') 

r-X 


1 

5 ifa 






where af, af, bf,... is an arbitrarily chosen set of constants. The constant 
M is independent of n, of, a{, 6/, ... , and g^ {x) denotes the sum 


^af -f 2 (a/ cos rx -f bf 

r-l 


ain rnr\ 


* Math, Annalen, vol. lxix (1910), pp. 469-474. 
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It may be observed that the method of proof is such that the theorem 
holds good when any bounded set of normal orthogonal functions {<^„ («)} 
is substituted for the special set 

11 1 . 

, , - 7 = COS X, —pr sin a;, 

V27r Vtt Vtt 

That the condition stated in the theorem is necessary follows at once 
from the inequality 

In order to prove the sufficiency of the theorem, let 

r^n 

+ 2 (a,a,' + h^W) 

r~l 

be denoted by and let the constants a/, b^', ... a„', b„', be subjected 

to the condition I (^) I® We proceed to determine the 

J —TT 

maximum value of | ?7„ | for all values of the constants a^', a/, ... b„' such 
that j \ gn{x)-\’‘ dx ^ 1. This maximum value must then satisfy the 

J — TT 

1 

condition | £/„ | £ M^. We equate to zero the partial differential coefficients 
with respect to a/, of 

\9n{x)\0dx-, 

— TT 

we have then 

«r- 1 l®“^.8ign u„-x\ cosra j Qn {x) |»-i.signgr„ {x) dx = 0. 

J —TT 

A similar equation holds for b^ . Taking these equations for r — 0, 1 , 2, . . . » ; 
multiplying them by a/, 6/ and adding, we find that | |’ ~ A - 0. 

We thus find that 

r TT 

Ur = U„\ COS rx I (x) | «-i . sign g„ [x) dx, 

— TT 

6, = t7„ I sin rx | gr„ {x) \ . sign g^ (x) dx. 

J —IT 

Let /„ (x) denote 7rU„. | g„ (x) )«-i.signg'„ (x); we have then 
[" 1 /„ (X) |*> dx^n^l U„ I*- f' I (a;) I® da; £ 

J — TT J — TT 

I rn I rn 

Also a, = - f„ (x) cos rxdx, br = - \ /„ (a;) sin rxdx. 

Assuming that n may have all integral values, the sequence { /„ (a;)} 
converges weakly, with exponent p, to a function / (a;), such that ( / (x) I" 
is summable in the interval (— tt, tt). 


HH 


39 
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We have also 



therefore a^, a^, b^, ... are the Fourier’s constants for the function / (a:). 
The sufficiency of the theorem has now been established. 


A proof of the Riesz-Fischer theorem (§ 379) may be obtained from the 
above theorem. 


Taking p = g = J , we have, 

+ S (a,®/ + bfb/) 

r = l 


S Jao® + S (a,2 + 6,2) 


r=*l 
r^n 


+ 6/2) 

>•”1 


r Jao2 +- 2 (a,2 -f 6,2) 

7T |_ r^l 


'rr 

I 9n («) 

J — TT 


‘ dx. 


It follows that the condition in the above theorem is satisfied if 


K^+ S (a,2 + 6,2) 

r 1 

is convergent ; and therefore a function / {x) exists such that \f{x) 1 2 is 
summable, and such that its Fourier constants are the numbers (* 0 , , 6^ , — 


M. RIESZ’ EXTENSION OF PABSEVAL’S THEOREM 


397. It will be shewn that the condition that |/„ (x) 1'“ dx is a 

j —TT 

bounded function of n, where /„ {x) denotes Juo + 2 (a, cos rx + 6, sin rx), 

r^l 

and p is a number > 1 , is a sufficient condition that the series 

+ 2 {a„ cos nx + 6„ sin nx) 

1 

should be the Fourier’s series corresponding to a function /(x), such that 
l/(a;) I*” is summable in the interval (— 17 , 77 ). 

In accordance with the theorem of § 176, a subsequence {/„, (a:)} of 
{ fn ( 3 ^)} exists, which converges weakly with exponent p to a function / (x) 
such that \f{x) j** is summable. We have then 

I fix) 9 ix) dx^Urnl (x) g (x) dx, 

J — TT r'^QO J —TT 

where g {x) is any function such that | gr («) |« is summable. 


Let g (a;) 


cos ,, 

. mar, then 
sin 


- f fix) mxdx = lim - [ /„ (ar) rnxdx = ; 

77j_/''sm 77 j 'sm 6 ™’ 
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and thus / {x) is such that its Fourier constants are Uq, o^, .... Therefore 

the sufficiency of the condition has been established. 

It is however possible to shew that the condition stated is necessary, 
and thus that: 

The necessary and sufficient condition that Uq* ^ 2 . ••• 

Fourier constants corresponding to a function f (x), such that \f {x) (*’ is 

summable in (— n, tt), where p is a number > 1, is that j |/„ (a;) j^dx 
should be a bounded function of n; where fn (x) denotes 


We have 


+ 2] (a, cos rx + 6, sin rx). 

r-l 


"" hr J J n(t-x) cot * 2 “ dt + 2„j_ J 


cosw (< — x) dt; 


hence 


1 

fn (i») - 2TTj ^ n(t-x) dt 


may be expressed in the form 

t — X 


1 i 

cos nx f (t) sin nt cot 

iTT J 


„ dt — ^ sin nx 
Z Ztt 


r 

J —TT 


COS nt cot 


t —X 


f: /«) 


cos , J. 

. nt cot « dt 
sin 2 


27r 

where the integrals 
are taken to denote 

and are not necessarily L-integrals. 

In connection with the theory of the series allied with a Fourier’s series, 
an outline of a proof has been given* by M. Riesz that, if \fix)\^ is 
summable, for a value of p, > 1, and if / (a:) denotes 

then I / (a:) I** is summable, and 

[ \f {x)\-^ dx& M \ |/(a:) l^rfa;, 

J -TT J — rr 

where M is independent of the particular function f {x) and depends 
only on p. This theorem will be assumed here. Applying it to the two 
functions / (a;) cos nx, f (x) sin nx, we have 

\fn{x) \ <k + \ fi{x) \ + If^ (a;) I , 

* Comptes Eendus, vol. CLXXVi (1924), p. 1464; and Froc. Lond, Math. Soc. (2), voL xxii 
(1924), Records, p. iv. 


39-2 
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If" “ 7t 

where ^ ^ J \S(^)\^> where /i (cc), /j (a;) denote respectively the 

integrals 

1 






It follows that I /« (®) I** da; does not exceed a fixed nxultiple of 

J -n 

27rk^ + f I /i (a;) |P da; + I | {x) dx. 

J —n J -“IT 

Employing M. Riesz’ theorem, and the fact that does not exceed a 
fixed multiple of | / (a;) | da;, it is now seen that 

J —rr 

f |/« (;k) |*’da;:^ A I | / (a;) |»> da;, 

J —rr J —IT 

where A depends only upon p. It has now been established that the 
condition in the theorem is necessary, as well as sufficient. 

An earlier theorem, of a similar kind, in which S„ {x) the wth CesA.ro 
sum ((7, 1) was employed, instead of/„(a:), has been given* by W. H. and 
6. C. Young. 

398. The following theorem, statedf by M. Riesz, will now be estab- 
lished ; 

■VI I / (*) I** da; has a finite value, for a value of p {> 1), then 

J rr 

lim [ I / (a;) -/„ {x) dx = 0, 
n'^00 J —IT 

where f„ [x) denotes a partial sum of the Fourier's series for f {x). 

The proof of this theorem given here is due substantially to Littlewood. 
We have (see § 365) 

(») -/ (a;) = f {/ + t) -fix)} Xn it) dt, 

J —rr 

where Xn it) satisfies the conditions 

X„(<)£0, [ Xnit)dt=l, lim If Xnit)dt-l x«(<)d4 = b. 

J —rr n'^co —TT J —8 ) 


Employing Holder’s inequahty, we have 
|£f„(a;)~/(a;)|S r \fix + t)-fix)\{x„it)}i{Xnit)}^ 

J — rr 


dt 


f l/(^ 

y —rr 


+ <) -fix) \'^Xnit)dt 


f" Xnit) 

J —rr 


dt 


* Quarterly Journal, vol. XLiv (1913), p. 67; see also W. H, Young, Proc. Lond, Math, Soc, (2)^ 
vol. XI (1912), p. 89. 

t Comptea Eendus, vol. clxxvi (1924), p. 1464. 
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or I /Sn (»)-/(«) I [ \f{x-\-t)-^f{x)\i>Xn{t)dt 

J —IT 

hence [ \8^(x) - f {x)\'^ dx&\ {t)xn{t)dt, 

J ~ir ’ -TT 

where {t) denotes f j / (x + t) — / (x) dx, 

J —rr 


" fir Ip-l 

J _^Xn (0 dtj ; 


which is a hounded function of t. 


In order to prove the theorem, we can divide the integral on the right- 
hand side into three parts, over the intervals (— 8, S), (— rr, — 8), (8, rr). 
Since 3) (<) is bounded, and the limit of the integral Xn (t) over the intervals 
(— 77, - 8), (8, rr) is zero, as % ~ oo, we have only to consider 

this is less than J (t) dt, where M is the maximum of O (<) in the 

interval (— 8, 8), and thus the integral is less than M. It can be shewn 
that, by choosing 8 sufficiently small, M becomes arbitrarily small. 

We have in fact to prove that 

lim [ \f{x + t)-f{x)\t>dx=^0; 

J -IT 

and this has been shewn in i, § 433, to hold in the case p — 2. For general 
values of p (> 1), it has been shewn in § 173 that a continuous function 
^ (x) can be so determined that 

j lf(x-j-t)~<^(x + t)l^dx<€,a,nd [ |/(a;) - ^ (a;) |*’< c; 

— TT J —TT 

and since 


[ lf(x + i)-f(x)l^dx^3P-^l lf(x + t)-if>(x + t)f^dx 

J —IT J — TT 

+ 3*'-if" l<^(x-ht) -^(x)l^dx+ 3^-^ r f<^(x)-f(x)j^, 

j - TT J —TT 

we have [ |/(a; + <) — /(«) 2e.3*’~i + e, 


provided t is sufficiently small. Therefore O (<) converges to zero with t, 
and consequently M is arbitrarily small, if 8 be properly chosen. It has 
now been shewn that 

lim [ I S„ (x) —f{x) I** da; = 0. 

J — TT 

If now y„ (x) denotes the sum of the first 2n h 1 terms of the Fourier’s 
series for / (a;) — (x), where is such that 


I 


rr 


TT 


S„(x) —f(x) l^dx<7}, forn^Tii, 
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we have dx< At}, where A depends only on p. But, ioTn> ni, 

we have f„ (x) = 8„^ (x) + {x) ; hence 

I l/(a;) f lf(x)-8„Jx)l^dx + 2P-^l \tl,„,(x)\^dx 

J — TT J —ir J —TT 

Since t} is arbitrary, it follows that lim [ \f(x)—f„ (x) |*’da: = 0. It 

ri'^OO J —TT 

follows from the theorem that, if !/(») I** is summable in (— tt, tt), then 

lim [ |/„, (x) -/„ {x) |*> da; = 0. 

m'^Qo, ri'^QO J —TT 

Kolmogoroff has shewn* that, for any summable function /(a:), 
lim [ I f{x) -/„ (a;) | ^ da; = 0, 

U'^COJ — TT 

where 0 < c < 1. 

399. The theorem of § 398 may now be employed to prove that : 

\f i^) \^> \9 (^) 1 * summable in (— tt, 77 ), where j), q are 

positive numbers such that i + - = 1 , then ParsevaVs theorem 
^ P 9 

I Cir CO 

- fix) 9 (x) dx = JaoUo' + S (a„a/ + 6„6„') 

holds for the pair of functions f (x), g {x). 

This result may be proved as follows. Since 

A 1 

I f J (x) {9 (x) - 9n (a:)} j ^ ^ I / i^) I” {/_ J ^ ~ I*}* 

we see from § 398 that 

1 

/_ / ix)-9nix)}dx = 1? I j _ I / {x) I ^ da;|^, 
provided n is sufficiently large. Since rj is arbitrary, we have 
I fix) 9 ix) dx = lim j / {x) (x) dx, 

J —TT fl'^co J —n 

which is equivalent to Parseval’s theorem. 


SYSTEMS OF FOUEIEB’s CONSTANTS 

400. If {A„} be a sequence of numbers, the question has been investi- 
gated what conditions the sequence {A„} must satisfy in order that the 
series 

A„ (a„ cos nx + b„ sin nx) 

7t-*l 

may be a Fourier’s series whenever the series 

\aQ + S (a„ cos nx -l- b„ sin nx) 

n-1 

♦ Fundamenta Math, vol. vn (1925), p. 28, 
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is a Fourier’s series. An account of these investigations will be given here; 
and it will be seen that an answer which contains a characterization of the 
sequences has been obtained (see § 406) to the question, which may be 
stated as that of the determination of all sequences {A„} , each one of which 
has the property of converting every set ao> ®i> ®2> ••• of Fourier 

constants, by multiplication, into another set AqOoj AiOj, Ajfej, AgOj, A262> ••• 
of Fourier constants. 

In coimection with this matter, properties of certain trigonometrical 
series said to be allied with Fourier’s series present themselves. If 

+ S (a„ cos nx + b„ sin nx) 

be a trigonometrical series, the series S (a„ sin nx — 6„ cos nx) is said to 

be the trigonometrical series allied vMh, or conjugate to, the first series. 

The series allied with a Fourier’s series is not itself necessarily a 

Fourier’s series. For example, it will be shewn later that the series 

„ cosnx . r, ■ , . 1,. 1 • T. sin?ta; . , 

S , IS a Founer s senes; the allied senes S , is however 
n-2logn »-2logn 

not a Fourier’s series. This is seen from the fact that the integrated 

COS 

series S is divergent at the point a; = 0, and cannot therefore 

n^2nlogn ® ^ 

converge to an integral (see § 360). 

It has been proved in § 395, that, if 

+ S (o„ cos nx + b„ sin nx), ^a^' + 2 (a„' cos nx + sin nx) 

n==l n~-l 

be any two Fourier’s series, then 

+ 2) {(«„«„' + b„b„') cos nx - (a„b„' - a„'b„) sin nx) 

1 

is also a Fourier’s series. Taking — A„ , 6„' = 0, we have the following 
property: 

If Aj cos X + \ cos 2x + ... + A„ cos nx + ... be a Fourier's series, the 
coejficients form a sequence {A„} which has the property of converting by 
multiplication of the terms any set whatever ai, b^, az, b^, ... of Fourier con- 
stants into a new set AiUj, Ai6i, AjUg? ••• of Fourier constants. 

If we take 0, bn = A„ , it is seen that S A„ (a„ sin nx — bn cos nx) 

n = 1 

is a Fourier’s series ; we thus obtain the following result : 

If S A„ sin nx is a Fourier's series, the series 

S (a„ sin nx — 6„ cos nx) 

n^l 

allied unth a Fourier's series 2 (a„ cos nx + b„ sin nx) is converted by 
multiplication of the terms by A„ into a Fourier's series 

S A„ (a„ sin nx — cos nx), 

n=»l 

whether or not the allied series be a Fcmrier's series. 
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W. H. Young, to whom the above theorems are due, ha/S combined 
them* into the following statement : 

If S (a„ cos nx + sin nx) be the Fourier's series for a summable 

function f (x), and {«„'}, {6„'} be the coefficients in any other Fourier's series, 
then 

S (a„ cos nx + sin nx), S (a„ sin nx — bn cos nx) 

n-1 n-1 

are both Fourier's series, whether the allied series is a Fourier's series or not. 

401. With a view to the generalization of the result contained in § 400, 
the following Lemma, which is a generalization of the Lemma given in 
§ 394, will be required : 

If f (x) be summable in every finite interval, and g (x) be a function which 
has bounded variation in the interval {a, b), the Lebesgue-Stieltjes integral 

ff(=‘ + t) dg (t) taken over the interval (a, b), of t, exists for almost all values 

of X in {a, b), and is a summable function of x. 

This theoremf was given by W. H. Young. 

Since the function / (a:) may be expressed as the difference of two non- 
negative summable functions, and g (t) may be expressed as the difference 
of two positive monotone non-diminishing functions, it is clearly sufficient 
to prove the theorem for the case in which f {x + t) ^ 0, and g (t) is a 
positive monotone non-diminishing fimction. 

As in I, § 445, let ^ have the value of g (<) at any point t at which g (<) 
is continuous, and let it have the set of values in the interval 

(ff it - 0), git + 0)) 

at a point t at which g (t) is discontinuous. 

Denoting J f(x)dxhyF (x), let F (x + t) = (x, ^), and 

f(x + t) = <f>{x, i); 

we then have 

r [F (X + t) -F (a + t)] dgr («)=[' [<D (x, |) - O (a, i)] di, 

J a J a 

where a = g {a), p — g (b). These integrals are equal to di <f> (u, ^) du, 

J a J a 

which therefore exists for every value of x, since the first integral exists, 
as F {x + t), F (a + t) are continuous. Since ^ {u, i) is a non-negative 
function it follows, from a theorem given in i, § 429, that <f> (u, i) is summable 
over the domain of (u, |), and therefore the order of integration may be 
reversed without changing the value of the repeated integral. It follows 

♦ Froc, Land, Math, Soc, (2), vol. x (1911), p. 351, where another proof of this theorem is given, 
t Proc. Roy, Soc, vol. Lxxxvm (1913), p. 663. 
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rx rp rb 

that du\ ^ (tt, exists and is equal to I [JP (a: + <) — jP (a + <)] (<) ; 

J a ^ J a ^ J a 

hence I <f> (u, d$, or I / {u, t) dg (t), exists for almost all values of u, and 

J a J a ^ 

is a summable function of u. 

402. In order to apply the theorem, let the Fourier’s series which 
converges to the function g {t), of bounded variation, be 

1 . „ sin rii — j8„ cos nt 

iAo + 2. _ , 

n.“l ^ 

of which the differentiated series is S {Un cos nt + j8„sin»i). We assume 

n-1 

that g (t) is periodic, of period 2it, so that g (rr) — g {— tt). Let f {x) be a 
summable function, to which corresponds the Fourier’s series 

+ S (a„ cos nx + sin nx ) ; 

n- 1 

and let + S (.<4„ cos na: + sin »») 

n^l 

be the Fourier’s series corresponding to the function - f{x + t)dg (<), or 

n J-r 

1 

- ^ (x, i) d4. We have then 
n J a 

^n = —2j coswa;| <j>{x,$)d^, B„ = \ f sinnx ( <f>{x,i)d^; 

and since <f> (x, i) is summable over the domain of {x, i), it follows that 
<}> {x, $) cos nx, and ^ (x, $) sin nx are both summable over that domain. 
We have therefore 

1 fP /•»■ 

A„ = -, di <f>(x, cos nxdx \ 

n J a. J -n 

and since 
1 f’ 

- I f{x + t) cos nxdx 
TT J —71- 


‘i: 


we have 


cos nx S {a„ cos n {x + t) + b„ sin n{x + 1)} dx 

n^l 

= TT (a„ cos nt + bn sin nt), 

A„ = - (a„ cos nt + b„ sin nt)dg (t) 

ttJ 

1 

= - n (a„ sin nt — b„ cos nt) g {t) dt 

TTj 

= dnf^n bnPn- 

Similarly, we have .B„ = — (a„j8„ — 6„a„); and thus the following 
generalization of the theorem of § 400 has been obtained : 

If g (x) be a function of bounded variation such that the series obtained by 
•differentiating the Fourier's series corresponding to g (x) is 

S (a„ cos nx + j3„ sin nx), 

n-1 



Trigonometrical Series 


618 


[CH. VIII 


then, if + S (o„ cosna; + b„ sin nx) be any Fourier’s series whatever, the 


n = l 


series S {(a„a„ + 6„iS„) coswa; + (a„j8„ — 6„a„) sin nx) is a Fourier’s series. 

n== 1 

It may be observed that the coefficients a„ , j3„ can be simply expressed 
as Stieltjes integrals with regard to the function g (x). 

a If” 

We have — = - I g{x) minxdx, then remembering that g (tt) — g (— tt), 

since g (x), sin nx are both of bounded variation, we find by integration 

1 f” 

by parts (see t, § 376) that a„ = - cos nxdg (x). Similarly it can be 

TT J 


1 f” 

shewn that = - sin nxdg (x). 
TT J — jT 


If we take g {x) to be an odd function, we have = 0 ; and thus : 

If the constants are such that the series S — is a Fourier’s 

series corresponding to a function of bounded variation, then if 
^ao + S {a„ cos nx + b„ sin nx) 

n = l 

is a Fourier’s series, the series S A„ (a„ cos nx + sin nx) is a Fourier’s 

ri'^l 

series. 

If, on the other hand, we take g {x) to be an even function, we have 
«„ = 0 ; and thus : 

If the constants A„ are such that 2 is Fourier’s series 

corresponding to a function of bounded variation, and the series 

2 (a„ sin nx — bn cos nx) 

n = 1 

is allied with a Fourier’s series, the series 

2 A„ (a„ sin nx — b„ cos nx) 

n-l 

is a Fourier’s series, whether 2 {a„ sin nx — bn cos nx) is a Fourier’s series 

TO - 1 

or not. 


403. The following theorem will be established : 

If {A„} be a sequence such that AA„ > 0, A*A„ > 0, for % = 0, 1, 2, 3, , and 
lim A„ = 0, the series iAo + 2 A„ cos nx is the Fourier’s series of a non- 

negative summable function. 

The series converges uniformly in any interval (c, JT), where 

0 < e < X < 27r, 
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(see §24 Ex.) to a value /(a:). Hence j f{x)dx is the sum of the series 
JAo {X — e) + S (sin nX — sin m). It is known that S sin nx con- 

n-1 ^ n »1 ^ 

is boimded, and 


sin nx . 


verges uniformly in the interval (— tt, 77), since 2 

ji'i ^ 

therefore its sum-function is continuous. 

rA’ 


rx 

It follows that lim / (x) dx exists, and is the sum of the series, for 
e~0 Je 


€ = 0. 

We have 


2 sin ^x -t- 2 cos nx^ = sin ^x . AAq -f sin ^x . AAj -f . . . 

. 2m — 1 . . X . 2m - 


J. I 1 

-f sin —^2 — ^ + An, sin — ^ x\ 


hence 


( ffV \ 

I^Afl -f- 2 A„ cos nx) = {1 — cos x) A^Aq -f (1 — cos 2a;) A^A^ 

n-l ' 

-f ... 4 - (1 — cosm — la;) A*A,„_2 4- (1 — cosmx) AA^-i 


4- (cos X — cos m -h 1 a;) A„ . 

The expression on the right-hand side is greater than 


(1 — cos mx) AA„_i 4 - (cos x — cosm 4- la;) A„,, 
and this converges to zero, as m ~ qo ; it follows that JAp 4- S A„ cos nx 

converges to a non-negative value. Since / (a;) S 0, I / (x) dx is an 

Jo 

absolutely convergent integral, that is / (a;) is summable in the interval 

n 

(o, X), and the series 2 A„ cos nx is such that the integrated series converges 
1 

to an integral, therefore the series is a Fourier’s series. 

These theorems are due* to W. H. Young, who has further given the 
following theorem : 

If AA„ S 0, lim A„ = 0, and the series 2 — is convergent, then the series 

n~oo n.= l 'a 

2A„ sin nx is the Fourier's series correspoTiding to a function which, for 
positive values of x, has a finite lower boundary, and for negative values of x 
a finite upper boundary. 

This theorem may be proved in a manner similar to that given above 
for the case of the cosine series. 

It follows from this theorem and the last theorem in § 402, that ; 

U AAn S 0, lim A„ = 0, and 2 ~ is convergent, 

n—oo «-l ^ 

* Proc. Land, Math. Soc. (2), vol. xn (1912), p. 41. 
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00 

then the series S (a„ sin nx — 6„ cos nx) edited with any Fourier’s series 

n-1 

00 

S (a* cos nx + sin nx) is converted by means of the factors {A„} into a 


n-1 

Fourier’s series S A„ (a„ sin nx — b„ cos nx). 

n-1 

_ , a„ sin nx — b„ cos nx . rw • rn • > 

For example 2 — 7 ^- , where e > 0, is a i ourier s senes. 

n-2 {logW)i+* 

It has been shewn* by Szidon that the conditions AA„ > 0, lim A„ = 0 


ri'^oo 

are not sufficient to ensure that the series JA^ + S A„ cos nx is a Fourier’s 

n-1 

series. He has also shewn that the series is necessarily a Fourier’s 
series if the series S | AA„ log n | is convergent, but that in this result 

n-1 

log n cannot be replaced by a number c„, for which A^c^ < 0, and 


lim 

n'-^co 


log w 


- 0 . 


n 

It follows that ^Ao + 2 A„ cos nx is a Fourier’s series provided A„ 

1 

converges monotonely to zero, and 2 “ is convergent. Also, if 2 A„ sin nx, 

n-1 

where A„ converges monotonely to zero, is a Fourier’s series, so also is 

JAo + 2 A„ cos nx. 

n = l 


EXAMPLES 


(1) The series 2 2 where fc>0, are both Fourier’s series. The series 

n-1 n-1 «*= 

2 2 converge to functions which are indefinite L-integrals, and conse- 

n^l n-1 

quently are of bounded variation. 

If >«=4. we have lim =0, and >0; also since the function — . — -- , diminishes 
n-oo (y + ir 

as y increases, we have aX^ > AX^^i, or A^X^ >0. Further, 2 is convergent. Thus X„ satisfies 

Ifh 

COS Thx Sin 7VX 

the conditions of both the theorems. Therefore 2 — , ,2 — - are both Fourier’s series; 

and the integrated series 2 > 2 represent functions which are integrals. 


(2f) If 2 (a^ cos rwj +6^ sin nx) is a Fourier’s series, then 

n-1 

2 i (a^ cos nx+hn sin nx)^ 2 i (a^ sin na; - cos nx) 
n-l'f^^ n-in^ 

are also Fourier’s series, where k >0. 

This follows from the theorem of § 402, employing the result of Ex. 1. 

♦ Math. Zeitschr. vol. x (1921), p. 126. 

t See W. H. Young, Proc. Boy. 8oc. vol. lxxxv (1911), p. 417, where applications and ex- 
tensions of this theorem will be found. 
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(3) If S (a^ cos nx+hn sin nx) is a Fourier's series, so also is 
n-l 

^ af^GOQ'ivx -^h^Qinnx 
n-2 log» ’ 

andalso 2 «„C 08 «* +6„8inr«;^ 

n,-2 log w (log log n) 

If Xn — , we have AX- >0. If =, ^ — , — ~ — r-, 

” logn’ logy log(y + l) 


du 


, we find that — <0, for y > 1 ; 
ay 

hence u diminishes as y increases, and therefore A® , — >0. It follows that the series 
^ log n 

cos TfVX 

2 — is a Fourier’s series. Applying the theorem of § 400, wo see that 
n_2 logw 


2 

1 = 2 


coswa; +6„sinwa: . • . 

— IS a Fourier s series. 


logn 


The second result stated can be proved in a similar manner. 

404 . In view of the theorem of § 402, it is desirable to possess a criterion 
which will decide the question whether a given trigonometrical series is 
obtainable by differentiation term by term of the Fourier’s series corre- 
sponding to a function of bounded variation. This criterion is supplied by 
the following theorem* due to W. H. Young: 

The necessary and sufficient condition that the trigonometrical series 
2 (a„ cos nx -f h„ sin nx) should be the series obtained by term by term 

n»l 

differentiation of the Fourier’s series of a function of bounded variation is 
that I I 8n (x) I dx should be bounded, where S„ (x) denotes the arithmetic 

J —rr 

mean of the first n partial sums of the given series. 

First, it will be proved that the condition is sufficient. Both 

[ I 8„ (x) I dx and I {( 8„ (x) ( + 8n («)) dx 

J — TT J — IT 

are bounded functions of (n, x), and the integrands are non-negative. To 
each of them the theorem given in § 223 may therefore be applied. A 
sequence of integers can be so determined that for this sequence the first 
integral describes a convergent sequence. In this sequence another sequence 
is contained for which the second integral describes a convergent sequence. 
Therefore a sequence {n^ of integers exists such that both the integrals, 

and therefore their difference j 8„ (x) dx, describes a convergent sequence. 
By the theorem in § 223, the limits of both integrals are functions of 

rx 

bounded variation; therefore, the limit lim 8n^(x)dx is a function 

J —n 

g (x), of bounded variation. We thus have 

rx U-^np / I Jx ] 

g (x) — lim ] 2 I 1 — ) (a, cos ix + b^ sin ix) r dx 

J — *r ft — 1 V ^ 3 ) / ) 

,sin LX — 6. cos ix + {— 1)‘ 6.\ 




* Proc, Roy, Soc. vol. Lxxxvm (1913), p. 572. 
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)‘ 


is a function bounded 


in (p, a;), we may integrate term by term after multiplication by cos mx, 

J -TT 

g (a;) cos mxdx\ thus 

— TT 

m - 1\ 6™ 


TT I _ 


g {x) cos mxdx 


lim (- 


1 + 


n. 


-} 


m 


m 


In a similar manner we find that 


IT J- 


g (x) sin mxdx 


a 


hence the 
m 

cos mx 


Fourier’s series corresponding to g (x) is C + 2 , 

m = 1 ^ 

and thus the difEerentiated series is S {a^ cos mx + sin mx). Hence 

n™ 1 

the condition has been proved to be sufficient. 

To prove that the condition is necessary, we assume that 

2 (a„ cos nx + b„ sin nx) 

n^l 

is the differentiated series of the Fourier’s series corresponding to a fimction 
g (x), of bounded variation. Since g (x) is the difference of two monotone 
increasing functions, and the Cesaro mean 8„ {x) may be expressed as the 
difference of two corresponding Cesaro means, it is sufficient to prove the 
necessity of the condition for the case in which g {x) is monotone increasing. 

1 1 " 

In this case, we have, since a„ = - cos?i«dgr(f) and sinntdgit), 

^J-TT '77’.' -TT 

fsinT ^ non-negative. 


and 


\SA^)\ 

J —n 


dx 


S„ {x) dx. 


Hence we have j Sn (x) dx = (x) — (— tt), where T„ (x) is the 

Ces^iro partial sum of the Fourier’s series from which the given series is 
obtained by differentiating term by term. Since (x) is bounded, with 

respect to (n,x), it follows that S„ (x) dx is bounded; and thus the 
necessity of the condition has been proved. 

The following theorem is also of interest : 

The necessary and sufficient condition that a given trigonometrical series 
shotdd be the Fourier’s series of a bounded function is that | {x) | should 

be bounded with respect to {n, x). 


Since Sn (a;) 


1 

2mr 


sin (« — #)] 2 


< a 


fixed number, when / (t) is bounded. Therefore the condition is necessary. 
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If 8„ (x) is bounded with respect to (n, x), the partial Cesliro sums of 
the integrated series form a sequence which oscillates continuously and 
homogeneously. Hence a sequence of these partial Ces4ro sums can be 
found which converges to an integral (see § 222). Thus 

I / ix) dx = lim [ (x) dx, 

J —n p'^tyo J —TV 

where / (cc) is a bounded function. Multiplying both sides by cos mx, or by 
sin mx, and integrating term by term, it is seen that the integrated series 

is a Fourier’s series having j / («) dx for its corresponding function, that 

is, the integrated series is the Fourier’s series of the integral of a bounded 
function, from which the sufficiency of the condition follows. 

405. If, in the theorem of § 492, we suppose the function g (x), of 

bounded variation, to be an odd function, we see that, if S — sin nx is 

,1 1 n 

the Fourier’s series which represents g (x), then, if 

^<*0 + S (a„ cos nx + sin nx) 

be any Fourier’s series whatever, the .series S A„ («„ cos nx + b„ sin nx) is 
also a Fourier’s series. It has been shewn by* Szidon that all sequences 

{A„} which have this property must be such that S — sin nx is the 
Fourier’s series of a function with bounded variation. 

The general theorem may be stated as follows : 

It is necessary and sufficient, in order that a sequence {A„} of numbers may 
have the property that S A„ (a„ cos nx + sin nx) is a Fourier's series, 

n^l 

provided a„ , are any set of numbers whatever such that 

S (a„ cos nx + b„ sin nx) 

71 ^ 1 

is a Former’s series, that 2 A„ cos nx is the series obtained by differentiating 

7fc - 1 

the Fourier's series which represents an odd function of bounded variation. 


CONVEEGBNOB FACTORS FOR FOURIER’S SERIES 

406. The existence of certain factors {A„} which have the property of 
converting, by multiplication, any Fourier’s series 2 (a„ cos nx + sin nx) 

71 = 1 

into a series 2 A„ (a„ cos nx + 6„ sin nx) which is almost everywhere con- 

71=1 

vergent will now be considered. A .system of factors which have this 
property may be termed a set of convergence factors. 

♦ Math, Zeitschr, vol. x (1921), p. 121. See also Steinhaus, ibid. vol. v (1919), p. 186. 
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It was first established by W. H. Young that 

^ ~ > ^n — 


(log log n (log log ’ 

where 8 > 0 , are examples of such factors; thus, for example, that the 

„ a„ cos nx bn sin. nx , , , 

senes S ,, converges almost everywhere. 

„_2 (logn) 2 +« ® 

It was afterwards proved* by W. H. Young that the factors 

1 \ _ 1 _ 

’ (log ’ log n (log log ’ 

are such convergence factors, and that they are also convergence factors 
for the alhed series S (a„ sin nx — bn cos nx) ; both series becoming, on 

W“1 

the introduction of the factors, Fourier’s series. 

Lastly, it was proved by G. H. Hardyf that ^ convergence factor 

, 11 xn • ^ • j ^1 ^ 1 - xi cos nx + bn sin nx 

for all Founer s senes, and thus that S , converges 

n-2 logn 

almost everywhere. 

It was shewn by Hardy (foe. cit.) that if s„ {x) be a partial sum of the 
Fourier's series ^ (®n cos nx + sin nx), then Sn {x) = o (log n), far 

almost every value of x. 

If ^ (t) denote / (x + t) + f (x — t) — 2(/> (t), it is only necessary to shew 

siri Tit 

that, rj being some positive number, <f> (t) — dt = o (log n). First, 

Jo ^ 

1 

f ^ {gin 

consider the integral I <f) (t) ^ — dt, that is numerically less than 

1 

rn 

n\ 1 ^ (0 I which is o ( 1 ) almost everywhere, that is, at every point x 
1 

at which ^ | ^ {t) | dt converges to zero, as A does so. Next consider the 

A j 0 

integral [ " ^ (<) dt, which is numerically less than j ’ I ^ I dt, which 
J 1 * t 

n n 

becomes, on integration by parts, ^ O ( 77 ) - + j’’ dt, where <I) (t) 

n 

denotes j 1 ^ (<) I (tt. This is equal almost everywhere to 

0 (1) + 0 (1) + An(ij)log(mj), 

where I ^„( 7 j) I <Z( 7 ;), for all values of »(> 1 /r;), and £'( 7 ^) converges 

1 (a;) I rr / , 

*= A (tj); and consequently 


logw 


with 7) to zero. Therefore, we have lim 

U'^CO 

Sn (x) — 0 (log»), for almost all values of x. 

* <7ot»j)<e« JJe«<iM«,vol.ci.v (1912), p. 1480. See also Proc. <Soc. vol. Lxxxvra{ 1912), p. 179. 
t Proc, Lond, Math. Soc. (2), vol. xn (1913), p. 365. 
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407 . If {«„} is a monotone sequence of positive numbers which con- 
verges to zero, and satisfies the two conditions that a„ == O 

that the series S Aa„ . log n is convergent, then the series 

S a„ (a„ cos nx + b„ sin nx) 
is convergent almost everywhere. For 

n r^n-1 

S a„ {a„ cos nx + b„ sin nx) = S s, (x) Aa^ + (x) a „ , 

1 r-i 

and since | {x) «„ | = O ^ o (log n) = o (1), almost everywhere, we 

see that the series S a„ (a„ cos nx + bn sin nx) converges almost every- 

n-'2 

where. 

The condition is satisfied by any of the values 

”” (log n)^+^ ’ log n (log log nY+^ > •••> where 5 > 0. 

Therefore these values of provided sets of convergence factors for any 
Fourier’s series. That the new series so formed are Fourier’s series follows 

from the fact that the senes Sti - S -xvxi.--- are 

(log log n (log log 

Fourier’s series (see § 403). 

408 . It will now be proved that : 

2®o + ^ (^n COS ?ix + b„ sin nx) be any Fourier’s series, the series 


cos nx + sin nx . 


log n 


is a Fourier’s series which converges almost every- 


where. 

T, , , u • c XT' o 4 . 1 . i V «„ cos rea: -t- sin na: . 

It has been shewn in § 403, Ex. 3, that S i is a 

w-2 iogn 

Fourier’s series, and consequently it is summable {C, 1) almost every- 
where. The condition that, for a value of x for which it is summable 

{C, 1), it should be convergent is that S v . - ~ o (to), 

see Ex. 6, § 6. To shew that this condition is satisfied, we have, when 
s„(a;) -o (log to), 

a, cos va; -f- b„ sin vx " « ~ i . v ns„ (x) 

..-2 logv logV log TO 

The series on the right-hand side is numerically less than A -f ne, 
where € is arbitrary, and A depends only on e. This is seen by taking 
the summation in (2, m — \) and (m, to — 1) separately. Therefore 

S V . = o (to), and consequently the condition that 

. _ a„ cos nx -|- 6„ sin TOa; , , , , , . 4.. « , 

the senes S r - — should be convergent is satisfied 

n. 2 log TO 


H II 


40 
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for almost all values of x. The corresponding theorem that the factors 


[CH. VIII 
1 


log n 


are con- 


converts the associated series S (a„ sin nx — b„ cos nx) into a series which 
converges almost everywhere is also known* to hold good. 

409. It is .not known whether the preceding theorem is the best of its 
kind ; that is whether there exists a set of convergence factors {A„} such 
that log n diverges as n ~ oo . But if we restrict the Fourier’s series to 
be such as correspond to functions of which the squares are summable, 

the factors A„ = where p is any positive number, 

vergence factors, and thus, if -f- S (a„ cos nx 6„ sin nx) be any 

n“ 1 

Fourier’s series for which S (a„2 -h is convergent, the series 

?l“l 

„ o„ cos nx -4- sin nx 

n = 2 " ~(Tog"w')»^i^^ ’ 

converges almost everywhere. This is a consequence of the following 
theorem duef to A. Kolmogoroff and G. Seliverstoff : 

If S (a„* -h (log (c > 0) is convergent, then 

S (a„ cos nx + b„ sin nx) 

n«2 

converges almost everywhere. 

Let 2 (Up cos px -f- bj, sin px) be denoted by {x), and let 

P-K{x) 

2 {Up cos px -h bp sin px) 

p~i 

be denoted by 8k(x) (»), where A («) is any measurable function which takes 
only the set of values 1, 2, 3, ... w. It will first be shewn that 


*71 


'S'a (*)(«) da: 


S \C\ogn.''^ {ap^ + bp^)^-^ 

3? = 1 


I’ 


where C is an absolute constant. 
We have 


J 'lr 1 rrr 

8K(x){^)dx = ~ 8„(x')dx' 2 coBp{x— x')dx' 

-TT TT J J p^l 

{Sn {x')y dx ' . 2 cos p{x — x') dx dx^\ 

7 ^ J - n J — TT 1 _ J —IT p = 1 .. i 


by employing Schwarz’s inequality. 

♦ See Plesmer’s tract, “Zur Theorie der konjugierteu trigonometrischen Reihen” (1923), 
Giessen, p. 33. 

'f Comptes Rendua, vol. OLXXvni (1924), p, 303. 
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627 


Now 


rtr r 

2 cos p(x — x') dx 

J —IT L •' — p “ 1 




fTT 2 }-A<a;) 

S COS p (:r — a;') . S cos p(y— x') dxdy 

-TT p = 1 P - 1 

rv P-A(a;,2/) rrr 

= dx dy S cos p{x— x') cos p(y — x') dx\ 

J —IT J —IT 39 “ 1 J — ir 

where A (a;, y) denotes the smaller of the two integers A (a;), A (y) ; and the 
expression on the right-hand side is equal to 

j'jr rtr p-x(x,y) 

TT da; 2 cos p{x — y) dy, 

J —n J ~-n 39 = 1 

as is seen by carrying out the integration with respect to x'. 

We have further 


.•it rtr 33-X(a:,j/) 

da; 2 cos p{x — y) dy 

J — TT J — 39 "• 1 




1 


dy, 


sin J (a; - y) 

the second part of this double integral is — 2tt^. Let A be the part of the 
rectangle (- tt, - tt ; 77, tt) for which J | a; - y | is < or > tt - , 

and let B denote the remaining part. The portion of the double integral of 
sin — > — (x — y) j sin | (a; — y), taken over A, is less than (2% + 1) 

area of A, and this = O (1). The double integral taken over B is less than 


/ 

Hb) 


cosec 


x-y 


d {x, y), and this, on changing the variables to 
^ = J (a; - y), ->/ = J (a; + y), 


is less than a fixed multiple of 


f 


2n+l 


cosec ^di, 


2w + l 


or of [log tan which is - | log tan, ^ j^y or O (log n). 

2n+I ' 


It has now been proved that 


/: 


(j.) (x) dx 


< 


O (log n) (a ^2 + ^^ 2 ) 

p-1 


Let {u (n)} be a sequence of increasing positive numbers such that 

2 u (n) (a„* + bn^) converges to a sum A, and that 2 — converges 
»-l n-lBtU {n) 


40-2 
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to N. Let Sp,i (x) = S {ttg cos qx 4- 6, sin qx), where 2^ <l ^ we 

q=2^ 

then have, from what has been proved above, 


i: 


s 


v> lix) 


{x) dx 


{(7 log 2*"^* < C (2M Ji, 


g=2>’’+‘ 

where denotes S + V)j (a:) is a measmable function having 

q=2^ 

only integral values 2^ + 1, 2*” + 2, ... 2^^^. Let Z (x) be so chosen that, 
at each point x, \ j (,,) (x) | has the maximum value, that is the value 
of the partial remainder It 2 ^, 7 iiy of the Fourier’s series, which has the 
numerically greatest value, for w = 1, 2, 3, ..., 2^^^ — 2^; and let Oj, (x) 
be the value of when Z (x) is so chosen; we have then 


Oj, (x) dx 


<C' {2^A^)^. 


It can be shewn that the series 2 (2Mj,)^ is convergent; for 

p-1 


2^ 

2M „ = — ^ 2 (a,2 + u (22"), 


U(2^) 


from which we have 


< 


Also 


2v 

+ s 

(a,2 + b,/ 

>) tt (22") 

w(22") 

il 

2^ 




u(2^) 


u {q) (a,2 

+ V)- 

II 

r-2P 

1 

n=2^~^ 

1 


2p 

U{2^) ^ 


{n) 

It follows that 2 2 (2Mj,)^ < 8iV + 2A, and thus the series 2 (2Mp)l is 

P~P7 * 1 £2 

convergent. Let us choose p so large that 2 (2*"^^)* < ^>, then we have 


2 

8-p 


f {^) 


dx 


< £2. 


If we denote by tj/p,,,, (x) the maximum, for each value of x, of the 
absolute values of the partial remainders of the series 

2 (a„ cos nx + 6„ sin nx), R^,m, for m = 1, 2, 3, ... 2*’' — 2*’, 

we have j ifip, p, {x) dx < £*. It follows that, in a set of points of measure 

> 2it — £, we have tjip^ p, (x) < e. Let there be assigned to £ the values 
cj, €2, C3, ••• in a diminishing sequence of numbers, such that 2 €r con- 

r«l 

verges to an assigned positive number 77. Let Pi, P2, P3, ... be the values 
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of p corresponding to e^, ej, when p — Pi, we take p' = Pt\ when 
p == P 2 , we take p' = Pa, and so on. We then see that in a set of points of 
measure > 27t — rj, which is the set common to all the sets of measures 

> 277 — 277 — € 2 ,..., employed in the above reasoning, we have 

I {^) I < V’ values + 1, 4- 2, ... of m. Denote this set of 

points by , where m (Ep^) is > 277 — tj. By assigning to a set of values 

QO 

r]i,7)a, ... which are diminishing, and such that H where C is an 

n^l 

arbitrarily chosen number, we see that there exists a set F^, of measure 

> 27t — C, such that in this set | RzPi.m (^) I < ’?i> I (*) | < '>? 2 » ••• 

all values of m > 2*’*, > 2**% .... 

It follows that in the set F( the series is uniformly convergent; and 
since ^ is arbitrary, it follows that the series S (a„ cos nx + sin nx) is 

n^l 

almost ever 5 rwhere convergent. 

The condition that S - ^ . . should be convergent is satisfied by 

'yt'Uj \7h j 

u {n) = (log nY+^, where e > 0. Thus the theorem stated above is estab- 
lished. 


We might also take u (n) = log n (log log in which case it appears 
that, if S log n (log log (a„® + h„^) is convergent for a value of e that 

n = 4 

is > 0, the series S («„ cos nx -h sin nx) converges almost everywhere. 

n = 4 

By continuing this scale we have a series of theorems of which the one 
stated above is the first. 


™ , o, ■ . .1 • a„ cos nx + b„ sin nx . 

Thus S {aj + 6„-) ts convergent, the series S (ioglogn)t+fc 

convergent almost everywhere, when k> 0. 


Poisson’s method of summation 

410. One of the most important, both intrinsically and historically, of 
the conventional sums of a Fourier’s series is that which was first employed 
by Poisson. 

If |ao -f- 2 (a„ cos nx + 6„ sin nx) be a Fourier’s series, let the sum 
1 

r = n 

Ioq -f 2 /t" (a„ cos nx 4- sin nx), where | A | < 1, be denoted by P {x, n, h). 

r- 1 

If lim lim P {x, n, h) exists, it may be defined to be the Poisson sum 

h'^1 W'-QO 

of the Fourier’s series. The ordinary sum, when it exists, is 

lim lim P {x, n, h) ; 

n'^Qo h'^1 

and in accordance with the general mode of introducing conventional sums. 
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referred to in §§ 44-46, the Poisson sum is such a conventional sum. The 
Poisson sum of the series is accordingly defined to be 

lim I JOo + ^ (®n cos nx + 6„ sin nx) 
fc~l L n-l 

whenever the limit exists. 


The condition of consistency must be established, that, when both the 
Poisson sum and the ordinary sum exist, they have the same value. Since 

I a„ cos nx + sin nx | 

is bounded, the limit lim P {x, n, h) exists for esrery value of h such that 

I A I < 1. In accordance with Abel’s theorem (§ 126), when, for a particular 
value of X, the Fourier’s theorem is convergent, the Poisson sum 

lim lim P {x, n, h) 

h'^1 ri'^cc 

exists, and has the value to which the Fourier’s series converges. It was 
however assumed by Poisson and by many subsequent writers that the 
converse of this always holds good. Thus, by Poisson and his followers, 
a proof of the convergence of Fourier’s series which is now regarded as 
wanting in rigour was given, which depended upon the ascertainment of 
the Poisson sum, and the assumption that the Fourier’s series necessarily 
converges to the same limit. 


An important application of the theory of the Cesaro summation of 
Fourier’s series may be made in this connection. It has been shewn in 
§ 368 that a Fourier’s series is summable [C, 1) almost everywhere in the 
interval (— tt, tt), and that in particular its Ces^iro sum is f (x) at any point 
of continuity of f (x), and is i {f (x + 0) + f (x — 0)} at any point of 
ordinary discontinuity. If we now apply the theorem of Frobenius (§ 128), 
we see that, for any value of x for which the Fourier’s series is summable 
(C, 1), the limit, as ^ ~ 1, of the sum of the corresponding power-series, 
in powers of h, exists, and has the same value as the sum (C, 1) of the 
Fourier’s series. It thus follows that, for any such value of x, the Poisson 
sum exists, and is equal to the Ce.saro sum {C, 1) of the Fourier’s series. 

It has accordingly been established that: 


For any Fourier’s series, the Poisson sum exists almost everywhere, and 
has the value f (x) ; and it is equal to f (x), or to i {/ (« + 0) -t- f (x— 0)} at 
a 'point of continuity or of ordinary discontinuity of the function. 


If we consider the class of Fourier’s series for which a„ = O , 
b„ = 0 Qj, Littlewood’s theorem (§ 132) may be applied to prove that 


the Fourier’s series converges to the Poisson sum, wherever the latter 
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exists ; this has been shewn above to be the case almost everywhere, and 
in particular at every point of continuity or of ordinary discontinuity of 
the function. It follows that the series converges to f{x) almost every- 
where, and that, at a point of ordinary discontinuity, it converges to 

^{f{x + 0) +f(x-0)}. 

Another proof of this result will be given in § 414. 


If we shew, by means of any independent investigation, that in case 

^ =-= O , the Poisson sum exists almost everywhere. Little- 

wood’s theorem (§ 132) enables us to infer the convergence of the Fourier’s 
series at every point at which the Poisson sum exists. Such an independent 

investigation, in the case a„== o j , b„ — o , was given* by Patou, 

who also shewed that, in this case, the Fourier’s series converges almost 
everyAvhere. 

If / (x) have bounded variation in (— tt, tt), then a„ — O ,b„ = O j , 


and the Poisson sum exists everywhere. It follows then, by applying 
Littlewood’s theorem, that the Fourier’s series converges everjrwhere to 
the value ^ {f {x 0) + f {x — 0)} , Thiis, in the case of such functions, 
the hiatus in the older proofs of convergence of Fourier’s series by means 
of Poisson’s sum is filled up. 

Interesting properties of the Poisson sum have been givenf by Gross. 


411 . The definition of the Poisson sum is applicable to the case of any 
trigonometrical series, which is not necessarily a Fourier’s series, provided 
the series + S {a„ cos nx + sin nx) h” is convergent when j A [ < 1. 

Applying the extension of the theorem of Frobenius, given in § 128 (3), 
we see that, such a trigonometrical series, when it is summable {G. r) for 
some value of r (S 0), at a point x, is also summable by Poisson’s method, 
at the same point. That this is the case was first proved^ by Holder, in 
the case in which r is a positive integer. 

It thus appears that Poisson summation is at least as general as Ces^iro 
sumznation of a trigonometrical series. 

If / (x) be not summable in (— tt, rr), but have a Denjoy integral in 
that interval, it has been shewn (§ 376) that the corresponding generalized 
Fourier’s series is summable almost everywhere in each integral con- 
tiguous to the set H, of points of non-summability of / {x). In case the set 
H has measure zero, and in particular when it has an HL-integral, the 
series is summable {G, 1) almost everywhere in (— tt, tt), and it is almost 

* Acta Math. vol. xxx (1906), p. 379. 
t Wien, Ber, vol. cxxiv, Abt. 11a (1915), p. 1024. 
t Math, Annahn, vol. xxxin (1882), p. 246. 
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everywhere equal to / (x ) ; we have thus the following extension of the 
above result : 

Iff (x) have a D-integral, the Poisson sum of the corresponding generalized 
Fourier's series exists, and is equal to f (x), almost everywhere in each interval 
contiguous to the set H, of points of non-summability off (x). When m (H) — 0, 
as is the case when f (x) has an HL-integral, the Poisson sum exists, and is 
equal to f (x), almost everywhere in the interval. In either case it exists every- 
where in an interval of continuity of f (x), provided the continuity at the end- 
points is on both sides. 


412. The limit of the sum P {x, n, h), as w ~ qo, is equivalent to 


r f(x')dx'+ I -hr 

' J -w y ^ 1 TT 


/ {x') cos r (x' — x) dx'. 


2tt ^ 1 — 2h cos (x' — x) + h^ ' 

Thus the Poisson sum, when it exists, is given by 

^ l.-,r 1 - 2 Ac0S(«'-^) +772-^ 

The value of this limit was studied* by Schwarz in two memoirs. He 
considered the case, more general than that with which we are here con- 
cerned, in which x varies as well as A; he confined his attention however 
to the case in which / {x) is either continuous, or else has only a finite set 
of discontinuities. A more complete discussion of questions connected with 
Poisson’s integral has been givenf by Patou. An evaluation of the limit 
will be given here, by an application of the general method developed in 
Chapter VI. 

Let X be any point of the interval (— tt + e, tt — e); this will be taken 
as the set O to which x belongs. If y. < e, the positive function 

1 - hf 

1 — 2h cos {x' — x) -t- h^ 

. , 1 


is less than 


{\ — h)^ + 4h sin^ 


or than ~ cosec® provided \ x' — x \ ^ y, 1 > h> hi, where y is a, 

positive number < e. In order to apply the theorem of § 290, we may 
suppose n = {1 — h)-^, so that w ~ oo , as 4 ~ 1 . The first condition of the 
general convergence theorem of § 279 is accordingly satisfied. To shew 
that the second condition is satisfied, we have 

f^‘ 1-A® , 1 - h^ _ 

.L. i — 2h cos fa:' — a:) + A® ^ ^ f 1 — A)® -f 4A sin® Au ’ 


,, 1 — 2A cos {x! — x) + h^ (1 — A)® -f 4A sin® ^y * 

♦ Math. Abhandlungen, vol. ii, pp. 144, 175. 

f Acta Math. vol. xxx (1906). See also Plessner’s tract quoted on p. 626. 
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where (aj, jS^) is any interval in (— tt, tt), provided x is not interior to the 
interval (a^ — ii, aj + /i), and belongs to 0. This converges to zero, 
uniformly for all such intervals, as A ~ 1 ; thus the second condition 

is satisfied; and therefore i - 2h cos '(¥" i ) + 

similar integral with the limits x + converge to zero uniformly for all 
values of x belonging to O. 

We have also 


lim i r 

27r J 1 — 2h„ cos (x' - 


dx' 


= lim 


X) + 

rir 1 


27T 


h ^ 


zrz 1 

1 — 2hn cos {x' — x) + h„^ 

It follows, from the theorem of § 292, that the limit of Poisson’s integral is 

h{fi^ + 0)+f{x~0)} 

at any point of ordinary discontinuity. Also it converges uniformly in any 
interval in which / (a;) is continuous, the contimiity at the end-points of 
the interval being assumed to be on both sides. 

In order to apply the theorem of § 295, we observe that 

1 — 2 

-3 = 0, fori^O; 


also t . 


1 


lim ” 

1 — 2hn cos t -f- hn 

\ — h ^ 

~iyi Vt "/”2 interval (0, /*) the total variation 

COS Z “P 'Z/n 


> 

1 

t . 2h„ sin t 

. 0 

1 — 2hn cos^-f- 

(1 — 2hnCOSt + A„2)2 


dt 


which is less than 


of'* - 1 Ht 

j 0 1 — 2hn cos t + h„^ 1 — 2hn cos [I + h„^’ 

or than 2v, which is independent of n. It thus appears that the integral 

converges to / (x) at every point at which j {f(x + t) -I- /(a: — t) — 2 f (x)} dt 

.'0 

has, at 7 = 0, a differential coefficient of value zero. It has thus been shewn 
that: 


The Poisson sum of the Fourier's series corresponding to the summable 
function f (x) is f (x) at every point at which 

7 I {f {^ + t) + f - t) - 2/ (»)} dt --= 0; 

t Jo 

and this is the case almost everywhere in the interval (— tt, tt). The Poisson 
sum is ^ {f {x + 0) + f {x — 0)} at any point of ordinary discontinuity. The 
Poisson summation converges uniformly in any interval in which the function 
is continuous, the continuity at the end-points being assumed to be on both 
.sides. 
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418. The following theorem, which is due to Fatou, is of importance 
in the general theory: 

If the summable function f (x) has, cU a point a, a finite differential 
coefficient, and F' {x, h) denote the sum of the series 

GO 

S n (— a„ sin nx 4- cos nx) h^, {h < 1), 
then at the point a, lim F' (a, h) = /' (a). 

h~l 

Without loss of generality we may take a = 0. If f (x) = 1, in the 
interval (— n, n), the theorem is obviously true, since all the coefficients 
of the Fourier’s series vanish, except ag. The theorem is also easily verified 
at the point 0 for the function / (x) = x. Writing 

cf>{x)=f {x) - xf'(o) - f (o), 

we have ^ (0) = 0, <f>' (0) = 0, and it is sufficient to prove the theorem for 
this function <f> {x). 


We have since 




1-^2 


2h cos (6 — x) + ^ 


lim F' (o, h) ~ lim [ 
/k~i J 


(1 — /i®) 2h sin 0 
{i — 2/tcos 0 + h^Y 


(0) d0. 


and it is sufficient to shew that this limit has the value 0, that of (f>' (o). 

1-h^ , 

,, we have 


Writing H for ^ 

r (1 


2A.COS 0 + h^’ 
h-)2hmn» 


2^cosd + A2}a 

2h sin 0 




2h cos 0 + h^ 


sin 0 
i — cos 




Since lim 


- 2 lim = 0, the function ^ 


tan \0 0 tan ^0 

(— 7T, 77-), and it has the limit 0 at 0 = 0; therefore, by § 412, 

lim r H^-^f^d0^O. 
tan\0 

The other integral may be written in the form 

{l-hY <i>{0) 


is .summable in 


-L« 


1 — 2h cos 0 + h^ tan ^0 
and this is numerically less than 

I A m\ [ 

\d0. 


d0. 


r H 



tan 


This has the limit 0, as ^ ~ 1, for a reason similar to the case already dis- 
cussed. The theorem has now been established. 
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414 . The following theorem will be estabhshed : 

If a„ = 0 j , bn = 0 , the necessary and sufficient condition that the 

series Jap + ^ (®n cos nx + 6„ sin nx) should converge at the point x to the 

_ n = X 

value f (x) is that the sum of the series 


1 S / 7 . V sin nh 

jag + 2 (® 7 i cos nx + o„ sin nx) 

re -1 


nh 


should converge, ash~0,tof (x). 

The given series is a Fourier’s series, since 2 {a„^ + is convergent. 

re-l 

r X-i~e 

The condition in the theorem may be stated in the form that ^ f(t} dt 

. X-e 

should converge to / (x). This condition is satisfied for almost all values 
of X (see I, § 432). 

The theorem was given* by Hardy and Littlewood; it is a generaliza- 
tion of an earlier theorem duef to Patou, which appUes to the case in 
which 




In order to prove that the condition in the theorem is sufficient, it is 
seen from Lebesgue’s theorem in § 370 that, when the condition is satisfied 
at the point x, the Fourier’s series is, at that point, summable {C, 2). 
Consequently, since nbn are bounded, it follows at once, by employing 
the theorem of § 64, that the series is convergent at the point. 

In order to prove that the condition is necessary, denoting 

a„ cos nx -f sin nx 

by .d,,, we may assume, without loss of generality, that / («) = 0, .dp = 0, 
I nA„ I < 1. Assuming that the Fourier’s series converges to zero at the 
point X, we write 


(h 


7l = M 

2 A, 
1 


n 


sin nh . sin«/i S , sinnA ^ ^ ^ 

+ S A„--- + 2 

n-M+l n^m 


nh " nh nh 

Having assigned a positive integer ifc (> 2), let m and h be such that 

^ — I < mh S k, 


then 


and therefore I O, 




1 “ 

<\ 2 

nm-n+in 


1 


1 


2 ^ mh’ 


< 


k' 


If the terms of 2 — f— be grouped, their 
re-1 nti 


order being preserved, so that all the terms in any one group are of the 
same sign, opposite to the sign of the terms in the neighbouring groups, 

* Proc. Lond. Math, Soc. (2), vol. xviii (1919), p. 228. A simplification of the proof, due to 
M. Riesz, is given in Proc. Lond, Math, Soc. (2), vol. xxii (1924), Records, p. xviii. 
t Acta Math, vol. xxx (1906), pp. 345, 385. 
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the number of groups depends only on the value of mh, and does not 
exceed a number K {h), since, for a fixed value of k, the number remains 
less than a fixed number, whatever be the values of m and h. Let € be an 
arbitrarily chosen positive number, and let fx be so chosen that 


'E A„ < 


S A„ < 


Lr/- 

for all values of v and v' such that v < v'. 


K{ky 


We now see that I I is less than 


K{k) 


multiplied by the number of 


groups in 2 and this is less than e. Also 

I I ^ + € < 2^, 

n « 1 

provided 0 < h ^ h^, where hi depends on [x and €. We now have 

2 

I ® I < jj; + 0 < h £ hi; 

2 

and since ^ and e are both arbitrarily small, we have lim <I> = 0. The 

necessity of the condition has now been established. 

The theorem established may be stated as follows : 

If na„, nbn are bounded, the necessary and sufficient condition that the 
series Joq + 2 (a„ cos nx + b„ sin nx) converges for a given value of x is 

W - 1 

,1 , j. / , 7^ 7 1 S a„ sin nx — COS wa: , 7i 7 

that the function g (x) defined as \a^ -1-2 shall have a 

ri 

differential coefficient g' {x) at the given point; and then g' (x) is the sum to 
which the given series converges. 

If a„, bn be changed into n6„, — na„, the theorem may be stated as 
follows : 

If an — 0 , 6„ = 0 , the necessary and sufficient condition that the 

series 2 n( — a„ sin nx + b„ cos nx) converges for a given value of x is that the 

n « 1 

function g (x) defined as 2 (a„ cos nx + b„ sin nx) shall have a differential 

71= 1 

coefficient g' {x) at the given point; and then g' (x) is the sum to which the 
given series converges. 


APPROXIMATE REPRESENTATION OP FUNCTIONS BY FINITE 
TRIGONOMETRICAL SERIES 

415. If the function / (x), defined for the interval (— n, tt), be con- 
tinuous in the interval (a, P), contained in (— n, tt), including the end- 
points a, j8, it has been seen, in § 412, that Poisson’s integral converges to 
the value/ (x), uniformly in the interval (a, )8), as h converges to the value 1. 
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Therefore, a value , of h, may be chosen, corresponding to an arbitrarily 
fixed positive number e, so that / {x) differs from the sum of the con- 
vergent series 

I / i^') ^ |cos nx .- \ f (x') cos nx'dx' 

-h sin wa: . ^ / (x') sin nx' dx'^ 

by less than ^e, for all values of x in (a, j8). Since the series converges 
uniformly for all values of x, an integer m may be so fixed that the re- 
mainder of the series after the wth term is numerically less than for 
all values of x. In this manner we obtain* a finite trigonometrical series 

-t- {A^ cos a; + jBj sin x) + ... -|- cos mx 4- if„, sin mx), 

the sum of which differs from f (x) by less than e, for every value of x in the 
interval (a, in which f (x) is continuous. 

This mode of approximate representation of / (a;), in the interval (a, ^), 
is clearly not unique, because the values of the function in that part of 
(— 7T, tt) which is not in (a, jS) may be altered in any manner, subject only 
to the integrability of / (a;) in (— tt, tt-), and the continuity of / (a:) at the 
points a, jS. 

In the above finite series, each of the circular functions can be expanded 
in powers of x, and the result rearranged as a power-series, of which the 
sum consequently differs from / (a:) by less than e, for all values of x in 
(a, j8). Since the power-series is uniformly convergent, we thus obtain a 
proof of Weierstrass’ theorem, already established in § 159, that a finite 
polynomial P (x) can be determined, such that | / (a:) — P (a;) | < 2e, for 
all values of x in (a, j8) ; the number e being arbitrarily chosen. 

Another methodf, not involving the use of Poisson’s integral, may be 
employed to determine an approximate representation of a fimction/ (a:), 
continuous in (a, j8), by means of finite trigonometrical series. Choose I, 
so that — I < a < ^ <1. As in § 159, a continuous polygonal line can be 
constructed, such that its ordinate, for each point x in («, ^), differs from 
/ {x) by less than |e. The polygonal line may be extended to the whole 
interval (— 1, 1), so as to be a continuous polygonal line for the whole 
interval, and to be such that its ordinates at the points x — I, ~ I are equal 
to one another. In virtue of Dirichlet’s theory of Fourier’s series, the 
polygonal line may be represented, for the whole interval (— 1, 1), by a 
Fourier’s series 

, , S / nux , , . mTX\ 

|ao + cos -j- + b„ sin j ; 


* See Picard’s Traitd Analyse, 2nd ed. vol. i, p. 275. 

j- Volterra, Rendiconti del Circolo mat, di Palermo, vol. xi (1897), p. 83. 
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and, by the theorem of § 333, this series converges uniformly in (— 1, 1) to 
the value of the polygonal function. The sum of the Fourier’s series differs 
from / (x) by less than Je, at every point of (a, jS). The integer m may be so 
ohosen that the sum of the terms for n>m is less than Je, for all values of x 
in (a, j8), on accoimt of the uniform convergence. Therefore the finite series 


+ S 

n 


m / 


mrx , 
cos - 7 - + b„ 


sin 


niTX\ 


T) 


has the required property, that its sum differs from / {x) by less than c, for 
all values of a: in (a, j8). This method may be applied, in the same manner 
as in the case of the preceding one, to prove Weierstrass’ theorem relating 
to the approximate representation of a continuous function by a finite 
polynomial. 


416. Let/(a;) be a function such that both /(a;) and {/(a:)}® possess 
Lebesgue integrals in the interval (— tt, tt) ; and let (x) denote the sum 
of a finite trigonometrical series 

+ S {An COS mx + Bn sin mx). 
n= 1 

Let us consider the integral 
Im 

We find that 


( 1 ^ n=“W (If’*’ ) 

+ S \An f{x)cosnxdx\ + 2 \Bn f {x)sia.nxdx\ 

71-1 V ‘7rJ_7r ) 7l-l( 7rJ_7r 

~ ^TT { ~ { l-J 

+ I J f{x) sin nxdx^ 

If In^ be regarded as a quadratic function of 


Aq, Aj^, Bi ... A„if Bjn, 

it is clear that the value of will be least, when 

1 f” 1 f " 

Ao = -\ f{x)dx, A„=-\ f{x) cos nxdx, 

1 f” 

Bn = - \ f{x) sin nxdx, 
n J -w 

for n — 1, 2, 3, ... m; i.e. when Ag, An, Bn are the Fourier’s coefficients 
corresponding to the function / (a;). These values of Ag, An, Bn Site there- 
fore such that the finite trigonometrical series gives the best approximation 
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to the value of / (x), in accordance with the standard of the method of least 
squares. The following theorem has been now established : 


If* f{x) be defined far the interval (— n, n), and be such that both the 
function itself, and its square, possess Lebesgue integrals in the interval, then 
the values of the 2m + 1 constants A^, A^, B^, ... A^ , , which are such that 


r TT r n = m 

f(x) — ^Aq — T, {A,n cos mx + B^ sin mx) 
J -TT L n=-l 


dx 


has the smallest value, are the Fourier's coefficients corresponding to the 
function f {x). 


The minimum value of the integral is 


I {f{x)}^dx~Tr 

J — TT 


S (a„2 + 6„2) 

W = 1 

where Oq, an, b„ denote the Fourier’s constants corresponding to the function 
/ {x). It follows that this difference is essentially positive, whatever value m 

oo 

may have, and therefore the series |ao‘^ + 2 {a„^ + 6„2) is necessarily con- 

n^l 

vergent. It has been shewn, in § 378, that the series converges to the value 
1 f" 

An attempt was made by Harnackf to establish this 
n J 

fact directly, and to found thereon a theory of the convergence of Fourier’s 
series. 


CO n 

It follows, from the above result, that the series 2 a„2, 2 b„^ are both 

1 1 

convergent, and therefore that lim a„ = 0, lim 6„ 0, which has already 

n=*oo w-=QO 

been established in § 334, independently of the assumption here made, that 
{f (x)}^ is integrable in (— u, tt). 


THii DIFl'EEENTIATION OF FOUEIER’s SERIES 

417. In general, the series obtained by differentiating a convergent 
Fourier’s series is not convergent, as may, for example, be seen in the case 
00 1 

of the series 2 ^ sin nx; neither is the series so obtained necessarily the 
Fourier’s series corresponding to /' {x). 

Let / (x) be a bounded function, continuous except for a finite number 
of ordinary discontinuities ; let it also be assumed that /' {x) has a Lebesgue 
integral in (— tt, tt), and that, if it have points of infinite discontinuity, 
such points form a reducible set. This is consistent with there being a set 
of points of zero measure at which /' (x) has no definite value. At the 

* This theorem was given by Toepler, in a somewhat less general form, see Wiener Anzeigen, 
vol. xm (1876). 

t See two articles in the Math, AnnaleUy vol. xvn (1880), p. 123, and vol. xix ( 1882), pp. 254,526. 
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points of discontinuity of /(»), we may regard /'(«) as undefined. We 
have then 

1 




cos nxdx 

1 


Wtt 


/ (a;) sin nx 


It 1 

f'{x) sin. nxdx 

—It yhTT j 


riTT 


[-2 


1 f"' 

{/ (a + 0) — / (« — 0)} sin na] / ' (a:) sin nxdx, 


the summation S referring to the finite number of points a of ordinary 
discontinuity of / (x) in the interior of (— tt, tt). In a similar manner, we 
find that 


1 

mi 


/ {x) sin nxdbc 

r 

[(- 1)" {/ (- W + 0) - / (tt - 0)} + S {/ (a + 0) - / (a - 0)} cos na\ 


Also 


+^r/'w 

nn j_. 


cos nxdx. 


1 f' /' (a:) da; == ~ [/(tt - 0) -/(- TT + 0) - 2 {/(a -f 0) -/(a - 0)}j. 

If then, the Fourier’s coefficients for the functions / (a:), / ' (x) be 
denoted by Uq, a„, 6„, and , a„', 6„' respectively, we have 

«o' = - [/(’^ - 0) -/(- TT + 0)J - ^ 2 {/(a + 0) -/(« - 0)}, 

TT 7T 

an' = 1 )" {/ (- ’^^ + 0) - / (tj- - 0)} + 2 {/ (a + 0) - / (« - 0)} cos»«], 

77 

bn = — na„ — - 2 {/(a + 0) —f{a— 0)} sinna. 

77 


In particular, if / {x) be continuous in the interval (— tt, w), so that the 
function obtained by extending / {x) beyond the interval, in accordance 
with the rule /(a;) =f{x± 2 it), is continuous except at the points — n, n, 
we have 

«o' = < = nbn + -/(- tt)}, 

77 77 

bn = — Unless f {n) =f (— n), the Fourier’s series corresponding to 
/' (a;) is not obtained by term by term differentiation of the Fourier’s 
series for / (a:). Even when this condition is satisfied, no assertion can in 
general be made as to the convergence of the Fourier’s series for /' (a;). 
We have>thus obtained the following theorem: 

Iff (x) be corUinuoua in (— n, tt), and if f{— n) =f (it), and f (x) have 
a Lebesgue integral, and have at most a reducible set of points of infinite 
discontinuity, the Fourier's series for f (x), whether it converge or not, is 
obtained by the term by term differentiation of that correspmding to f (x). 
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If it be known that /' (x) has limited derivatives at any point, or if 
lim lim 

A-+0 ^ ’ A-+0 —h 

are definite, or are indeterminate between finite limits of indeterminacy, 
then, in accordance with Theorem (a), of § 342, the Fourier’s series for 
/ ' (x) converges at the point x. 

418 . In case the function/ (x) have derivatives/ ' (x},f" (x), ... of any 
number of orders, and /(a;),/' {x),/" {x), ... are all bounded and continuous 
in (— w, tt), except at a finite number of points at which they have ordinary 
discontinuities, the coefficients a„, may be expressed in a form which 
exhibits these discontinuities. 

At a point a, of discontinuity of / {x), the function/' (x) may be regarded 
as undefined, the values of /' (a + 0),/' (a — 0) being 

lini I ~ ^ , lim ~ ^ 

A-+0 h ’ A-+0 —h 

respectively. A similar remark applies to the higher differential coefficients. 
We find, by integrating twice by parts, 

S{/(a + 0)-/(a-0)}sin«,« 

YlTT 

- 2 “ 0)} cos - --2 - I J" {x) COS nxdx, 

K = “ - S {/ (« + 0) - / (« - 0)} cos na 

TflTT 

- s {/ ' (^ -f 0) - / ' (^ - 0)} sin np - - j J " {x) sin nxdx, 

where — rr is now included among the points a of discontinuity of / (x), and 
amongst the points of discontinuity of / ' {x). The points a in general 
occur amongst the points 

We may proceed, by further* integration by parts, to express a„ and 
bn in a series proceeding by powers of Ijn, the coefficients of which involve 
the measures of discontinuity of the functions at the points a, jS, .... 

Conversely, if the Fourier’s coefficients for / {x) are given in the form® 

a„ = - SA sin na + \ HB cos red + ... , 
n n^ I' ’ 

b„ = — - SA cos na + \ HB sinnB — 

n TO* r > 

* See Stokes, “ On the critical values of the sums of periodic series,” Math, and Phys. Papers^ 
vol. I, where this investigation is carried out in detail, and the resulting formulae for the differentia- 
tion of Fourier’s series are applied to physical problems. 


HII 


41 
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so that the Fourier’s series has for its general term 

^ hA sin n(a~ x) + ^ "LB cos nlB — x) + , 

n ^ \r / 

we have 

/(« + 0)-/(«-0)^-7r^, /'(^ + 0)-/'(|8-0) = -7r5,.... 

Thus the points of discontinuity, and the measures of discontinuity, of 
/(^)> f' (*)> •••» determined when a„, b„ are exhibited as series pro- 
ceeding according to powers of 1/n. 

419. The following further theorems* relating to the differentiation of 
trigonometrical series will be stated : 

If th.e trigonometrical series 

00 

+ S (a„ cos nx + sin nx) 

converge for a particvlar value c of x, and if the series 

00 

S (— na„ sin nx + nb„ cos nx), 

(Stained by term by term differentiation, converge uniformly in an interval 
{a, jS) which contains the 'point c in its interior, then the original series 
converges uniformly in (a, j3), and the function f {x) represented, by it has, 
throughoul the interval, a differential coefficient represented, by the derived 
series. 

GO 

If the series S (a„ cos nx b„ sin nx) 

1 

cxynverge for a particular val'ue c of x, which is not zero or a multiple of tt, 
and if lim a„ = 0, lim 6„ = 0, then throughout an interval {a, j8) which 

n = oo 

contains the 'point c in its interior, but does not include the ‘point 0, or kn, 
where k is any integer, the series converges uniformly, and the ffmction f {x) 
represented by it will have a differential coefficient f {x) given by 

QO 

2 sin x ./ ' (x) ^ E {[(% — 1) a„_i — (% + 1) a„+j] cos nx 

71 “ 0 

+ [(«■- 1) - (w -t- 1) 6„+i] sin nx} , 

where a__i b_i — ag = b^ = 0, provided this last series converges uniformly 
in the interval {a, ^). 

For a fimction / (x) which possesses differential coefficients of all orders 
in the interval (— w, w), it is not in general possible to obtain repre- 
sentations of all these differential coefficients by means of successive 
term by term differentiation of the Fourier’s series which represents / (x). 

* See Bdcher’s “Introduction to the theory of Fourier’s series,” Annals of Math, (2), vol. vii 
(1906), p. 120. The second theorem is substantially due to Lerch, Annales sc, de V^cole normals 
(3), vol. xn (1896), p.'361. 
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The following theorem, due to Borel*, gives the means of obtaining the 
requisite representation of such functions : 

Having given a function f (z) which has differential coefficients of all 
orders throwghxmt the interval (— w, rr), the function can be represented by 
means of a series of the type 

CO 

S (A„ z” + a„ cos nz + b„ sin nz) ; 

n=0 

and the differential coefficients of f (x), of all orders, are represented by the 
series obtained by successive term by term differentiation of this series. All the 
series so obtained converge uniformly in the interval (— tt, tt). 


GENERAL EXAMPLES 
( 1 ) The trigonometrical series 

sin X +62 sin 2x + ... +6^ sin nx + ... 

is uniformly convergent in any interval not containing the point or any point 

00 

X = ±2^•7^, (A; integral), if lim =0, and if also 2 | | be convergent. For 

n-^co n^l 

n-1 

2 sin lx . Sn (x) = b^ cos - 2 (6^ - b^^i) cos l(2r + l)x-b^ cos J (2n + 1 ) cr* 

r - 1 

whence the result follows. It sufificesf for the convergence of the series that lim6yj=0, and 

n Qo 

that also b^^b^^, for all values of n greater than some fixed value m; the convergence is 
then as before uniform in any interval which does not contain a; ~0 or a: = ± 2 k 7 r, for any 
integral value of k. 

The series JcTq 4 cos a; +a2 2a; + ... may similarly be shewn to converge uniformly 

in any interval not containing a;=0, or any point ±2k7r, if lima^=0, and if also 

W = oo 
00 

2 I (in~^n+i I convergent. If lim and n>?n, the seriesf con- 

n«l 71^00 

verges as before for all values of x, except 0 or ±2kTr. 


(2) Let /(a;)J be a function, of period 2wy bounded and measurable in any interval which 
<loes not contain the point a;— 0, or any point x~2k7T; but let f (x) not satisfy these 
conditions in the neighbourhood of x~0. Let it be assumed, (1), that | / +/ ( - a;) | is 

integrable, in (0, tt), (2), that lim {a;/ (a;)} =0, and (3), that xf (x) has its Fourier’s series 

x = 0 

convergent at the point a;=0. The coefficients %, 6^, for the function /(a;), then 
exist, and lim a^-O, Also it follows from (3) that lim b^ -0. For this last condition is 

n 00 

equivalent to 


lim / /(a;') tan^a?' 

n^'Qoy — TT 


BinH 2n + l)x '^y_^ 
sin Ja;' 


which holds if /(a;)tan^a; have its Fourier’s series convergent at x=0; and /(a;)tan Ja; 
may clearly be replaced by xf {x). 


* See the LeQoiis sur lesfonctions de variables rdelles^ p. 68, where this theorem is proved, 
t Schlomilch, Cempendium d, hoheren Analysis, vol. i, § 40. 

X See Fatou, Comptes Rendus, vol. oxLii (1906), p. 765. 


41-2 
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It can now be seen easily that 

sin^(ar-a;') 

has the limit 0, when n is indefinitely increased, on condition that the integral is inter- 
preted as having its Cauchy principal value in the neighbourhood of x' -0, When the 
conditions (1), (2), (3) are satisfied, the necessary and sufficient condition that the series 
should convolve to / (a;) is that that function which =/ (a;) in the neighbourhood of the 
point a;, and is elsewhere zero, should be representable by a Fourier’s series. 


Let 




. TT 

Sin — 
X 


a; log ^ log log ^ 


where 0<a;<a<e-^ 


and let /(a:) +/( - a;) =0. This function satisfies conditions (1), (2), (3), and is represent- 
able by a series 

. ttX . 27ra; 

ajsm- +aoSin f-.... 

(I “ a 

I /(a?) I is not integrable, although / (aj) is so; thus the series is a generalized Fourier’s 
series. 


^ sin 7VX 

(3) The convergent series* 2 — - represents a function which is not integrable 

„=.2 logn 

(L) or (D), in an interval containing the point a:=0. The series 2 — is not 

»"2 wlogw 

convergent. 


00 

(4) In the series 2 sin (n! Tra:), the coefficients do not become indefinitely small, and 
1 

therefore the series is not a Fourier’s series. The series converges, however, for all rational 
values of x; it also converges for an infinite number of irrational values, for example, 
for a?=sinl, cos 1, 2/^, and for multiples of these values; also for odd multiples of e. 
This example is due to Riemann, and the series has been considered in detail by Genocchi|. 


00 00 

(5) Consider the series 2 c^QO&n^Xy 2 c^min^x^ where Cj, Cg, ... are positive 

0 n 1 

00 

numbers, and such that lim c,i-0, but such that 2 is divergent. The points of con- 
71=00 n=l 

vergence, and the points of divergence, of these series both form everywhere-dense sets. 
These series have been treatedj in detail by Hardy and Littlewood. 


QO J 

(6) The function f(x) = 2 (nx), where {'ti/x) denotes the excess of nx over the nearest 

integer, and where {nx) =0 when nx is half an odd integer, is not integrable in accordance 
with Riemann’s definition. Riemann has however given the series 


1 * -Sf.l 

nnh' 


( 


n 


i)«] . „ 

sin zuttx^ 


as representing / (a:); where the summation 8q refers to all the factors of n, 

* See Fatou, Comptea Rendua, vol. cxlit (1906), p. 767. 
t Atti di Torino^ vol. x (1875), p. 985. 
t Acta Math vol. xxxvii (1914), p. 222. 
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biemann’s theory of trigonometrical series 

420, After the fundamental investigation of Dirichlet, in which sufficient 
conditions were obtained for the convergence of the Fourier’s series corre- 
sponding to a given function, the next great advance in the theory was 
made by Riemarm*, in his celebrated memoir on the representation of a 
function by means of trigonometrical series. This memoir formed the point 
of departure, on which much of the subsequent development of the theory 
depended. An account of Riemann’s theory, in a modified form, with some 
later developments, will be given here. 

Denoting the series -t- S (a„ cos nx -}- sin nx) by 

n=‘l 

^0 (^) + (^) + ^2 (^) + ••. + {^) + ••• j 

where (x) = -^n (^) ^ nx + sin nx, 

it is assumed in general that lim (a„ cos nx + sin nx) = 0, for each value of 

X in a given interval. It was proved later by Cantor that this assumption 
implies that lim a„ = 0, and lim == 0. In some parts of Riemann’s 

investigations it is sufficient to make the wider assumption that 

I a„ cos nx + h„ sin nx | 

is bounded for all values of n, and of x in some prescribed interval. It is 
not assumed that the coefficients necessarily have the form of the co- 
efficients in a Fourier’s series; so that the theory refers primarily to 
trigonometrical series in general. 

Riemann’s method of investigation depends essentially upon his intro- 
duction of a special method of treatment of the series, which leads to a 
conventional definition of the sum of the trigonometrical series. This con- 
ventional sum of the series, which may be spoken of as its sum (B), is 
equal to the ordinary sum of the series at any point x at which the latter 
exists, but the sum (R) may exist for a point x for which the series is not 
convergent. 

If we take the series 


A„ {x) + Ai (.r) 



where | (a;) | < k, for all values of n and x, and denote its sum-function 

at the point x hy S {x, h), this sum-function having a unique value, for 

I A. (x) I 

each value of h (> 0), since the series 2 ' — " 2 convergent, then if 

n 

lim 8 (x, h) = S (x), the function 8 (x) may be termed the Riemann sum- 


♦ “Ueber die Darstellbarkeit einer Function durch eine trigonometrische Reihe.” This 
memoir, originally written in 1854 as a thesis, was published in the Abhandlungen d, K, Ges. d. 
Wisse?isch» zu Gottingen, vol. xni. See also Riemann’s Geaammelte Werke, 2nd ed. p. 227. 
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function of the series (x) + Aj^{x) + .... This function 8 (x) may, at a 
particular point x, have a definite value, or it may have an upper value 
E (x), and a lower value 8 (x ) ; where 

S (x) = lim 8 {x, h), 8 {x) = lim 8 {x, h). 

A~0 


Thus 8 (x) is the repeated limit 


hm fim 


Ao (x) + Ai (x) 



whereas the ordinary sum-function of the series is 


lim lim 


Aq (x) + Aj^ (x) + ... + An {x) ^ 


^sinnAy 
nh ) 


It is in accordance with a frequent mode of procedure in defining a con- 
ventional value of a repeated limit, to regard it as the repeated limit 
when the order of the successive limits is reversed (see § 46). 


Riemann introduced the continuous function F (x) represented by the 
series 

O -i- C X + ^AqX^ Ai (x) 22 A 2 (x) ... ^2 A„ (x) .... 


which certainly exists when \ An {x)\ is bounded for all values of ti and 
of a;, in a given interval. For if | An {x) | < k, the series 

-^1 (®) + + ••• + ••• 


converges uniformly in the given interval, and thus has its sum-function 
continuous. This is in particular the case, in any interval whatever, when 
lim a„ = lim = 0. It is easily seen by substitution that, for the function 

n'^QO 

F (x) so defined, we have 

F{x + 2h) + F{x—2h)—2F(x) . . /sin Ay . /sinnAV-^ 

4A2~" + A j ■'•••• 

It is convenient to define the generalized second differential coefficient 

of a function <f> (x) at a point x, as lim 4* 

may have a definite value &^<f> (x), or it may have upper and lower values 
# 2 ^ {x), (x). 

It thus appears that the Riemann sum-function of the series 
Aq {x) + Ai {x) + A2{x) + ... 
is where F (x) denotes the eontinuous function 

G + C'x + ^Af,x'^- Ai (x)- ^ 2 ^2 (!»:)- ••• .... 
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It has been shewn* by Rajchman, that if a„ = o (1), bn = o (1), and 
the trigonometrical series is summable (jR), at a point a;, it is also sumraable 
(O, 3), at the same point. 

Rajchman has also givenf the following relations between the upper 
and lower Riemann and Poisson sums of a trigonometrical series for which 
a„ = o (1), b„ ■--= o (1) ; and P {r, x) denotes 

oo 

1% + S {a„ cos nx + b„ sin nx) r”, (x) ^ lim P {r, x), 

— >-~i 

lim P (r, x) S (x). 

This theorem is stated by Zygmund| to hold provided only F (x) is every- 
where continuous. Rajchman and Zygmund have con8idered§ the relation 
of the Ces&,ro summation with a generalization of Riemann summation. 

421. Riemann’s first theorem, in a generalized form, consists of three 
parts, and may be stated as follows : 

Theorem I. Having given the trigonometrical series Aq -h ^ A„ (x), 

where A„ (x) denotes a„coBnx + 6„sin»a;, and Aq denotes \aQ, for which 
= o (1), o (1), there exists a continuous function defined by 

F (x) - C + C’x -i- \A^x^ - S -2 {x), 

n- 1 W 

which has the following properties: 

(1) For any value of x for which the given series 

Aq + Ai (x) + A 2 (x) ... + A„ (x) + ... 

converges to the value f [x), &^F (x) has the definite value f {x). Moreover if, 
at the point x, the given series has upper and lower sum-functions f (x), f {x), 
both W^F (x) and &^F [x) lie in the interval formed by the two numbers 

H/(^) +/(^)}±|{/ («)-/(»:)}, 

where A is some fixed number. 

This property holds also if it is only assumed that A„ (x) is bounded with 
respect to (n, x) in some neighbourhood of the point x, and thtis that F (x) 
exists in such neighbourhood. 

The second part of the statement was first given substantially by 
Du Bois-Reymond. 

(2) For any value of x whatever 

lim ^ .±^1+ {x) ^ y 

A~o 2A 

It is unnecessary that the given trigonometrical series should converge at 
the point x, 

* Comptes Rendus de la soc, des sciences de VarsoviCy vol. xi (1918), p. 116. See also Fundamenta 
MalL vol. in (1922), p. 287. 

t Prace Matem,-jiz, vol. xxx (1919), and Comptes Rendus, vol. CLXXVii (1923), p. 492. 
t Comptes Rendus, vol. clxxvii (1923), p. 523. § Bulletin de VAcad, Polonaise (1925), p. 69. 
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This has as its consequence that, at each point x, F (x) has its derivatives 
symmetrical as regards the right and left of the point, so that 

2)+ F (x) ^-D-F (x), D+ F (x) ==D_F (x). 

(3) If {b, c) be any interval, and if A (a;) and its differential coefficient 
A' (x) are continuous in (6, c), and vanish at b and c, and if A" {x) besum- 

mable and everywhere finite in (b, c), then \ F (x) A (x) cos y{x — a) dx 

•'b 

converges to zero, os /a ~ oo , uniformly for all values of a. It is here necessary 
that a„ = o (1), b„ = 0 (1). 

Biemann himself restricted A* (x) to be a continuous function possessing 
only a finite set of maxima and minima in the interval, and he does not 
mention the uniform convergence for all values of a. 

In the above statement it is not absolutely necessary that A" (x) should 
everywhere exist and be finite ; more generally it is sufficient that A" (x) 
should be summable and that A' (x) should satisfy the condition of being 
an indefinite Jv-integral. 


422. The part 1(1) of the theorem has already been established in 
§ 157. 

In order to prove I (2), that, whether the series I^A„ (x) converges or 

— V^F (x) 

not, so long as lim A„ (x) = 0, for each fixed x, - - converges to zero, 


sin nh\‘^ . 


into 


as ^ ~ 0. we divide the terms of the series Ag + S (a:) , . 

n-i V nh 

three parts. 

Ti-Tfi /sin 7 ih/\ “ 

The first part is .do + 2 .d„ (x) [ J , where m is a fixed number 
so chosen that | .4„ (a:) | < e, for n> m. The limit of this sum, which we 

m 

denote by S, is the finite number .do 4- 2 .d„ (x), when h ~0. 

<sin 

W 1 

m-f 1 

sh<'7TS (« + 1) A; 

€7r 

the sum of these terms is numerically less than ^ . The third part 

« . /sin nhy 


The second part- is taken to be S .4, (a) ^ where 

m+1 \ nri J 


^ 1 ^ 

is numerically less than ^ 2 > or than 


V^F (x) 
2h 


2ih^i 4* 27r€ “i” 


2e 

sh ■ 


We have now 
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Since sh converges to -n, S* is a finite number, and € is arbitrary, we have 


lim 

A~0 


(x) 

2h 


With a view to proving Riemann’s theorem I (3), let 0 (x) denote the 
periodic fimction F {x) — C — G'x — ^Ax^, or — 1, —^A„ (x). The follow- 

ing theorem, somewhat more general than is necessary for the special 
purpose, will be first established : 


If tfi (x) be stick that it hm a contintious differential coefficient tp' {x) in 
■the interval (b, c), and ip (x), ip' (x) both vanish at b and c, and if also ip” {x) 
is summable in (6, c) and is such that ip' (x) is its indefinite integral, then 


\ is {x) C> (a; + <) cos fi {x — a) dx 

J b 

converges to zero, as fi ~ oo , uniformly for all values of a and t. 

It is easily seen that 

00 1 1 

(a: + <) = — An {t) cos nx— H Bn (t) sin nx-, 

where Bn{t) denotes 6„ cos — a„ sin Denoting \/a „2 + 6„2 ^jy 

where lim c„ = 0, we may write c„ cos {nt — ^„), — c„ sin {nt — j8„), for 

A„ (t) and (t) respectively, and thus 

<t) (a; + ^) = — 2 ^ cos {nx -\-nt — /S„). 

w-l ^ 

Since this series converges uniformly, we have to consider the expression 

00 ^ rc 

u® 2 Js (x) cos {nx + nt— j8„) cos fi{x — a) dx. 
n-lf*- Jb 

We find by two integrations by parts, which are valid since ip (a:), ip' {x) 
are indefinite integrals of ip' {x), ip" {x) respectively, that 

r c If® 

I \p {x) cos {kx — «*) da: = — p J is" {x) cos {kx — a,f) dx, 

where k is any number, and a* may depend upon k, and upon any other 
parameters. The absolute value of the expression on the right-hand side 

may be written in the form p rjk, where, in accordance with the theorem 

of § 334, r}k converges to zero, as A: ~ oo , uniformly for all values of the 
parameters upon which a* depends. Also v, for all values of k, where 
is a fixed number. 

We have now to consider the expression 

IfjL^ I is {x) cos {{fi + n)x- ^n'} da: 
n-l^ Jb 

+ S r is {X) cos {(/a -n)x- jS/} dx, 
n~l ^ Jb 
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where j8„', depend upon a, fi, n, and t. The absolute value of this ex- 
pression is less than 


00 p 

S 


I l|,2 y ^ 


If m be so chosen that | -qn+n | < S, for = 1, 2, 3, ... ; and such value of 
m may be chosen independently of the values of a and it appears that 


the first part of this expression is less than JS S ' 

n- 1 ^ 

P is some fixed number independent of 8. 


, or than P8, where 


Denoting by [^/a], [/*] the integers next less than J/x., n respectively, the 


Cj! I ’/i M « I Hjg divided into four parts. The first 


expression 

part contains those terms of the series for which n is taken from 1 to . 




and /x may be taken so great that 


[iw] I c 

This part is less than 2 S ' " 

n-l 

rjji < 8, for k ^ jx — [^/u.] ; it then follows that this expression is less than 
P'8, where P' is some fixed number independent of 8 and (x. 

The second part contains those terms of the series for which n is taken 
from [J/a] -h 1 to [ja j — 1 ; we may assume that fx is taken so great that 
c„<8, for n S [|/i] -h 1. This part is now seen to be numerically less than 
^ S 1 


S ^ 2 ’ than P"8, where P" is a fixed number independent of 


[J/a]2 

8 and ja. 

We next take the two terms for which n has the values [ja], [/aj + 1, 
both of which are fixed multiples of 8. In case fx is an integer, the term 
corresponding to fx — n may be omitted in the original expression, the 


corresponding term being 


Jb 


, which is less than a fixed 


ij> {x) cos dx j 

multiple of 8. In any case the two terms together are less than P'"8, 
where P'" is independent of 8 and /a. 

The last part to consider contains those terms for which n has all vahies 

> M + 1- 


fjn 

This part is numerically less than ^Sfx^ 


cc I 

,2 or than P*'^8, where 

n in^ 


P*^ is independent of 8 and fx. 

It has now been shewn that the whole expression is, for sufficiently 
large values of /a, less than a fixed multiple of 8. Since 8 is arbitrary, the 
theorem has been established. 

It will next be shewn that 

ja* j ift {x) {C + C {x 1) -f- {x + tY) cos ix(x — a) dx 

J h 

converges to zero, as ja qo , uniformly for all values of a, and uniformly 
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for all values of < in a finite interval, the function if/ (x) satisfying the same, 
conditions as before. The expression C + C (x + t) + {x + t)^ may be 
rearranged in the form «< + + ^Af^x^, where Ut and are quadratic 

functions of t, and therefore are bounded for all values of < in a finite 
interval. We have then to consider 

j-C 

/i,2 ^ {x) (at + + ^AqX^) cos jjL (x — a) dx. 

J h 

It can be verified that 


(at + /3tX + ^AqX^) cos fi{x — a) 


dx^ 


«< 


^ cosjtt (a: - a) - 2 (j8( + AqX) 

/X J /X 


hence, on integrating twice by parts, the expression takes the form 
re 


•c 


+ r (x) 


H- 


-[«( - t- ^<a: + iA(,x^l cos ix(x- a) i/»" (a:) 


dx. 


Since the integrals \ f (x) . fx (x — a) dx, where / (x) is any summable 
ib «ni 

function, are numerically arbitrarily small, provided jx, has a sufficiently 
large value, and since | ^< | , | «< | are less than fixed numbers independent 
of the particular value of t, it follows that the integral converges to zero, 
uniformly for all values of # in a fixed finite interval, and uniformly for aU 
values of a. 


Combining this result with the theorem already established, we obtain 
the following theorem, which contains Riemann’s theorem I (3) as the 
particular case which arises when t has the single value zero : 

If ifi (x) be such tJuit it has a continvxms differential coefficient (a:) in 
the interval (b, c), and ip' (x) both vanish at b and c, and if also ft" (x) 

is summable in (b, c) and has ft' (x) for its indefinite integral, then 

\ F (x + t) ft (x) cos ^i{x — a)dx 
Jh 

converges toQ,as ix ~ ca , uniformly for all values of t in a finite interval, and 
uniformly for all values of a. 


423. Riemann’s second theorem is concerned with conditions under 
which a trigonometrical series may exist of which the sum (B) shall have 
the values of a prescribed function. The theorem may be stated as follows : 

Theorem II. If f (x) be a function, of period 2u, defined for every value 
of X, necessary and sufficient conditions that a trigonometrical series 

\ao + S (a„ cos nx + 6„ sin nx). 
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.such thai o„ — o (1), = o (I) exists, of which/ {x) is the sum {B), and which, 

at every foint of convergence, converges to the value f {x), are the follounng: 

(1) That a continuous function F (x) should, exist, swch t}mt,foT all values 
ofx, W (a:) =/(«). 

(2) That, if b, c he any two numbers , . 

P-^If (x) cos fi, {x — a) X (x) dx 
J b 

should converge to the limit zero, as y, is mdefinitely increased, where A {x) is 
any function such that X' (x) exists in {b, c) and X" (x) exists and is summable, 
with A' {x) for its indefinite integral, and such that A (x), X' (x) both vanish at 
b and c. 

It will be observed that the theorem makes no assertion as to the 
convergence of the trigonometrical series at any particular point, neither 
does it assert that the series is a Fourier’s series. 

That (I) and (2) are necessary conditions has been already established; 
it therefore remains to prove their sufficiency. 

Let (/> (x) denote F (x + 2 tt) — F (x), then, from the condition (1), it 
follows that D^<f> (x) = 0, for all values of x. 

Schwarz’s theorem (i, § 272) to the function <(> (x) in any 
finite interval, it follows that ^ (x) must be a linear function of x. It thus 
appears that Aq and C' can be so determined that F (x) — C'x — ^A^x^ is 
periodic, and of period 27 t. 

The condition (2) holds, not only for F (x), by hypothesis, but also if 
F (x) be replaced by C'x + ^AqX^, as has been proved in § 422. Denoting 
by (x) the periodic function F (x) - C'x - jAgX^ it follows that 

lim j if/ {x) cos y {x — a) X (x) dx = 0. 

M-w-oo j b 

Writing x' instead of a, taking b < ~ n, c> n, and also taking A (a;) ~ 1 in 
the interval (— tt, tt), we have 

lim y^ j if/ (x) cos y{x~ x') dx + y'^\ if/ (x) X (x) cos y{x~ x') dx 

i J - TT J f, 


if/ (x) X (x) cos y(x — x') dx 


Taking y to have the integral value n, we have then 

hm j tfi (x)co8n (x ~ x')dx -h n^ f if> (x) Xi (x) cos n (x — x') dx = 0; 

n~oo|_ J-n Ji+2ir J 

where A^ (x) = A (x) in the interval (tt, c), and A^ (x) = X(x- 2v) in the 
interval (b + 2tt, tt) of x. The function Aj {x) satisfies the conditions in (2), 
for the interval (6 + 27r, c) ; hence we have 


rc 

lim n^ I if/ (x) Aj (x) cos n{x— x') dx = 0, 


n^oo 


ft+2ir 
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and therefore also 

lim j iff (a;) cos n(x — x') dx = 0. 

Now let 

C=~j tlf{x)dx, = i/f(x) cos nxdx, = tfi (x) sin nxdx^ 

so that -- ^ = - [ di (x) cos n(x — x') dx, 

where A„ (x') denotes an cos nx' + sin nx'. It has been shewn that 
lim A„ (x') = 0; and it follows that the Courier’s series 

A,(x')_A,(x')_ _An(x')_ 

P 22 w2 

is uniformly convergent, and therefore converges to the sum-function ift {x'). 

The series ^Aq -H A^ (x) + A 2 (x) + ... , where A^, A 2 , ... have been 
determined as above, is the required trigonometrical series. Its sum (B) 
is the function / (x), and if at any point x it is convergent, its ordinary sum 
at that point is f(x). It will be observed that the theorem provides a 
method of determining the series, when / (x) is prescribed, and is such that 
the function F (x) satisfying the conditions (1) and (2) exists and can be 
determined. The Fourier’s series corresponding to F (x) can be then deter- 
mined, and the required series is found by differentiation of that series 
twice. 

Generalizations of Riemann’s Theorems I and II have been given*, 
with an indication of the proofs, by Kogbetliantz. 


424. Riemann’s third theorem, which is here given in a simplified form, 
expresses a necessary and sufficient condition that a trigonometrical series 
Jao I' ^ (®« ®os nx -f bn sin nx), for which a„ ~ 0, ~ 0, as » ~ 00 , should 

n- 1 

be convergent at a particular point x. The theorem may be stated as follows ; 

Theorem III. Lei, e be an arbitrarily cliosen 'positive number less than ^tt, 

and let p (t) be a function defined in tite interval (— 2e, 2e) of t, which has 

a bounded third differential coefficient p"' (t). Let p (t) have the value 1 in 

the whole interval (— e, e), and the value 0 at the points — 2€, 2e. Then the 

necessary and sufficient condition that the series + S (a„ cos nx -h sin nx), 

1 

such that a-n ~ 0, 6„ ~ 0, a« ~ 00 , may be convergent at the point x is that 
1 1^' V ij. \ sin A (2?i -(- 1) f , 


should converge to a definite limit, asn -^co. 

Let p (<) be continued, by the rules that it is periodic, of period 2it, and 
that it vanishes in the two intervals (— tt, — 2e), (2€, n). 


* Comptea Rendus, vol. CLXXVii (1923), p. 074. 
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It will be observed that p (± 2e) == />' (± 2c) = p" (± 2c) = 0 and that 
p (± e) = 1, p' (± c) = p" (± c) = 0, in virtue of the conditions to which 
p (<) has been subjected. 

Denoting the periodic function F (t) — C't — by {t), we have 

I rn n 

Ai (x) + A^ix) + An (x) = - \ tb (x + t) S (— cos nt) dt 

If"// , 

27r j_, ^ ^ dt^ sin \t ’ 

where p denotes J ( 2 n + 1). Let X {t) denote 1 — /o (t), then A {t) has 
similar properties as regards its differential coefficients to those of p {t). 
The expression on the right-hand side may be put in the form 

1 / / 1 u\ , ( , A w#\ sinpt , 

*• srp * + 2, J, 'A + 0 A (0 ^ dt. 

The second of these integrals may be written as 


2^/, 


2rr — € 


^fs{x -f t) Ai {t) sin pitdt -f 




2ir — 6 


Je 


ili{x + t) Aj {t) cos ptdt 


H- 

277 


2 r 

J. 


27r~e 


i/j{x + t) A3 {t) sin /jitdt, 


where 


(12 ^ 

Ai (t) = A (t) 2 cosec A2 (t) = A {t) ^ cosec \t. 


and Ag {t) = A (/) cosec ^t. 

Since cosec \t does not vanish in the interval (c, 27 t — c), it is clear that 
Aj {t), Ag (<), Ag {t) all satisfy the conditions to which ^ (a;) is subjected in the 
theorem of § 422. It follows that the whole expression converges to zero, as 
p is indefinitely increased. Hence the necessary and sufficient condition 
for the convergence of the series at the point x is that 

d^ sin (n + \)t 


To shew that 

lim f 

U'^co J 


r2e 

hm I ifs{x + t)p (t) 

U'^oo J -le < 


sin 


dt ~ 0 . 


{O' (« + X) + iA„ (I + X)') p (*) ‘ dt - 0, 


/: 


we observe that by two partial integrations the integral is found to be 
equal to 

'"I - S «' (C- « + ^) + J A (* + x)>)] ; 

and since p (t), p' {t), tp' {t), p" (<), tp" (t), t^p" {t) are all summable functions 
in the interval (— 2c, 2c) and all vanish in the remainder of the interval 
(— 77, 77) and have bounded differential coefficients, they are all represented 
by convergent Fourier’s series in the interval (— 2c, 2c). It follows that 
the integral converges to a definite limit, dependent on a;, as » ~ 00 ; and 
it is seen at once that this convergence is uniform for all values of x in 
A prescribed finite interval, since p (0) = 1, p (0) = 0 ,p" (0) = 0. 
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It has now been shewn that the series 

+ S (a„ cos nx + b„ sin nx) 

n = 1 

converges to a definite limit at the point x, if 

1 - 1 n /i , \ /.V sin i ( 2 « + 1 ) < , 

does so, and that this condition is a necessary one. 

Riemann himself assumed that the function p {t) had the value 1 only 
at the single point 0 . The definition of p {t) as having the value 1 in a whole 
interval (— e, e) introduces a simplification into the proof of the theorem, 
and a less degree of restriction on the function p (t) is requisite. This 

simplification was suggested* by Neder, who gave the theorem in a form 

sin nt 


tan|< 


very similar to the above formulation. He employed the function 

instead of + 1) ^ g 323). 

sin 

It is seen from the theorem of § 422, and an examination of the fore- 
going proof, that the theorem may be extended to express the necessary 
and sufficient condition that the series should converge uniformly in a 
piy»scribed interval of x. This condition is that 


1 r2^ 

277 - J .-26 




fit 


should converge uniformly to a limit s (x) for all values of x in the pre- 
scribed interval. This extension was also given by Neder. 

425. From the above theorems the following consequences at once 
folloAv : 

"I’lie convergence of a series + 2 (a.„ cos nx [ /j„ sin nx), for which 

fl = 1 

cr„ = o (1), = o (1), at a point x, depends only on the nature of the series 

as represented by the Riemann sum in an arbitrarily small neighbourhood 
(x — 2e, X I- 2e) of the point x, where 0 < € < I 77 . 

The uniform convergence of the series in an interval (a, b) depends only 
on the behaviour of the series, as represented by the Riemann sum in an 
interval (o — 2e, ft 1- 2e), where e is arbitrary, subject to 0 < e < Jtt. In 
case the given series is the Fourier’s .series corresponding to a function 
f {x), summable in the interval (— tt, tt), it has been shewn in § 360, that 

I 1 1 / {x) (/«! dx differs from the sum of the series ^A^x^ — S ^^4^- 


by a linear function, and thus F {x) 


fx f fx 

/(^) 

J —tt \J~~7r 


dx[ dx is a linear 


function. From this it is seen that the theorems of § 341 follow from the 
above. 


^ Math, Annalen^ vol. lxxxiv (1921), j). 119. 
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426. For a Fourier’s series corresponding to / {x) the sum (i?) is almost 

, „ a„ sin cos nx . - , 

everywhere /(«). For, since I. converges umtormly 


n 


rx rx 

to a continuous function f(x)dx + C', we have F' («) = / {x) dx + C, 

J -w . .a 

At every point, and since j fix) dx has a differential coefficient equal to 

f (x) almost everywhere, it is seen that F" (x) — f (x) almost everywhere. 

This result also holds good* when the series is a Fourier’s (D) series. 

T? • iu 4. ^ a„ sinnx - bn cos nx . t .• 

h or, m that case H - converges to a continuous function, 

n 

I ^ 

and /(x) dx has a differential coefficient /(a;), almost everywhere (see i, 
J —TT 

§ 470 ). 


INVESTIGATIONS SUBSEQUENT TO THOSE OF EIEMANN 

427. The important discovery of the fundamental distinction between 
series which converge uniformly, and those which converge non-uniformly 
in a prescribed interval, remained for a long time without influence upon 
the development of the theory of series in general, and in particular of 
trigonometrical series. It was shewn by Weierstrass that the legitimacy 
of term by term integration of a convergent series follows from the uniform 
convergence of the series; by previous writers no such restriction upon the 
universal validity of the process had been recognized. It was first pointed 
out by Heinef that a full recognition of the consequences of the theory of 
uniformity of convergence made it necessary to undertake a re-examination 
of the foundations of the theory of trigonometrical series. The investigations 
of Dirichlet and others had established that a function which satisfies 
certain conditions can be represented by means of a trigonometrical series 
in which the coefficients have the form given by Fourier; unless however it 
be assumed that a series so obtained converges uniformly, it cannot be 
immediately proved that it is the only trigonometrical series by which the 
function can be represented. The customary proof that a function is 
capable only of a single representation by means of a trigonometrical series 
was based upon the assumption that, if a convergent series 
Iuq -f S (o„ cos nx -I- b„ sin nx) 

n^l 

converge to zero for all values of x in the interval {— tt, tt), it is legitimate 
to multiply the series by cos nx or sin nx, and then to integrate term by 
term, between the limits — tt, tt; thus shewing that a„ — 0, bn = 0, for 
every value of n. If however it is not known that the series converges 

* See Priwaloff, Rendiconti di Palermo, vol. xLt (1916), p. 203. 

I CreUe^a Journal, vol. Lxxi (1870), p. 353; see also Kugelfunctionen, vol. i, p. 55. 
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uniformly, or at all events boundedly, the process of term by term in- 
tegration is not necessarily legitimate, and thus the proof is invalid, fn 
fact it is conceivable that a non- uniformly convergent series might exist 
whose sum is zero for every value of the variable. It thus appeared that, 
when a Fourier’s series exists which represents a function / (x), it cannot 
be immediately inferred that no other trigonometrical series exists which 
represents the same function. 

A Fourier’s series that represents a function / {x) which has discon- 
tinuities is certainly non-uniformly convergent in the neighbourhood of 
such continuities, and in default of proof to the contrary, it may also be 
non-uniformly convergent in the neighbourhood of points at which / {x) is 
continuous. Thus, for example, if / (x) is continuous in its whole domain, 
and is representable by a Fourier’s series, it cannot be assumed that the 
series is uniformly convergent (see § 324). The value of the representation 
of a function / {x) by a series ^<*0 + ^ (®n cos nx -I- sin nx) would be 
seriously impaired, if it were not known that the series was, at all events 
in general, uniformly convergent. For it could not be assumed that, if ifj (x) 

denotes a continuous function, the integral I f (x) (x) dx would be repre- 

sentecl by the series 

rb rb 

|ao I ^ {x) dx + \ {a-n cos nx + 6n sin nx) iJj (a:) dx ; 

J a n^lJ a 

the employment of Fourier’s series in physical and other investigations 
would consequently be much restricted. 

These considerations gave rise to a series of investigations with the view 
of establishing the uniqxieness of the representation of a function by means 
of a trigonometrical series, and of investigating whether the coefficients in 
the series are necessarily expressible in the Fourier form. The two main 
questions which arise in this connection are (1), whether a trigonometrical 
series can exist, with coefficients not all zero, which represents the number 
zero? and (2), under what conditions is a trigonometrical series which 
represents a function the Fourier’s series corresponding to that function? 
Heine* proved that the Fourier’s series which represents a bounded function 
that satisfies the conditions known as Dirichlet’s, viz. that it has only a 
finite number of discontinuities and is in general monotone, is uniformly 
convergent in the portions of the interval (— tt, tt) which remain when 
arbitrarily small neighbourhoods of the points of discontinuity are removed 
from the interval. This property of the series, of being in general uniformly 
convergent, suffices to remove, in the case of a most important class of 
functions, the restriction which has been above mentioned relating to those 
applications of Fourier’s series which involve a term by term integration. 


HII 


* Crelle^s Journal^ vol. lxxi (1870), p. 353. 
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It having thus been shewn that a function satisfying Dirichlet’s conditions 
is representable by a series which converges in general uniformly, Heine 
proved that, if a function is representable at aU by a series which converges 
in general uniformly, there can exist only one such series. This is equivalent 
to the theorem that, if a series converges in general uniformly in the interval 
(— 7T, 7 t), and represents zero, then all the coefficients vanish, and the sum 
of the series is therefore zero for all values of the variable. Heine proved 
further that this theorem holds even when, for a finite number of values of 
the variable, the series is not known to converge, or when it is at least not 
assumed that its sum is zero for such values of the variable. The possibility 
remained, however, that when a function is thus uniquely represented by 
means of a series which is in general imiformly convergent, other series 
not possessing this property of uniform convergence may exist, which also 
represent the same function. It should be remarked that miform con- 
vergence is at the present time of less relative importance than would 
appear from these investigations ; for bounded convergence is now known 
to suffice for many purposes for which uniform convergence was formerly 
employed. 

It was next proved by G. Cantor* that, if the expression 

cos nx -i- 6„ sin nx 

be such that, for every value of a; in a given interval (a, /8), the limit 
lim (a„ cos wa; -f- sin war) is zero, then a„,6„ converge to zero, as n is 

n“oo 

indefinitely increased, and hence that the series 

iuo ■+■ S (a„ cos nx + b„ sin nx) 

can only converge for all values of x in (a, if have the limit zero, as 
n is increased indefinitely. This theorem is independent of any assumption 
that the convergence is uniform. Cantorf then deduced that, if a trigo- 
nometrical series -f- S (a„ cos nx -f 6„ sin nx) converges to zero, for 
every value of x with the exception of a finite number of values, for which 
it is unknown whether the series converges, all the coefficients a„, must 
vanish. Kroneckerf shewed that this theorem can be proved without as- 
suming the previous one. These proofs depend upon the use of Schwarz’s 
theorem that, if F (ic) denotes a fimction which is such that 
Um F{x + €)-2F (x) + F(x -j) ^ ^ 

then F (x) must be a linear function of x. 

The next stepj was made by G. Cantor, in extending the proof of the 
miiqueness of the representation of a function by means of a trigonometrical 
series to the case in which the fimction may have an indefinitely great 

* Crdle’a Journal, vol. lxxii (1870), p. 130, also in a simplified form in Math. Annalen, 
vol. IV (1871), p. 139. 

t CrdU'a Journal, vol. Lxxm (1871), p. 294. } Math. Annalen, vol. v (1872), p. 123. 
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number of points of discontinuity, these points forming a set of the firat 
species. Starting with Weierstrass’ theorem, that an infinite set of points 
possesses at least one limiting point. Cantor developed the theory of the suc- 
cessive derivatives of a set of points, and proved that, if a limited function 
has discontinuities which form a set, one of whose derivatives contains only 
a finite number of points, then, if the function is representable by a 
trigonometric series at all, there can be only one such series. In this 
connection the theory of sets of points was first considered, and thus the 
whole development of this subject, and of the more abstract theory of 
transfinite numbers, arose historically from the requirements of the theory 
of trigonometrical series. Proofs were given by Dini* * * § and Ascolif that, for 
restricted classes of functions, a series which represents such functions must 
be a Fourier’s series. 

An important advance in the theory was made by Du Bois-ReymondJ, 
who proved that a series 

|ao + D (a„ cos nx -f b„ sin nx), 

which is such that a„, f)„ have the limit zero, as n is indefinitely increased, 
has / (x) for its sum-function, the coefficients must always have the form 

1 1 /■”■ • 1 /■" . 

^0 / (^‘) =" If (^) COS nxdx, b„— - f (x) sin nxdx, 

71' j TT j TT J 

whenever these expressions exist as i?-integrals. The function / (x) is not 
necessarily everywhere single-valued, and the theorem is extended to cases 
in which / (x) may have infinite discontinuities at a finite set of points. 
This theorem includes the theorem as to the uniqueness of the representa- 
tion of bounded functions, integrable (E). 

The most general formulations of the theorems as to the uniqueness of 
the representation of a function by a trigonometrical series are due to 
Harnack, Holder, de la Vallee Poussin, W. H. Young, and others; an 
account of their results will be given later. Important extensions of 
Du Bois-Reyniond’s results were given § by M. Riesz. 

THE LIMITS OF THE COEFFICIENTS IN A TRIGONOMETRICAL SERIES 

428. The following theorem, due to Harnack ||, yields a sufficient con- 
dition that the coefficients in a trigonometrical series converge to zero: 

00 

If, in a given interval (a, jS), the series + S (a„ cos nx + b„ sin nx) be 

71 = 1 

swh that, for each number S (> 0), an interval in {a, jS) exists such that, at 

* Sopra la aerie di Fourier, Pisa, 1872, p. 247. 

t Annali di Matematica (2), vol. vi (1875), p. 252, also Math, Annalen, voL vi (1873), p. 231. 

% Ahhandluiigen der hayeriachen Akademie, vol. xii (1875), p. 119. 

§ Math, Anualen, vol. lxxt (1912), p. 54. 

II Bulletin des sciences math. (2), vol. vi (1882), also Math. Annalen, vol. xix (1882), p. 250. 
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efUih foint of it, the difference f (x) — f (x), of the upper and lower sum- 
functions of the series, is < S, then a„ = o (1), = o (1). 

In particular, if the points at which f (x) — f (x) S S form, for each value 
of 8, a non-dense set, the condition of the theorem holds good. 

Harnack’s theorem is a generalization of the theorem of Cantor* that : 

If the series is convergent at every point of an interval (a, jS), then = o (1), 

6„ = o(l). 

It follows from Hamack’s theorem that, if the trigonometrical series 
converge at all points of a set which is everywhere dense in (a, j8), and be 
such that a„, do not converge to zero, then, for some value of 8, the set 
of points at which f (x) — f {x) S 8 must be everywhere dense. 

No assumption is made as to the form of the coefficients a„, 6„. 

That, in the case of a Fourier’s series, a„ and 6„ converge to zero 
has been established in § 334. 

In order to prove Harnack’s theorem, we observe that, for each point 
X at which / (a:) — / {x) < 8, there is a value m, of n, such that 
I a„ cos nx + sin nx | < 38, for n S m; 
we suppose an interval to exist, at each point of which this condition is 
satisfied. If x be any fixed point within this interval, a neighbourhood 
{x — T), X + 7]) oi X can be so determined that 

I a„ cos w, {x ± rj) + b„ sin n {x ± rj) \ < 38, for to S m, ; 
the value of m, will depend in general upon rj. We deduce at once that 
I {a„ cos nx + 6„ sin nx) cos nr] | < 68, j (a„ sin nx — b„ cos nx) sin nr] | < 68 ; 
on multiplication by cos nx sin n-q, sin nx cos nq, and addition of the two 
expressions in the inequalities, we have | «„ sin 2nq | < 68, for n ^m,,; and 
similarly it is seen that | b„ sin 2nq | < 68, for n^m,^. These inequalities 
hold for all small enough values of q, the value of m,, depending on q. 

Let 68 = 8', 2q — a, then, for each value of a in a certain interval (a, b), 
a value of to can be determined, such that 

I a„sinTOa |, | a„+isinTO + la |, ... | a„+, sinTO + .sa |, ... 

are all < 8'. 

Let us suppose that, if pos,sible, a sequence a„,, a„^, a„^, ... exists, all 
of whose terms are numerically S 8", where 8" > 8'. It will then be proved 
that there exists a certain value of a, in {a, b), such that the sequence 

sin n^a, a^^ sin n^a, a „3 sin n^a, ... contains one infinite set of terms each 
of which is numerically S 8'. This being contrary to the hypothesis that, 
for each value of a, in (a, 6), | sin na | < 8', for all sufficiently great 
values of to, leads to a contradiction; and thus it is impossible that such 
a sequence as a„j, a^, ... can exist. 

♦ Crelle'8 Journal, voL Lxxii (1870), p. 130, also in a simplified form in Math. Annalen, 
vol. IV (1871), p. 139. 
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To establish this, it will be shewn that the sequence ,a^, ... contaiq 3 
a sequence a^^,, a^^,, ... such that, for a certain value o, of a, in (o, 6) 
the numbers n-l «, «, %' a, ... all differ from an odd multiple of by less 
than an arbitrarily chosen positive number p. 

If — p < na < + p, then ^ < a < ^ - Now let it 

be assumed that a < b > which is equivalent to the 

n n 

2 2 

asstmiption that - (na + p) < yt < - (nb — p). There exists a value of yi 

7T 7T 

which is an odd integer, satisfjdng this condition, provided 


-{n{b-a)- 2p} > 2, 

7T 

that is if i , 

b — a 

73- + 2p 

Taking for rii the least of the numbers % , > • • • which is S — ~ , 

a corresponding odd integer y^ can be determined, and we take a to lie 

within the interval {a', b'), where 

a' = {^Tryi - p)lni, b' = (Itti/i + p)/ni'; 

this interval (a', b') lies within (a, 6), and is of length 2p/%'. 

Next, an odd integer y^ can be so determined that 

2 2 

- (»2'a' + p) < ^2 < 3 {n^b' - p), 

7T TT 


. , , , > w + 2p 

provided 


77 + 2p 
2 ^ 


Wj'. The number n.^' can be chosen from the 


sequence n^, n^, ... so as to satisfy this condition, if a lies in the interval 
(a", b"), Avliere a” = (177^2 — p)/^^, b" = (^ 77^3 + p)l'>^z’> thus {a", b") is 
within (a', b'), and is of length 2 p/« 2 '- 


Proceeding in this manner, a sequence ... of numbers all be- 

longing to the sequence , n 2 , . . . is determined, such that if a be the point 
which lies within all the intervals (a, 6), (a', 6'), («", 6"), ..., the numbers 
n^a, n^a, n^' a, ... all differ by less than p from odd multiples of ^it. 
Since p can be chosen arbitrarily, n^', ... can be so determined that 
I sin Hi d I , I a^, sin n^'a | , ... are all S S', and this is contrary to the 
hypothesis that | a„ sin nd | is, for all sufficiently large values of n, < S'. 

Therefore no sequence a„,, a„j, a„ 3 , ... exists, all of whose terms are 
numerically S S" ; and if S" be first chosen. S' may be chosen afterwards. 
Therefore, from and after some value of j a„ | must be < S"; and since 
this holds for every value of S", it follows that lim a„ = 0. In a similar 

manner it is seen that lim b„ — 0. 

n^oo 



662 THgonometrical Series [ch. vm 

429. It follows from Hamack’s theorem that, if the trigonometrical 

series is non-convergent only at points of a set of the first category, then 
a„ = 0 (1), b„ — 0 (1). For, let {Wn («)}, {x)} be the monotone sequences 

associated with /(a;) (see § 112), the first of which is non-increasing and 
converges to / {x), and the second of which is non-diminishing and con- 
verges to / (x). Since W„ (x) is an Z-function, and w„ (x) is a tt-function, 
Wn (X) — Wn {x) is an Z-function, which converges to f {x) — f (x) ; and the 
sequence {Wn (x) — w„ (a;)} is non-increasing. A point x, at which 

f(x)-fix)>8 

belongs to the set of points at which Wn (a;) — w„ (x) > 8, and that .set is 
(see § 191) an open set. Every point for which Wn+i (x) — (x) > 8 

belongs to the set of points for which Wn (x) — w„ (x) > 8. Thus the set 
of points at which / (a;) —f(x)> 8 is contained in the inner limiting set of 
a sequence of open sets, each of which contains the next, that is, it is an 
ordinary inner limiting set. It follows (i, § 100) that, if the points at which 
/(*)—/ {x) > 8, are ever 5 rwhere-dense in any interval, they form in that 
interval a set of the second category; and therefore the set at which 
f (x) — f (x) S 8 is of the second category. By hypothesis this is not the 
case; and therefore the set of points at which/ (a:) — / (x) > 8 is non-dense 
in any interval, and this for each value of 8 ; therefore the set for which 
f (x) — f (x) i 8 is non-dense in every interval. Consequently, any interval 
contains another interval in which f (x) — f (x) < 8; and therefore, by 
Hamack’s theorem, a„ = o (1), b„ = o (1). 

It has thus been established* that : 

If the trigonometrical series -f 2 (o„ cos nx + b„ sin nx) converges 

everywhere in an interval (a, except at points belonging to a set of the first 
category, then an — o (1), bn = o (1). 

430. The following general theorem will be established : 

If, in any interval (a, j8), it is known that an cos nx -h 6„sinwa; converges 
to zero at every point of a set 0, of positive measure, as n~ao, then an and bn 
converge to zero, and thus a„ cos nx -f b„ sin nx converges everywhere to zero. 

Writing a„ cos nx -f sin nx in the form sin n (x — y„), where 
kn = (ttn* + bn ^)^ if kn does not converge to zero, there must be a sequence 
% , Wg > • • • of values of n, and a positive number e, such that ,kn.^, ... are 

TT 

all greater than e. If | sin n {x — yn) \ ^ sin where 0 < < ^ , w (a: — y„) 

A! 

must lie between m ± rj, where r is an integer (positive, negative, or zero) ; 

VTT 77 

or X must lie between - -1- y„ ± ^ , the length of each of which intervals is 
♦ See W. H. Young, Messenger of Math. voL xxxviii (1909), p. 44. 
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The number of values of r such that x may lie in a given interval 

cannot exceed a fixed multiple of n, independent of rj, and therefore the 
measure of the set of values of a; in (a, such that | sin n (x — y^) \ & sin rj 
cannot exceed a fixed multiple of 17 , say st), which is arbitrarily small, since 
7] is arbitrarily chosen. It follows that, in a set of points of measure 
^ P — a — Sr), the condition | sin n (x — y„) | > sin r] is satisfied. Con- 
sidering now the sequence Wj , nj, ... of values of n, there is a set of points 
E„^ of measure ^ ^ — a — srj, for which | sin (x — | > e sin 17. There 

must exist a set E, of points, each of which belongs to En,. for an in- 
definitely great set of values of r, and this set has measure — a — sr) 
which is >g~a — m{Q), if rj be chosen small enough. At any point of 
this set, k„ sin n {x — y„) cannot converge to 0 , because it is numerically 
> e sin 7) for an infinite set of values of n . This is contrary to the 
hypothesis in the theorem. 

It follows from the theorem that, if b„ do not converge to zero, 
a„ cos nx + sin nx can only converge to zero at points of a set of measure 
zero. It is hence seen that a series luo + S (a„ cos nx + sin nx) can be 
convergent only at points of a set of measure zero, in case a„, b„ do not 
converge to zero. 

431. The more general theorem has been established* by Steinhaus 
that: 

Almost everytvhere in the interval (— tt, w), 

lim I cos nx + sin nx | = lim (a„^ I- 

This includes the preceding theorem; for if a„ cos nx -|- sin nx con- 
verges to zero at points in a set of measure greater then zero, it follows that 
lim -I- = 0 , or — o ( 1 ), = o ( 1 ). In case, for a given trigono- 

metrical series, and b„ do not converge to zero, it follows from Steinhaus’ 
theorem that, almost everywhere the series is non-convergent. This has 
been proved directlyf by Lebesgue, as follows : 

When does not converge to zero, as w ~ 00 , a sequence of integers {n^} 
can be determined such that is, for every value of p, greater than some 
positive number 17 . If e is an arbitrarily chosen positive number, < 77, 

( kn sin «.j, {x — y„j,) | > e, except for points x, of the interval (— tt, tt), which 

form a set of measure 4 sin~^ - . It then follows that the measure of the 

V 

set of points of convergence is 4 sin~* ^ . Since e is arbitrarily small, it 
follows that the set of points of convergence has measure zero. 

* Wiadomosci Matomatycyne, vol. xxiv (1920), p. 197. A proof has also been given by Rajch- 
man, Fundamenta Math, vol. iii (1922), p. 301. 

t Lemons sur lea series trigoyiomdiriquea (1906), p. 110. 
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432 . In* a series + S (a„ cos nx + 6„ sin nx), the upper and lower 
sums of the series cannot he finite in any interval, except in the points of a set 
of measure zero, unless a„ = o (1) and 6„ = o (1). 

The series may be written in the form 

Jao + S cos n{x- y„), 
where k„ = {a„^ + b„^)K 

Since k„ cos n {x — y„) = s„ (x) — s^-i (x), 

lim I kn cos n(x — y„) | S Urn | s„ (x) | f- lim | s„_i {x)\&2 lim | s„ {x) \ , 

n'^oo 

hence, if s„ {x) has finite upper and lower limits, | kn cos n{x — y„) | must 
be bounded for all values of n, when x is fixed. 

It will be shewn that, imless k„ is bounded for all values of n, 

I k„ cos n(x- y„)j, 

for a fixed value of x, cannot be bounded, except for fixed values of x 

belonging to a set of measure zero. If k„ is not bounded, a monotone 

increasing sequence of values of k„ can be extracted. 

Let be the set of points for which k„ | cos n (x — y„) j > k„K or 

I cos n {x — yn) \ > As n and k^ increase indefinitely, m {En) tends to 
k„^ 

the measure of the interval. If x belongs to an infinite number of the sets 
E^, E^, ... E„, ...,k„ cos n (x — yn) cannot be bounded. But the set of all 
such points x has measure equal to that of the whole interval, and there- 
fore only at a point a: of a set of measure zero can k„ cos n {x — y„) be 
bounded for all the values of n. 

It follows from the theorem thatf if, in any interval, the upper and lower 
sum-functions are everywhere finite, a„ and b„ are hounded. 

PBOPERTIES OP THE GENERALIZED SECOND DERIVATIVE OP A PHNOTION 

433 . If a continuous function <f) (x) has a maximum in the interval 
(a, b), at such a point x, <f) (x + h) — <f> (x), (f> (x — h) — <f> (x) are both S 0, 
for all sufficiently small values of h ; and therefore (x) S 0, at a maxi- 
mum (see I, § 266). 

If it be known that, at a maximum, there exists at least one sym- 
metrical derivative, it is clear, since D+0 (x) & 0, D-<f) (x) S 0, that 

jD+<^ {x) ^D-<f> (x) - 0, 

the single symmetrical derivative having the value zero. 

The following theorem is of importance in the theory : 

If a continuous function has its upper generalized second derivative 

♦ See de la Vailed Poussin, Bulletin de Vacad, roy, de Belgique (1913), p. 10. 
t See W* H. Young, Proc, Lond, Math, Soc, (2), vol. ix, p. 427. 
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positive (> 0) at every poivi of the open interval {a, b), then, at every point 
of the open interval, 

F {X) < F [a) + 1 {F (b) - F (a)} . 

Por if the function 

4>{x)^F (x) -F (a)- {F (b) - F (a)} 

has positive values, or is zero, within the interval, there must be such a 
value that is a maximum of <f> (x), and at such a point ^^<f> (x), and conse- 
quently SI^F («), must be S 0, which is contrary to the condition which 
S^^F (x) satisfies. 

A similar statement is that if &^F (x) < 0, in the open interval (a, b), 
then 

F{x)>F{a) ^l~l{F{b)~F{a)}. 


434. If F (x) be continuous in the closed interval of definition {a, b), and, 
have, at each point of the open interval {a, b), at least one symmetrical derivative, 
then, if there are values of x in the interval at which 

F(x)>F{a) + l';^l{F(b)-F{a)}, 

there exists a set of points E at which the upper and lower generalized second 
derimtives are both negative (< 0), and such that E contams a perfect set. 
A similar statement holds tvhen there are points at which 


FI,x)<F{a)^l-__\{F{b)-F{a)Y, 


in that case the set E consists of points at which &^F (x), fS)^F (x) are both 
positive (> 0). 

This theorem and the preceding one are due to de la Vallee Poussin*. 
Let (it-) - F (^) - F (a) ~ K{x- a), where K - Since 

0 Clf 

f>K (*) vanishes at a, and b, and has positive values, there exists a point or 
a closed .set of points at which (f>K {x) has an ab.solute maximum ; let xk be 
the upper extreme of all such points, then we have 


W {xk) = M 0 , 

and also (f)K (^) has at the point x^ a symmetrical derivative of value zero. 
This point xk therefore belongs to the set E^, of all points at which 
&^F (x) SO. If A: have a value > K, and such that k — K is sufficiently 
small, it is easily seen that the function {x) = F (x) — F (a) — k {x — a) 

has positive values. Let be the greatest value of x at which <f>k (x) ==■ 0, 
F - F (a) 


thus k 


ik 


a 


* Bulletin de Vamdemie royaie de Bdgique (1912), pp. 701-707 
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Considering the function {x) in the interval (a, $), as before, there 
exists a point a:*, at which («) has an absolute maximum, and which is 
the greatest value of x at which this is the case. The point a:* belongs to 
E^, and <f>jc {x) has a single symmetrical derivative of value zero;. at this 
point F (x) has a single symmetrical derivative of value k. To each value 
of k in some interval {K, Ki), where > K, there corresponds a point a:*, 
which belongs to Ex , and it is impossible that a:*, have equal values for two 
such values of k, since the single symmetrical derivative of F (x) has 
different values. To the points of the interval {K, K^) there correspond 
points Xjc belonging to a set having the cardinal number of the continuum. 

If jfc, < ^ 2 , then x^x > for, if possible let us suppose that x^^ > x^^. 
Since (ar^J, we have 

<f>H “ (*2 - *i) - {K - h) > hx M - (K - h) Xk , , 

or (a:^,) > (x^J, which is impossible, since x^:^ gives an absolute 

maximum of (x). 

It follows that, if k have the values of an increasing sequence contained 
in the interval (K, Kj) which converges to k, the corresponding points Xj^ 
form a diminishing sequence which converges to a:^, a point of A 
similar remark applies to a diminishing sequence of values of k, and it thus 
follows that El contains a closed set which, since it is unenumerable, con- 
tains a perfect set. 

Appl 3 dng the result which has been obtained to the function 
^ {x) = F (x) + € {x — a)^ 

which, for all sufficiently small values of e, must at certain points be 

greater than O (a) 4- — ~ follows that the set of 

points at which 3^F (x) + 2e < 0 contains a perfect set. Since e is arbi- 
trarily small, it follows that the set of points at which i^^F (x) < 0 contains 
a perfect set. 

In a similar manner it can be shewn that the set of points at which 
3^F (x) > 0 must contain a perfect set, in case there are values of x at 

which F {x) — F (a) — (% — a) is negative. 

o — a 

435. The following generalization of Schwarz’s theorem given in i, § 272, 
may be deduced at once from de la Valine Poussin’s theorem. This is a more 
complete generalization than that given in i, § 273: 

If a function F (x), continuom in the closed interval {a,h), be known to 
have a generalized second differential coefficient of value zero, except at points 
of a set 0 which contains no perfect set, and if further it have everywhere 
in the open interval (a, b) at least' one symmetrical (first) derivative, then the 
function F (x) must be linear in the whole interval. 
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It will be observed that the condition (x) = 0, at a point x, include^ 
the condition that, at such a point, there is a symmetrical first derivative; 
in fact all the derivatives are symmetrical. For if 

lim + + -2^ (®) == 0, 

A~0 

it follows that 


lim 

A~0 


(F {x + h) — F (x) 
1 "■ h 


F{x-h)-F{x)]^^ 


and thus all the derivatives on one side must correspond to equal deriva- 
tives on the other side, so that 

D+F (»).= D-F {x), and D+F {x) = D_F {x). 

The theorem follows from the fact that 


F{x)-F (a) - 


F (6) - F(a) 
h — a 


(x — a) 


can have neither positive nor negative values in the interval, because the 
two perfect sets in which &^F (a:) < 0, and !^^F (x) > 0, respectively, are 
both non-existent. 


436. If a function F (x) hm, in an interval to which x is interior, a con- 
tinuous differential coefficient F' (x), its upper and lower generalized second, 
derivatives cannot exceed the greatest of the four derimtives of F' (x), and 
cannot be less than the smallest of them. 

By the theorem of i, § 264 it is seen that the hmits of 
F(x + h)^F_ (x- h) - 2F (x) 
h^ 

both lie in the interval formed by the limits of 

F' (x + h) — F' (x — h) 

1 {F'{x-^h)-r(x) F'{x~h)-F'{x)\ 

or ox 2 I h ^ ■■ - h j’ 

and therefore in the interval defined by 

I {D+F' (a:) -f D_ F' (x)} and ^ {D+F' (x) + D-F' (a:)} 
or in the interval contained by the greater of the two numbers D+F' (x), 
D_F' (x) and the greater of the two numbers D+F' (x), D~F' (a:). 

437. The following theorem, due to Holder*, will prove useful in the 
later theory : 

If F (x) be continuous in an interval (a, b) to which the interval 
{Xi — a, Xi + a) is interior, and if in (x^ — a, x^ -j- a) the generalized upper 

♦ Ma(h» Annalen, voL xxiv (1884), p. 183. The theorem has also been established otherwise 
by Lebesgue, for the case in which (x) is definite at each point; see AnncUes sc, de Vicole 
Twriimle sup, (3) (1903), vol. xx, p. 458. 



868 


Trigo’nometrical Series 


[oh. VIII 


•and lower second differential coefficients (x), ®^F (x) are both bounded, 
being both, at every point, in the interval (L, U), then 

F (Xi + a) + F (Xi — a) — 2F {x^) 




is in the interval (L, U). 

Let 

<i>{x)=F{x)-F(x^-a)-''~'^^'"{F{x^ + a)-F{x^-a)} 


where (7 is a constant. It is seen that 


+ \C {x — Xi + a) {Xi-\- a — x). 


4>{x^)=^w[g- 


F (Xi -j- a) F (x^ a) 2F (aj^) 


«.nd thus ^ (Xi) is s 0, according as C 


F (x^ + a) + {Xi — a) — 2F {xj) 


a‘ 


Let C be so chosen that (xi) > 0. Since ^ (x) is continuous in the interval 
(jCi — a, Xi + a), and vanishes at the points x^ — a, x^ + a, there must be 
in the interval at least one point z at which (f> {x) has a maximum, and is 
positive. 

Since 

<f> {z + h) + <f> {z — h) ~ 2<f) (z) _F (z + h) -\- F {z — h) — 2F {z) _ ^ 

_ . __ 

and since, for all sufficiently small values of h, 

<f) (^+ + (f> {z — h) — 2(f> (z) ^ 
h‘^ 

it follows that &^F (z) S &^F (z) s C. Since L £ &^F (z), U S ^'‘^F (z), it 
follows that L ^ C] and this holds for every value of G that is consistent 
with the condition ^ (xj) > 0. It has thus been shewn that 

]j c ^ (^1 a) F (Xi — a) — 2F {Xj) 

~ 

In a similar manner, by choosing C so that <f> is negative, and con- 
sidering a minimum of (f> (x), it can be shewn that 

F {Xi-\- a) + F (a^i — a) — 2F (a^i) 


U, 


a‘ 


The following theorem follows at once from the above theorem : 

If F (x) be continuous in an interval {a, b), and if, in an interval {a^, 6j) 
interior to (a, b), the upper and lower generalized differential coeffUcients 
^^F {x), 3^F (x) are in an interval (L, U), then, for all points x in , bf), 

F{x + h) + F ( x — h)—2F (x) 
h^ 

lies in the interval {L, U), provided h be such that x h, x — h are in the 
interval {a, b). 
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438. If f (x) be any function that is summable in the interval {a, b), and 
which is therefore finite almost everywhere in, that interval, and if iq be^ 
'prescribed positive number, a continuous function (f>i {x) can be constructed, 

fx 

such that it exceeds I / {x) dx by less than r], whatever value x may have in 
J a 

the interval {a, b), and s'uch that, at every point at which f{x) is finite, its four 
derivatives all exceed f (x). 

Similarly, a continuous function (x) can be constructed which is every- 
where less than j / {x) dx by less than rj, and of which the four derivatives are 

J a 

all less than f (x), at each point at which f (x) is finite. 

The functions (x), <f >2 (x) have been denominated by de la Vallee 
Poussin, to whom this result is due, as majorante and minorante respectively, 
relatively to the function / (x). In § 262 they have been termed major 
and minor functions associated with/(x). 

First, let / {x) be everywhere S 0 in the interval (a, b). Consider the 
numbers 0, e, 2e, ... ; let be the set of points x, at which 

ne ^f{x)< {n + 1) €; 

then 

CO rb cc rb 

2 (e.„) S I f{x)dx< 2 (% h 1) em (e„) < f {x)dx e (b — a). 

n--0 •! a /i-=0 J a 

Let all the points of be enclosed within intervals of a set which 
do not overlap, and are such that 

QO y V 

m(e„)< 2 w(8j.' )<m(e„) | e„, 

r 1 

00 

where the numbers {€„} are so chosen that the series 2 (n + 1) e„ converges 

n 1 

to a value less than unity. 

If Sr''^ {x) denote the sum of all the intervals and portions of intervals 

of the set {8^”^} that lie in the interval (a, x), let <f>i{x)= 2 (w + 1 ) c . (x) ; 

it will be shewn that (x) satisfies the prescribed conditions in relation 
to the non-negative function/ (x). 

We see at once that 

f / (x) dx <^(b)< f f(x)dx-h€(b-a)-i-e 

J a J a 

and a fortiori that 

I f (^) ^ (^) f f (*) + € (6 — a) -f- 6 ; 

J a J a 

the number e can be so chosen that e {b — a) e rj. 
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Let a; be a point of e„, and therefore interior to an interval 8<“), of the 
set {8r”^} . We have then 

(x + h) — <j>x {x) = S (w + 1) e (x + h) — (x)] ; 

n-0 

and all the terms of the series are positive when h> 0, and do not 
diminish as h increases. It follows that, if h be so small that a: + Ms in the 
interval S*”), then <j>x {x h) — (f>x {x) ^ {n + 1) eh, for all positive values 
of h that are sufficiently small. It is clear that, if h be negative, the in- 
equality S must be replaced by s. Hence, if ) ^ | be sufficiently small, 

th 

and therefore the four derivatives of <j>x {x) are all S (to -t- 1) e, and conse- 
quently >f(x). 

Next, let / (x) be unrestricted as regards its sign. If N be a positive 
number, let fx (x) = / (x), when /(«)> — N, and let fx (x) — — N, when 
f (x) & — N. If ^ be a positive number < tj, a, function if/ (x) can be so 
determined as to satisfy the conditions that 

f Un {x) + N]dx <if) {x) <7j - I + f [/,v (x) -h N] dx, 

J a J a 

and that all the derivatives of ^ {x) are greater than /jv {x) -f N, at any 
point at which / a' (x) is finite. The number N can be so chosen that 

[ fjv(x)dx~f f(x)dx 

J a J a 

is < C- 4*1 (^) defined by 4>x (x) = ifj{x) — N {x — a), then 
r oc /* jc I* cx 

f{x)dx<\ f^r(x)dx<4>x(x)<7]-C+ f.\'(x)dx<7j+ f(x)dx, 

J a J a da da 

and all the derivatives of 4>i (x) are greater than /,v (x), or than / (x), at 
any point at which /(a;) is finite. Hence the required function 4>i{^) has 
been constructed. 

In order to construct the function 4>2 (x), we observe that, if 4* (x) be 
a major function relatively to — / (x), the function — ip (x) is the required 
minor function relatively to f (x). 

It is easily seen that a monotone non-increasing sequence of major 
functions, associated with/ («), can be constructed, and similarly a mono- 
tone non-diminishing sequence of minor functions. For, if 4>^i^ 4*i^ (^) 

correspond to the values of 7]x, where rfx> rj^, in any interval in 
which 4>^i^ (x) is S 4>^i^ (x), 4>^y^ (x) can be replaced by 4*i^ (x), and then 
4n^ (x) ^ 4*^1^ (*) everywhere. A sequence {4>^i^ (»)} thus formed must 

•converge to j / (x) dx. 

J a 
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439. If F {x) be continuous in the interval {a, b), and there exists a finite 
summable function f (x) such that W^F {x) i/(a:) S U^F {x) at every point cf 

rx rx 

{a, b), then F (x) — dx I / (a:) dx is a linear function of x in (a, b). 

J a J,€t 

The theorem also holds if the summable function f {x) has infinite values 
in a set of points E tvhich contains no perfect set, provided that, at all points 
of E, the f unction F (x) has at least one symmetrical derivative. 

Let 4>i (^)> (*) 1*® major and the minor functions associated with 

/ {x), constructed in accordance with § 438. 

The two functions {x) = F {x) — \ cl>^ (x), 

J a 

(a:) - F(x)- f {x), 

J a 

and the function ^ (a;) = F (a;) — j dx j f (x) dx 

J a -a 

are such that j/tj {x) > tft (x) > i/j^ (x), and that (a;) — (x) < 2 {b ~ a) p. 

The three functions have all the same value at the point a. 

We have (a:) > W (a;) - f (x) > 0 

and >p.i (x) < &^F {x) - f (x) < 0 

at all points at wliich/ (a;) has a finite value. 

In virtue of the theorem of § 434 it follows that 

ifji (a;) < F {a) + ^ {./-i (*) - («)} 

and <^2 (») > F (a) + ^ {lAz (b) - 02 (ff )} , 

when X > a. It now follows that 0 (x) is between these two linear functions 
which differ from one another by less than 2r] (x - a). Taking a monotone 
non-diminishing sequence of major functions, and a monotone non-in- 
creasing sequence of minor functions, constructed as in § 438, corresponding 
to the values of tj in a sequence {r]„} which converges to zero, we see that 
0 (a:) lies, for every value of n, between the values of two linear functions 
AnX + B„, A„'x -H B„', where A„, A„' have the same limit A, as n ~oo, 
and B„, Bn have the same limit B; it then follows that 0 (a:) is the linear 
function Ax -f- B. 

It follows from the above theorem that, in case F (x) satisfies the 
conditions of the theorem, it has everywhere a continuous differential 

rx 

coefficient I / (a:) dx + p, where pa: -f g is the linear function. Moreover, 

J a 

it will almost everywhere have the second differential coefficient /(a:). 
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THE CONVERGENCE OP A TRIGONOMETRICAL SERIES AT A POINT 

440. If the trigonometrical series (®n cos nx + sin nx) con- 

verge at a point x, and if the sum-function of the series have definite limits 
f {x 0), / (» — 0), on the right, and on the left, at the point x, it does 
not follow that the series necessarily converges at points in a neighbour- 
hood of the point x at which the series converges. From the existence of 
f (x + 0),/ (x — 0), it follows however that, corresponding to an arbitrarily 
chosen positive number 8, a neighbourhood of the point x can be deter- 
mined, such that / (a;) — / (x) < 8, for all points x in that neighbourhood. 
From Hamack’s theorem, given in § 428, it now follows that = o (1), 
6„ = o(l). 

00 J 

If F (x) denotes IcIqX^ — S — ^ (a„ cos nx + b„ sin nx), it has been shewn 
in §421 that 

e~0 e 

at the given point x of convergence of the series. 

We now have 


2 m 


lim + ±.^)~ + «)1 


e~0 L 


4^2 . - g2 j- 

— lim \^i^ + 2€)—2F{ x + €) + F{x) ^ F{x)- 2F{^— e) + F(x— 2e)[ 

In accordance with the theorem of § 437, 

F(x + 2c) - 2F (x + e) -H F (x) 


lies between the extreme values of 

lim (g + «) - 2F (z) + F(z- a) 

a~o 

for a; S 2 S a; + 2e. It has been shewn in § 437 that, for each value of 2 , 
this limit lies between values which depend on the upper and lower values 
of / ( 2 ). It follows that, for an assigned positive number 8, the positive 
number e can be so determined that 

/(* + 0) - 8 < lim + 

a~0 

for every value of 2 such that x 5 2 S a: 4- 2c. 


</(*' + b) + 8, 


TJ 7 +V. 4 - 1 . 4 . !• ^ 2^) — 2F (x -j- c) -|- F (x) j, , 

We thus see that hm — ^ ^ ^ =^f(x + 0 ). 

e-O a V / 

Similarly, it can be shewn that 

,.^F(x- 2 c)- 2 F(x-c) + F(x) 


/» / 


AV \ 



440-442] Convergpice of a Trigommetrical Series at a Point 673 

It has now been proved that /(a:) = \{f{x + 0 )+/(x-0 )}. 

The following theorem has been established : 

If a trigonometrical series converge at a point, then the value to which it 
converges is the mean of the limits of the sum-function, on the right, and on 
the left, at the point, provided those limits exist as definite numbers. 

This theorem holds for every trigonometrical series, whether it be a 
Fourier’s series, or not. 


THE UNIQUENESS OE A TRIGONOMETRICAL SERIES WHICH 
REPRESENTS A FUNCTION 

441. In order to establish the uniqueness of a trigonometrical series 
wliich, in an assigned sense (not necessarily in the sense that the series 
converges to the value of the function almost everywhere), represents 
a given function, it is sufficient to establish, first that the series is a 
Fourier’s series, and secondly, that there cannot exist two distinct 
Fourier’s series, both of which have the given relation with the given 
function. The latter is equivalent to proving that, if two such Fourier’s 
series exist, the Fourier’s series which is the difference of the two must 
have all its coefficients zero. In case the mode of representation of 
the function is postulated to be such that the series converges almost 
everywhere to the values of a single-valued function which is taken 
to be summable in (— tt, n), then it is clear that there cannot be two 
Fourier’s series both of which represent the function. It has been shewn 
in § 361 that there cannot be two non-equivalent summable functions 
which have one and the same Fourier’s series. 


442. In the case which will be given first, the uniqueness of a trigono- 
metrical series can be established without shewing that it is a Fourier’s 
series. 


Let it be assumed that the series ^a^ -+■ S (a„ cos 7tx -t- b„ sin nx) 

converges to zero at every point of the interval (— tt, 77 ) with the exception 
of an enumerable set of points JS, at which it is not assumed that the series 
converges. Since an enumerable set is of the first category, it follows from 
the theorem of § 429 that a„ and b„ converge to zero. Accordingly, Rie- 


mann’s function ^agX^ 


„ a„ cos nx -h b„8mnx 

S 5 — exists as a continuous 


n* 


function, and (x) 0 , for every point at which the series converges 

to zero; also by Riemann’s second theorem, F (x) has symmetrical de- 
rivatives at every point. It follows, in accordance with the extension of 
Schwarz’s theorem given in § 436, that F (x) is linear in any interval 
(— mw, mn); thus F (x) = ax -j- b, in any interval (— mn, mn). It is thus 

43 


nn 
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seen that, in an interval (— mw, m-n), — {ax + 6) is represented by 

the periodic senes — S — — , and therefore \a^x^ — {ax -f b) 

must be a periodic ftmction, which can only be the case if a„ = 0, a ^ 0. 

Since the series converges uniformly to — b, we can multiply by cos nx, 
or by sin nx, and integrate term by term between the limits — tt, w ; it is 
thus seen that = 0, 6„ = 0, and therefore all the coefficients of the given 
series vanish identically. By considering the difference of two series, the 
following theorem can be established : 

No tioo distinct trigonometrical series can exist which converge to the same 
value for all points of the interval (— 77, n), with the exception of an enumerable 
set of points at which the series are not known to converge to the same sum, or 
to converge at all. 

This theorem, which is due to W. H. Young, is an extension of the older 
theorem of Cantor, in which the exceptional set of points is restricted to 
be a reducible set. It is also an extension of the still earlier theorem of 
Cantor* that a trigonometrical series is the unique representation of a 
function which has an indefinitely great number of points of discontinuity 
which form a set of the first species. 


443 . If the Riemann function F {x), corresponding to a trigonometrical 
series 

{aQ+ 2 (a„ cos nx + sin 7ix), 


n = l 


such that converge to zero, as n ^ co, is of the form 

rx rx 

F{x)— dx I f {x) dx -i- px + q, 

J —TT J ~rr 

where p, q are constants, and f {x) is a function summable in (— rr, 77), then 
the series is the Fourier's series corresponding to f{x). 


We 
and thus 


have F' (77) = [ / {x) dx + p, F' (— 77) p; 
J — TT 

[ / {x) dx = F' (77) — F' (— 77) = ao 77 , 

J — TT 


and hence Oq --- Oq, where ^00+ ^ («„ cos »« + sin «.«) denotes the 


n - 1 


Fourier’s series corresponding to / {x). 


By the theorem of § 360 the series S 


a„ sin nx — cos nx . 


is, when a 


constant is added to it, the Fourier’s series which converges uniformly to 

/ a R a 

f {x) dx — ^OqX. Thus — — , are the Fourier’s constants correspond- 

-ir W. 

ing to the function F' {x) — ^OoX — p, or to F' {x) — iooX. 


* See Crelle's Journal, vol. Lxxii (1870), p. 130, and Math, Annalen, vol. v (1872), p. 123. 



442 , 443 ] The Uniqueness of a Trigonmietr leal Series 675 

Now ~ F {^)} cos nxdx 

- /_^ ~ ^ S ’ 

and similarly we see that — ^ Therefore a„ ==^ a„, jS„ ^ 6 „; and it has 

77 / 72 

been shewn that ccq ~ Uq, which establishes the theorem. 

This theorem, taken in conjunction with the theorem of § 439, yields the 
following result: 

If the series + S {a„ cos nx + h„ sin nx), for which an, b„ converge 

n -- 1 

to zero, be such that its upper and lower sum-functions are summable in (— 77 , 77 ), 
and such that both of them are finite at every point, with the possible exception 
of points belonging to a set E which contains no perfect component, then the 
given series is the Fourier's series corresponding to either tlbe upper or the 
lower sum-function of the series, and consequently to either ^/'^F (x) or t^^f (x). 

This theorem is theoretically more general than that of § 442, as the 
exceptional set of points is not necessarily enumerable, but may be an 
imenumerable set which contains no perfect set, if such a set exists. 

From the theorem of § 436, the upper and lower generalized second 
differential coefficients of F (x) are both finite except at the points of E. 
If / {x) denote either the upper or the lower sum-function of the series, 

rx rx 

then F (x) — dx \ f (x) dx is linear in the interval (a, b), and con- 

J —tt J — tt 

sequently the given series is the Fourier’s series corresponding to / (x). 
It follows that, when the conditions of the theorem are satisfied, the upper 
and lower sum-functions must be equal almost everywhere, and therefore 
the Fourier's series is convergent almost everywhere. 

A particular case of the above theorem is that* : 

If the series 2 (a„ cos nx -I- sin nx) has its upper and lower sum- 

functicni-s bounded, it is a Fourier's series. 

It is unnecessary in this theorem to include in the statement the con- 
dition that a„, bn converge to zero, as w ~ 00 , because it can be shewn that 
this is necessarily the case if the upper and lower sum-functions are 
bounded in the interval (see § 432). This was the first theorem obtained 
which referred to the upper and lower sum-functions of the series. 

A particular case of the general theorem is the following theorem of 
Lebesguef : 

There is cmly a single trigonometrical series which converges everywhere to 
a given bounded function; viz. the Fourier's series corresponding to the 

* Seo W. H. Young, Proc. Lond. Math. Soc. (2), vol. ix, p. 427. 

I fcSee Lemons sur les series trigonom^triques (1906), p. 122, also Annalea sc. deVecolenormale (3), 
vol. XX (1903), p. 467. 
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function. There may be a reducible set of points at which the series is not 
known to converge. 

There exist series which converge ever 3 rwhere, and of which the sum- 
function is unbounded, which are not Fourier’s series. For example, the 

GO TfhCC 

series S — is everywhere convergent, but it is not a Fourier’s series, 

since the series S is not convergent when x = 0. 

„>2«'logn 

The above general theorem* may be replaced by the following : 

Every trigonometrical series for which the Biemann sum everywhere exists 
either as a single finite nwtnber, or as indeterminate between finite upper and 
lower boundaries, and is such that the function (f> (x) which is at each point 
equal to the numerically smaller of the upper and lower Biemann functions is 
ummable, is the Fourier's series corresponding to <f> (x). 

It will be observed that it is unnecessary to assume a prio/ri that a„ 
and converge to zero. But when there is an exceptional set of points at 
which the limits of indetermination are not finite, we have the following 
statement ; 

The above theorem holds for a trigonometrical series such that a„ , b,, con- 
verge to zero, as n CO, even when there is a set E, of points at which the 
function <f> {x) is not finite, provided E contains no perfect component, and 
provided tlve function (x) is summable. 

As regards the existence of sets of points which are unenumerable and 
which do not contain a perfect set, it has been shewnf by Alexandroff that 
such a set caimot be measurable (B) ; that in fact every unenumerable set 
that is measurable (B) contains a perfect set. 


444. If |ao + S (a„ cos nx -h b„ sin nx) be the Fourier’s series corre- 
sponding to a given summable function / (^), we have (see § 360) 




« , , , y-, 1 ^a„ sin nx — cos nx 

J {x) dx = C la^x + 2 " , 

r 71 


and since the function J f (a:) dx is of bounded variation, we have 


j dx I f (x) dx = C' -j- Cx 4- ^a^x^ 

J ^tr .~ir 


, a„ cos nx + sin nx 


n‘ 


and thus the function F (x) differs from 

function. At every point x we have F 
everywhere F” (x) =/(«). 


j dx j f (x)dx by a linear 
J _rr J ^TT 

(®) = / / (*) almost 

J — xr 


♦ See de la Vallee Poussin, Bulletin de Vacad, roy, de Belgique, 1912, p. 717. 
t Comptea Eendua, vol. cLxn (1916), p. 323; see also Hausdorff, Math, Annalen, vol. Lxxvn 
(1916), p. 436. 
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Therefore the Riemanxi sum of the Fourier’s series exists everywhere, 
and is almost everywhere equal to / {x). 

If another trigonometrical series exists besides the Fourier’s series, and 
is also summable by Riemann’s procedure almost everywhere, having F (x) 
almost everywhere for the Riemann sum, it would appear that the difference 
of the two series would have a Riemann sum almost ever 5 rwhere, and it 
would be equal to zero. If such a series, with coefficients not all zero, exists, 
its Riemann sum must be infinite at points of some set which contains a 
perfect set. To define such a series, let H he a, non-dense perfect set of 
measure zero, in (— tt, tt). Let the intervals contiguous to H be placed in 
correspondence with the rational numbers of the interval (0, 1) taken in 
ascending order. Let ^ (x) have the value, at any point within one of 
the contiguous intervals, of the rational number to which the interval 
corresponds ; and at any point not interior to such an interval, let ^ {x) be 
defined so as to be continuous. Then <j>' {x) exists at all points of C (H), and 
has the value zero. The continuous function (f> (x) is monotone, and thus it 
is representable as the sum of a uniformly convergent Foiirier’s series 

The f, motion + 

has <f> (x) — for its differential coefficient, everywhere, and it has a 
second differential coefficient equal to zero almost everywhere. Thus the 
series S (a„ cos nx + b„ sin nx) is summable by Riemann’s procedure 

n- 1 

almost everywhere, and has zero for the value of that sum. It has been 
shewn by de la Vall6e Poussin, to whom this construction is due, that the 
Ces&ro sum of the series is almost everywhere zero, like the Riemann sum. 

445. It has been shewn in § 443 that: 

If the trigonxymetrical series + 2 (a„ cos nx -h sin nx) converges 

n == 1 

almost everywhere to the values of a function f {x) which is summable in 
(— TT, tt ), and the set of points at which it does not converge, or oscillate between 
finite limits, contains no perfect component, then the series is a Fourier’s 
series, and it is the unique trigonometrical series which satisfies the prescribed 
conditions. 

It is unnecessary to assume in the statement of the theorem that 
a„ = o(l), 6„ — o(l), because these relations follow from the convergence 
almost everywhere, of the series (see § 430). 

It follows that, if a trigonometrical series converges to zero everywhere 
except at the points of a set E which contains no perfect component, then 
all the coefficients of the series vanish. It has been proved* by Rajchman 

* See Prace Mathematyczno-fizyczne, vol. xxx (1919), p. 30. 
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that the same result holds if, instead of ordinary convergence, the Poisson 
^um of the series be taken. 

An example has been given by* Menchoff of a trigonometrical series 
which converges to zero at all points except those of a certain perfect set 
of measure zero, such that the coefficients do not vanish. 

It has however been shewnf by Rajchman that there exist closed 
sets of measure zero, unenumerable, and therefore containing perfect sets, 
of a certain type firstj considered by Hardy and Littlewood, such that 
the coefficients all vanish if the trigonometrical series converges everywhere 
to zero except at the points of a closed set of this special type. Thus 
the condition of the above theorem can be replaced by a less stringent 
condition. Moreover this result also holds when, instead of ordinary 
convergence, the Poisson sum is zero except in the exceptional set of points, 

QO 

so that if ^ (®n cos nx + b„ sin nx) = 0, ever3rwhere except 

ft~l n-l 

in a perfect set of the special type, then a„ = 0, for n = 0, 1, 2, ... , and 

bn = 0, for» — 1, 2, 3, .... 

The following theorem has been established § by Rajchman: 

If the trigonomeirical series + S {a„cos2nvx + b„8m 2n'rTX), such 

that a„ == o (1), 6„ = 0 (1), converges everywhere to zero, except possibly at 
the points of a closed set of type (H) ; or more generally if, except at the points 
of that dosed set, 

00 

\a^ + lim S (a„ cos 2n7TX + b„ sin 2mTx) r” — 0, 

1 

then Uq — 0, a„ = 6„ =- 0. 

It has been stated |j by Rajchman that the fact of the existence of 
perfect sets which have the above property, in relation to the uniqueness 
of a trigonometrical series, had been demonstrated, but not published, 
by Mile Nina Bary , in 1 92 1 , in the Mathematical Seminary of the University 
of Moscow. Rajchman’s independent result relating to the sets of type [H) 
has been later generalized^ by Mile Bary, who shewed that a set of points 
M (Hj, Hj, ...), where is a sequence of sets, all of type (H), has the 
same property, in relation to the uniqueness of a trigonometrical series, 
as a single set of type {H). 

The closed sets introduced by Hardy and Littlewood, and considered 
further by Steinhaus, and explicitly defined by Rajchman, who terms 
them sets of type {H), can be defined as follows : 

* Comptes Rendus, vol. clxiii (1916), p. 433. 

t Fundamenia Math, vol. in (1922), p. 287. t Acta Math, vol. xxxvii (1914), p. 165. 

§ Fundamenia Math, vol. iii (1922), p. 287. 1| Ibid, vol. iv (1923), p. 367. 

% Comptes Bendus, vol. clxxvh (1923), p. 1196. Rajchman has given another proof of his 
result, dependent on the theory of formal multiplication, Comptes Rendus, vol. OLXXvii (1923), 
p. 493. Some further results are given by Zygmund, in the same volume, p. 576. See also 
Zygmund, Math, Zeitschr, vol. xxiv (1925), p. 40. 
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Let be a closed set contained in the interval (0, 1). In case either 
0 or 1 is a point of O, it will be assumed that both of these points are 
points of O. Let a point P [x), whose.polar coordinates are r = 1,0 = ^ttx, 
be made to correspond to each point x, of O. To the closed set O, in the 
interval (0, 1), there will correspond a closed set of points on the circum- 
ference of the circle with radius unity. If A: be a positive integer, and 
P (kx) be the point whose polar coordinates are r — 1, 0 = 2TTkx, it is clear 
that P (kx) — P {kx — Ekx), where Ekx denotes the greatest integer S kx. 
Let (rj. denote the set of points P {kx), where x has all the values in O. 
In order that a point P {y), where 0 £ y < 1, may not belong to 0^,, it is 
necessary and sufficient that the k numbers 

y y , ^ 2/2 y , 

k’ k.^r k k:'"’k^ k 

do not belong to G. 

We take the set (r* to be the set in (0, 1) which corresponds to 0*, so 
that, if y is a point of r 1, 0 = 277y is a point of Let be the 
length of the greatest arc of the circle which does not contain in its interior 
any point of Gy . ; and thus the length of the greatest arc contiguous to l}y . 
We have, for each vaffic oik,0 ^ 1, and thus lim dy > 0, unless lim dy 

/c-^oo 

exists, and has the value zero. 

The closed set G will be said to be of type {H), provided lim dy > 0. 

In the case of Cantor’s perfect set (i, § 118), we have rfg* - for 
h 1, 2, 3 , ; therefore this set is of type {H). 

446. With a view to the extension of the theorems of §§ 443 , 446 , 
relating to a trigonometrical series ^ (®n cos nx + b„ sin nx), it will be 

sufficient to leave out the coefficient consider the series S 

n-1 

where denotes «„ cos nx -V bn sin nx. 

A A 

Ivet P„ {x) denote — S — Pg (a:) the series 2 and generally let 

, 1-1 

A 

Pgr {^) denote (— 1)''+^ 2 — . It will be assumed that either a„, b„ are 

bounded, or more generally that where (0 < p £ 1), are bounded. 

In either case the series 2 is uniformly convergent. 

Zq {h) =- Po {x + h) + Ff, {x ~ h) - 2Po {x), 

Zg {b) = Pg (a: •+■ A) + Pg {x - h) - 2Pg (a:) - h^F„ {x), 
etc.. 


Let 



680 


Trigonometrieal Series 


[oh. VIII 


and generally 

(h) = F^r {x + h) + (x—h)— 2F^ {x) — h^F^r-^ (x) 


L. / X 

(2y)!^o(«)- 


^ j* -f 2r-4 (^) 01 -^Zr-e (®) ••• (2r)!^® ^ ’ 

These functions are formed by the rule 

(h) = r dh r (h) dh, K^r {h) = dh f * iTgr -z iJ>) dh- 

Jo Jo J 0 Jo 

j 

Denoting by 6r, (h) the expression ^^7 (2F+ 2) !’ shewn, 

by employing the theorem of § 168, that the lim (h) and lim (A) are 

_ _ _/»~0 h^O 

given by J (Cr + Qr) ± JA (6^ — Qr), where C, and are the upper and 
lower sums {C, r) of the series where these Cesaro sums are assumed 
to be finite, and A is a fixed number. 


We have G,. (A) = 2 A„<f) (nh), where <f> (nh) is given by 

n = 1 


' (Sr)! ' 


,, .. (- l)'(2r + 2)!r„ ,, n‘h’- n%> , ,, , (2;*)*'! 

[('-'’O"**'')- Y! +41 “■••+<''> M!,' 

Writing t for nh, we have 

^ m = <- ' (l - c.0,< - r, - . (- !)- , 

from which it follows that lim ^{t) and that {t) is bounded for all 

<~o 

positive values of t. 

In order to apply the theorem of § 158, we shall shew that ^V+i) (t) 
is bounded for all values of t. Since 


<A(0 

(- 1)^ (2r + 2) ! 




<^('■+1' (<) 

( if (2r -\ 2) ! term in a number of terms of higher 

negative powers, and of terms containing one of the factors cos t or sin t 
and as the other factor a power of t which is — 2r — 2, — 2r — 3, . . . , — 3r — 3. 
It follows that <^(*■+1) (<) consists of a constant term and of terms con- 
taining negative powers of t ; hence #'+•’ (<) is bounded for all values of 

< > c> 0. Applying the theorem of § 168, taking k = 2, it follows that the 
upper and lower limits of (A), as A ~ 0, lie in an interval 

I (CM -f Qr)) ± I A (??(’•) - CV)). 
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The following theorem has now been established : 

J/jPjr (*) denote the series (— l)(»'+i) S , and the series {x) = -- S 
be assumed to be convergent, and if 

{h) = {x + h) + F^r (x-h)- 2F^ (x) - h^F^r-i (a;) 


is the function defined by K 2 r (h) 


rh rh 

dh 

Jo Jo 


2h* 

4 ! 


••• 


2A2-- 

(2r) 


, ^0 {^) 


d^ 2 r -2 (h) dh, and 0, (h) denote 


„ / 2 A 2»-+2 

^2rW/(2y.^ 2)!’ 

then the upper and lower limits of {h), as h ~ 0, are given by 

I (a_h Gr) d- [Cr - Gr), 

when A is a fixed number, and , Gr the upper and' lower Cesdro sums {C, r) 

of the series S A„, assumed to be finite. 

n - 1 


447. By repeated application of the theorem given in i, § 264, it is 
seen that the upper and lower limits of {h), as h ~ 0, lie in the interval 

bounded by the upper and lower limits of ^ - i — - , 

where F„ {x) is identical with Riemann’s function F (x). 

When a„ ~ O {n^~'^), hn=^ O where 0 < p ^ 1, the function F (x) 

is continuous, and any limit of G^ (h), as h ~ 0, is also a limit of 

F(x + h) + F {x-h)- 2F (a:) 

Let it now be assumed that, at every point of the interval (— tt, tt), 
C^r'i are both finite, and that they are summable in the interval ; it then 
follows that a funetion exists which is summable in (— n, n), finite at 
every point, and is at each point x in the interval formed by ^‘^^F (x), 
f:J)^F (x). Applying the theorem of § 443, it now follows that the series I)A„ 
is a Eoiirier’s series. 

The following theorem has now been established : 

If are hounded, where k is some number such that 0 k < 1 , and 

J ffk’ ffk 

if the series S (a„ cos nx + sin nx) is such that its upper and lower Cesdro 
sums of integral order r are finite at each point of {— tt, tt), and summable 
in that interval, then the series is a Fourier's series. 

In the partieular case r = 1, if it be assumed that the upper and 
lower CesAro sums of order k, where k is such that 0 & k < 1, are every- 

CL h 

where finite, it follows that are bounded and that the Cesaro sum 
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of order 1 is bounded. We have then the following theorem which has been 
given by W. H. Young* : 

If the upper and lower Cesdro sums of order k, where 0 < 1, of the 

series S («„ cos nx + b„ sin nx) are everywhere finite, and define summable 
functions in the interval (— n, it), the series is a Fourier’s series. 

If the more stringent assumption be made that a„, converge to zero, 
as w ~oo, the function F (x) has at each point symmetrical derivatives; 
and we obtain the following theorem : 

If On, bn converge toO,asn ~ oo , and if the series S (a„ cos vx + sin nx) 
is such that the upper and lower Cesdro sums, of integral order r, are summable 
in (— TT, tt), and finite at every point which does not bdong to a set E which 
contains no perfect component, then the series is a Fourier’s series. 

This theorem was also given, for the case r = 1, by W. H. Young (loc. 
cit.). The mode of proof given above is a modification of this proof. A more 
comphcated proof of the general theorem has been givenf by A. Rajchman. 

448. The following theorem relating to Ces&ro sumihation of any order 
k, positive but not necessarily integral, may be deduced from de la Vall6e 
Poussin’s theorem (§ 432) ; 

If the series + S (a„ cos nx sin nx) has, in any interval, its upper 
and lower Cesdro sums {C, k), where k > 0, finite at ecwh point which does not 

belong to a set of measure zero, then ^ are bounded. 

It follows from the condition of the theorem that the upper and lower 

» , , • x-. cos nx -f b„ sin nx ^ n a. i a. m 

sums of the senes L , are both finite at almost all 

points of the interval, and therefore are bounded. 

«,*• tr 

The following theorem may be deduced from that of § 430 : 

If the series \aQ + S (a„ cos nx + b„ sin nx) is stimmable {C, k), where 

CL h 

k> 0, at all points of a set H of positive measure, then converge to zero 

as n 

For it is known that at any point at which the series is summable 

tn Ja\ dn^osnx + b„smnx , mi.- v. • a.i. 4 .- 4 . 

{C, k), - converges to zero. This being the case at points 

of a set II, of positive measure, the result follows from § 430. 

A particular case of this theorem was givenj by M. Riesz, that if the 

series Joo + 2 (a„ cos nx + sin nx) is summable {C, 1) in an interval, then 

^ converge to zero. 

* Proc, Boy, Soc, (A), vol. lxxxix (1914), p. 160. 
t Monatshefte far Math, u, Physik^ vol. xxvi (1915), p. 263. 

X Math, Annalen, vol. Lxxi (1912), p. 58. 
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449 . The general theorem of § 443 includes the condition that the upper 
and lower sum -functions of the given series are summahle in (— Tr,Tt) whether 
they be bounded or not. It is however convenient to possess tests that a 
given trigonometrical series is a Fourier’s series that do not involve this 
condition, but instead depend upon whether these upper and lower 
functions are bounded in the whole or in a part of the interval. It has been 

shewn in § 360 that, if the mtegrated senes S - — con- 

ft 

verges to an integral, then the given series is a Fourier’s series; but in 
practice it is difficult in any particular case to ascertain whether this 
condition is satisfied or not. 


It is accordingly convenient to possess tests in which a lesser know- 
ledge of the properties of this integrated series is involved. With a view 
to remedying as far as possible these practical defects of the theorems of 
§ 442, the following theorem will be established : 


If a trigonometrical series has its upper and lower sum-functions hounded, 
except in tlte neighbourliood of imnts belonging to a closed enumerable set E, and 


bn cos nx . T J7 / • 

- - - converges boundedly (or %n 


if the integrated series S 

ti-i ^ 

particular uniformly) in the whole interval (— v,7t) to a continuous function, 
then the trigonometrical series is either a Fourier's series or a Fourier HL- 
series. 


In accordance with the theorem of § 432, since 2 (a„ cos nx -f sin nx) 
is bounded in an interval, a„ and are bounded, and thus the series 

— 2 ^^2 converges umformly in (— 77 , tt) to a continuous 

function F (x). Denoting by (x) the sum-function of the series 

* a„ sin nx — cos nx 
«-i n 


since this series by hypothesis converges boundedly, term by term Integra- 

rx 

tion may be, applied to it, and thus I O (x) dx F (x) — F {— tt). It 

J -rr 

follows that F' (x) exists ever3rwhere in (— tt, tt), and is continuous, being 
equal to <I> (x). 


Consider an interval (a, b) interior to an interval contiguous to E; then 

the upper and lower sum-functions of the series 2 (a„ cos nx -f b„ sin nx) 

1 

are bounded in (a, b). It follows from the theorems of §§ 421, 437 that, if 

h be sufficiently small, — ^ is bounded as a 

function of (x, h), for all such values of h, and all values of x in (a, 6). 
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Denoting f F (x) dx by (x), and emplo 3 dng the second theorem given 
J —TT 

in § 221, it is seen that the upper and lower limits, as A ~ 0, of 

{x + h) + Fi (x — h) — 2Fi (x) 

are Z-integrals in {a, b), since they are both upper and lower semi- 
integrals. Since Fj^ (x) possesses everywhere in (a, b) a second differential 
coefficient F' (x), both these upper and lower limits coincide with F' (x), 
which is therefore an integral in (a, b) and consequently has, almost 
everywhere in (a, b), a differential coefficient F" (x). 


If («, jS) be the interval, contiguous to E, in which (a, b) is contained, 
(•6 

we have F" (x) dx = F' (b) — F' (a ) ; F" (x) existing at almost all points 

• a 

of (a, 6) (see i, § 406, last theorem). Since F' (x) is continuous, we have, 
as a, b converge to a, respectively, 

lim r F" {x) dx = F' ip) - F' (a), 

0~a J a 

rp 

and therefore I F" (x) dx exists, either as an X-integral, or else as an 

J a 

JEfiz-integral. Since («, /S) is any one of the intervals contiguous to E, all 
the abutting intervals may be amalgamated, and we see that, if (ci , ]8i) be 
any interval contiguous to the first derivative E', of E, the integral of 
F" {x) exists in any interval interior to («! , ^i), and is equal to the difference 
of the values of F' (x) at the ends of the interval. Proceeding to the limit 

fpi 

as before, we see that I F (x) dx exists, as either an iy-integral or as an 

J ai 

.ffX-integra], and its value is F' (jSj) — F' (ax). Proceeding in this manner, 

rPn 

it is seen that I F" (x) dx exists in any interval (a „ , ^„) contiguous to E("^, 
J an 

the nth derivative of E. If (a„, is contiguous to the first trans- 
finite derivative of E (if it exists), the integral of F" (x) exists in any 
interval interior to («„, )S„), and consequently as before in («„, ^„), and is 
equal to F' — F’ («„). Proceeding in this manner, the set E will be 
exhausted, since E is enumerable, before some transfinite derivative is 
reached. Hence, in the interval (— F" (x) exists almost everywhere. 


fx 

and I F" (x) dx exists as an i-integral, or else as an HL-integral. Thus 

J a 

the function O (x) exists as an jD-integral, or else as an Hi^-integral, and 

. , . « X- £ xt -■ sin wx — 6„ cos nx tx £ n 

it IS the sum-function of the senes S ” , It follows, in 

n 

accordance with §§ 360, 364, that the given trigonometrical series is a 
Fourier’s series or a Fourier’s HL-series, according as F' (x) is an 
L-integral or an Hi-integral. 
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(1) Consider the series 2 .sinwa:. 


EXAMPLES 
1 


00 
2 


co»)iz, where 0<A7<1. Since the series 


2 sin nx, 2 cos nx oscillate boundedly, except in the second case in the neighbourhood 
n- 1 n - 1 

of the point x~0, by the theorem of § 24, the series 2 2 are convergent 

n-l 

boundedly, except that the second does not converge at a;=0. Since the integrated series 
2 converge uniformly in ( -tt, tt), it follows by the above theorem 

n n = l 

that both the series considered are either Fourier’s series or else Fourier’s ^L-series. If 
k> It it follows from the Kiesz-Fischer theorem that both series are Fourier’s series. 

sin Thx cos ii/X 

(2) Consider the series 2 jQg integrated series 2 divergent at the point 

x=Ot and thus the series cannot (see §§ 360, 364) be a Fourier’s series or a Fourier’s (HL) 

silx TlX 

series. On the other hand the series 2 where A; >0, is such that the integrated series 

cos 7ix converges uniformly in the interval ( - tt, tt) 


n (log 

Fourier’s series or a Fourier’s fl^L-series. 


450. Tn the theorem of § 449 the condition that S 


Hence the series is either a 
b„ COS nx 


n 


converges boundedly to a continuous sum-function may be relaxed; simple 

convergence to a continuous sum-function <I> (x) being sufficient. For, by 

Fatou’s theorem (§ 413), applied to the summable function F [x), it is seen 

that <t) (x) is equal to F' (a;) wherever F' [x) exists, which is the case almost 

1 • / /X j! 1- /a„sin»a;- 6 „cosTOa;\ , , 

everywhere in (a, />); tor hm L { I «’*= <I) (z), since 

/t-i»-i\ n j 

a„, 6„ are bounded (see § 133). If F^ (x) denote I Fj {x) dx, it is seen 

J — TT 

as before that the upper and lower limits, as h ~ 0, of 

F.i (x + A)_f Fa (x - h) - 2F^ (x) 

^2 

are integrals in (a, b). Since Fj (x) possesses evrerywhere a second 
differential coefficient F (x), these upper and lower limits coincide with 
F (x), and therefore F (x) is an integral, and consequently 

F (x) — F {— tt) — j F' (x) dx = I O (x) dx. 

Since {x) is continuous, it follows that F' {x) exists everywhere, and 

is equal to <I> {x). From this point onwards, the procedure is as before. 

Consequently the following theorem is established : 

If a trigonometrical series be such that the upper and lower sum-functions 

are bounded, except in the neighbourhood of points belonging to a closed 

, , ^ J e ^r. ■ ^ ^ J ■ S a„ sin wa: — cos nx 

enumerable set, and tf the integrated series 2< - — — converges 

to a continuous function in the whole interval (— then the trigono- 

metrical series is either a Fourier’s series or a Fourier’s HL-series. 
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This theorem was given* by W. H. Young, whose proof, however, 
wbuld appear to require some addition to make it complete. 


RESTRICTED FOTJRTER’s SERIES 


451. The properties of a certain kind of trigonometrical series of the 
form iao + S (a„ cos nx + 6„ sin nx), which are in general not Fourier’s 

n = l 

series, have been investigated! by W. H. Young; to series of this class he 
has given the name restricted Fourier's series. We shall in the first instance 
give an account of a specially interesting sub-class of restricted Fomier’s 
series called ordinary restricted Fourier's series, which may be characterized 
as follows : 

00 

A trigonometrical series 1] (a^ cos nx + sin nx) is said to be an ordinary 

restrieted Fourier's series, or ORF-series, if it satisfies the conditions 
(1), a„ = o (1), = 0 (1), and (2), the integrated series 


S (a„ sin nx — />„ cos nx) 

converges in an open interval (a, contained in (— it, tt), or in each of a set 
of such open intervals, to a function F (x) which is an L-integral. The function 

^~d^^ ' almost everywhere in {a, j8), is then said to be the function 

associated with the ORF-series in the open interval a< x < ^. 


It should be observed that, from condition (1), the convergence of the 


series Z , S f-")’ 


follows, and then, employing the Kiesz-Fischer 


theorem (§ 379), it follows that the integrated series is a Fourier’s series; 
thus the function F (x) is the function corresponding to a Fourier’s series, 
although it is an Z-integral only within the interval or intervals of re- 
striction. The interest of these O^F-series arises from the fact, which will 
be established, that, in an interval of restriction, they possess many of the 
cardinal properties of Fourier’s series; they may accordingly, within such 
an interval, be employed in Analysis in like manner as a Fourier’s series. 


The following theorem, which is the analogue of Riemann’s property 
of Fourier’s series, will be established : 


The upper and lower functions of an ORF-series at a point x, interior to 
an interval of restriction, depend only on the character of the associated 
function in an arbitrarily small neighbourhood of the point x. 

* Proc, Land, Math. Soc. ser. (2), vol. ix, p, 430. It seems here to bo assumed without sufficient 
justification that the sum of the integrated series is equal to F' {or). The continuity of the sum of 
the integrated series is by itself not sufficient to justify this. 

t See Proc. Lond. Math. Soc. (2), vol. xvn (1918), pp. 195-236; also ibid. pp. 353-366; and 
Proc. Roy. Soc. (A), vol. xoin (1917), pp. 276-292. See also Bulletin de la 8oc. mat. de France, 
vol. Lii (1924), p. 585. 
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Let 2 (a„ cos nx + sin nx) be the OJKi^-series, and let / (x) be the 

n-’ 1 

function associated with it in the open interval (a, j8); where = o (I), 

= o (1). Let F {x) be the function corresponding to the Fourier’s series 

„ sin nx-bncosnx ^ „ f® ^ ^ j i- 

2 - ; then we have F (x) ~ F (a) — \ f (x) dx, for 

a < X < p (see i, § 406). The nth partial sum of the OiJF-series is given by 
(^) ^ dxj I (n + i)t cosec ^fdt, 

at an interior point of the interval (a, jS). If (x ~ e, x + e) he an interval 
interior to (a, ^), the integral in the expression for s„ (x) may be divided 
into two parts, the first taken from 0 to e, and the second from e to tt. 
The value of the first of these integrals depends only on the properties of 
/ (x) in the interval (x — e, x -h e). In order to prove the theorem, it is 
sufficient to shew that 

dx / {x + t) + F {x— <)J sin {n + |) < coscc ^tdt 
converges to zero, as ~ oo . The expression may be written in the form 
J [F (x -!- 1) + F (x — t)"\ sin nt cot \tdt k„, 

where dx I 0 ^ ~ I ntdt. 

We have 

kn -= ^ [ fF (« + <) + F {x — <)] cos ntdt 
(lx Jo 

~ dxj ' f) + F (x — /)] cos ntdt; 

the first expression on the right-hand side is ecpial to 

d /«„ sin nx — cos nx\ 

^dx\ n “V’ . 

or to TT («„ cos nx H sin nx), 

which converges to zero, as n oo. In the second expression the differen- 
tiation can be carried out under the sign of integration, since 

F {x -H t) + F (x — t), cos nt 

are both L-integrals in the interval (0, e) (see § 249, Ex. (6)) ; it is therefore 

equal to — j [f {x + t) 1- / (x — t)] cos nt dt, which converges to zero, as 
Jo 

n ~ CO, since / (a: J- 1) + f {x — t) is summable in the interval (0, e). It has 
accordingly been proved that = o (1). 

d 

In order to deal with I [F (x + t) -i- F (x ~ t)] sin nt cot ^tdt, let 
d (t) be defined as an odd function of t in the interval (— n, n), such 
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that 4> (0) = 0, ^ {t) = cot \t in the interval (t, tt), and let it be con- 
tinuous at t = €, and such that (<), (t) exist and are bounded in 

the interval (0, e). The function <f> (f) is the integral of an integral, and its 

Fourier’s series S Cp sin pt converges uniformly. The differentiated series 
2>~1 

also converges uniformly to <}>' (t), and Cp = 0 ( thus S ( j converges 

to a number C. If it were necessary, <f) (t) could be so defined as to have 
any number of its derivatives bounded. 

We now consider 

{F {x + t) F (x — t)} <f> (t) sin ntdt; 
by integration by parts we have 

j (F (x + t) + F (x — t)} (f> (t) sin ntdt 

~ — {G{x -I e) — G{x— e)} (f> (e) sin ne 

— « J {G {x + t) — G {x — t)} (f> (t) cos ntdt 

— I {G(x + t) — G (x — t)} (f)' {t) sin nidt; 

where G (x) — j F {x) dx. The function F (x) is the differential coefficient 

of G (x) almost everywhere, and at every point of {x — e, x + e); we have 
thus, remembering that G (x + t) — G {x — t), cf) (t) cos nt, <f>' (t) sin nt are 
integrals in (e, tt) (see § 249, Ex. (6)), for 

^ J {F {x + t) + F {x — t)} (f> (#) sin ntdt, 


the expression 


{F {x + e) — F {x — c)} (f> (e) sin ne 

— I {F {x + t) — F {x — t)} <j> {t) cos ntdt 


/; 


{F {x -\-t) — F {x — ^)} (j)' {t) sin ntdt. 


Since the Fourier’s series for <f) {t), 4>' (t) both converge uniformly, we may 
substitute them in the integrals, and integrate term by term. We can then 
transform back the coefficients of each factor Cp, where sin pt takes the 
place of ^ (t), and we thus obtain the expression 


d 

Cp J- I {F (x + t) + F(x— t)} sin pt sin ntdt ; 
1 (IX J € 


hence we have 


^ {F{x + t) + F{x- t)} <f> (t) sinntdt = ^ Hcp {kp_n - *»+„). 
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If 17 be an arbitrarily chosen positive number, since = o (1), we have 


I I < 17, for I n I S w.' It follows that 

00 

To estimate S Cpkj,_„, we have 

p-i 


p-1 


< riC, provided n^m. 


QO 


QO 


n~ m 


C 

2 c>pkj,„n 

-1- 


p 1 1 


p = /i+/?i 


P-1 



n 



-b 

2 

+ 

2 ^'pkjf__^ 


p^n-m-Vl 


P=-hA-1 


The first expression on the right-hand side is less than 17 S | c,, | , or 

p=^n- m. 

than Cri ; the second is less than 77 S | Cp | , or than Ct} ; the third is less 

v-i 

n 

than M S | Cp | , where M is the maximum of the numbers | I > 

I I ? • • • 5 I I j this converges to zero, as oo , when m is kept 

/l + Wt-l GO 

fixed ; the fourth expression is less than S |Cp|,orthanM S | Cp | , 

p“n+l 

which converges to zero, as ^ 00 . It has now been shewn that 

QO 

S C,p bn) ^ , 

ri'^co P 1 
QO 

and since rj is arbitrary, lim S Cp {kj, — k^^ ^) — 0. It has now been shewn 

W'^QO p^l 

d 

that lim , [F {x + t) H F (x — t)] 6 (t) sin ntdt = 0, and the theorem has 
thus been established. 

It can be shewn that, if x is confined to a closed interval interior to 
(«, j8), the convergence of 

d 


dx 


[ [F (x + t) + F (x — t)] sin {n + \)t cosec Udt 

e 


to zero is uniform in the specified interval of x. 
Since 


d 

dx 


[ [F (x + 1) + (x ~ ty\ cos ntdt = TT {a„ cos nx -f- sin nx), 
J 0 


the expression on the left-hand side is mimerically less than tt ( | a„ | I- | I ), 
and it therefore converges to zero, as w ~ cso , uniformly with respect to x. 


It is also known (see § 334) that ( [f(x + 0 + f {x — t)] cos ntdt 

' 


con- 


verges to zero uniformly for all values of a; in a closed interval interior to 
(a, j8). Hence k^ converges to zero uniformly for all such values of x. 

44 


HII 
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rx-h€ 

c. Since | (^) I ^ ^ | + | |) + \f{t) | dt, and € is so chosen 

J X~€ 

that {x X + e) is in a closed interval {Ay B) interior to (a, j8), we see 

n^m rB 

that, ii M ^TT S (| «„ | + | |) + m \f {t)\dt, none of the numbers 

ko (x), ki (x), k^_^ {x) can numerically exceed M, for any of the values of 
X. Thus the uniform convergence is established. 

452. It appears from the theorem proved in § 251 that, at any point 
X in the open interval (a, j8) of restriction, the Oi?i^-series is convergent 
if the Fourier’s series of the function which has the value of / {x) in the 
interval (a: — €, x h c), and has elsewhere the value zero, is convergent 
at X. Moreover, if (a^, /8j) is any closed interval contained in (a, j8), the 
OBF-series converges uniformly in (a^, /3j) if the Fourier’s series of the 
summable function which has the value f(x) when x is in («i, ySj), and 
which elsewhere has the value of some summable function, is uniformly 
convergent. The general result may be stated as follows : 

Sufficient conditions for the convergence of an OEF-series in the open 
interval (a, j8) of restriction, at a point x in (a, P), and also sufficient conditions 
for the uniform convergence of the series in a closed inter ml (aj , contained 
in (a, )8), are identical with the corresponding sufficient conditions for the 
Fourier's series corresponding to the summable function which agrees with 
f (x) in a neighbourhood of the point x, or in an interval contained in (a, j8), 
and which has elsewhere the value zero, or the value of some summable function. 

It is thus seen that, in any closed interval contained in an inteiwal of 
restriction, an ORF -senes may be employed like a Fourier’s series; for 
example, it may, subject to the same conditions as in the case of a Fourier's 
series, be substituted in the integrand of any integral whose limits are 
within the interval of restriction, the integration being then carried out 
term by term. 

453. The trigonometrical series 2 (a„ cos nx + b„ sin nx), correspond- 
ing to a function / (x) which has a Denjoy integral, or in particular a 
Hamack-Lebesgue integral, in the interval (— tt, tt), is in general not such 
that the conditions a„ = o (1), b„ = o (1) are satisfied. But in any such 

, . V — bn cos nx . „ . , 

ease when they are satisfied, the senes 2 — - ~ — is a Founer s 

n 

series which corresponds to a function F (x) which is an indefinite D- 
integral, but not an L-integral, and is consequently a continuous function. 
But in each open interval that is contiguous to the set H, of points of non- 
summability of / («), F (x) is an Z/-integral, to the values of which the 
Fourier’s series converges ; thus the Fourier’s D-series is an ORF-series, to 
which the results of § 462 are applicable. 
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In case the conditions «„ = o (1), 6„ = o (1) are not satisfied, there mqy 
be values of x for which lim (a„ cos nx + sin nx) = 0. If ^ be a point 

n^Qo 

within one of the intervals contiguous to the set H of points of non-sum- 
mability of the function/ (x), and for which lim (a„ cos ni -f b„ sin n^) = 0, 

the result of § 462 is applicable to the neighbourhood of the point $, be- 
cause in the proof in § 461, no use has been made of the conditions 
o (1), b„ — o (1), the conditions having alone been employed that the 

Tj, . , . „ a„ sin wa: — cos nx . ^ w, 

Fourier s senes S — — exists, and that 

n 

lim (a„ cos nx -t- 6„ sin nx) = 0, 

at the particular point x. The Fourier’s Z)-series may be convergent at a 
point X at which this limit has the value zero, but the set of points of 
convergence cannot have a measure greater than zero, unless = o (1), 
bn o (1), because, as has been shewn in § 430, if a„ cos nx 4- bn sin nx 
converges to zero at all points of a set of positive measure, it then follows 
that = 0 (1), b„ = 0 (1). 

We have accordingly obtained the following properties of a Fourier’s 
D-seiies : 

A Fourier’s D-series, or in particular a Fourier’s HL-series, 

S (a„ cos nx -f sin nx), 

n 1 

corres}X)nding to a function f (x), and for which an — o (1), b„ = o (1), be- 
haves, in any closed interval interior to an interval contiguous to the set H, of 
points of non-summability of f (x), in exactly the same manner, as regards 
convergence, uniform convergence, or oscillation, as the Fourier’s series 
corresponding to the summable function which, in the closed interval, has the 
same values as f {x), and outside that interval has the value zero. The series 
may be employed in that closed interval in the same manner, and subject to 
the same conditions, as the Fourier’s series. 

In case the conditions a„ o (1), b„ --- o (1) are not satisfied, the points 
of convergence of the Fourier’s D-series, in the intervals contiguous to H, form 
at most a set of points of measure zero. At any point interior to an interval 
contiguous to H, at which a„ cos nx -|- sin nx converges to zero, as n '^ao, 
the series behaves, as regards convergence or oscillation, in the same manner 
as the Fourier’s series corresponding to the summable function which has in 
a neighbourhood {x — S, x S) of the point x the same values as f (x), and 
has everyivhere else the value zero. 

464 . The more general class of restricted Fourier’s series may be 
defined as follows : 

The series obtained by differentiating p times the Fourier’s series corre- 
sponding to a summable function F (x) is said to be a restricted Fourier’s 

44-2 
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series of the, pth class, and to be restricted to one or more open intervals (a, §), 
if, in each such open interval, F (x) is a pth indefinite L-integral. The pth 
differential coefficient of F (x), which exists almost everywhere in (a, j8), is 
said to be the function associated with the restricted Fourier’s series. 

It is easily seen that an O^J'-series belongs to the first class of re- 
stricted Fourier’s series. 

The theorem in § 341 that the convergence, or the nature of the upper 
and lower sum -functions, of a Fourier’s series at a particular point depends 
only on the values of the function to which the series corresponds in an 
arbitrarily small neighbourhood of the point has been extended to the case 
of the pth derived series, when summation {C, p) takes the place of ordinary 
summation. W. H. Young has in fact established* the following theorem: 

The upper and lower sums (0, p) of the pth derived series of a Fourier’s 
series corresponding to f (x) at a particular point depend only on the values of 
f {x) in an arbitrarily small neigldtourhood of the point. 

It has also been shewnf by W. H. Young that: 

The derived series of a Fourier's series corresj)onding to a function of 
bounded variation in (— n, tt) converges {G, k), where k> 0, almost every- 
where to the differential coefficient of the function. 

By employing both of the last theorems, the following theorem can 
be obtained: 

^//(®) ® certain interval (a, b), of bounded variation, the first derived 

series of the Fourier’s series of f (x) converges {G, 1), almost everywhere in 
{a, b), to the differential coefficient of the function f {x). 

For the convergence (G, 1) at an interior point of {a, b), of the derived 
series, does not depend upon the nature otf{x) outside {a, b), and is there- 
fore the same as if / (x) were of bounded variation in (— tt, tt). In that 
case the series converges (G, 1) almost everjrwhere in {a, b), to the value 

OONVEBGENCE AND SUMMABILITY OP THE SERIES ALUBD WITH A 

Fourier’s series 

455. The series allied with a Fourier’s series 

^ cos nx -f b„ sin x), corresponding to the function / (x), 

1 

has been defined in § 400 to be the series S (a„ sin nx — cos nx). We 

* W”] 

proceed to consider the question of the convergence of the allied series at 
a particular point. 

* Proc. Lond. Math. Soc. (2), vol. xvii (1915), pp. 212-217. 
t Ihid. (2), vol. xni (1913), pp. 21-23. 
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We have 

n \ n Cir 

S (a„ sin nx -- cos nx) = - S / (a:') sin n(x — x') dx' 

1 1 J 

1 
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n 


sin ^ — ic') sin (x — x') 

f {x') ■ tt ; 

TTj-J ' sm|(a: — ic) 

and thus the partial sum on the left-hand side can be expressed in the form 


Jl f" 

277 . _ 


fix') 


,X — X , ^X — X . , 

cot —5— -- cos n{x — x) cot — ^ h sm n{x — x) 

dU 


dx'. 


Since f {x') sin n(x — x') dx' converges to zero, as n ■^ao, uniformly 


for all values of x, the limits of the partial sum depend upon those of 

or, Avriting x' — x + t, upon those of 

1 


I cot ^-5-— { 1 — cos n(x ~ x')} dx', 


or of 


o_. /(^ 4- 1 ) cot (1 — cos nt) dt, 

Z'TT J —TT 

0“ f {f(x - i) - fix -I- <)} cot \t{\ — cos nt) dt. 

277 .1 0 ' 

It follows that the allied scries converges at a point x to the value 

at/o 2^^*’ 

provided this expression has a definite meaning, and provided further the 
condition 


is satisfied. 


lim [ {fix — t)—f (.T -f- <)} cot It cos ntdt = 0 
n~oo J 0 


2 . 


Since cot — - is bounded and measurable in the interval (0, 77), it 

V 

follows from the theorem of Ricmann-Lebesgue that 

lim [ {fix t) — fix I- 1 )} ("cot ^t — cosntdt = 0 , 
hence the second condition is equivalent to 

Um r'^<*T')-/(* + ')cos»WI»0. 

ri'^co Jo ^ 

•P -f _i_ 

In case *' ' ' J -i *' ig summable in an interval which contains 

V 

the point < == 0, both the conditions of convergence of the series at the 
point X are satisfied, since 


{fix-t)-f(x + #)} (cot - I) 
exists as an L-integral. 


dt 
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f (x f lx t) 

In general however - ' '—-l i ' is not summable in the neigh- 

V 

bourhood of the point < = 0, but 

may exist as a non-absolutely convergent integral, denoting 

^ lim [ {f {x — t) — f{x -\-t)} Got \tdt. 

The result has now been established that : 

The allied series converges at a point x to the valve 

2 ^ {/(« - ^) -/(* + 0} cot \tdt, 

provided this expression has a definite meaning, and provided further that 

lim [ ^ cosn^d# = 0, 

the integrals in these tivo conditions being in general non-absolutely cxm- 
vergent att — Q. 

This result was obtained* by Pringsheim, who was the first to investigate 
the convergence of the series in a rigorous manner. 

It is easily seen that, / (a:) being a periodic function, 

^ f {/(* - 0 -/(* + <)) OOt }((ft 

is equivalent to i f” *. 

77 Jo t 

466. The case in which / {x) is a function of bounded variation in the 
interval (—77,77) was investigated t by W. H. Young. For the convergence 
at a point x, of continuity of the function, we can however consider the 
more general case in which the function is only of bounded variation in 
some neighbourhood (x — h, x 8), of the point x. 

We have then to consider the expression 

o'" [ [/(^ ~ 0 ~/(*^ + <)]cot \t (1 — cosnt) dt, 

Jo 

since, when the limits of the integral are (8, 77), the expression converges, 
as w ~ 00 , to the definite value 

277/4 ~ 0]cot ltdt. 

* Sitzungsber, d, Milnch, Akad, (1900), p. 87. 
t Ibid, (1911), p. 361. 
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We have, when n is so large that 8 > w/w, 

ir 

< f I ^ W I 7 I (1 — COS nt) I dt 

Jo ^ 

Jo * 

. sin W 

< 4 €„J^ --^dd, 

where tft (t) denotes f (x — t) ~ f (x + t), and €„ is the maximum of | ^ (<) | 
in the interval (0, Tr/n). If n be sufficiently large, we have 


rn 

tfj (t) Got (I — cos nt)dt 

} 0 


rn 

ijj (t) cot 4 ^ ( 1 — cos nt) dt 
Jo 




where 17 is an arbitrarily chosen positive number. 

The function ijj (t) may be expressed as P (t) — Q (t), where P (t), Q (t) 
are monotone and non-increasing in the interval (0, 8) ; we have then 

P {t) cot ~ cos nt dt = cot ^ P J cos nt dt, 

n n 

where 8' is in the interval 5 hence the integral on the left-hand side 

2 77 / 7 r\ 

is numerically less than ^ cot ^ P j ; a similar result holds for the 

function Q. Since P , Q both converge to zero, as n ■ 
that 


00, we see 


27 r 


f {/(«- t) -f{x + t)}cot^cos 


ntdt 


<’?• 


if n be sufficiently large. It now follows that 
1 f* 

5“ {/(* ~ ^) “■/ (* + ^)} cot \t (1 — COS nt) dt 

ZTT- Jo 

-f- 

277 - j„ 


differs from 


[ {/ ~ 0 ~ / (*^ + 0} cot ^tdt 


by less than 27], if n be sufficiently large. If now 

f {f(x — t)—f(x + t)}Gotitdt 
Jo 


exists, we have 

1 r* 


lim ~ [ {f{x — t) — /(«-!-<)} cot J<(1 —cosnt)dt 
n'^co J 0 

I { f (x — t) — f {x + 1)} cot ^tdt. 
Jo 


1 
277 . 
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The following theorem has now been established : 

’ If, at a point of continuity x, of the function f{x), the function be of 
bounded variation in some neighbourhood of x, the allied series converges at 
X to the value 


^ lim [ {f{x- S) ■~f(x + 8)} cot ^tdt, 

provided this limit has a definite value. 

The following analogue of de la VaUee Poussin’s condition (§ 346) for 
the convergence of Fourier’s series has been obtained* by W. H. Young : 

1 

If - {f{x - t) ~f{x + t)} dt is of bounded variation, as a function 
of u, the allied series converges to 


lim i f 


'fi^'-t)-f{x + t) 


dt, 


provided this limit has a definite value. 


467 . As regards the summability of the allied series, the first step was 
taken by W. H. Young, who proved that the series is summable {C, 1) if 
the integral 

^ {/ (« 1) - f{^ + 0} cot ^tdt, 

which will be denoted by I, exists, at least as a non-absohitely con- 
vergent integral, provided also 

f \fi^-t)-f{r + t)\dt = o{u). 

Jo 

The latter condition is certainly satisfied at a point x at which | / {x) -(7 1 
is the differential coefficient of its indefinite integral, whatever value O 
may have. The set of points at which this condition is satisfied contains 
almost every point of the interval ( ~ tt, tt) (see i, § 432), and may be termed 
the Zi-set. In order to shew that the allied series is summable {C, 1) almost 
everywhere, it is accordingly necessary to shew that the integral 

[ {f (x-t)- f{x + t)} cot ^^tdt 
Jo 

exists almost everywhere. 

It was provedf by Plessner that, if 

GO 

V {h, a:) = 2 (a„ sin nx — cos nx) h^, 

n^l 

* Loc, cit. p. 368. See also Pror, Lond, Math. Soc. (2), vol. x (1911), pp. 266, 271, where 
various theorems relating to the allied seiies are given. 

f Zur Theorie der konjugierten trigonometrischen Reihen^ Mittheilungen des Math. Seminars der 
Univ. Giessen, No. x, 1923 
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where | | < 1, then 

Um V{h,x)-~j {f {x -t) -f{x + t)} cot ^dt =0, 
where a --- sin“^ (1 — h), provided 

f \f{x-t)-f{x + t)\dt=-o{u)-, 

Jo 

it follows that in the L-set, the integral I exists at a point at which the 
Poisson sum exists. The particular case of this theorem in which £c is a 
point of continuity of / (x) had been obtained earlier* by Fatou. It was 
further proved by Plessner that the Poisson sum exists almost everywhere, 
and it then follows that / exists almost everywhere. Taken in conjunction 
with the theorem of Young, referred to above, it follows that the allied 
series converges (C, 1) almost everywhere. 

The summabibty (C,k), for I; > 0, has been considered in a memoirf 
of Hardy and Littlewood, which contains an account of the development 
of the theory of the summability of the series. It is there shewn that, in 
the iy-set, the allied series is either summable {C, k) for every value of 
k (> 0), or not summable ((7, k) for any value of k, nor by Poisson’s method. 
Tliis result combined with that of Plessner leads to the extension of the 
property of Fourier’s series to the allied series; 

The allied, series is summable {C, k),for k>0, almost everywhere. 

An extension is also given in this memoir of the theorem stated in 
§ 374, relating to the conditions that, at a particular point, the series 
should be summable {C, k) for some value of k. 

458. In case / {x) is a function whose square is summable in (— tt, w), 
it follows from the Riesz-Fischer theorem that the allied series is the 
Fourier's series of a function of which the square is summable. 

The following theorem was given j; by Lusin : . 

If is summable in (0, 1), the integral [ ^ dt 

Jo f 

has a definite value almost everywhere, and represents a function <f> (x) such 
that {<f) (a;)}2 is summable in the interval. 

X proof of this theorem has been given § by Besikovitch, who shewed 
that 

[ {d (x)Y dx ^ 2tt^ f (f(x)}^dx. 

Jo Jo 

* Ar/rr Math. vol. xxx (1906), p. 360. 
t Proc. Lond. Math. Soc. (2), vol. xxiv (1925), p. 211. 
t Comptes Rendus, vol. CLVI (1913), p. 1655. 

§ t'undamenta Math. vol. iv (1923), p. 172. 
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The more general case of a function/ (x) such that | / («) I** is summable 
in (— TT, tt), for some value of ^ (> 1) has been studied by* M. Riesz (see 
§ 397) who has given an indication of his proof that: 

■V I / (*) I** summable in (— tt, tt), where p has some value > 1, then 
the series allied to the Fourier’s series of f (x) is the Fourier’s series of a 
function <f> (x) such that \fj>{x)\'r‘ is summable in (— tt , tt ). 

Detailed proofs of this theorem, with a development of its consequences, 
will appear in forthcoming memoirs by M. Riesz, and by Titchmarsh. 

DOFBiiE Fourier’s series 

469. The theory of double Fourier’s series has been investigated by 
Ascolif, Picard|, Cemi§, Krause ||, Hardy*[T, Vergerio**, W. H. Youngff, 
C. N. MooreJJ, Kustermann§§, and Titchmarsh ||1|. A detailed account of 
many of these investigations, with some further developments, has been 
given by Gieiringer^^. Those respects in which multiple Fourier’s series 
differ from single Fourier’s series are sufficiently represented by the case of 
the double serie.s ; for simplicity of statement, only the case of Fourier’s 
double series will accordingly be dealt with here. 

If / *<*)) be a function of periodic with respect to and 

with respect to in each case with period 2^, and summable in the 

rectangle (— tt, — tt; tt, tt); let us consider the series 

00, OO 

2 n<*> COS cos ^ .j) ,,, (.qs sin n^-'> x^-^ 

+ c„<i), „<a) sin cos x^^'> f d„ii)^ „(2) sin x^^'> sin n <-> .»■(■) ) , 

where a„(i), „( 2 ) [ / (a:*!', a;(2)) cos a:(i) cos n^^) ajC-*) d (a:*’), a:'^) ) 

rr ‘ .' (A) 

for red) > 0, re(2) > 0, 

and a„u), 0 = 2—2 J f ) cos red) aj^) d (aj^) , a:^*) ) , 

■■ 2^2 / ^ w.d)a:(2) d (a;(i), a:d)), 

«o,o =-- ^2 d (a:(i), a:d)), 

* Proc. Lond, Math, Soc, (2), vol. xxii. Records, Jan. 17, 1924, p. iv, also Compies Renchtfi, 
vol. CLXXViii (1924), p. 1464. 

t Rendiconti Lomb. (2), vol, xx, p. 543. 

X Train d^ Analyse, 2nd ed. (1901), p. 294. § Rend, Lombard, vol. xxxiv (1901), p. 921. 

II Leipz. Ber. (1903), pp. 164, 239. ^ Quarterly Journ. vol. xxxvii (1906), p. 53. 

♦♦ Oior. di Batalgini, vol. XLix (1911), p. 181. 

tt P'Toc. Lond, Math. Soc. (2), vol. xi (1912), p. 133. 

tt Trans. Amer. Math. Soc. vol. xiv (1913), p. 73; Bull. Amer. Math. Soc. vols. xvii, xviii; 
Comptes Rendus, vol. clv (1912), p. 126; Math. Annalen, vol. lxxiv (1913), p. 555. 

§§ “Inaugural dissertation,” Udier Fourier^ sche Doppelreichen und das Poisson^ schc Doppel- 
integral, Munich, 1913. 

III! Proc. Roy. Soc. vol. cvi (1924), p. 299. 

Monatshefte f. Math. u. Physik, vol. xxix (1918), p. 65. 
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with similar expressions for 6„(i>,„(j), c„(i),„(*), where A denotes the 

fundamental rectangle (— tt, — tt; tt, tt). This series is said to be the double 
Fomier’s series corresponding to the summable function / It is 

clear (see § 237) that each of the integrals which express the coefficients 
may be replaced by the corresponding repeated integral. We may denote 
the correspondence of the series with the function by 

/(«(*), a;'^) ~ 2 («„(!)„<« cos cos 

nw=0, »«>=0 

+ COS sin + c„(i),„(8) sin cos 

+ d„(i),„( 2 ) sin sin 

It is clear that the formal expression of the series may be obtained by ex- 
pressing / as a single Fourier’s series of cosines and sines of 

multiples of and then each coefficient in that series as a^J^ouri^’s series 
of cosines and sines of multiples of 


If we denote by the sum of the four terms corresponding to 

and by the sum E we have 

0 , 0 




~ r a -f cos (^(1) - I- ... + cos wd) ($W - «(»)] 

!_«• 

r f [| + cos (^( 2 ) _ a;( 2 )) + , + cos w(2) (^(2) a:(2))] 

J n 

1 rK^r) 


in 


p{i) _ xW . ^(2) - a;(2) 

sin (2a<i) h 1 ) ^ ;y sin ( 2 ^( 2 ) + i ) - 


. ^(1) _ xW 
sm^ 2 


m) _ a;(2) 

sin?-2 - 




= -1 ^ fixW + 2tW .T(^) 4- sinm(2)<(2) 


sin sin <<2) 


i f'ff. 

TT^JO Jo SI 


sin mWiW sin m(2)<C-) 
sin <d) sin <<2) 


dtWdtC^-, 


where md) = 2?id) -)_ — 2rd'^) + 1, and F (<d), ^( 2 )) denotes 

/(a:d) f 2<(’), a;(2) 2t(2)) -F/(a:(’) - 2<d), a:<2) 21^ +/(aKi) 2<(«, - 2<(2)) 

-|-/(a;d) - 2d^),ad'^ - 2^(2)), 

the function/ {xd)^ a;(2)) being taken to be periodic with respect to xd) and 
to x(2). 


The investigation of the properties of the double Fourier’s series, as 
regards convergence, divergence, or oscillation, at a point (x<h, x<2)) depends 
upon a discussion of the nature of the double hmit 


Hm F (tn m) 

X , m®~oo J 0 Jo 


sin md) sin md) <( 2 ) 
sin/<h sin <(*) 


dd^)dt^^). 
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It can easily be shewn that, for this double hmit, 




1 ri’r 

lim A i" 

*^00 , J 0 >'0 


sinm(^)<<^> sinm<^)i!<^ 


dtWM^) 


may be substituted. For 


1 


sin sin 


tW «(2) 

is bounded and summable 


over the cell (0, 0; In), and when multiplied by the summable function 
F <(*)) the product is summable. Since sinm*^)^*^) sin is bounded, 

and since the integral of it taken over any cell contained in (0, 0 ; \n, ^tt) 
converges to zero, as nS^'> oo , ~ oo , it follows from the general 

convergence theorem of § 279 that 


0 , ^ J (0, 0) 




from which the result follows. 


((•«<« smi(‘> 




460. If the general convergence Theorem I, of § 279, be applied 

to any of the integrals J / w(2) .j;(2) ^ a;(2)) the 

double hmit as ~ oo , ~ oo , will have the value zero, provided the 

conditions (1) and (2) of the theorem are satisfied by 


w(2)a;(2) - <1) (*(1), a(2)). 

sin sin 


Since | O | ^ 1, the condition (1) is sati.sficd; also the integral of <!> over 

4 

any rectangle contained in A is numerically less than “(Tj^(2)> which con- 
verges to zero, as become indefinitely great; thus the condition (2) 

is satisfied. 


It follows that the double limits of the four Fourier's coefficients a ^„ , ,' 

c«,n ) dmn US m ~ OO , w ~ OO are all zero. 

If we denote J f {x^^\ n^‘‘‘^x^^hlx^'^^ by (f> this function 

is equivalent, for each value of to a function which is summable in 

r ^ <41 n 

the interval (— n, n) with respect to and <f> /i'®)) " n^^'^x^^'^dx^^'* 

.1 ™7r COS 

converges to zero as w(^)~oo, the number remaining fixed. Conse- 
quently it has been shewn that : 

The coefficients a„(i\„w, 6„(i),„(2), c„(i),„(», d„(i\„(2), in a double Fourier's 
series, converge to zero, as one of the numbers »(’>, diverges to oo , the other 
number remaining fixed. 


461 . It has been shewn that, at any point which we may 

take to be interior to the cell (— TT, — 7 T\ TT, 7 T ), the behaviour of the double 
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Fourier’s series, as regards convergence, divergence, or oscillation, depends 
upon the limit as ~ oo , ~ oo , of the integral of 

AD _ xD) . ^(2) - a;(2) 

sin + 1) ^ — 2 ^ ^ + 1) - 2 — 

/«“. f‘“) ^ 

sin 2 sin - 2— 

over the cell ( — tt, —tt; tt, tt). 

Let us now consider tlie function O 
which has the value 

^(i) _ ;k(i) ^ ^(2) - a;(2) 

sin (2n.^i) 4- 1) - — 2 — (27i(2) + 1) ^ - 

. f(i) - . f'2) _ a.(2) 

sin - - sin V 

2 2 


when both | | = | | = where /a is a positive number 

such that and x(2) arc both in the interval (— ir 4 jtt, tt — /a). Let the 
function have the value zero, when either of these conditions is not 
satisfied, or when neither of them is satisfied. We have | O | < cosec^ J^u., 
and thus the condition (1) of Theorem I, in § 279, is satisfied by <I>. Again 
the integral of O over any cell contained in ( — tt, — tt; tt, tt) is the integral 
over a cell, for no point of which | | < /a, or | ^(2) — x'®) | < ju ; or 

it is the sum of the integrals over at most four cells, all of which satisfy 
this condition. If we consider the integral of O over one such cell, its 
value is 


rfi S(D RW rp' 0 ( 2 ) 0 ( 2 ) 

J sin (2«.h) -I- 1) --- cosec . j sin (2w.(2) 1) -g- cosec — d 0 ^^\ 


where cosec is numerically S cosec ^ , and is monotone ; the st^i^ne con- 

0(2) 

dition holding for coscc ^ . Applying to these integrals the second mean 

value theorem, we see that they are less than fixed multiples of (2/i(^' f 1)~'> 
(2 ?a 12) j. i)-i respectively. Therefore the integral converges to zero, as 
?i(h ~ 00 , ?a( 2) ^ 00 J and accordingly the condition (2) of Theorem I, of § 279, 
is satisfied. 

It follows that the behaviour of at the point (x^^\ depends 

only on that of the integral 

r jt(i)_r(') ^(h— 'c(i) i(2)_a;(2) 

/ sin (2nW + 1) cosec ^ ^ 

cosec ^ - d ^(2)) 

Jd 


taken over the cross-neighbourhood (see § 291) of the point (xh), x<^)), 
defined as the set of points for which either 

I ^(1) _ a;h) I s /A, or I — x<^) 1 S /A, 
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or where both these conditions are satisfied; the point being at 

a .distance > p from the boundary of the cell. Moreover, the convergence 
to zero of 


I, 


(ir,rr) 

-it) 


^( 2 )) (D (^(1) _ ^( 2 ) - a;(2), nW, ^( 2 )) d ^( 2 )) 


as ~ 00 , % 12 ) ~ 00 , is uniform for all points ^< 2 )) ^ closed set that 

is interior to A, when fx, is taken sufficiently small. 

A main point in which double, or multiple, Fourier’s series differ from 
single Fourier’s series depends upon the fact that the behaviour of the 
former, as regards convergence, divergence, or oscillation, at a point, does 
not, as in the latter case, depend only upon the nature of the function in 
a neighbourhood of the point, but upon its nature in a cross-neighbourhood 
of the point. 


FUNCTIONS OF BOUNDED VARIATION 

462. Nearly all the writers on the subject of double Fourier’s series have 
considered the convergence of the double series corresponding to functions 
which satisfy the condition of being of bounded variation in accordance 
with the definition of functions of bounded variation given by Hardy and 
Krause (see i, § 254). The more general definition given by Arzel^i (i, § 253) 
will be employed here in an extended form. As a preliminary, some remarks 
as to the scope of this definition are requisite. In the cell a( 2 )j 
the. definition of a function of bounded variation, given by Arzela, depends 
upon the consideration of the family of monotone curves joining the two 
corners a^^)) and of the cell. It was shewn in i, § 253, that 

the necessary and sufficient condition that a fimction should be of bounded 
variation in the cell is that the function should be expressible as the 
difference of two bounded monotone functions, these two functions being 
either both non-diminishing with respect to both and or else non- 
increasing with respect to both those variables. 

Arzelk’s definition may however be extended to apply to the case in 
which the monotone curves employed in it are curves joining the other 
pair of opposite corners of the cell, viz. and {a^^\ 6(2)). It thus 

appears that there exists a second species of fimctions of bounded variation, 
such that a function of this species is expressible as the difference of two 
functions, each of which is monotone non-diminishing with respect to 
and monotone non-increasing with respect to a;(2) ; or else in each case the 
reverse. 

Both species of functions will be regarded as included in the definition 
of functions of boxmded variation. It is clear that if / (a:(^), a:(2)) is of bounded 
variation, of the first species, and if (a;(i), a:(2)') be the optical image of 
the point (a:(^), x^^'>) in the straight line through the centre of the cell 
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parallel to the a:W-axis, and if has the value, at x^^'>), of 

the function / at the point xS^^', that is / then the function 

/ a:*®)) is of bounded variation, of the second species, 

A function which is expressible as the difference of two monotone 
functions, which are both monotone in the same sense, is said to be 
monotonoid. When the function is the difference of two functions, each of 
which is monotone non-increasing with respect to one variable and 
monotone non-diminishing with respect to the other x^^^, then the function 
may be said to be qvasi-mmiotonoid. 

Thus a function of bounded variation is cither monotonoid or else 
quasi-monotonoid. 

It was shewn in i, § 307, that, for a monotone function <f> (a;0), 
defined in the cell (aO), a(2)j ^(i)^ the functional limit <f> (a:0) -f- 0, x^^'> 0) 

which represents the double limit of (f> (a;0) -f- AO), a;l‘^) + AO)), as AO) and AO) 
converge to zero from positive values, has a definite value. Also the double 
limit <f> (ajO) 0 , a;0) — 0) has a definite value. But the double limits 
^ (a;0) I- 0 , a:0) — 0), <f> (a:0) — 0, a;0) + 0) do not necessarily exist as definite 
numbers (see the correction to i, § 307, at the end of the present volume). 
But the limit 

lim lim <f> (a;*^) + 7/0), ^ or fim <f) (ajO) + 0, a;0) _ ^ -j. o), 

A(')~0. A(=)~0 f~0 

where ^ > 0, necessarily exists. For (f> (a;0) + 0, a:0) _ ^ -f o) exists, and 
is clearly monotone with respect to Similarly lim <{> (a:0) 4 -^ — 0, a;^‘^) — 0) 

exists. Whenever <j> (a:0) + 0, a:0) — 0) exists, we have 
<j> (;c0) -|- 0, ajO) — 0) = lim <j> (xO) |- 0, xO) — ^ + 0) 

- lim (f> (xO) 4-^ — 0, xO) — 0). 
i~o 

For, when ^ (xO) |- 0, x^’^) — 0) exists, we have 

I <l> (xO) 4- AO), xO) — AO)) — (f> (a;(i) 4 - 0, xO) — 0) | < e, 
provided 7/0), 7tt2) are both less than some number ij; if ^ be sufficiently 
small, it is then clear that ^ (xO) 4 - 0, xO) — ^ + 0) differs from 

<f> (xO) 4 - 0, x( 2 ) _ 0) 

by not more than e, hence, since e is arbitrary, we have 

<f) (xO) 4 - 0, xO) — 0) = lim <f> (xO) 4 - 0, x<‘^) — ^ 4 - 0). 

Similarly, lim 6 (xO) — ^ 4 - 0, xO) 4 - 0) and lim 6 (xO) — 0, xO) 4 -^ — 0) 

i~o 

both exist, and in case (f> (xO) — 0, xO) 4 - 0) exists, all the three have the 
same value. 

For example, let <f> (xO), xO)) = (xO) 4 - 1) (a;0) 4- l), for xO) < — xO), and 
<f> (xO), xO)) = (xO) + 2) (xO) 4 - 2) 
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for a:*®) S — In the cell (— 1, — 1 ; 1, 1), (f> is monotone, since 

tl\e four factors are all positive. At the point (0, 0), 

lim (f> and lim (f> (— 

A<*)~0, AW~0 hm~0, A(>)~0 

do not exist. But lim ^ (— ^ + 0, + 0) and the other similar limits exist. 

i’-O 

It is clear that these remarks apply not only to a monotone fmiction 
but also to one which is monotonoid, since the latter is the difference of 
two monotone fimctions. 

It has been shewn* by R. C. Young that, in the case of a quasi-monotone 
function of any one of the four classes specified in i, § 265, all four double 
limits <f) (a;<^) ± 0, ± 0) exist as definite numbers (see the correction 

referred to above). 

463. As regards a function which is monotone with respect to the 
variables in opposite senses, the following theorem may be establishedf : 

It is a sufficient condition that a f unction (f> which is monotone 

with respect to and to but in opposite senses, should be monotonoid is 
thad either (1), one of the four partial derivatives of <f> with respect 

to should be bounded in the cell, or (2), thal one of the four partial derivatives 
of <f> a:*^)) with respect to a;'^) should be bounded in the cell. 

We need only consider the case in which ^ (a;<^>, a:<*^>) is monotone non- 
diminishing with respect to a:(^), and monotone non-increasing with respect 
to a;(2). Let it be assumed that one of the four partial derivatives, say 
jD^i) (f> (a:<^>, which is necessarily S 0, is bounded in the cell A, and let 
A be its upper boundary. 

In a straight line parallel to the a:(^)-axis, aU four derivatives of (f> with 
respect to a;(‘) have one anfl the same upper boundary; therefore A is the 
upper boimdary in A, of any one of these four derivatives. 

ihe mcrementary ratio — — has A tor its 

upper boundary, when all pairs of points I- in A, 

are taken into account (see i, § 280). The function 

Ax^^'> — (f> (a;0), a:(*)) = tfi (xO), x^^^) 

is such that tf/ (x(0 a;( 2 )) _ ^ (a^i)^ a;( 2 )) > o, for /iO) > 0; therefore 

ifj (xO), a:(^)) is monotone non-diminishing with respect to xO) ; and it is so 

♦ Venseignement Math, vol. xxiv (1925), p. 79. 

t It is asserted by Geiringer (loc, ciL p. 109) that Kiistermann had proved (loc. cit. p. 28) that 
in all cases in which 0 u;^^)) is monotone non-diminishing with respect to and monotone 

non-increasing with respect to or the reverse, 0 is monotonoid. This assertion is 

however not correct. Kiistermann proved only that it holds good when 0 has everywhere a 
partial differential coefficient with respect to one of the variables, which is bounded in the cell, 
the existence of a finite second partial differential coefficient being also assumed. This condition 
is much more stringent than that which is given above. 
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also with respect to and therefore it is a monotone function. Thus 
<f> is expressible as the difference of the two monotone nan- 

diminishing functions — <f> The other cases may be 

treated in a similar manner. 

When one of the conditions in the theorem is satisfied, the four double 
limits of <f> converge to zero, from values 

that are either both positive, both negative, or one positive and the other 
negative, all exist. 


THE CONVERGENCE OE THE DOUBLE SERIES 

464. We proceed to consider the value of the double limit of that part 
of the integral with respect to representing which 

is taken over a cross-neighbourhood of the point Using the 

notation of § 459, this integral is 


/ 


sin sin 

(<(’), m) d (tw, ti% 


tW <(2) 

where F denotes 

/(«(!) + 2<(i), a:(2) + 2<(2)) +f{xW - 2tW, a;(2) -f- 2«(2)) 

+ f{xW + 2«(»,a:(*) - 2f(2)) +/(a;(i) - 2tW,x(^^ - 2«(2)), 
the integration being taken over the three cells (0, 0; e, e), (0, e; e, c), 
(e, 0; c, e), where Jtt S c> e. 

(1) Let us consider 

■’ ^ (««. «■•) <* (*<■>. «•>). 

I (0, 0) t' ’ t' ' 

where ifi <(®)) is taken to be monotone, non-increasing, and bounded, 
in the cell (0, 0; e, e). The integral may be written in the form 
f(', «) sin sin 


r 

J(i 


ifj (6 - 0, e 


/•(e, 

0) 

( 0 , 


0 ) 


d{P\ ^(2)) 


+ 


sinm<^)<(^) sin 

— d (<n), e^>). 


tW <( 2 ) 

where <f> denotes the monotone non-increasing function 

iff (<(«, <(2)) - ^ (e - 0, € - 0). 

The first part of the expression is equal to 


i/t (e - 0,e — 0)J^ 


»t»6 


sin 9 

T~ 


d9. 


As increase indefinitely, the integrals both converge to Jtt; also 

|^(e-0,€-0)-^(-f-0, -f- 0) I is arbitrarily small, if e be sufficiently 
small. Hence the expression differs from (-+- 0, -f 0) by less than the 
arbitrarily chosen positive number if e ^ cq, and are both ^ an 

integer dependent on C and cq. 


HII 


46 



706 


TrigonometriGdl Series 


[CH. VIII 


The integral 


f'- 

J (0, 0) ' 


sin sin t^^'> 


<(2) 


d #<*)) 


can be divided into parts taken over the cells 

( ITT ITT t + ItT 1 + l7r\ 

’ m<y ’ »n<^) / ’ 

where t has the values 0, 1, 2, ... 5^^), and i has the values 0, 1, 2, 3, ... ; 


S^^^TT 


the integers s<^>, being such that 


< e S - 


«(« + Itt 




, and 


S^^^TT ^ + Itt 

^(2) < ^ ~ ^(2) 


It is convenient to take ^ = 0, when > e or <( 2 ) > e; the integra- 

tion can then be taken over the whole of the cells for which c = or i' = 5^^'. 

The integral can be expressed in the form S 2 ( - !)*+*'« (t, l), 

4 r* 0 “ 0 

where 


u 


(., .') - ^ f«‘) + ~.K* + -‘w) ,a). 

J(O.O) + J!!L <(2) + iiL 


It is seen that u (t, t') is positive, and monotone decreasing with respect 
to I and i'. 

If U^ = u (l, 6) — (l, I + 1) -I- (l, I + 2) — ... -I- (— l)‘+»‘** u (t, 

and 

Fc = - tt(t -f 1, t) 4- w(i 2, i) - M (i 3, t) + ... -t- (- !)*+*'”« («(«, i), 
it is easily seen that the integral can be expressed as 

(f/o + v^) + (t/i + Fi) -h ... + (t7.u, + F.(.,). 

We have u (i, t) > U^> u (i, i) — w (t, i -|- 1) 

•— M (t + I, i) + w (t -{- 2, t) > Ft > — w (t -|- 1, t) ; 
and hence we have 

Sm (t, i) - S {« (t 4- 1, t) - M (i + 2, i)} > S (17. 4- Ft) 

> S {« (t, t) — tt (t, I 4- 1 )} — (i 4- 1 , t)}> 

and therefore S % (t, t) > S (17. + v:) > — S (6, t); 

t«0 t-O t-O 

and thus \ h {U,+ V,)\< u (t, l). 

t-O i — 0 

The numerical value of the integral to be estimated is accordingly less than 

u (0, 0 ) 4- w ( 1 , 1 ) 4- ... 4- M («^^^ 
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<^(+O, + O)lf^^^d0j\ 

which is less than {^ (+ 0, + 0) — ^ (c — 0, e — 0)}, and this is < 
provided e is chosen to be not greater than some value ci . 

The sum S « (i, c) is less than i (+ 0, + 0) S or is less than a fixed 

1-1 ^ 

multiple of {^ (+ 0, + 0) — ^ (c — 0, e — 0)}, and this is < provided e 
is less than some value e.^ • 

It has now been shewn that the integral under consideration differs 

77^ 

from ^ ^ 0, + 0) by less than 3^, provided e is not greater than the 

smallest of the numbers ^i> ^2> ior all values of which are not 

less than an integer dependent on e. 

( 2 ) We proceed to consider the integral 

im, m) d («», «»). 

The integral may be divided into parts taken over the cells 

/ ITT t'n _ t + ItT l' + l7T\ 

where t = 0, 1, 2, ... being determined by the condition 


+ l)7r 


and we may assume that t/> = 0, when > e, so that the integra- 

tion may be taken over the whole of the cells for which i = s<‘>. The integer 
c' has the values p, p + 1 , p + 2 , ... where p is such that 

pn rr ^p + In 


pn n ^p In 

mS^) 7 ^( 2 ) ^ » 


and is such that < c ^ — "^27 “5 assume that 

tft (/(i), <(2)) = 0, when > c. 

The part of the integral taken over the cells for which c S s is 


P + lv 




+#('“’ +ls> '”)■•• 




45-2 
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and this is numerically less than 




p+lir gjjj Q 
0 


de 


As is indefinitely increased, p is so also, hence the expression converges 
to zero, as ^-oo. It is accordingly numerically < C, provided is 
sufficiently large. The remaining part of the integral may be denoted by 

S S (— u (t, t'), where u (c, t') denotes 

t«0 /-p+l 


J(O.O) \ m(V 


<(« + 


m(i) 


<(« + 


^(2) 


We see that u (t, i) is positive and monotone decreasing with respect to 
I and L. 


Let 


TJi — v, p 1 + 1) — u {l,p 1 + 2) jo + t 3) — ..., 

V t — — u {i + I, p + I + \) + u {t 2,p + t f 1) — M (i + 3,^ + I -f- 1) + ... . 

i-8<« 

As in case (1) it then appears that the integral is equal to S (< 7 . + F.), 

i-O 

and that this is less in absolute value than 

M (0,p + 1) + « (l,p + 2) + ... + « {s(^\p + 1 + 

This is less than 


nrr 

J(o. 




0 ) 


^ (+ 0, + 0) d («», il») 


""sin 6 


The first integral is less than 0 (+ 0, + 0) f f a 

Jo “ Jo “ I (l 


de 

(p + 1) 77 ’ 

or than a fixed multiple of log > which converges to zero, as ~'oo . 
Thus the integral is numerically less than C, if is sufficiently great. 

1 . 1 


^ t-A 

The series S , - - , , is < S , 

1 - 1 1 (p + t + 1) (_i i (p + i + 1) 


CO 1 

t“A+l <■ 


Choosing A so that S -^ < we see that, when A has been so fixed, 

l-A+l ^ 

t-A 1 

t -j- p 1 ) provided p is sufficiently large. Thus the integral is 
numerically less than when is sufficiently large. 
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It has now been shewn that 

cy ““I?-'” 

is numerically < 2^, provided is sufficiently large. The integral over 
(e, 0; Jtt, e) may be estimated in precisely the same manner. 

It has now been proved that the integral 






over the three cells (0, 0; e, e), (0, e; e, c), (€, 0; c, c) differs from 


n 


^^(+0, 1-0) 


by less than an arbitrarily chosen positive number, provided e be chosen 
sufficiently small, and wO), sufficiently large. Choosing such a fixed 
value of €, the upper and lower double limits of the integral both differ 

TT^ 

from - ^ (+ 0, + 0) by less than an arbitrarily chosen positive number. 


It can be shewn that 


converges to zero, as r/iO) ~oo, ~oo. For ^ (<0), /(2)) cosec <0) cosec is 
summable in the cell (e, e; c, c), when c < Jtt; and the result then follows 
as in § 460. 

It thus appears that, when 0 < c £ Jtt, the upper and lower double limits 

77^ 

of the integral over (0, 0; c, c) both differ from -^ ^ (+ 0, + 0) by less than 

an arbitrarily chosen positive number, and therefore the limit has a unique 
value. It follows that, for a fixed value of e, the double limit of the integral 

77 ^ 

over the three cells (0, 0; e, e), (0, e; e, c), (e, 0; c, e) is — ^ (+ 0, -|- 0). 


465. If the function F (<<*>, which denotes 
/{x(0 + 2«0), a;(2) + 2«(2)) +/(a:0) - 2<0), - «(2)) 

+/(*(« 2^(«, .f(2> - 2<(2)) - 2<0), + 2<<2)) 

is bounded and monotonoid in the area which constitutes a cross-neigh- 
bourhood of the point so that 

F {P), (<<«, P)) - F^ {P\ P)), 

where F^, F^ are monotone bounded functions in the domain under con- 
sideration, Fi and F^ can be so defined that they are monotone in 

(0, 0, Jtt, Jtt). 


1 

Thus the integral 

^ ^( 0 , 0 ) , 

converges to ^F (-f 0, -|- 0), as 


F (^« (...) ™ d («», «») 


00 , 00 . 
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We have accordingly the following theorem : 

If f «(*)), a periodic function, with periods 2tt, be summable in the 
cell (— TT, — IT-, TT, Tt), the Fourier’s series corresponding to it converges at the 
point interior to the cdl, to the value (+ 0, + 0), where F 

denotes the function Tif ± 2t^^\ ± 2^^), if the condition is satisfied 

that F is bounded and monotonoid in some cross-neighbourhood of 

the point At a point of continuity of the function f it 

converges to f a:*^)), if the condition is satisfied. 

If / (a:<^), is of bounded variation in a cross-neighbourhood of the 
point two of the four functions /(a;(^> ± 2t^^\ a:**) ± 2t^^'') are 

monotonoid, and the other two are quasi-monotonoid (§ 462) for values 
of in the cross-neighbomhood of (a;(^>, a:*®)). In case the two quasi- 

monotonoidal functions are monotonoid, which is certainly the case (see 
§ 463) if / (a:(^>, has its derivatives with respect to one of the variables 

bounded in the cross-neighbomhood, then the function F is 

monotonoid, and the four double limits / (a;<*) ± 0, ad^'> ± 0) all exist. We 
have accordingly the following theorem : 

bf f periodic, of periods 2-n, and it he summable in the cell 

( — TT, — 7T\ 77, 77 ), and if the conditions are satisfied (1), that f xd^'^) is of 
bounded variation in some cross-neighbourhood of the point {xd^\ xd^^), and 
(2), that, in that cross-neighbourhood, the partial derivatives of f {xd^'>, a^®>) 
with respect to one of the variables are bounded, whether they have everywhere 
unique values or not, then the double Fourier’s series corresponding to 
f{xd^\xd^^) converges at {xd^\x^^^) to the value 

i + 0, a:(2) + 0) -h /(aO) - 0, xd^'t - 0) ■l-/(a;H) -I- 0, a:(2) - 0) 

+ /(a:(«-0,a;(2)-^0)}, 

ortof {xd^\ xd^'>), in case the function is cmlinuous at the point. 

In case the function f {xd^\ a:<*>) is of hounded variation in the whole cell 
( — 77, — 77 ; 77, 77 ), and the condition is satisfied that one of its partial de- 
rivatives {whether a partial differential coefficient everywhere or not) is bounded 
in the cdl, then the double Fourier’s series is everywhere convergent in the cdl. 

A scrutiny of the foregoing investigations suffices to establish the 
following theorem : 

If the function f{xd^\ xd^) is of bounded variation in the cdl ( — 77, — 77 J 77, 77 ), 

and one of the partial derivatives is bounded in the cdl, then the double Fourier’s 
series converges uniformly to f {xd^\ xd^'>) at the points of a dosed set in all the 
points of which the function is continuous. In case the closed set has points 
on the boundary of the cdl, at such points the periodic function obtained by 
extension to the outside of the cdl must be continuous. 
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466 . The following criterion of convergence at a point will be sufficient 
in many cases, and is simple in application; 

The double Fourier’s series is convergent ai a point if 

0/ df d^f 

0^(i) ’ “■“0»(2)'“‘ ’ 

all exist, and are bounded in some cross-neighbourhood of the 

function f being assumed to be summable in the cell {—re, ~ ttitt, tt). 

We may consider the cell in this cell 

the integral 

;(l) + 2(<», f<« + 2«<») 02/* 

Tli A m ^ 

(1)^ f(2)) o'jd^^ ()od^> 

exists, and is monotonoid (see i, § 418) with respect to ; its value is 

+ 2<(i), I- 2^(2)) + 2<<2)) + 2P), ^(2)) +/(f(«, 

which is accordingly monotonoid. Since / + 2<(2)) is an indefinite 

integral with respect to t^^\ it is monotonoid with respect to similarly 
/ f 2^<i), ^(2)) is monotonoid with respect to It follows that 
/ (^(i> h + 2f(^)) is monotonoid with respect to <<*>). In a 

precisely similar manner it can be shewn that + 2f<i>, is 

monotonoid with respect to ^t***). I’hus all four functions 

/ ± 2<<i), ^(2) ± 2<(2)) 

are monotonoid in each of the cells which constitute the cross-neighbour- 
hood of the convergence of the double series at the point 

then follows from the first theorem of § 466. 

An investigation has been given by Kiistermann (loc. cit.) of tJie con- 
ditions of convergence of the double Fourier’s series when it is summed 
diagonally (see § 33). 



EXAMPLE 

Let / a:'^’) be defined in ( - «•, - «• ; tt, tt) by 

a;'^*) = a:® -JT, for 0<*'‘*<7r, 

/(a;*'^*, a:®) = jr -a:***, for 0<a:<**<7r, a;*^> < a:® < tt ; 
/(a:<i',a:«>)=/(-a:*i>,a:«>)=/(-a:«>, -a:®)=/(a;<» -a:®). 

The Fourier’s series is found to be 

12 cosw*'*a;'*' 12 ^ cos w***a:'‘^’ 8 ^ cos cos 

n<xf 1 ^ 1 ■ ^ nm - ^ i «“>’ -»<«• “ ' 

The series is not convergent at the point (0,0), but the two repeated limits 
lim lim 5„(i), „( 2 ) (0, 0), lim lim „( 2 ) (0, 0) 

n(2)'’^oo 7i(i)'^QO 

exist, and have the values tt, + tt respectively. Thus the series converges when summed 
by rows and columns successively, in either order, but the sums in the two cases are 
different. There is no analogy in the case of single Fourier’s series with this phenomenon. 
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This example was given by Hardy*, in a slightly different form, and was related by 
Titchmarshf with a general discussion of double Fourier’s series for functions which are 
discontinuous along a line. 


THE INTEGRATED SERIES 


467 . The function/ being suramable in the cell (— w, — w; w, n), 
let us suppose the function to be such that ao,o, a„<i),o» «o,n«b c„(i),o 

are all zero. Let F denote the indefinite integral 

J (-IT, -ir) ^ 

then the function F is continuous and monotonoid. 

The function F (f D + 2<(«, + 2f(2)) ~ F (^(«, ^( 2 )) is equal to 

f'«) ^ ^ i( f«') 


— TT, 


-IT) 


The second integral is monotonoid with respect to t^‘^\ and the third is 
monotonoid with respect to therefore the first integral is monotonoid 
with respect to since the sum of the three is so. Similarly, it is 

seen that the integral over f( 2 ) _j_ 2f(2>) is monotonoid 

with respect to (<<'>, <<*)). Hence also the integrals over the cells 

(^1)^ ^2). ^1) _ 2f(l), ^2) _ 2f(2))^ (^(1)^ ^(2). ^(1) + 2P\ ^(2) - 2<(‘^)) 

are monotonoid. The continuous periodic function F {x^^\ arf®)) is accord- 
ingly representable by a double Fourier’s series which converges unifortnly 
in every finite cell. Tf 

A„H\ „(a) , B^W, „<2) , C„(l\ „(2) , „(2) 

are the typical coefficients in this series, we have 

a4„(i), „( 2 ) - \ I F (a;**), cos cos d'^'> d (a;(W, 

The expressions for the other coefficients are obtained by changing one or 
both of the cosines into sines. 

Writing 77 M„(i),„(j) in the form 


we have 


f cos f F cos d'^'i 

J —n J ■ IT 


/ It I cF 

F cos d'^'> a;'®> J sin a:^^) 

where, in accordance with i, § 419, exists for almost all values of a;*^), 

except when a:^^) belongs to an enumerable set of points in the linear 
Interval (— v, n). 


* Loc. cit. p. 68. 


t Loc, cit. p. 309. 
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We now have for 7rM„(i).„o) the expression 

dF 












d^F 


on integration by parts with respect to and remembering that 
exists (i, § 419) almost everywhere in the cell, and is equal to 


we have 


„( 2 ) = - ^^( 1 )^( 2 ) j f ^ 


or 






It can be shewn that Ao,„<z) = 0, and that A„»\q = 0, in a similar manner, 
it being assumed that the Fourier’s series for / has no terras which 

involve one variable only. 


'I’hc relations 

„(2) ■" ^(1)^(2) n*2’ “ 21^1) /j(2) 

n 1 

n*'** ^(1) ^(2) m’2>, 

with the corresponding relations, when or is zero, can be obtained 
by the same method. 

It has thus been shewn that the series obtained by integrating twice 
each term of such a Fourier’s series converges uniformly to an indefinite 
integral. 

Conversely, the series obtained by differentiating twice the Fourier’s 
double series which converges uniformly to an indefinite integral is a 
Fourier’s series. 


For, if 

= A, f ’ F (x^^K x(^^) cos cos d (x(^>, x(^>), 

W J (_», -w) 

where F is an indefinite integral, it can be shewn as before, by 

two integrations by parts, that 


A„H) ,,(a) 


d^F 


1 rt’T."’) 

77-2 j _ 


d^F 


sin»<^)a:f^* .sin n''-'' d od^'>), 


,r) 

where almost everywhere. The function / x^^^) being 

d^F 

ned to have the values of almost everywhere, it is seen that 

^5 f / sill sin d («(*), --- ^(s, . 
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The other corresponding results for the other coefficients 

£n<«.n«>> <^n«>.na>. ^n<«.n<» 
may be obtained in a similar manner. . 

We have thus the following theorem, corresponding to the theorem of 
§ 360: 

The necessary and sufficient condition that a double trigonometrical series, 
unthowt a constant term, and without terms which contain one variable only, 
shall be a Fourier's double series is that the series obtained by integrating 
each term with respect to both variables shall converge uniformly to an indefinite 
integral. 

In case the double Fourier’s series for / (a:0), contains the terms 
involving a constant and multiples of cos n^^^x, sinwO)®, co&n^^'>x, sin«.<^>a:, 
we see that the single Fourier’s series corresponding to 

— ^ f (x^^^, dx'-'^\ 


which exists for almost all values of *0)^ and is summable with respect to 
*0), is 

S (a„<i),„cos»0)a^i) +c„(i)^osinnO)a;(i)); 


»<w. 


1 f"’ 

and the single Fourier’s series corresponding to ^ J x^^'>) d’X^^'> is 

Ooo + 2 (ao,„<a), cos n^^'>3d'^'> + 6o,n<*> n^^'>sd^'>). 

Hence the double Fourier’s series corresponding to the function 

^ 1 /(«(!>, [ f {ad^\ ad^'>) dad'^'> 

j wTT J 


+ 


4^2 J I” / 


consists of the same terms as that corresponding to / {ad'^'>, od^'>), except that 
the constant term, and the terms involving one of the variable only, are 
omitted. The integral of this expression over ( - tt, — n; ad^) is an 
indefinite integral of / {ad'^, ad^'>). Applying the theorem last obtained to 
this function, we see that the Fourier’s series corresponding to 


L 




-w) 


/ d (ad^\ x^^) — 


{ad^^ + n) f®' 

277 


.( 1 ) 






J — w 


+ tt) 


277 

is the series 


fa:*® fjT 

dad^'> \ f {ad^'> , ad^'>) dad^^ 
J ~tr J —IT 


+ 


{ad^^ + n) (ad^^ + tt) 


47r2 


J ^ /(.x(^Kx(^i) 


jxcL„(i)^„(i), where //„<»),„(») denotes 


. sin — 

c„(i),„(9) cos . sin + d„(i),„a) cos n^^^ad ^^ . cos n^^^ad^K 


a„ix\ „(« sin ad^'> . sin n^^'>ad^'> — b„w, „«> sin n^^'> ad ^'> . cos ad^^ 
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If we apply the known theorem for single Fourier’s series (§ 360), we' 

S -£'n(i),o is uniformly convergent, its sum being 
^ " 1 

Crr 

I I / + tt) 2'7rao,o . 

J — tr J —IT 


see that the series S 

-U) 


A similar result holds for the series 2 


L„ _( 2 ). We now find that 




n,(2) 


/(a;<^), d — (aK^) + tt) + tt) ao,o 

J (— ir, — ir) 


is the sum of the series 

»<« + 77- 1 a;0) + 7T„1, ^ 1^ 

2 -„> />„«).„ I- 2 ^,2)-^0.n®+ ^ 

n' ' =■ 1, =- “* 


277 ,x“ , n(l) 


277 


the expression converging uniformly. 

If we take any cell A^, we find that 

f - •*»»«> n® d 

•'(A.) 

converges to zero, as nO), ^(2) become indefinitely great. 

This is the analogue of the theorem given in § 362 for single Fourier’s 


senes. 


THE CEsArO summation OF A DOUBLE FOURIEB’s SERIES 


468 . If the partial summation of a double Fourier’s series be taken in 
accordance with Cesaro’s method (C, 1), both with respect to and with 
respect to we obtain the partial Cesaro sum which may be denoted by 

(Cf c) 

sjv ^( 2 ) (x). We have as the expression for this partial sum 


1 /■'" 


1 /•<”■. ’f) 

-ir, -ir) L 


1 






+ 2 


1 # 1 ) cos«(|(i) -a;(i)) 


r 1 , _.s 


X 


j — (2) 




1_2»(2) 
which is equal to 

1 /•(’r.’r) jsin ^ jsin 

4n^i>ni'^>TT^j I sin J | sin — «(■■*>) j 

and this may be expressed in the form 
] 


7^(1) %(2) 




where 


^ -/(«(« + 2«(i), + 2<<2)) f /(a:(« - 2<(«, a;<2) - 2p)) 

+ /(»«« + 2«(«, sd^'> - 2<(*)) +/(a:<i> - 2<<i), a;'^) + 2<(2)). 
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The integral 


(e,«) 


^ (<(«, <<2)) ^ 


sin /i 

sin / \ 


iini 
sin 




where xfs (<(y, <( 2 )), whether it be bounded or not, is summable in the cell 
(e, e; Jtt, Jtt), can be seen by means of the general theorem of § 279 to 
converge to zero, uniformly for all points at a distance not less 

than 2e from the boundary of A, as ~ 00 , ~ 00 . For the conditions 

1 /sin 2 /sin \ ^ 

jj(i)%(2)\ sin^d) ) \ sin<<2) / 


are satisfied that 


is bounded in the cell 


(e, €; ^TT, ^tt), and that its integral over that rectangle converges to zero, 
as become indefinitely great. 


We consider next the integral over the cell (0, e; c, ^n). Let it be 
assumed that ^ (<<^), is bounded in the cell (0, 0; Jtt, ^tt), and that U 
is the upper boundary of its absolute value ; then the integral is numerically 
not greater than 


0 V sin<d) ) ^ m( 2) V sin<<**> / 




the first integral converges to and the second to zero (see § 366), as 

^(1), %(2) are indefinitely increased. Therefore the integral under considera- 
tion converges to zero. The integral over the cell (c, 0; ^v, 0) may be 
considered in the same manner. 


Lastly, we take 


J(0,0)^ ’ sin<(« J [ sinfC^^ J ^ ’ ’’ 


If the function / is continuous at the point («(^>, e can be so 

chosen that ^ <(2>) differs from 4/ by less than an arbitrarily 

prescribed positive number rj-, therefore the limit of the integral differs 
from / by not more than which is arbitrarily small. It 

follows that, in these circumstances, the Ces^iro sum (x) isf{x^'^^, 


If the function is not continuous at but if t/r has a 

definite limit, which will in particular be the case if the four limits 
/(«<« -f 0, a:(2) -i- 0), /(«(« ~ 0, a:(2) - 0), /(arfD + 0, a:^*) - 0),/(a;(i) - 0, ar(2) + 0) 
all exist, it is seen as before that the sum (a;*^), .a:*®)) exists, and has 
the value (-f 0, 4- 0). 


We have now obtained the following result ; 

Iff «(*)) be a doubly periodic function, of periods 277, and be summable 
in the cell ( — TT, — TTJ TTy 7T ), the double Fourier's series, corresponding to 
f (a^^), aK®>), converges to f at any point at which the function is con- 
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tinuous, provided the point has a cross-neighbourhood in which the function 
is bounded. Subject to the same condition, the series converges to 
1 lim + h^^\ od^'> — h^^'>) 

+ / (a;(« + U^), a:(2) - A(2)) + / - h^, + M^))} 

provided this double limit exists. 

It is easily seen that the following theorem holds good as regards 
uniform convergence : 

If the function be ccmtinuous at every point of a closed set, and be every- 

« tc • 

where bounded, the partial Gesdro sum s^w converges in the closed set 
uniformly to the value of the function. 

The convergence of the Ces^iro sum of double Fourier’s series has been 
investigated by W. H. Young, Kiistermann, and C. N. Moore; the last of 
these has dealt explicitly with cases in which there are lines of discontinuity 
of the function. The convergence of the sums 

summation with respect to one of the variables is taken in the ordinary 
manner, and that with regard to the other variable in the Ces^iro manner, 
has been considered by W. H. Young {loc. cit.). 

THE POISSON SUM OF THE DOUBLE SERIES 

469. The Poisson method of summation may be applied to the double 
Fourier’s series. The partial sum of the series 

00,0 + (a„(i),„( 2 ) cos cos cos sin n^'^'^x^-'> 

+ c„(i),„( 2 ) sin n^^'ix^'^'> cos n^^'^x^'^'> + (/„(«, „(« sin sin 

where | W'> | < 1, | | < 1, may be expressed in the form 

J rKf) 1 - 

P„(i),„( 2 ) (x('\ .r(2)) - 4;^2 1 - cos (^(’) _ 

" 1 - 2/i(2) cos (^<2) - xC^)) + 

The limit of this integral may be investigated by a method similar to 
that which has been applied to the Cesaro sum. This has been carried out 
by Gross* and by Kiistermann [loc. cit.). A theorem analogous to that of 
§ 410, that the Poisson sum of a single Fourier’s series is convergent 
almost everywhere, has been given by Geiringer (loc. cit. p. 135) for the 
Poisson double sum. 


* tSitznngsber. d, L Acad, fKiew, vol. cxxiv (1915), p. 1017. 
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PAESEV All’s THEOREM FOR THE DOUBLE SERIES 


470. It has been shewn in § 467 that, if denote any cell, 

lim f ^ = 0. 

Let it now be assumed that is summable over the cell 

(— 7r, — v; TT, rr); it is then seen, precisely as in § 362, that the series 


CO 2 2 2 2 

S so (a„(i) f 6n<“. I- 

- 0 m**’ - 0 

where ^ = 1 when > 6, «.<*> > 0, and 0 = 2 when one of the numbers 
n,(i), w,<2) is zero, and ^ = 4 when both are zero, converges to a sum 


1 


{/(aKD, a;<2))}2d(a;(i),a;(2)). 


It can then be proved, exactly as in § 362, that 


lim {/ a:*^)) — s„a>. n'»> = 0, 

n*^*~oo, n.*®~oo (®) 

where e is any measmable set of points. 

As in § 377, it can then be proved that, if g be any function 

whose square is summable in (— ir, — tt; tt, tt). 


g («(«, a:(2)) {/ (a:(«, a:(2>) - avx., „® (a;(i), a:(2))} d (a:(«, a;*^)) ^ 0. 

J (- IT , - tr ) 

This is equivalent to the following theorem : 

If f {x^^\ a:^®)), g be functions whose squares are. summable over 

the cell ( — TT, — TT 5 TT, TT ), then the series 


S 0 ,|(8) ,|(2) f~ „(8) -^^,,(1)^ „(8) 'f' „(8) „(2) 

„«).0 n<«-0 

1 


•converges to 


r2 


[ ^ S' ^ ; 

J (_ir, _ir) 


wAcre 0 = 1 if ri^^'> > 0, > 0, and 0 = 2 if one of the numbers n^^\ n^^'> is 

z&ro, and 0 = 4 when both are zero. The constants A, B, G, D have reference 
■to the function g {x^^\ od^'>). 


Also the series 


^ ^ 2 2 2 2 

S S 0 (a,^(i> ,j(2> + b^o) + c„(i) ,j(2) + d„(i) ^(«) 

„(»-0 

•converges to A ^ {/(a:^^), a:(*)}®d(a^^>,a:(*)). 
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There is no difficulty in extending the Riesz-Fischer theorem (§ 379) to 
the case of double sequences of constants 

{a„n).„«)}, „(»)}, {c„(i),„<2)}, {d„(i), „(*)}. 

For we hnd that the double limit of 


J (__7r, -it) 

as p~ao, q~ao, has the value zero; where 'Sraji', n® is that 

partial sum of the double series for which ^ ^ . 


The theory of the average convergence of a sequence, given in 
§ 171, is now applicable. It follows that, having given a double set of 
numbers ao,o, a„(i).„( 2 ), 6 „(i),„( 2 ), c„(i),„(a), a'function / (a:(i), whose 

square is summable exists, and is unique (except for equivalent functions), 
such that the given set of numbers, which are assumed to be such that 
the series of their squares is convergent, are the coefficients in the double 
Fourier's series corresponding to the function. The detailed proof is similar 
to that in § 379 for the case of the single Fourier’s series. 



CHAPTER IX 


THi; REPRESENTATION OP FUNCTIONS BY FOURIER’S INTEGRALS 


fourieb’s single integral 


471. It has been shewn in the course of the investigation of conditions 
for the convergence of Fourier’s series at a point, or in an interval, that 


1 f' sin mz 

TTJo Z 


{f{x + 2z) +f{x~ 2z)} dz 


converges to the value i { / (» + 0) +/ (a: — 0)}, 

when the positive number m, which is not necessarily integral, is indefinitely 
increased, either through a sequence of values, or as a continuous variable ; 
provided / («) is summable in the interval (— tt, tt), and satisfies one of a 
group of sufficient conditions in the neighbourhood of the point x, at which 
the existence of / (a: + 0), f {x — 0) is assumed. The number e is such that 
0 < € ^ Jtt. 

This is equivalent to the statement that 

^ J a U/ U/ 

where x — ■7T&a<x<^&x + TT. If a;, a:' be changed into nxjl, ttx'/I. and 
u be changed into iru/l, and the function / {ttx/I) be replaced by / (x), wo 
see that the inequality holds for points x within the interval {—1,1), 
where a, ^ now satisfy the conditions x — l&a<x<P^x + l. When 
X has the value a, or )8, the value of the limit is J/ (a + 0). or - 0), 
provided the function is such that the limit exists, and also satisfies one 
of the sufficient conditions already referred to. For a given point x, and 
for given values of a and the number I can always be so chosen that 
the conditions x — l&a<x<^^x + l are satisfied. 


Moreover, in a given interval contained within (a, ^), in which / {x) is 
continuous, the continuity being on both sides at the ends of the interval, 

sin u {x' — x) 


the convergence of 




dx' to the value / {x) is uniform, 


X — X 

provided / (x) is of bounded variation in an interval which contains the 
given interval. Sufficient conditions will now be investigated that, in the 
integral, we may substitute oo and — oo for and a respectively. 

(1) Let it be assumed that /(a;) is summable in every finite interval. 


and that 
number. 


/: 


IM 

X 


dx. 


' X 


dx both exist, where A is any positive 



Fourier^ 8 Single Integral 


We have 


f, sin u {x' — x) 


I 

Ja 


X — X 


dx'\& 


f{^') 

X' 


721 

dx', provided 

^ \dx <.T}, 


\x\< A,A' > A. Now A can be so chosen that ; — r I • \dx' <. in, 

' A-\x\J^ \ x' I 

for all values of A' (> A), where is an arbitrarily chosen number. 

Similarly a negative number B can be so chosen that 

I r® , , sin u(x' -x) j , 

fi^) <7), 

\ J B' X — X 

where B' < B, and | a; | < | JB |. If u is not less than some number , we have 

I /> - i (/ (X + 0) +/(. - 0)) I < ,, 

where x is within the interval {B, A), and one of the sufficient conditions 
is satisfied by / (») in the neighbourhood of the point x. 

It follows that, when « S t<, , 

I i dx'-Hfi^ + 0) +f{x - 0)} I < 

fovA'>A,B'<B,or 


dx'-i{f{x + 0) +f{x - 0)} < 3,?, 


1 /■" 

- /(*') 
TT J 


sin u {x' — x) 


’ dx' -I {f{x + 0) +f{x - 0)} g 3rj, 


H/(a^ + 0)+/(a:-0)}, 


I ' ' X- -X I 

for ^ . Hence we have 

lim i [ / («') dx' = l{f{x + 0)+f{x- 0)}, 

subject to the conditions already stated. 

Moreover, if / {x) be continuous in a finite interval, the continuity at 
the end-points being on both sides, and the finite interval is contained in 
an interval in which / (x) is of bounded variation, the convergence to / (x) 
is uniform in the finite interval. 

It should be observed that the conditions that / (x) is summable in 

-p (qq\ 

every finite interval, and that ''-A-L is summable in (-4,oo) and in 

X 

(— 00 , — A), where .4 > 0, are both satisfied, in particular, if f (x) is 
absolutely summable in the whole infinite interval (— 00 , 00 ). 

(2) Let it be assumed that / {x) is summable in every finite interval, 
and that a positive number A exists such that, in {A, 00 ) and in (— 00 , — A), 

is of bounded variation, or in particular monotone and boimded. 

X 

f {x^\ 

Let <f> {x') denote — '- , then we have to consider the limit of 

X — X 


every finite interval, and that 


is summable in {A,co) and in 


1 

- I ^ {x') sin u {x' — x) dx\ 
Try ..00 


HII 


46 
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t (x'\ 

Since, in {A, A'), the function'' -- is of bounded variation, it can be ex- 

pressed as the difference (x') — ^2 of f^o non-increasing fimctions, 
such that the total variation in {A, A') is 

(A) - 4,, (A')} + {A) - ^2 {A')}. 

Since this total variation has a finite limit, as -4 '~qo, we may, by 
taking (00), ^2 (°®) both to be zero, take {A), ^2 (-4) to be finite 

f («') 

positive numbers independent of A'. Thus ^ , in 

00 

(^,00); and, since diminishes as x' increases, we may write 

<l> {x') = {x') — ^2 for (-4, 00), where {x'), (x') are positive 

monotone diminishing functions. We have 

j <f>i (x') sin u {x' — x) dx' = <f>i {A) j sin u (x' — x) dx', 

by using Bonnet’s form of the second mean value theorem (i, § 422), where 
a is in the interval {A, A'). The expression on the right-hand side is numeric- 
2 

ally not greater than - (f>i (A), and this is independent of A', and converges 
u 

to zero, as ^ 00 . 

CCO ' 

Thus lim I <f>i {x') sin u (x' — x) dx' = 0; and we may substitute ^2 (^0 
J A 

f lx') 

for <f>i {x'); therefore lim I — — sin u (x' — x) dx' — 0; and the same 

holds for the limits — A, - 00, as is seen in a similar manner. It is easily 
seen that the convergence is uniform for all values of x in an interval 
interior to ( — .4, .4) ; for the values of <l>i (A), (f>z (A), m x varies in such an 
interval, will lie between fixed multiples of ipi {A), tjj^ {A). The sufficiency 
of the conditions has now been established that 

lira If 

U<^CO J —00 


X — X 


dx' - {f(x -t- 0) +f(x - 0)}, 


it being assumed that a sufficient condition is satisfied by / (x) in the 
neighbourhood of the point x. 

(3) Let / {x) have in (.4, 00) and in (— 00, — 41) a differential coefficient 
/' {x), such that its indefinite integral in either interval is / {x), and such 
!/'(*) 


that 


X 


is summable in the intervals, where A is some positive number. 


It will be shewn that this is a special case of (2) ; it is however of some- 
what simpler application in particular cases. 

^^^^dx exists, for some positive value of .4, it can be shewn that 


poo 

If 

i A 

f dx also exists; that this is the case was proved* by Hardy. 

iA 

♦ See Pringsheim, Math, Annalen, vol. Lxxi (1911-12), p. 294. 



Fourier's Single Integral 


We have, by integration by parts, 


C '4“ * " i / j /' w I + 4 {/ ' I /' w I *} *■ 


It will be shewn that 


lim i f \f'(x)\dx=^0; 
j 4 .*^co J jA. 

have I /' {x)\dx = | /' (x) \dx + j /' {x) \ dx, 


where A < A” < A'\ also 


hence j, \ f (x) \dx<^,^^ \ f' (x)\dx + 


nf(^) 


Let A'~ 00 , we have then 

i:.„ If/ 


li“ X' f f 

^ 4 ''^qo J ^ J ^ 




A*'^qo J A J A*' ^ 

and the integral on the right-hand side is arbitrarily small, if A" be taken 
largo enough ; therefore the limit has the value zero. 

We now have 

I i / I /?.y. _ I 4 1 I f' I 


= J J (») I 


From this it follows that 




f"l/W7/WJ,fe. 

A 


and hence 




X A 


from which the absolute summability of'' ^ in {A,oo) is clear. Since 

X^ 

it follows from the absolute summability of 

(x^ f ix\ f (x) 

— — ' , and consequently of'^-^ , in {A, oo), that'^-L-i has bounded variation 

X X'^ X 

in {A,co). Hence the condition in (2) is satisfied in case that in (3) is 
satisfied. 

The following theorem has now been established : 

If f (x) he summable in every finite interval, and one of the sufficient 
conditions far the convergence of Fourier's series at a point to 

i{f{x + 0) +f{x - 0)}, 

or for its uniform convergence in an interval, be satisfied, then 


Um ' f" /(a/) 

U^oo'^ J -00 X -X 


46-2 
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has the value ^ {f {x + 0) + f {x — 0)} at the point x, or converges uniformly 
in an interval to the value of f{x), provided one of the foUotving additional 
conditions he satisfied: 

r* \ f ix)\ \f(x)\ 

(1) If a positive number A exists such that \ ^-'^'dxand I '~-—dx 
exist as finite numbers. 

f (^) 

(2) If a positive number A exists such that — - is of bounded variation 


in (A, oo) and in (- 
in those intervals. 


X 


CO, — A); or in particular if it is bounded and monotone 


(3) If f{x) have, for some positive value of A, in {A, co) and in {—CO, — A) 
a differential coefficient f' (x) such that its indefinite integral in the intervals 

I f (x) I 

isf{x), and such that ^ summable in the two intervals. 

This is known as Fourier’s representation of a function by means of 
a single integral. 

The condition (1) was given by Hobson* and by Pringsheimf; the 
condition (2) was given by Pringsheim, and (3) was also given by Prings- 

\ fix) \ 

heim, but contained, as given by him, the redundant condition that 
must be summable in the two intervals (,<4, oo), (— oo, — A). 


472. If, in the theorem of § 471, we assume that f {x) has the value 
zero in the interval (— oo, .4), where .4 > 0, and we let x = 0, then, pro- 
vided one of the conditions of the theorem is satisfied, we have 


lim [ fix') 

W'-oo J A 


mnux 

u 


dx' — 0. 


By a slight modification of the proofs in § 47 1 it can be shewn that 


lim r fix') 

j A 


, cos U ix' — x) 


u 


dx' 0, 


provided x is not in the interval {A, oo), and thus, by taking a: = 0, that 
r®® COS UbX^ 

lim / ix') dx' — 0, the alternative conditions satisfied by / {x') 

U'^cc J A 

being the same as before; we have in fact only to change sin u {x' — x) 
into cos u ix' — x). In this manner we obtain the following theorem: 

mi ' X J r"i?/ /vSinwa:' , ,, ,.gosux' , , 

The %ntegrals j f {x) — -- dx , J fix) — — dx converge to zero, as 

u~ CO, if f ix) be summable in every finite interval (41, A'), where A>0, and 
if one of the following conditions be satisfied : 

dx exists. 


1*00 

That 

/(«) 

JA 

X 


♦ Proc, Lond, Math, 8oc, (2), vol. vi (1908), p. 373. 
t Math, A'li'nolen, vol. Lxvm (1909'-10), p. 384. 
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725 


(2) Thai is of bounded variation in an interval (A', co), where 4 
is some number ^ A. 

(3) That f (») have in some interval (A', oo), where A' ^ A, a differential 

(* 1 /) 

coefficient f' {x), of which f{x) is an indefinite integral, and that ■ - ■ is 

oc 

summable in {A', oo). 


FOTJEIER S REPEATED INTEGRAL 


473 . Since 


sin u (x' — x) f“ 


X — X 


cos v {x' — x) dv. 


the single integral [ /(a;')*— --dx' 

J -00 X — X 

may be written in the form 

fu 

dx' f (x') cos V (x' — x)dv; 

J -00 .'0 

and therefore the theorem of § 471 may be taken to refer to 

I /•oo /•« 

lim - dx' f {x') cos v {x' — x) dv. 

U'^OO J -00 J 0 

It will now be shewn that, subject to certain sufficient conditions 
satisfied by / (a;'), the order of integration may be changed without altering 
the value of the integral, so that the limit then becomes 

2^ roo /•30 

" <^^1 / i^') cos V (x' — x) dx', 

which is known as Fourier’s double integral representation of the function, 
although it is in reaUty a repeated integral representation, the order in 

which cannot be reversed, because - / (x') dx' cos v {x' — x) dv does 

} —CO J 0 


not exist, as cos v (x' — x) dv has no definite value. 

Jo 

(1) Let it be assumed that / (a:) is absolutely summable in (— 00 , 00 ). 

1*3 

Let / {x') cos V {x' — x) dx' 

be denoted by xfi (a, )S, v), and let 

[ / {x') cos V {x' — X) dx', 

J —00 

which exists, on account of the absolute summability of / (x'), be denoted 
by ^ (v). 

ru ru 

It can be shewn that t/t (v) dv = lim | ift {a, )8, v) dv; for, since 

J 0 -00 J 0 

jS'^oo 

I 0 (a, )8, v) I is less than a fixed positive number, independent of a and j8, 
by the theorem of § 226 the equality holds when a and g have continuous 
values which diverge to — 00 and + 00 respectively. 
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We have therefore 

r 

ru fu rp 

f (* ) ^ ~ ~ f I f (* ) ^ ~ 

/ 0 J “OO /S/^oo JO J a 


/3- 

a«- —GO 


r/5 ru ru 

= lim I <fa;' I / («') cos «; {x' — «) rfa:' = I / («') cos v («' — x)dx , 

J a J 0 J -CO J 0 


a<^ —CO 


from which the required result follows, by letting u diverge to oo . 

(2) Let / (x) be such that, for some positive number A, f {x) is of 
bounded variation in (A, oo) and in (— oo, — A), and that it converges to 
zero, as a? ~ 00 , and as a: oo . 

It will be elearly sufficient to assume that, in the interval {A,co), f (x) 
is monotone non-increasing, and converges to zero; the general case will 
then be deduced by taking / {x) to be the difference of two such functions. 
If A2> Ai> A, we have 

[A, rA,' 

J{x') cos V {x' — x) dx' ^ f {Ai) cos v [x' - x) dx', 

JAx JAi 

where A2' is in the interval {Ai , A2 ) ; and thus the integral on the left-hand 

2 

side is numerically less than (Aj), which is arbitrarily small, provided 
Ai is large enough. Since this holds for all values of A.^ (> Aj), the existence 

coo 

of the integral / / (x') cos v {x' — x) dx' is assured. 

J A 

ra 

We have / {x') cos v {x' — x) dx' - f (A) I cos v (x' — x) dx', 

J A J A 

where a is in the interval (.4, 00); hence 

I J f (x') cos V (x' — x) dx' < > 

where v> 0 . 

A similar result holds when — oo , — A are the limits of integration. 
ru 

The difference of j dv f (x') cos v («' — x) dx' 

Juo J -CO 

and f ( f (* ) *) 

J Uo J - A 

ru 

where u > tio> 0 , is less than el — , provided A is sufficiently large, 

J u, r 

where e is arbitrarily chosen ; therefore 

ru f" ru rA 

I dv j f (x') cos V (x' — x) dx' — lim \ dv \ f (x') cos v {x' - x) dx' 

J Uo J -CO A'^oo J Uo J -A 

rco 

— I dx' I / («') cos V {x' — x) dv. 

J -CO iuo 


For all values of (> 0), in an interval (0, a), / {x') cos v {x' — x) dv 
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Fourier's Repeated Integral 


is less than u | / (a?') I > which is a summable function of a;' in ( — oo , oo ) ; by 
the theorem of § 226, 


foo f“ r« 

lim dx' f {x') cos v (»' — x)dv —■ dx' f {x') cos v (x' — x) dv. 

Wo'^0 J -OO Ju^ J -oo Jo 

Hence, we have 

tu j'to f® fu 

\ dv \ f {x') cos V (x' — x) dx' = j dx' / (x') cos v (x' — x) dv, 

Jo J —00 J —00 J 0 


from which we have 

J "QO |»QO 1*00 fiqi 

dv / {x') cos V (x' — x) dx' = lim dx' f (x') cos v {x' — x) dv, 

0 J -00 te'^oo J —00 J 0 

and thus the repeated integral on the left-hand side has the value 

I {/(a; + 0) +f(x - 0)}, 

provided f(x) satisfies a sufficient condition in the neighbourhood of the, 
point X. 

(3) Let it be assumed that / (x) converges to zero, as x — oo , and as 
x~ — co, and that, for some value of A, in (^,oo), {— oo, — ^4) it has a 
differential coefficient/' {x) which is absolutely summable in these intervals, 
and of which / (ic) is an indefinite integral. 

The total variation of J {x) in the interval (^,oo) is (see i, §415) 

/OO 

I f I therefore finite. Thus the conditions of (2) are 

J A 

satisfied. 


It has now been proved that : 

If f (x) he summable in every finite interval, then 

Y 1*00 r'X) 

- \ dv\ f (x') cos V {x' — x) dx' 

'TT J 0 J _oo 

has the value 2 { / (^ + 0) + / (x — 0)} at a point x, if a sufficient condition 
for the convergence of Fourier^ s series is satisfied; provided one of the following 
additional conditions be satisfied: 

(1) , f {x) is absolutely summable w (— 00 , 00 ). 

(2) , f [x) converges to zero, as x <^ 00 , or a; — — 00 , and there exists a 
positive number A such that f {x) has bounded variation in the intervals 
{A,qo), (- 00 , - A). 

(3) , / (x) converges to zero, as x ^ cx:, or x — 00 , and a positive number 
A exists such that, in {A, 00 ) and in (— 00 , — A), f (x) has a differential 
coefficient /' (x) which is absolutely summable in these intervals, and of which 
f (x) is an indefinite integral. 

474. If we assume that, outside the interval {a, j8), the value of / {x) 
is zero, we see that 

- dv \ f (x') cos v (x' — x) dx' 

n Jo Ja 

i {/(« + 0) +f{x - 0)}, 


has the value 
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at an interior point of the interval (a, j8), provided one of the sufficient 
cohditions is satisfied in the neighbourhood of the point x. At the point a 
it has the value \f(a + 0), and at the point j8 the value J/()8 — 0), pro- 
vided / (x) satisfies a sufficient condition in the neighbourhood of either 
point. If X is exterior to the interval (a, j8), the value of the repeated 
integral is zero. 

If we assume that / {x) is zero for aU negative values of x, we have 

- f dv I /(«') cos V (x' — x) dx' ~f{x), 

^ Jo Jo 

where / (x) is taken to have the value i {/ (x + 0) + f (x — 0)} at a point 
of ordinary discontinuity; it being assumed that the requisite conditions 
are satisfied. Also 

- f dv ( f(x') cos V (x' -f x) dx' = 0; 

V J 0 Jo 


2 f* 

hence we have - cos vxdv 

f f {x') cos vx'dx' — f (x) 

(1), 

TT Jo 

/o 

- [ sinva;dt> 
^ Jo 

[ / (x') sin vx' dx' = / (x) 
lo 

(2). 


The expressions (1) and (2) are known as Fourier’s cosine and sine 
integrals for the representation of a function. It is clear that (1) affords 
a representation, subject to the stated conditions, of an evenjfunction/ («) 
in the interval ( — oo , oo ) ; and (2) affords a representation of an odd function. 


THE SUMMABILITY (^) OF A FOITBIEE’s REPEATED INTEOEAL 

476. The method of summability (^), given in § 266, may be applied 

foo fB 

to du I f (x') cos u (x' — x) dx'. This integral will be, in accordance 
Jo Ja 

with the method, replaced by 


lim [ <l> (ku) du f f{x') cos u {x' — x) dx' , 
fc~oJo Ja 


where <f> (u) is a function which satisfies the conditions laid down in § 266 ; 
and this limit may exist in cases in which the original integral is not con- 
vergent. 


/•OO 

Denoting by I (f) the integral I <f> (u) cos ^udu, we may write 

00 

I (f> (ku) cos u {x' — x) du 
Jo 

1 1 

in the form i — 1 . or nl {n (x' — a:)}, where ^ 
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Since <f> {ku)f{x') is absolutely summable in the domain (0, co, B), 
ff> {ku)f{x') cos u {x' — x) is absolutely summable, and therefore (see § 240) 
we have 

j (j> (ku) du j f (x') cos u {x' — x) dx' — j nl {n {x' — x)}f (x') dx'. 

We have therefore to investigate the value of 

lim [ / (»') F {x' — X, n) dx', 

n^co J A 

where F {t, n) = nl (nt) ; and this may be done by means of the general 
convergence theorem of § 279. We first shew that the conditions (1) and (2) 
of that theorem are satisfied. 

<• QO 

We have F {x' ■ - x,v) ~ n\ ^ (u) cos nu (x' — x)du; 

Jo 

assuming that | £c' — a: | S /a, the expression on the right-hand side is 
1 f”, 

— (f>{u)n (x' — x) cos nu {x' — x)du\ and, in virtue of a theorem given 

OC — ^ J 0 

in § 336, Ex. (2), the conditions of which are satisfied by ^ (u), we have 

K 


F {x' — x,n)\< 




where is a fixed number independent of n and x' — x; thus the condition 
(1) is satisfied. In order to shew that the condition (2) is satisfied, we have 

J F (x' — X, n) dx' = j ndx' j" ^ (u) cos nu {x' — x) du 

f ^ , , r sin nu (B — x) — sin nu (a — a;)"! , 

’-jdu. 

Since f <f> (u) du converges to 5 ^ (-f 0), as A ~ oo, we have 

J 0 ^ 




.'0 


U 


<e, 


provided A ^ A« , hence 


J F {x' — X, n) dx' 


< 2e, provided n^n^, some 


number dependent on e, for all values of a; in a finite interval which has 
no points in common with the interval {A — fi, B + fx). Thus the condition 
(2) of the theorem of § 279 is satisfied. It follows that 
r<*> rB 

lim <l> {ku) du f (x') cos u {x' — x) dx' = 0, 

Jo J A 

for all points x not in the closed interval {A, B); moreover, the convergence 
is uniform for all points a: in a finite interval exterior to, (A, B). 

It will now be shewn that the conditions (a) and (6) of the theorem in 
§ 292 are satisfied. 
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W e have 

F {t, n) dt = dt f n<f> {u) cos nutdu = [ <l>{u) du\ 

Jo Jo Jo Jo w 

77 

and the integral on the right-hand side converges to ^ ^(-H 0); therefore 
the condition (a) of § 292 is satisfied. 


Let us next consider [ \F {t,n)\ dt, which is 

Jo 


n 

.'0 Jo 


cos ntuclu 


dt, or 


'ny. 

JO 


<f>{u) 

Jo 


C08 tudu 


dt. 


dt exists as a definite number ; 


/•QO j /»QO 

It can be shewn that J J <l> (u) cos tudu 

it then follows that | J’ (<, w) | dt is bounded with respect to (fi, n), and 
J 0 

thus that the condition (6) of § 292 is satisfied. 

Using the properties of the function ^ (u), we sec, by two integrations 

/•OO J /•GO 

by parts, that ^ (u) cos tudu — <f>" (u) (1 — cos ut) du. Since (f>" (u) 

Jo * J 0 

is positive for sufficiently large values of u, we see that, for all values of 
t, the integral on the left-hand side is numerically less than a fixed multiple 

of moreover it is a continuous function of t, therefore it is absolutely 

summable in the interval (0, oo ) of 

We have now established the following theorem : 


If (f> {u) satisfies the conditions laid doom in § 266, then 
1 f* r® 

lim - <l> (ku) du f (x') cos u {x' — x) dx' 

*:~0 ’’■Jo J A 

has the value zero, if x is exterior to the interval {A, B); at any point interior 
to {A, B), at which f {x + 0), f (x — 0) exist, it has the value 

\{f{x + 0) ^-/(x-0)}. 

In any interval interior to (A, B) in which f (x) is continuous, the continuity 
at the end-points being on both sides, the convergence to f (x) is uniform. At 
A and B it has the values J/ (A + 0), {B ~ 0) provided these limits exist. 


476. We proceed to the extension of the last theorem to the case in 
which A and B are replaced by — oo , oo respectively. 

(1) Let it be assumed that / {x) is absolutely summable in the in- 
definitely great interval (— 00 , 00 ). As in § 476, ^ {ku)f{x') cos u {x' — x) 
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is absolutely summable in the domain ( 0 , -oo; 00,00), and we have 
accordingly 

f rf) (ku) du i f {x') cos u {x' — x) dx' — I f {x') F {x' — x, n) dx', 

J 0 J — QO J —00 

1.00 

where F {t, n) denotes nl (nt), or » j d> (u) cos ntudu, which may also be 

Jo 

expressed as | <f) cos tudu. 

By the theorem of § 280 , since | / {x') \ is absolutely summable, and the 
other conditions of the theorem are satisfied, we see that 

J -OO /•QO 

<f) (ku) du f (x') cos u (x' — x) dx', 

0 JB 

and the corresponding expression in which B, 00 are replaced by — 00, 
converge to zero, as ^ ~ 0 , provided x is interior to the interval {A, B). 
Moreover, the convergence is uniform for all points x in an interval 
interior to (A, B). It then follows that 

/•QO /•OO 

lim {ku) / {x') cos u (x' — x) dx' 
k-^Q Jo J -00 

has the properties stated in th(^ last theorem for the case in which the limits 
of the integration with respect to x' are finite. 

( 2 ) Let it be assumed that A and B can be so chosen that, in (— 00, A) 
and in {B, 00 ) the function / (x) has bounded variation and converges to 
0 , as a: ^ 00 , and as a; ~ — 00 ; or in particular that / (a:) decreases steadily 
to zero, as x increases from B to 00, and as x decreases from .4 to — 00. 
It is sufficient to consider this special case, since, in the general case, / (a;) 
is representable as the difference of two functions, each of which has this 
property. 

Let us consider 

/•CO ^QO 

(f) (ku) du I f (x') cos u (x' — x) dx', 

Jo J J 5 ' 

where / (.r') is non-increasing in the interval (B, 00), and converges to zero, 
as a;' ~ 00 . The integral with respect to u will be divided into two parts, 
taken over the intervals ( 0 , u^ and (%, 00); where, for 0 <k^ 1 , % is so 
chosen that ^ (ku) is monotone in the interval ( 0 , %). 

Taking first the integral 

f 'OO ^00 

<f> (ku) du f (x') cos u (x' — x) dx ' ; 

Ml JB 

since j |^/ (x') cos u (x' — a;) dx' < - 
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(ku) 

for all values of B (> B): and since ^ — ' is summable in the interval 

u 

(Mj , 00 we have 

’^00 /• 00 

I (f> (ku) du f (x') cos u (x' — x) dx' 

Jui J B 

— lim [ <f> (ku) f / (a?') cos u {x' — x) dx' 

Jui J B 

roo cco 

= / {x') dx' <!> {ku) cos u {x' — a;) du. 

J B Jui 

The inversion of the order of integration in the last step is justified, 
since / {x') ^ {ku) cos u {x' — x) is absolutely summable over the domain 
(5, %; oo), of (a;, tt). 

The integral on the right-hand side may be written, by taking 

V 

x' = X + ^k, u = J , in the form 


TOO <»00 

f{x + ^k)d^\ <f> {v) cos ivdv, 

J B-x J kui 


CCO I ^oo 

which is less than f {B) \ <f>{v)co8^vdv 

Jb-x I .'0 


di, 


and this converges to zero, as A: ~ 0, and uniformly for all values of x in 
a fixed finite interval not abutting on the interval {B, oo). Moreover 


/•oo 1*00 

<f> {ku) du f {x') cos u {x' — x) dx' 

JB 


<V^ 


for all sufficiently large values of B, and for all values of k. 

Next, we have 

fWl f* 

<f> {ku) du / {xf) cos u {x' — x) dx' 

Jo IB 

~ <^{0) f du f / {x') cos u {x' — x) dx' 

Jo Jb 

rth f* 

-t- <j) (%i) du \ f {x') cos u {x' — x) dx', 

ju* J B 

where u' is a number in the interval (0, Ui). It will be shewn that the order 
of integration in the repeated integrals on the right-hand side may be 
reversed. 

We have, as before, if 0 < c < «! , 

J du j f {x') cos u{x' — x)du = j f {x') J cos u {x' — x) dx' 


J B __ 


sin {x' — x) — sin e {x' — xj 


X — X 


dx'. 
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Also 


and 


Jb^ ^ x'-x LJb JbJ x'-x 


I sin 6 


sin € {x' — *) 


X 


dx' = /(A) r 

Jif, 


= /(5x) f' 

J € I 


sin f (»' — a:) 
x' — X 
O' -a:) 

(Bi-x) < 


' dt 




where = j8'. Since jBi may be taken to be such that / ( iSj) is arbitrarily 
small, we see that, for all positive values of e, and for all values of x in an 
interval that does not abut upon the interval (B,co), we have 


roo 

f(^') 

Jjs 


, sin € (x' — x) 




X 


X 


fBt 

dx'-~ f(x') 

JB 


X - X 


dx' 


<V 


for a fixed value of J5i, and for all positive values of e. Let e~ 0, then we 
— 1 *^ sin € (x^ x'S 

have lim fix')- — — - dx' numerically not greater than the 

•'■ff * — ^ 

arbitrary number ij; and thus the common value of the limits is zero. 
It follows that 

rcc 


exists as 


fit, 

du f {x'] cos u {x' — x) dxf 
Jo J B 

rui r* 

lim du f (x') cos u (x' — x) dx', 

6/^0 J€ JB 


and is equal to 

We now see that 


ffi^ 

JB 


, sin Ui (x' — x) 
x' — X 


dx'. 


sin u' (x' — x) 


f 6 (ku) du f f (x') cos u {x' — x) dx' = ^ (0) [ 

Jo Jb' Jb X ~x 

, , , f “ sin u, ix' — x) — sin u' (x' — x) 
+ <f> (Ui) - " 

JB 


f (x') dx' 


fix')dx'. 

dx', 


X — X 

„ f " sin (x' -x) J., J , „ , sin u' [x' - x) 

hence the integral on the left-hand side is numerically less than uf (B), 
which can be made arbitrarily small, by taking B large enough. The same 
remark applies to the other integrals. 

It follows that 

<f> (ku) du f (x') cos u [x' — x) dx' 

Jo JB 

is numerically less than the arbitrarily chosen positive number rj, provided 
B is chosen sufficiently large ; and this for all values of k such that 0 < I: ^ 1, 



734 Representation of Functions hy Fourier's Integrals [ch. ix 

and for all values of x in an interval which does not abut on the point B. 
It has now been shewn that, if B is sufficiently large, 

/•oo 1*00 

j <f> {ku) du j f (x') cos u {x' — x) dx' < 2r]. 

If I ^ 1 be sufficiently large, a similar statement may be made as regards 
the expression in which the integration with respect to x' is over the interval 

The numbers A and B having been fixed so that these conditions are 
satisfied, we see that 

(•OO rao 

<!> {ku) du f {x') cos u (x' — x) dx' 

Jo J —00 

rao f-B 

differs from <f) {ku) du f {x') cos u {x' — x) dx' 

Jo J A 

by less than 4ij, where A and B are properly chosen; and this for all values 
of k such that 0 < A: ^ 1. 

As the second expression satisfies the conditions of the theorem of 
§ 476, it follows that 

2 roo cco 

lim - <f> {ku) f {x') cos u {x' — x) dx' 

Jo J -oo' 

differs from | {/ (« + 0) + / (r — 0)} by less than 47], at any point at which 
f {x + 0) and f {x — 0) exist. Since t] is arbitrary, we now obtain the 
following theorem : 

If ft {u) satisfies the conditions in § 266, and if either (1),/ {x) is absolutely 
summable in the interval (— 00 , 00 ), or (2), / {x) is summable in every finite 
interval, converges to 0, as a; ~ 00 , and os a: ~ — 00 , and has bounded variation 
in intervals {B, 00 ), (— 00 , A), where A, B are properly chosen numbers, then 

/•OO roo 

lim - <f> {ku) du f {x') cos u {x' — x) dx' 

fc~O^Jo J -00 

has the value J {f {x + 0) + f {x — 0)} at any point at which f {x + 0),f {x - 0) 
exist. Moreover, the convergence to f{x) is uniform in any finite interval in 
which f {x) is continuous, the continuity at the end-points of the interval being 
on both sides. 

This theorem was given* by Hardy, who obtained a more general result 
appUcable to the case in which / {x') is replaced by / {x') cos oa;'. 

The cases in which <f> {u) = e-“, f* {u) = e““’ are of importance in 

problems of Mathematical Physics. We obtain in fact the following 

theorem ; 

If either (1), f{x) is absolutely summable in the interval {— 00 , 00 ), or 
(2), / {x) is summable in every finite interval, and has bounded variation in 


* Camb, Phil. Trans, vol. xxi (1912), p. 427. 
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the intervals {B, oo), (— oo, A), where A, B are properly chosen, and con- 
verges to zero as X ~<x>, and as x ~ — oo, then 

J 1*00 TOO 

e“*“ du f (x') cos u {x' — x) dx' 
n jQ , J -00 

J 1*00 j-QO 

and - e~^‘du f (x') cos u (x' — x) dx' 

J 0 J -00 

both converge, as k to the value ^ {f {x + 0) -i- f {x — 0)} , at any point 
X at which f (x i- 0), f {x — 0) both exist. They converge to f {x) uniformly in 
any finite interval in which f {x) is continuous, the continuity at the end-points 
of the interval being on both sides. 

This theorem was given* by Sommerfeld for the case in which the 
integration with respect to x' is over a finite interval. 

477. Let the function / (»'), assumed to satisfy one of the conditions of 
the theorem in § 476, be expressed as the sum of two functions fi (x') and 
/a {x'), where (x') has the value f{x') in the interval (x — p, x-\- p), for a 
fixed value of x, and has the value zero outside that interval. The 
function f^ {x') has the value zero in the interval {x — p, x ->r p), and the 
value f {x') outside that interval. Applying the theorem of §476, it is 
seen that 

2 /•QO 1*00 

lim - <l> (ku) du f^ {x') cos u (x' — x) dx' 

J 0 J -oo 

has the value zero at all points interior to the interval (x — p, x -j- p). It 
thus appears that 

2 roo 1*00 

^ (ku) du f (x') cos u (x' — x) dx' 

U Jo j -00 

will converge to / (x) if 

1 j"” rx+ii 

(f) (ku) du f (x') cos u (x' — x) dx' 

J 0 J x-fji 

converges to / (»). 

The condition that this should be the case is that 

f" fAl 

lim (f) (ku) du i/t (t) cos utdt — 0, 
k^oJo Jo 

where ^ (t) denotes f(x-{-t)-hf(x — t) — 2f (x). 

Let it now be assiuned that, for the point x, 

hm J f I ^(t) j dt = 0, 
f Jo 

from which it follows that, if e be an arbitrarily chosen positive number. 


[ \ili(t)\dt< et, for O^t^ti, 
Jo 


where ti depends upon e. 

* See his Dissertation, Die vnllharlichen Funhiiontn in der Math, Phyaik^ Konigsberg, 1901. 
See also Hardy, Camb, Phil, Tram, vol. xxi, p. 39, 
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We have 

J tf>(ku)duj </t (t) G 08 utdt = j <i>{'U')oo 8 vidu, 

where may be expressed in the form 

/ ^ (^) ^ fUdu + I tf> j dt^ <f) {u) cos utdu. 

The first repeated integral is numerically less than 

1 

n\ \^{u)\du[ j ^ (<) I dt, 

Jo Jo 

j 

which is less than e | ^ (m) | du, provided n> . 

Jo H 

The second repeated integral is numerically less than 

where k' is a fixed number, and this is equivalent to 

denoting j | ^ (<) | by (<), we have, integrating by parts, 

n n 

We have ( - ) < €, if m. > -; also 

\nj ti’ 






dt 

The first integral on the right-hand side is less than e or than ne, 

Ji t 


dt is 


and the second is less than 0 (u) ; it follows that - [ 

2ti^ ^ nji t^ 

n 

numerically less than e -|~ „ -5- O (/a), or than 2c, provided n be sufficiently 
large. 

It has now been shewn that, if n be sufficiently large, or k sufficiently 

small, I ^ (ku) dw | ^ ^ (t) cos vidt is numerically less than a fixed multiple 
.'0 .'0 

1 

of €, provided lim - I ^ (<) 1 di = 0. Since c is arbitrarily small, the limit, 
<~o * .'0 

as I: 0, of the repeated integral is zero. The following theorem hds thus 
been established : 
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j 1*00 1*00 

The integral - \ du\ f {x') cos u {x' — x) dx' is summahle {(f>), and 
rrJo J -00 

has / (x) for its sum at any point at which 

lim j [ I f(x + t)+f(x-t)-2f (x) I = 0. 

<~o f Jo 

This is the case almost everywhere in the interval (- 00 , 00 ). It is assumed 
that f (x) satisfies one or other of the conditions laid down in the last theorem. 

In particular 

1 |"» 

lim - / («") cos u {pc' — x)dx'=f {x), 

^ J 0 J —CO 

1 <*00 • rco 

lim - e~*“’ / (x') cos u (x' — x) dx' =f{x) 

k'^O .'0 J — 00 

almost everywhere in the interval (— 00 , 00 ). 

This theorem includes that of § 476, since 

limj [ \f{x + t)-\-f{x-t)-2f{x)\dt = 0 
«~o t Jo 

at any point x at which f {x + 0),f{x — 0) exist, provided 
/(«) = ! {/(« + 0) +f(x - 0)}. 


THE SUMMABILITY {C, r) OP POURIBB’s REPEATED INTEGRAL 

478. The sum {C, r) of the integral [ i{i {u) du has been defined i 

Jo 


in 


( ^ 

^ 1 — - j ^{u) du, as the number n diverges through 

continuous values to 00 , whenever that hmit exists. 

We shall accordingly consider the integral 

rn / fi\r rB 

j fl — -j du I f {x') cos u {x' — x) dx', 

where r > 0. 

The order of the successive integrations may be reversed, so that we 

fB 

have to consider / {x') F {x' — x, n) dx', where F {x' — x, n) denotes 
J A 

rn / yxr 

I \ ^ ~ to evaluate the limit, as 00 , of 

the integral, the theorem of § 290 may be applied. 

On integration by parts, we have 


Ar-l 


du 


sin nut du. 
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IS 


Hence 1 i’ (<, w) I < j (1 - uy-^ du<\. Thus if < S /i, | jP (<, w) | i 
t Jo * 

hutuxudd with respect to {t, n)\ therefore the condition (1) of the theorem 
is satisfied. 

To shew that the condition (2) is satisfied, we have 


I^F(t,n)dt = j^dt j ^1 — cos^^^d^^ = I ^ 

fi ,, , sinndu — sin nau , 

= (1-uy du. 

Jo « 


'-ij 


uy sin jStt -- sinew 


u 


du 


Since 


im I (1 
J 0 


lim 

y 


uy 


u 

smyu 

u 


du 


= ^^F(t,n)du 


converges to zero, as w ~ oo, uniformly for all values of x that are not in 
the interval (a — /n, + /x), as w ~ oo ; where a and are both > a; -h /x, or 

both <x — fi. Hence the condition (2) is satisfied. 

To shew that the condition (a) of § 292 is satisfied, we have 


[‘(I 

Jo Jo ^ 


and this converges to ^tt, as w ~ oo . 

We have also 

\ F {t, n) \ dt < I ^ ndt [ (1 — uY cos nwtdu 
Jo Jo Jo 

the expression on the right-hand side is equivalent to 


which is less than 


Pfi-n I rl 

dt\ \ {I — uy cos utdu 

.U I Jo 

j" ( 1 — w)*" cos wf (iw I -f- J (I — uy cos utdu 


1 f“ dt 

The first term is less than — ^ , and the second is less than F — r, or 

r -f- r Ji r+1 

than -, where is a fixed number (see § 371); it is here assumed that 

T 

rs l. If r > 1, the second integral is less than K ^ than K. It thus 

follows that I \F {t,n)\ dt is less than a number which is independent 
Jo 

of fi and n; hence the condition (6) of the theorem in § 292 is satisfied. 

/ U\^ 

It now follows that J / {x') dx' J [1 — - j cos u {x' — x) dx' converges, 

as « ~ 00 , to i {/ (a; -I- 0) -f/ (a: — 0)}, at any point x at which f (x + 0) 
and f {x — 0) exist. Moreover, the convergence to / (x) is uniform in any 
interval interior to (A, B) in which the function is continuous, the con- 
tinuity at the end-points being on both sides. 
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It has now been proved that 

The, integral - du \ f {x') cos u (x' — x) dx' is summahle {C, r), where 

‘”'Jo JA 

r>0,at any point x, within {A,B) at which f {x + 0), f {x — 0) exist, the sum 
(G, r) being ^ {f {x + 0) + f {x — 0)} . At any poind x exterior to {A, B) the 
sum (C, r) is zero. 

479. If I is any point within the interval {A, B), we may divide / (x') 
into the sum of two functions («'), {x'), such that /j (x') — f {x') in 

the interval {i — y,, ^ + fi) and is elsewhere zero. The function {x') is 
zero in the interval (i ~ y, i + y), and has the value / (»') elsewhere. By 
the theorem just established the sum {G, r) of 

f” 

du /2 {x') cos u {x' — x) dx' 

Jo JA 

is zero at all interior points of the interval {i — y, ^ + y). Thus the sum- 

mability {G, r) of - du \ f (x') cos u (x' ~ x) dx' at the point $ depends 
Jo JA 

1 f«> rf+M 

upon that of - du \ / {x') cos u (x' — x) dx'. 

n- Jo Jj_^t 

In case / («') has the constant value / (i) in the interval ~ y, ^ + y), 
the sum (G, r) at ^ is / {$). Thus the condition that the repeated integral 
is summable {G, r) at the point and has / (f ) for its sum {G, r), is that 

( 1 - IJ du jj [f{^ + t)+f(^-t)-2f{m cos utdt 

should converge to zero, as » ~ oo . 

The expression is equivalent to 

j (1 — uydu cos utdt, 

where C) (t) denotes f (^ + t) +f (^ ~ t) — 2/ (^) ; and this is equivalent to 

(1 — uy cos utdt; 

and this may be expressed by 

/ ^ (^) ~ utdu + j 0 dt j (1 — uy cos utdu. 

The first of these integrals is numerically less than [ j ® ^dt; if 

1 f* f* 

now it be assumed that lim - I O (f) I df = 0, we have I O (<) I df < et, 

t~e i Jo Jo 

1 

provided t is sufficiently small; and so j O j df == w J j O (f) ( df < e, 

if n is sufficiently large. Thus the first integral is < e, for all sufficiently 
large values of n. 


47-2 
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I* I X 1^ \ I dt 

The second integral is less than K j O [- j ^ , where X is a fixed 


dt 


K lA/V 

number (see § 371), or than — | (0 I > where r S 1, and by integra- 

ix t 


tion by parts this becomes 
K 


” i {-i^‘ <''> - '»■©+<’•+*) .C ^ *} > 

n 

where T* (0 = J | O (<) | dt. Since T* (t) < et, for t <ti, we have 
and thus A ■J'jy d( < ! ; also A j' * is less than | , A 


r+1 


and this is arbitrarily small, for all sufficiently large values of n. It is thus 
seen that, provided n is sufficiently large, the second integral is less than 
an arbitrarily chosen positive number 7j. In case r > 1, a shght change in 
the calculation is required. 

It has now been proved that, provided 


/i 

Jo 


has, at ^ = 0, a differential coefficient equal to zero, 

if (\^Yl\du\f {x') cos u {x' — $) dx' 

’r Jo \ w Ja 

converges at the point ^ to/ (^). The condition is satisfied almost everywhere 
in {A, B). 

It has thus been established that : 

1 f*’ 

The sum (C, r),for r> 0, of - \ du \ f (x') cos u (x' — dx' exists, and 

’’■Jo Ja 

has the value f at any point interior to {A, B), at which 
\\l\f{i + t)+f{i-t)~2f(^)\dt 

converges to zero, with t; and this is the case almost everywhere in {A, B). 


480. In the theorems of §§ 478, 479, A and B may be replaced by 
— 00 , 00 , provided either (1), \ f{x) | is summable in the interval (— 00 , 00 ), 

or (2), f (x) converges to zero, as a; ~ 00 , and as x 00 , and it is of 

bounded variation in neighbotirhoods {B', 00 ), (— 00 , A') of these points. 



479, 48o] Summahility (C, r) of Foimer's Repealed Integral 741 

In case (1), the expression 

1 (^ ~^) j / (* ) ^ ~ 

is numerically < tj, if B be sufficiently large, where ij is an arbitrarily 
chosen positive number; and the similar statement holds for 

/ (^ ~ ^) / ^ ~ ^ ‘ 

That this is the case follows from the fact that 

j (l - I) / {x') cos u (x' - x) 

is summable in the domain {u, B; n,co), exactly as in § 476. 

In case (2), the proof in § 476 is appHcable, if we take <f> (u) = (1 — uy, 
for 0 1, and ^ (u) — 0, for u > 1, to shew that the above integrals 

are numerically less than rj, when B and — A are sufficiently large. 

At a point x within {A, B) at which the sum {G, r) exists, and is equal 
tof{x), we have 

M \ f{x')GOSu{x' ~x)dx' -f{x)\<r), 

I ^ Jo \ nJ } A 

provided n is sufficiently large ; hence 

I ^ ~ costt (x' - x) dx' ~f{x) < 3rj, 

for all sufficiently large values of n. Since t] is arbitrary, it follows that 

lim - [ fl— [ f{x')QOsu{x' — x)dx'—f{x). 

J 0 \ J —00 


The following theorem has now been established : 

jl^ |•oo 1*00 

Thesum {€, r),forr> 0, of - \ du \ f (pc') cos u {x' - x) dx' exists, and 

^ Jo J --O0 


}imthevaluef(x), at any point X, at which , \f{x + t)+f{x — t) — 2f{x)\dt 

* Jo 

converges with t to zero. This holds at every point of continuity, at every 
point of ordinary discontinuity of the function at tohich 


fix)^ I {fix + 0) +f{x - 0)}, 

and almost everywhere in the whole interval ( — oo, oo). The convergence to 
f (x) is uniform in any interval in which f (x) is continuous, the continuity at 
the end-points being on both sides. 

The theorem is subject to one or other of the conditions (1), that \f{x) | 
is summable in the interval (— oo, oo), or (2), that f (x) is summable in every 
finite interval, and converges to zero at oo and — oo, and is of bounded variation 
in some neighbourhood of each of these points. 
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FOURIER TRANSFORMS 

481. It has been shewn in § 474 that, subject to certain conditions, 

2 

/ (a?) = - cos uxdu f {x') cos ux'dx' 

‘IT Jo .'0 

in the interval (0, oo). This may be expressed by the two equations 

/ (*) == j F (■“) cos uxdu (1), 

F {x) — I f{n) cos uxdii (2), 

which connect the two functions / (x), F (x). When (1) and (2) hold good 
they express symmetrical relations between the two functions / («), F (a:), 
and each of these functions may be said to be the Fourier cosine transform 
of the other. The repeated integral formula has been shewn to hold good 
when \f{x) | is summable in the interval (0, oo), at a point x in the neigh- 
bourhood of which f (x) satisfies one of a set of sufficient conditions; in 
particular when in such neighbourhood the function is of bounded variation, 
and f (x) = ^ {f (x + 0) + f (x — 0)} . It also holds good when f (x) is 
summable in every finite interval contained in (0, oo ), converges to zero at 
», and is of bounded variation in some neighbourhood (.4, oo) of the point 
», provided a sufficient condition is satisfied in a neighbourhood of the 
point X. The formula holds for every point x, provided / {x) is of bounded 
variation in the whole interval (0, oo), and/ (x) = ^ {f {x + 0) + / (x — 0)}, 
except that, at the point 0, /(O) = ^/(+ 0). 

The integral in (2) exists, and is a continuous function of x, at any point 
x>0, when \f(x) | is summable in (0, oo), or when f (x), summable in 
every finite interval, converges to zero at oo , and is of bounded variation 
in some interval (A, oo) (see Ex. (4), § 229). A complete theory of trans- 
forms should enable us to infer the properties of the function F (x) from 
those of / (x). This can be carried out in case {/ (x)}^ is summable in (0, oo ), 
and more generally, when | / {x) is summable in (0, oo), for some value of 
q such that 1 < gr ^ 2. This theory has been given* by Titchmarsh, and is 
a particular case of a more general theory, duef to Plancherel, of transforms 
applicable to the case of orthogonal functions of any type. The theory as 
developed by Titchmarsh is independent of, and considerably simpler than, 
the general theory of Plancherel, which was applied by him to the case 
q = 2] and Titchmarsh’s investigations form the basis of the account given 
below. 

* Proc. Camb. Phil, Soc. vol. xxi (1923), p. 463; and Proc, Lond, Math. Soc. (2), vol. xxin 
[1924), p. 279. 

t Rendiconti di Palermo^ vol. xxx (1910), p. 289; and Math. Annalen, vol. lxxvi (1916), p. 315. 
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If the theory of the repeated Fourier’s integral, as given in §§ 473-480, 
be regarded from the point of view of the formulae ( 1), (2), there is complete 
formal symmetry, but as no resemblance has been made manifest between 
the properties of the two functions / (x), ¥ {x), there is logical asymmetry. 
This is remedied, so far as the case permits, by the theory of Plancherel- 
Titchmarsh. In the case ^ = 2, the symmetry established by that theory 
is complete; when \ <q< 2, complete symmetry does not hold, but this 
lies in the nature of the case, and is consequently not a defect of the theory. 
Various formal resemblances will be exhibited in the results of this theory 
with corresponding theorems in the theory of Fourier’s series. 

In these cases the integrals (1), (2) do not in general exist, and it will 
be shewn that, instead of them, the formulae 

<»'- 




must be substituted. The expressions (1)', (2)' reduce to (1), (2) whenever 
the differentiation under the integral sign can be effected. It will appear 

that (2)' has a meaning for almost every value of x, and that the integra- 

_q_ 

bility of I F (») follows as a consequence of that of |/ {x) |«, when 
\ < q ^ 2. The whole theory is applicable to the corresponding Fourier 
sine transforms, in which the reciprocal relation is expressed by 



1 — cos ux -r, , , , 

F (u) du, 

u 

1 — cos ux j., . j 
f(u)du. 


482. Let us consider the integral f (u) cos uxdu, where \f (u) |« is 

a 

summable in (0, oo), for some value of q such that I < q S: 2; the numbers 
a and b will be taken to be such that 0 < a < 6. 

The interval (a, b) may be divided into the parts 

/ m + 1\ /tn f 1 m + 2\ (n n-\-\\ /w + 1 , \ 

(''■ Trj- \-~ir- A )-{y irj- ( a ’*)■ 

where m, n, and A are positive integers, such that 

m .m+1 n + \ , n + 2 

J <a^ & 6 < - - . 
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j* A 8 ^ SOO 

Let hg denote / {u) du\ then, if <f>^ denotes S hg cos , we have 

A 

Wl+1 

rb r A~ rb 

f {u) cos uxdu — {<f>„ — <f>^) = f{n) cos uxdu + f{u) cos uxdu 
Ja Ja Jn+l 


8+1 


r A 

/(«) 

-1 Js 


see 


COS XU — cos ^ [ du. 


+ s 

j 8 
A 

The first and second integrals on the right-hand side are less numerically 
than the integrals of |/(m) | in the intervals 

therefore converge to zero, as A ~ oo, uniformly for all values of x. 

The last expression on the right-hand side is less, numerically, than 

s^■l 


2sin^^s|^ \f{u)\du. 


or than 2 sin ^ | | / (■«) | du, 

and therefore converges, as A ~ oo , to zero, uniformly for all values of x in 
an interval {x■^, x^, where 0 < arj < Xj. It follows that 

[ cos uxf (u) du = lim (^„ — 

j a A'^oo 

the convergence being uniform for x^^ x ^ x^. 

We have, emplo 3 ring a known inequality theorem (i, § 435), 




8+1 


8+1 


s M 


A, I" 


[ \f{u)\^du I dx A^~« f \f{u)\>du. 

Js Js _ .s 


Js 

A 


If we apply to the finite Fourier’s series 




S A* cos 


8 ^7/1 + 1 


A ’ 


the Theorem II in § 392, we have 

r ita ^ r n 

.0 Jo 

I jf(x)f'>dx 

y7n+l 

A 

If 0 < < ajg < we have now. 


S A, cos sx 

8^771 + 1 
71+1 


g 

!«-i 


dx^iTrXf |A,|«) 

's-m+1 / 


(Z-l 


fI-1 


f ’ I 1®'^ dx * ItT [ \fix) 

Jxi i_J a 


1 

q-1 
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As A ~ 00 , we thus have, since — <f>^ converges uniformly to 

[ / {u) cos uxdu, 

J a 

Q 1 

rxt r rh “|«-l r ~]Q-l 

f (u) COB uxdu \ dx^^TT \f{x)\^ 

Jxi [_J a J Ua J 

for 0 <Xi<X 2 - 

Letting ^ 0, rrg oo , we now have 


I rb q-i ^ r ^6 

/ (^) cos uxdu dx ^ \tt 1 / {x) |« 
J 0 I •' a L*^ 

If a and 6 diverge in any manner to oo , we have 

_9 

!'«' rb q-\ 

lim /(■**) cos uxdu dx = 0. 

a'^QO, 6^00 .'0 J a 

T . ^ . /2\^ r« „ . . 


we then have Um j | (x) — (a:) dx = 0; 

a'^Qo, 6 '*-qo 0 

and thus {Fa (x)} is convergent on the average, when a has the values 
in a divergent sequence. From an extension of the theorem in § 177 we 

infer* that there exists a function F (x), defined uniquely, almost every- 

_ja„ 

where, such that | F (x) is summable in (0, oo), and that 

lim r I F (x) - Fa (x) pi dx = 0. 
a^oo J 0 

It will be seen that this function F (x) is the transform of / (x). 


/2\* f® 

Fa (x) — 1^- j J / (u) COS uxdu-, 


Fj (x) - Fa (x) |«-1 dx = 0; 


483. Since i 

J%(x){F(x)-F„(x)}dx|^. rjjg-(x)|«dxl*rjjF(x)-F„(x)|«~^J * , 

where g (x) is any function such that | gr (x) |« is summable in (0, oo), it 
follows that 

lim g (x) [F (x) — Fa (x)} dx = 0. 

a^QO J 0 

Taking x to have any finite value, we have 

lim j {F (t) - Fa (<)} d< = 0 ; 

a^oo 0 

and since 

~ j'‘/(it)oosuldu - j^-^“^/(u)du, 

we have I'f «) dt - (?f f” ^ ^f(u)du; 

Jo JO 

* It was assumed by Titchmarsh that F. Riesz’s theorem in § 177 holds when the interval 
of integration is infinite. In the case q — 2 this has been proved in §§ 171, 172; by a modi< 
fication of the proof there given, the general theorem can be established for values of g > 1. 
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and therefore, almost everywhere 


sin ux 


.'0 


u 


f{u)du. 


It has now been shewn that : 

If I / (x) |«, where \ < q ^ 2, is summaJble in (0, ao), the function 

2\i d 


„ (2yd r"®sini*a:,, . , 


is such that | (a:) is integrable over (0, oo). 

This theorem is the analogue of Parseval’s theorem (§ 378). 

rx 

Denoting f {t) dthy d {x), the continuous function d {x) has bounded 
.0 

variation in the finite interval (0, a) ; and thus 

2 f* /'« 

^(x)= sin uxdu sin ux'cf) (x') dx', 
w J 0 Jo 


provided 0 < a. Since 


r« . 

SI 

Jo 


sin ux' . <f> (x') dx' — 


cos ua 


we have 




^ Jo 


sin ux 
u 


ra 

(a) + 

Jo 

fa 

du f {x') cos ux'dx\ 


CO&UX n/ V , 

-- f{x')dx, 


Jo ‘ 


because 

It follows that 


/■ 


cos ua 
u 


sin uxdu = 0, when x<a. 


f f {x) dx - {u) du, {x<a)-, 

Jo Jo ^ 

and since lim [ {F {u) — (it)} du = 0, 

a'^oo Jo 


Sin ux 


u 


being summable over (0, oo), we find that 

It then follows that, for almost all values of x 

. . . (2\i d f " sin ux , 

It has accordingly been shewn that ; 

If I / (x) |« is summable over (0, oo),for some value ofq such that 1 <q & 2, 

a 

there exists a function F (x) such that | F (x) |«~i is summable over (0, oo), 
which satisfies the relation 

d 


. , . (2y d f * sin , 


This theorem is the analogue of the Riesz-Fisoher theorem (§ 379). 



4a3-486] 


Fourier Transforms 


Titchmarsh has shewn* that neither of the above theorems is in general 
valid if g > 2. He has also shewn that [ / (») j" may be integrable, and 
that, however small c may be, the integrals of 

may be both divergent. It should be observed that a function <f> (x) may 
be summable in (0, oo), but need not be summable in (0, oo); for 

1 I ^ "tl H ll. f ! £ \ \ t .. 


example if <f> {x) 


where A: > 0, in the neighbourhood of oo, 


• K 

is not summable if r/ ^ t • The summability of | ^ (a;) in the interval 

(0, oo) does not necessarily involve that of ) ^ (a;) j**' for any value of p' 

484. Let F {x), G (x) be the transforms of / (x) and g (x). We have then 

rb /2\1 f“ 

g (x) Fa (x) dx ^ I - ) g (x) dx f (u) cos uxdx 
Jo Jo Jo 

= (^) I 9 uxdx 


■-= / (^) K (a:) dx. 

Jo 


Since 


lim g {x) \F (x) - Fa {x) ] dx = 0, 

tt'^00 j 0 

lim [ / {x) \0 (x) - Gj, (a:)] dx = 0, 


we now obtain the important relation 

[ f(x)G(x)dx=[ g {x) F (x)dx (A). 

Jo Jo 

In the case g = 2, we may put g (x) = F {x), but we cannot do this 
when q < 2, because g (x) F (x) is then not necessarily summable over 
(0, oo). We thus have 

[ {f(x)Vdx~ f {F(x)}^dx, when q --= 2. 

Jo Jo 

The corresponding relation for the case 1 < g < 2 is 


F(x) jd-idx -^ ^ l/(x) 


485. It will be proved that : 

vi/wi ^ is summable over (0, bo ),/or some value of q such that 1 < ^ 2, 

then I f (x) cos uxdx = o (log z), for almost all values of u, 

Jo 


* Proc. Land. Math, Soc. (2), vol. xxiii (1924), p. 286. 
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If F {x) be the transform of / (»), and g (») be the transform of the 
function defined by 0 (x) = cos ux, when 0 ^ x ^ z, G (x) = 0, when z < x. 
We have 


9 = {If \l ^ = I (I)' ( 


1 /2\^ /sin z{x + u) sin 2 (a; — 1 *) 


X + u 


+ 


X — u 




On account of the relation (A) we have 
J / (x) cos wcdx = ^ I 


F{x) 


sin z{x + n) ^ sin z{x — %) 


X + n 


X — u 


du 


i©*/; 


„ , . , . sin 2 | , . 

F(i + u) ^^di. 


The integral on the right-hand side may be divided into three parts, taken 
over the intervals (— 8, 8), ( - oo, — 8), (8, oo) respectively. 

It is known that [ m) 

J -s ? 

for almost all values of u (see § 406). 

We have next 


di = q (log 2 ), 


/; F(s+u) I a {/; I ^ (f + ») |.2-. .k] {j 


F {()]•>-' d( 


Q 1 
Q 


1 "'j'r 

sin 2 ^ 

} iJ. 1 

1 




1 


-1 = 0(1) = 0 (log 2 ). 

{{q - 1 ) 

Since the remaining integral, over (— oo, —8), may be treated in the 
same manner, it has now been shewn that 

r* 

/ (x) cos uxdu = o (log z). 


'Z 

Jo 


486. It will now be shewn that : 

If I / (x) |« be summable in the interval (0, oo ), for some value of q suxh 

/2\^ 

that \ < q 2, the integral ( - ) F {x) cos uxdx converges (G, 1) to f (u) 

\rr/ J 0 

for almost all values of u. The convergence is uniform in an interval in which 
f (u) is continuums, the coniinuity at the end-points being assumed to be on 
both sides . 

We have to consider the expression 

(ff) 1 ~ uxdx. 

Let g (x) = ^1 - cos ux, for 0^ x ^ z, and g (x) = 0, for a; > 2 ; we 
/2\i 

have then to consider ( - j J g (x) F (x) dx, which is, in virtue of (A), 

/2\i f* 

W Jo 
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f2\i 


74 » 


We have G (x) = ^ | 

-&k 


2'^i 1 psin* {x + u) sin.2 \z (x — u) 
{x + uY (x — u)^ 

The expression to be considered thus becomes 

2 f" i^/ , 

-J_^/(» + «) d(-. 

and the integral may be divided, as in § 485, into three parts. 
It is seen as in the case of 


that 


I 

.h 


^ , sin 2 ^ 

^ (f + «) — 

s s 


sin2 ^zi 


di 


is numerically less than a fixed number independent of u and z; therefore,. 

2 

when multiplied by — , the expression converges to zero, as z ~ oo , 


ITZ 


uniformly for all values of u. The integral over (— oo, — 8) has the same 
property. We have then to consider 


itZ 


which is equivalent to 
2 




ttz 


\l{f{u + i)+f{u-o-2f («)} — di + [* . 


It has been shewn in § 368 that the first part of this expression con- 
verges to zero, as 2 ^ 00 , at every point at which 

\f {U + i) + f (u ~ i) ~ 2f (u) \ di = 0, 

f~0 s Jo 

and also that, in any interval in which / (u) is continuous, the continuity 
at the end-points of the interval being on both sides, the convergence is 
uniform. Since the second part of the expression is 


2 . r*'®* 

-/(«) I { 

it converges to f{u), as z ~ oo. 

It has now been shewn that 

^2\i 


sin0\2 


0 


dd, 


~ f j uxdx 


converges almost everywhere to / («), or that 

j F (x) cos ttxdu 

is almost everywhere summable (C, 1). 
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It follows that, if \f{x) |* is summable in (0, oo), and consequently 

g /2\^ 

I ^^{x) is so also, (-j J /(«) cos uxdx converges {C, 1) to F (x) for 

almost all values of u, the convergence being uniform in an interval in which 
f (u) is continuous, the continuity at the end-points being assumed. 

For, in the proof of the foregoing theorem no use is made of the fact 
that q<2, and the proof is accordingly applicable when F (x) and / (x) 
are interchanged. 


487. Since F (x) is the transform of / (x), we see that F (x) is, for 
almost all values of x, the sum {C, 1) of f -j J / (u) cos uxdu. It thus 
follows that 


2 r <30 r GO 

f (x) = - cos uxdu f {x') cos ux'dx' , 

V Jo Jo 

where both the integrations are understood to be taken with the meaning 
(G, 1). The repeated integration has, in this sense, a meaning for almost 
aU values of x, and in particular at every point of continuity, or of ordinary 
discontinuity of / («). The whole theory is applicable to the sine integrals. 

We have thus obtained the following theorem : 


If I / (x) |<* be summable in the interval (0, oo) for some value of q such 
that 1 < q ^ 2, the two expressions 

2 r 00 /' 00 

cos uxdu f {x') cos ux'dx', 
n Jo Jo 

2 roo I'QO 

- I sin uxdu j f (x') sin ux'dx' 

have the value f {x), for almost all values of x, provided all the integrals are 
understood to be taken {C, 1). In particular they represent the value of f {x) 
at any point of continuity x (> 0), and in every interval of continuity their 
convergence tof (x) is uniform, the continuity at the end-points being assumed 
to be on both sides. 


488. From the theorem in § 266 which expresses the necessary and 

-00 

sufficient condition that an integral fy {x) dx which is convergent ((7, 1) 


•'0 


should exist in the ordinary sense, that is {€, 0), we see that the necessary 
and sufficient condition that, at a point u, at which 

(w) f ^ nxdx 

exists (C, 1), the integral should be convergent is that 
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Let 0 (x) — 0, for 0 ^ x <a, a> \, =f{x) log x, for a&x<co, where 
I / (») log a: |« is summable in (0, oo), for some value of q such that 
1 < g ^ 2. BYom the theorem in § 485, we have 

I G (x) cos ttxdx = o (log z), 

JO 

for almost all values of u. 

Now 

r® r® X 

xf (a;) cos uxdx == , 0 (x) cos uxdx 

Jo Jo log X 

= i — i 0 (x) cos uxdx — \ dx ^ ("i I ^ W cos utdt 

log2j„ Ja dxKlogxJJa 

= 1 — 0 (‘08 ^) + /' O (i^^) o(log <fe 

= o(z)+l o(l)dx = o(z), 

J a 

and tills holds good for almost all values of u. 

We have also 


j xf (x) cos tlxdx 
Jo 


r I »/ («) 

Jo 


< 


dx 


Jo 


v-l 


X 

log X 


|a-i 


|/(a;)loga;|« 


hence the expression on the left-hand side is bounded, and is therefore 
Q (log z). It follows that 


I’a 

xf (x) cos uxdx — a (log z), 

Jo 

( 2\ ^ roo 

"j I / (^) cos uxdx 

converges, in the ordinary sense, to F («), for almost all values of u. 


From the summability of | / (ic) log a: |® in (0, oo), that of |/(a:) |* is 
not a necessary consequence, as is seen by considering the functions in the 
neighbourhood of the point a: = 1. 


We have thus obtained the following theorem : 

If \ f (x) |« and I / (a:) log X |® are summable in (0, oo ), for some value of q 

/2\^ roo 

such that \ <q£.2, then the transform j j f (x) cos tixdx is convergent 
in the ordinary sense for almost all values of u, and the function F (u) to 

9_ 

which it converges is such that | F (it) is summable in (0, oo). 
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The particular case of this theorem which arises when q = 2, that, if 

\f(x)\^ and I / (x) log x \ ^ are summable in (0, oo), j j / (x) cos ti^dx 

converges, for almost all values of u, to a function whose square is sum- 
mable was obtained* by Plancherel, who stated it in the form that, if 

/•oo 

a > 1, and / (x) is defined in (a, oo), and is such that {/ (^) log x}^ dx 

J a 

is finite, then lim / (x) cos uxdx converges for almost all values of u in 

r QO 

the interval, and represents a function F (u) such that {F (m)}® du 

J — QO 

exists. This theorem is analogous to that for Fourier’s series given in § 409. 


* Math, Annalen, vol. lxxvi (1915), p. 324. See also Math. Annalen, vol. Lxxiv (1913), p. 578, 
for an earlier theorem. 



CHAPTER X 


SERIES OF NORJIAL ORTHOGONAL FUNCTIONS 


489. If (a, h) be a finite, or infinite, interval, and (cc)} be a sequence 
of functions such that (a;)}® is, for every value of n, summable in (a, 6), 

and such that {x) (f>„. {x) dx has the value zero, for every pair of 

J a 

unequal values of n and n', the system (»)} is said to be an orthogonal 

rb 

system of functions for the interval (a, b). If (a;)}® dx has a value 

different from unity, that value can be made to be unity by multiplying 
(f)„ {x) by the factor Iy^|| {x)}^dx^. When this is done for each value 

of n, wo have {x)}^ dx = 1, where <f>„ {x) is the new value of the 

J a 

function. 

A system of orthogonal functions for the interval (a, 6) is said to form 
a system of normal orthogonal functions when (a;)}^ dx for all 

J a 

the values of n. 

The system is such that no function {x) is expressible as a linear 
function of a finite number of the other fimctions, for if we assume that 

<t>n («) = (») + ...+ Cr<f>j,^ (x), 

where n is not equal to any of the finite set p^, ... Pr^ we have 

rh rh 

<f>„ (x) (x) dx = c^\ (x)}^ dx = Cl >0, 

J a J a 

which is not in accordance with the property of orthogonality. Thus it 
has been shewn that the system {<!>„ {x)} is such that the functions are 
linearly independent. 

A sequence (a:)} of functions such that (a:)}* is summable in 
(a, b) is said to be a complete sequence of functions in (a, b), if no function 
F (x) whose square is summable in (a, b) exists and is such that 

rb 

F (x) tjtn (x) dx = 0, 


for all values of n. 


f 


In particular, the set (a:)} of normal orthogonal functions in (a, b) is 

complete if no function F (x) whose square is summable in (a, b) exists and 

rb 

is such that F (a:) (x) dx 0, for every value of n. 

J a 
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If {il>„ («)} he a comjAete sequence of linearly independent functions for 
the interval {a, b), a Tiormal orthogonal and complete system of functions 
‘{ 4 >n (*)} so determined that <f>„ (x) is a linear function of 

(a’)* (^). ••• (a^)- 

The system (a;)} may be said to be formed from (a;)} by the process 
of orthogonalization. 

Let 


<f>2 {x) 


^2 (a;) - (a:) ^2 (2) <f>-, (2) dz 


we then have 


and 


Generally we take 


<An i^) 


£ («) - («) £ 'Pz (*) <f>l ( 2 ) 

[ {^1 (»)}® da: = 1 ; f ^1 (a:) ^2 i^) d« = 0 , 

J a J a 

[ {<f>i{x)}^dx == l. 

J a 

S Vfc (») f V« ( 2 ) <Afc («) d2 

k^l Ja 


V 


y 


i-i 


\\^ Un («) - ”2 Vfc (») I Vm (2) (2) <^2) da: 

Uo\ fc-1 Ja J 

it can then be easily verified that 

f {(f>„ {x)Y da: = 1, [ <f>„ (a:) (a:) da: -= 0, for m < n. 

J a J a 

It will be observed that the denominator in <f>„ {x) cannot vanish, for 
otherwise (a:) would be a linear function of (a:), (a:), ... {x). 

Since (x) is a linear function of (a:), ^2 i^)> (*)> fhe complete- 

ness of {^„ (a:)} is a consequence of the completeness of (a:)} . 

A simple case is that in which the sequence {>//„ (a:)}, for the interval 
( - 1, 1), consists of the sequence 1, x,x^, Then {x) is a polynomial 

of degree and it is easily verified that <f>n (a?) ^ 

P„ (a:) is the nth Legendre’s function. 


\ 2 


1\2 

j P„ (a:), where 


For the interval (— n, tt), 

11 1 . 1 1 . 

r, —.COS a:, — rsma;, .... ycoswa:, — fSinwa:, ... 

(2n)i ni tt^ 

forms a complete set of normal orthogonal functions which are employed 
in Fourier’s series. 
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The two independent sets of normal orthogonal functions, for the 
interval (0, it), 

1 /2\i /'2\i _ /2\* 

(, 77 -/ cos 2a;, ... coswa;, ..., 

/2\* . /2\i . - /2\i . 

( “ j sin X, f - j sin 2a;, . . . I - j sin nx , . . . 

are employed in the Fourier’s cosine and sine series respectively. 


THE CONVKBGBNCB OB THE SEMES OB OETHOGONAE BUNCTIONS 

490. The theory of complete systems of normal orthogonal functions 
is closely connected with the theory of integral equations and of the linear 
differential equations with which they are associated, but this relation will 
not be considered here. There exists no general theory, independent of the 
form of the functions (x), relating to the convergence at a point, of a 
series (x) -H a 2^2 (*) + ••• + (*) + •••> where the coefficients a,„ 

are expressed in terms of a function / (a;), summable in the interval (a, 6), 

rb 

«« / (*) i>n (^) dx, in analogy wfith the case of Fourier’s series. In 

J a 

fact, in the general case, the behaviour of the series at a point, as regards 
convergence, oscillation, or divergence, does not depend, as in the case 
of Fourier’s series, only upon the properties of the function / (x) in an 
arbitrarily small neighbourhood of the point. There exists however a 
theory of the convergence, almost everywhere in the interval (a, b), of 
the series corresponding to functions / (a:), such that {f(x)}^ is summable 
in (a, b), independent of the particular set of orthogonal functions (x)} 

(b 

employed in forming the coefficients / (a;) <f)„ (x) dx of the series corre- 
spending to / (x) ; an account of this theory will be given below. 

It has been shewn* by Steinhaus that a function/ (x) can be determined, 
and a set of normal orthogonal functions {</>„ (x)} defined, for an interval 
(a, b), such that the series (x) + (*) I ••• > corresponding tof{x), 

is nowhere convergent in the interval (a, b). 

It has been shewn f by Banach that a function / (x) and a set of normal 
orthogonal functions {(f>„ (»)} can be so constructed that the series corre- 
sponding to f (a;) is everywhere convergent in the finite interval (a, 6), to 
which {<!>„ (x)} refer, but that its sum is everywhere different from the value 
oifix). 

* Proc, Lond, Math, Soc, (2), vol. xx (1921), p. 123. 
t Ibid. (2), vol. XXI (1923), p. 95. 

48^2 
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Let («)} denote the set of normal orthogonal functions in (a, 6) 
defined by 

that is the Fourier’s system for (a, b). 

Let / {x) denote a function summable in (a, b), and S 0, but such that 
{/ (a;)}2 is not summable in (a, 6); and let 

a„ = - f */(*) lAn (^) / f / (a:) <fa;. 

Let it be assumed that, if possible, a function F {x), such that {F 
is summable in (a, b), exists and is such that 

I {a„ + i(in (aj)} F (x) dx = 0, for % = 1, 2, 3, ; [ {F (x)}^dx > 0. 

J a J a 

We have then (see § 492) S 1 1* F (x) {x) doX = [ {F («)}2 dx ; 

n = l (Ja J Ja 

and therefore L ]a„ I F(x)dsX = [ {F{x)}^dx>0, 

J a ) J a 

rb 

hence F (a:) dx ^ 0, and S is convergent; therefore 

J a n^l 


2 

/t = 1 {,J a 




f (x) >!>„ {x) dx^ 


o 

is convergent, from which it follows (see § 493), that {/ (a;)}^ dx exists and 

i a 


= 2 ^ 

1 


^yi.x)>j,„{x)dx\^ , 


which is contrary to the hypothesis as to / {x). It follows that no such 
function as F {x) can exist, and therefore the system {«„ + (x)} is 

complete. From this system we can define by orthogonalization a complete 

Ch _ 

system (a:)} of normal orthogonal functions. Since / {x) {x) dx is 

J a 

a linear function of 

f 7 (^1 (^) -i «i) f 7 (^) (^2 (^) + ««) . . . f * 7 (a;) (^„ (a;) + a„) da;, 

7 a 7 a J a 

all of which are zero, it follows that 

rh _ 

f (x) <f>„ (x) dx = 0, for n— 1, 2, 3, ... . 

J a 

Consequently the series corresponding to 7 vanishes identically, and 
if we add to J {x) a function y (a;) such that the series 

(x) + (x) + ... , 
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corresponding to x (^) everywhere converges to x function / {x) 

defined by x (x) +J{x) will have Cj, Cg, ... for the coefficients in the series 
corresponding to it, and the series will be everywhere convergent but will 
nowhere converge tof{x). 

It has thus been shewn that : 

A set of normal orthogonal functions {<f>n («)}, for a finite interval {a, b), 
can be defined, and a function f (x), summable in (a, b), and everywhere 

r*’- 

jpositive, can be defined, such that the constants f{x)^n{^)dx are all zero. 

A series Ci<f>i (x) + c^^^ (x) + ..., which is everywhere convergent, can be so de- 
fined that it does not at any point converge to a certain function f (x) for which 

f Ax) dx^c„, for n= 1,2,3, .... 

Jrr 

Another example of normal functions which have this property has 
been given*, in a case in which the interval is infinite, by Looman. 


THE FAILtTEB OF CONVEROENCE AT A PARTICULAR POINT 


491 . The nth partial sum of the series corresponding to / (x) in an 
interval {a,b), for which {<f>„ (a:)} is a set of orthogonal functions, is given by 

[h 

(*) f{x')F,Ax',x)dx', 

J a 


where 
It can 


Fn {X', X) = {X') <l>r {X). 


be shewn that, if a be a point in {a, b) such that | {x, a) | dx 

■ a 


is unbounded, then a function f{x), continuous in {a, b), can be so defined that 
the series of ortitogonal functions corresponding to it is non-convergent at the 
'point a. 

This theoremf was given by Haar. 

rb 

Denoting | F„ (x, a) | dx by a>„ , since is unbounded, a partial 

J a 

sequence ... belonging to the sequence {to,,} can be determined so 

as to be divergent. 

Let (a:) = 1, -- 1, or 0, according as F^^ {x, o) is positive, negative, 
or zero ; we have then 


I Fpp («. «) I = % i^) Fvp {x, a), 

rh 

and therefore <o„^ == (a:) F,^ (x, a) dx; 

J a 

the functions v,^ {x) have for the v„th partial sums of the orthogonal 
series corresponding to them. 


* Proc, Land, Math, Soc, (2), vol. xxn (1924), Records, p. xx:!j:ix. 
t Mafh, Annalm^ vol. lxix (1910), p. 336. 
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We next construct a sequence of continuous functions («), {x), ... 

all<of which are in absolute value g 1, and are such that 

f {Vyp{x) -f, {x))^dx<Sj„ 

J a 

for p — 1, 2, 3, ..., where {8^} is a sequence of positive numbers. This 
construction can be made by means of a theorem given in i, § 433, in 
which, when / (x) is bounded, with U for its upper boundary, (f> (.i ) can 

ch 

always be so chosen that <f> (x) £ U, and {/(«) — ^ (:x)Y dx < e. For, 

J a 

if in an interval <f> (x) ^ U, or & — U, we can replace ^ (x) by the con- 
tinuous function which has the value U or — 17 whenever (f> (x) S U or 
§ — U, and is elsewhere unaltered. 

We have 

I [ fyp(x)F^^{x,a)dx 

I la 

fb fb 

% (x) Fyp {X, <*) dx - {v (x) - {x)} F (X, a) dx 

J a a 

= <^yp - [** {Fyp dx . r Kp («) - f.j, (;r)}2 dx \ 

Let Sp be so chosen that 

we have then / {x) F„^ {x, a) dx > 

I Ja 

The Vjith partial sum of the series corresponding to (x) = (x) at 

a; = « is greater than . If the series corresponding to this function is 
convergent at a; = a, choose the number so that, at a, the nth. partial 
sum of the series is, for every value of n, < Let = Vj^; from the 
sequence VjjVg, ... , we choose so that w,( 2 ) > 6.4 ((?(*) -f 1) . Take 
^60(a:)=/, ( 1 ) (a;) + J/„( 2 ) (a:). If the series corresponding to (a;) con- 
verges at a: = a, a number can be so determined that, for every value 
of n, the »th partial sum of the series, at the point a, is < Take then, 
a>„(3) > 6.4* ((?(*) -f- 2), and form the fimction 

^(3) (a;) =f^a> (a;) -1- (x) + (x). 

Proceeding in this manner, we form a function 

<^«-i (a;) =/,(!) (x) + (a;) 4- ... + » (jc). 

If the series corresponding to (a;) is convergent at a: == a, the wth 
partial sum of the series corresponding to (x) is, at the point a, 
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< for every value of n. We then choose an index out of the 

sequence {j/^} such that 

w,.,) > 6.4«-i ((?(«-!) + g - 1). 

If this process does not come to an end by the ascertainment of a value 
of q for which the series corresponding to {x) does not converge at the 
point a, we consider the function <f> (x), given by the infinite series 

fyd) (x) + ^/„«> (») h ... + (^) I 

It can be shewn that the function (x) is continuous, and that the 
series of orthogonal functions corresponding to it does not converge at 
the point a. 

The series for ^ (x) converges uniformly in (a, b), since aU the functions 
■/„(») (*) are in absolute value 'i 1 : thus (f> (x) is continuous in (a, b). 

In order to calculate the v^^'th partial sum of the series corresponding 
to (f> (x) at the point a, we take 

•A (a?) -- (») ••• I- " (*)| + {^) + («) + •••]■• 

The expression in the first bracket has for the v(®)th partial sum at the 
point a, of the series corresponding to it, a value which is numerically less 

than The expression in the second bracket is numerically S 3"^ri > 

and the v'^'th partial sum of the series corresponding to it has, at the point 
a, a value less than If ^^ow follows that the v(«)th partial sum of 

<l> (x), at the point a, is in absolute value, 

W„(<r) CO„(») 

' 2.4«-i " ' 3.4«-i’ 

or greater than In consequence of the relation 

«)„(,> > 6.4''-i -I- q - 1), 

we now see that the v('»)th partial sum of <f> (x), at the point a, is > (/ — 1. 
It follows that the sequence of the partial sums of (f> {x), at the point «, 
of indices v<®), ... increases indefinitely. Therefore the series corre- 
sponding to (j> (x) is not convergent at the point o, and in fact either 
diverges, or oscillates infinitely. 

EXTENSION OF THE THEOEEMS OF PARSEVAL AND EIESZ-FISCHBE 

492. Let it be assumed that {f{x)y is summable in the finite, or 
infinite, interval (a, b), for which {<A„ (a?)} is a system of normal orthogonal 

functions. Let a„ denote the coefficient f{x)<l>„{x)dx, of fh® 

j a 

series corresponding tof{x). 
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We have 


[h r 

J a _ 


S ar<f>r (x) 


r-'l 


dx - 


Ja 


dx 


Z 5 

r^l 


r-^ii rb 

it follows that, for all values of n, S is not greater than { f{x)]^dx; 

r = l Ja 

rb 

and thus that the series S a,.* converges to a number that is ^ {f{x)'\^dx. 

r=l Jo 


Denoting by/„ {x) the partial sum S {x), we have 

1 

{/j. (:»)-/«(»)}“ 

} a r 1 

and from this it follows that 


f 


lim [ {/p {x) ~ /, (a:)}2 dx = 0. 
2)'^^, <7'^oo J a 


Thus the sequence {/„ (a;)} is convergent on the average in {a, b); and 
the theorems of §§ 171, 172 are therefore applicable to the sequence. 
There exists a function f (x), whose square is summable in (a, b), to which 
the sequence {/„ (a;)} converges on the average, and so that 

lim I {/ (a;) -/„ (a;)}® dx - 0. 

If g (a:) be another function whose square is summable in (a, 6), we have 
\\ (») {/ (*) ~/» dx&\ \\g {x)Y dx f {/(a:) ~f„ (a:)}^ dx 

J a « d n 

and it then follows that 


lim [ g {x) {fix) -/„ (a;)} dx = 0. 


Let g (x) ^ <f>„ (x), then 


'b "b rhr n 

f (x) (f>^ (x) dx ~ lim /„ (x) <f>„, (a;) dx = lim S c, (x) (f>,„ (x) dx ; 
Ja /t-^oo J a Jar 1 


and thus 


fix)<f>m{x)dx^C,„. 

We now have [ {f (x) —f (a;)} <f>^ (x) dx = 0, 

J a 

for every value of m; the square of the function f (x) —f (x) is summable, 
and therefore, if the set of orthogonal functions is complete, / (a;) and 
f (x) have the same value almost everywhere in (a, b), and therefore {/„, (a;)} 
converges on the average to /(a:). 

It now follows from the results given in § 172 that 


and that 


f {/(a:)pda:= Urn \\fMYdx= S aA 

Ja 7n'^ao Ja 

lim f{/(a:)-/,„(a;)}=“da: = 0. 

m'^Qo Ja 
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We have now lim S' («) {/ («) — /„ {x)} dx -~0, 

U'^co J a 

where g (x) is any function such that {g is summable in (a, b). 
Therefore 

rh 

■ \ f{x)g (x) dx = lim {aiUi + a^a^' + ... + 

J a U'^oo 

where a^', a^', ... are the coefficients in the series corresponding to g (x). 

We have now established the following theorem which is a generaliza- 
tion of Parseval’s theorem in the theory of Fourier’s series (see § 378): 

If {tf>n (x)} be a complete set of normal orthogonal functions for the finite, 
or infinite, interval {a, b) ; and {»„} , {«„'} be the sets of coefficients corresponding 
to tivo functions f (x), g (x) whose squares are summable in (a, b), then 

rh 

2 converges to \ f (x) g (x) dx, 
n - 1 J a 

fh 

S converges to I { / (a;)}'^ dx. 

n =>1 J ft 


493. Let Ci^i (x) + c^rf)^ (x) + ... + c„0„ (x) H ... 
be a series such that 2 c„^ is convergent, where (a:)} is a set of normal 

71 

orthogonal functions for the interval (a, b). 

Denoting the partial sums of the series by s.„ {x), we have 


lim I [.s„ (x) - Sg (a:) I* dx - lim i + dj, 1-2 + ... f 4) 

- 0, 

where q > p. It follows from § 172 that there exists a function whose 
square is summable in (a, b) such that 

lim I if (x) - s„ ix)Y dx -= 0, 

[ {/(a;)}*da: lim f {*•„ (a:)}® da: == 2 c„^. 

Ja n-^co J a n -^1 

rb 

Also since lim {f (x) — s„ (a:)} (x) dx = 0, 

71'^ 00 J a 

rb 

we have / (x) (x) dx ^ c „ . 


In case the set {(f>m (a:)} is complete, we see that / (x) is unique, except 
for equivalent functions ; for, if there were two such functions, their dif- 
ference would be orthogonal to all the functions <f>^ (x). 

We have thus obtained the following theorem which is a generalization 
of the Riesz-Mscher theorem obtained in § 379: 

If {<f)„ (a:)} is a set of normal orthogonal functions for the finite, or infinite, 
interval (a, b); and c^, c^, ... Cn, ... be a set of constants such that 

+ C^ -|- ... + C„® -h 
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is convergent, there exists a function f {x) whose squme is summahle in {a, h), 

rb 

for .which Cn f {x) f>„ (»), {n — 1, 2, 3, ...). Moreover f{x) is unique 

J a 

(except for equivalent functions) in case the orthogonal system {f>n («)} is 
complete. 

The following extensions of the theorems obtained above for the case 
in which { / (a;)}^ is sumraable in the interval for which (a:)} is a system 
of orthogojaal functions have already been established in §§ 392, 393 by 
a method which is applicable, not only to the case of the particular set of 
orthogonal functions employed in Fourier’s series, but to the case of any 
bounded set of orthogonal functions for a finite interval. 

If {l>n (»)} be a complete system of orthogonal functions for a finite interval 
(a, b), such that | (x) | M, for all the values of n and x, and f (x) be 

such that I / (x) |« is summahle in (a, b), for some value of q such that 
1 <q 2; and if S (x) be the series corresponding to f (x), then the 


series S | a„ is convergent, and its sum is 

n=*l 

2 -q 


M ^ ] !/(*) |®da;[ 

o j 


If the series S | a„ |« is convergent for some value of q such that \ <q ?i2, 
1 

the numbers a„ are the coefficients in the series corresponding to a function f (x) 
such that |/(«) 1®“^ is convergent, and 


It has been pointed out* by F. Riesz that the following theorem is 
contained in both these theorems, and that conversely both theorems may 
be deduced from it by means of a limiting process : 

If the system x^,x^, ... x„ passes over into the system ••• 

means of an orthogonal substitution, of determinant ± 1, and if all the 
coefficients of the substitution are, in absolute value, S M, then 



where 


1 <a< g, and 


1 

J 


a 


i8 


1 . 


THE CONVERGENCE OW SERIES OF ORTHOGONAL FUNCTIONS 

494 . A series of investigations has been made relating to the conver- 
gence, almost everywhere, of the series of type S (x) in the finite 

n-1 

interval, taken for convenience to be (0, 1), for which (a:)} form a 
system of orthogonal functions. 

♦ Math. Zeitschr, vol. xviii (1923), p. 124. 
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It was first shewn* by Weyl that the convergence of the series S nia„‘ 

n-1 

is sufficient to ensure that the series S (x) is convergent almost every- 

/i=l 

where in the interval (0, 1). Weyl shewed further that, when | (x) | is 

bounded with respect to {n, x), the convergence of S is sufficient to 

ensure the same result. The more general theorem was provedf by Hobson 
that, if S be convergent for some value of h (> 0), the series 

S (^) converges almost everywhere in the interval (0, 1), whether the 

71^1 

functions <f>„ {x) be bounded or not. It was next provedj by Plancherel, 
by re-arranging Hobson’s proof, that the convergence of S (log n)® is 

sufficient for the convergence of the series almost everywhere. 

Lastly, it was proved by§ Rademacher and by]) Menchoff that, if 
S a„®(log/i)® is convei^ent, then S an<f>n{x) converges almost every- 

where; this result includes all the preceding theorems. 

Moreover, it is final, in the sense that (log w)® cannot be replaced by any 
function of n which is o {(log w)®}, so long as the system {<f>„ (a;)} is not 
specialized. 

We proceed to establish the theorem that : 

If the constants a„ are such that S cr„® (log n)^ is convergent, where (a:)} 

«»i 

is a system of orthogonal functions for the interval (0, 1), then the series 
S (a:) converges almost everywhere in (0, 1). 

n-1 

ti 

Let s {x, n) = S {x). 

■' 1 

(1) It will be shewn that, if S a„^logn is convergent, s (x, 2”) is con- 

n ~1 

vergent, as n. oo, for almost all values of x in (0, 1). We have 

f [{s (x, 2’'+”‘) — s (x, 2^)}^ 4- {« {x, — s {x, 2*'+^)}® + ... 

Jo 

+ {s (x, 2’'+"*) — s (x, 2''+«-i)}2] dx 

^r-hm 2 ^+m 2*’+^ 

= S -f S c<® + . . . + S Cj® 

i!' + 1 2^+1 + 1 oi-K«-i + 1 

2r+i 2*'+2 2*'+”* 2*’*^ 

== S + 2 S vft <c X log t j 

2 ** + 1 2 *'+’^ + 1 2 ’’+*»*~^ + 1 2 '’ + 1 

where the logarithm is taken for convenience to have the base 2. 

* Math, Amialeii, vol. lxvii (1909), p. 226. 
t Proc, Land, Math. Soc. (2), vol. xii (1912), p. 297. 

J Gomptes Rendus, vol. oLvn (1913), p. 539. 

§ Math. Annalen, vol. Lxvni (1922), p. 112. 

II Fundamenta Math. vol. iv (1923), p. 82. 
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GO 

Choosing r so that 2 c,® log t < S®, we have 
2^+1 

rl m-l 

S {« (x, 2''+“) — s {x, 2’’+^)}® dx < 8®. 

Jo i>-0 

The set of points in which the integrand is S 8® has its measure < 8, 
and therefore that in which it is < 8® has measure >1—8. 

Hence, in a set of points H^, of measure >1—8, 

I s (x, 2^+^) - s (x, 2’-+») I < 8, 
for p = 0, 1, 2, ... m — 1 ; and thus, in 

I 5 (a;, 2«) - « (x, 2«') | < 28, 
for all pairs of values of q and g' such that 

r & q $ r m, r q' r m. 

Consider the sets ..., each. of which is of measure 

>1-8. 

A point of the set belongs to , so that each set contains the 
next. It follows that a set H, common to all the sets H^, ... exists, 

and is of measure S 1 — 8. 

In the set H we have 

I 5 (a;, 2«) - « (a;, 2«') | < 28 

for all pairs of values of q and q' such that r & q, r & q'. Let 7j be an 
arbitrarily chosen positive number, and let 8^, 82 denote a sequence such 
that 81 + 82 + ... converges to the value t]. Corresponding to each value 
8„, of 8, there is a value r„, of r, and a set H(”), such that 

I « (a;, 2«) - s (a;, 2«') | < 28„ , 

in that set, for all pairs of values of q and q' such that q, q'; the 
measure of is S 1 — 8„ . The sets have in common a set K, of 

GO 

measure Si— ,S 8 „Sl — 

In the set K we have ( s (a:, 2«) — « (x, 2«') | < 28„ provided r„ & q, 
r„ S q', for all values of n; therefore, in the set K, s {x, 2*) is uniformly 
convergent, as < ~ 00 . Since t] is arbitrarily small, it follows that s {x, 2*) 
is convergent for almost all values of a;, as J 00 . 

It should be remarked that the special sequence s (x, 2") which has been 

shewn to be convergent, subject to the condition that 2 a„®logn is 

1 

convergent; is such that the sequence {2**} is independent of the particular 
system of normal functions. 

(2) Any integer n, such that 2”‘ <n< 2”*+^ is of the form 2”* + A.2*, 
where I has one of the values 0, 1, 2, ... w - 1, and K is an odd integer. 
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Let X ih «) = 2”* + 5 . 2 *, where I, s may have all values such that 

0^l<m ] 

0 S 5 < 2”»-‘ J ' 

Let D {x, l,s) = s {x, xihs+ 1)) - s {x, x ih s)), 

f ^ {x, I, «)}2 dx = a„2. 

We have “ 

s (x, n) — a {x, 2”*) 

= {s (x, 2»” + 2') — s (x, 2™)} 

+ {a (x, 2“ + 2. 2*) — 5 (x, 2™ j- 2*)} 

+ 

+ {5 {x, 2”^ + K .2^) - a {x, 2»‘ + K -1 2*)} 

s-K-l 

= 2 Z) («, I, a), 

.s = 0 

where I has a fixed value for a given value of n, such that w = 2™ + K.2K. 

(3) Let c (/, a) be the set of all points x such that | D (x, Z «) | = 8, 
where 8 is a prescribed positive number; we have then 

, 1 X(?.a+1) 

m {e {I, a)} 2 a„2. 

o x'a.8)+i 

(4) Let g be a prescribed positive integer, and let E (B) be the set of 
all points x such that the number of the different functions D {x, I, a) for 
which 0 S 5 < 2““*, 0 s i < w which are such that | D {x, 1 ; «) | 2 8, at x, 
is S g; then 

tw 2"»+i 

»»[£(8)1S^, E a,‘. 

qo 2 i»+i 

Let E (I, a) = D {E (8), e (Z, s)}, the set common to E (8) and e {I, a), 
then m {E {I, s)J me {I, a). Also let E = hE (I, a), the summation being 
taken for all I and a such that 0 ^ < 2™-*, 0 ^ I < m. 

Each point of E belongs to a number of the sets E {I, a) of which the 
number in the sum HE {I, a) is S g. 

Let/i.g {x) be the characteristic function of E {I, a); that is the function 
which has the value 1 at all points of E (I, a), and is elsewhere zero ; and let 
/ (x) be the characteristic function of E. 

We have f (x) - J 2 A , (x), f V («) £ ^ S f ' A . (x) dx, 

? JO ? J 0 

1 1 x(^»s+i) m 

m{E)s,^HmE{l,a)^;^,H 2 2 

q q^ x<j.«)+i 3 ® 
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(6) Let Gm (S) denote the set -of all points x such that 
1 s {x, n') — 5 (», %) I < 48 

for all pairs of values of n and n' such that '2^ <n' < 2"*+’^. It wUl 

00 

be shewn that S m {<7 (O^)} is a convergent series. 

Let fc, = p, for 1,2, 3, .... 

Let Cp be the set of all points x for which the number of functions 
D {x, I, s) which satisfy the condition « 

&\D(x,l,s)\<^ is 

Kp J) 

S h 

Employing (4) and writing for 8, and for g, we see that 

2 _ 8mV 2»+i 

mG{ep)^ . 

Let be the common part of all the sets e^, e^, e^, C {E^) is the 
set of points each of which belongs to one at least of the sets C (e^), C (e^), ... 
and thus 

00 oc 1 27 ot, 2 2’»+l 

mO (EJ s S mC (e,) < S s \ < f ^ S a„ 2 . 

It can be shewn that E„^ is a part of . 

Let « be a point of E^l it thus belongs to all the sets c„ (p ^ 1, 2, 3, ...). 
If iV'p (p = 2, 3, ...) be the number of different functions D {x, I, s) for 

which \ D {x,l,s) \ < S , then Np < . 

Kp_i Kp 

If p = 2, there are Np different functions D (x, I, s), all such that 

hi 

8 

and for all the other functions D {x. I, s), we have | D {x, i, s) | < 

If n is any integer such that 2"' ^ < 2™+^ 

I 5 (a;, w) - s («, 2'") I £ L | D (x, i, s) | . 

a -0 

Among the K terms | D {x, I, s) | there are at most Np terms for which 
S I !)(«, Z, .s) I < I , p = 2, 3, ..., 


all the other terms, of which the number cannot exceed w, are < 
Therefore 

|5(a;,7»)-«(a;,2«*)l£8 + S |-A^<8 + 8 S I <28, 

p~2^p P-.2P 


s {x, n') — s {x, w) I < 48. 


■and thus 
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Therefore each point of Em belongs to O^. (8); E^ is a part of and 

•consequently G {0^) is a part of C (Em). 

Hence m{C{Om)}<-^ S ®n®<js 2 ^ 

O 2®H-1 ® 2« + l 

and thus Sm {C ((y^)} is a convergent series. 

The set of points, each of which belongs to an infinite number of the 
sets C (Gm), has measure zero; for, if € be an arbitrary positive number, 
each point belongs to one or more of the sets C (O,), G (G^+i), .... the sum 
of the measures of which is < e ; thus the set has measure < e. Since e is 
arbitrary, this measure is zero. The measure of the set H, each part of which 
belongs to all the sets 0^,0^, from and after some fixed one of the sets, 
dependent on the point, has measure 1. Thus there is a set of points of 
measure 1 such that, for each such point, for all values of n and n' 

I s {x, n') — s (x, n) \ < 48, 

where 2'" <n <n' < 2“+^; and for aU values of m, from and after a fixed 
one. 

Also, since | s (x, 2'”) -■ s (x, 2™') ] < 8, if m and m' are both > some 
fixed value of m, it follows that | s (x, n') — s (x, re) | < 98, for aU values of 
n and n' greater than 2"‘. for some fixed value of m, in a set such 
that m{Hs) — 1. 


Lastly, giving 8 the values in a sequence wliich converges to zero, we 
see that there exists a set of measure 1, in which s {x, n) is convergent. 

Menchoff has also proved that, if W {n) is such that 


lim 

/l~QO 


j^n) 

(log nY 


- 0 , 


there exists a set of normal functions such that (x) converges no- 

where in the interval (0, 1), although SIT {n) is convergent. It thus 
appears that the theorem cannot be replaced by one in which (log nY is 
replaced by a lower power of log n than the square. This may however be 
the case for a special set of orthogonal functions; as for example in the 
case of Fourier’s series, for which it has been shewn in § 409 that (log nY 
may be replaced by (log where q> 1. 


A proof was sketched by Weyl*, and given fully by Hobsonf , that the 

series S («), corresponding to a function, of which the square is 
1 

summable in the finite interval for which (»)} forms a normal orthogonal 
system, is summable {G, 1), almost everywhere in the interval, if the series 
S a„^logw is convergent. The wider theorem has been established^ by 


* Math, Annalen, vol. Lxvn (1909), p. 241. 
t Proc. Lond. Math, Soc. (2), vol. xiv (1915), p. 428. 
X Math, Zeitschr, vol. xxm (1925), p. 263. 
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Kaczmarz that the convergence of the series S (log n)^ is sufficient. 

He has also shewn that, for any function whose square is summable in the 
domain (x) is either summable (C, 1) almost everywhere, or else its 

Poisson sum does not almost everywhere exist. 


It has however been announced * by Menchoff that he has obtained 
the following complete theorem : 

OO 00 

If S a„2(loglogM)“‘ is convergent, then the series S (x) is summable 

n ~- l n^l 

{G, k}, for k>0, almost everywhere in the interval for which the orthogotud 
functions exist; and consequently the series is almost everywhere summable 

by Poisson's method. If <o(n) satisfies the condition lim ^ q 

OO lOg 71 J*" 

there exists a series which is not summable at any point by the method of 
Poisson, while Sw (n) is convergent. 


495. The following theorems have been established! by Menchoff : 
i/ S j a„ I*-'' is convergent, for some positive value of A such that 2 > A > !• 
then the series S {x) converges almost everywhere in the finite inter ml 

/l = l 

(0, 1) for which (x)} is a sequence of orthogonal functions. 

This is a particular case of the more general theorem that : 

If CO {u) is a jx)sitive function of u which increases with u, and the series 


S 

11^1 


„,(loglog|^)]’(log|i|)‘»,., 




ire both convergent, then ^a„<f)„ {x) converges almost everywhere. 


The logarithms are taken to the base 2. It will be observed that the 
convergence of the second series implies the divergence of log log |- , 

and this involves the convergence of a„ to zero. 


The first theorem is included in the second because, if 2 \a„\ is 

convergent, it is possible to choose the function <o (m) so as to satisfy the 

conditions of the second theorem, the convergence of the two series being 

then a consequence of the convergence of 2 | 

1 


* Comptes Eendus, vol. clxxx (1925), p. 2011. 

t Comptea Eendus, vol. clviii (1924), p. 802. The condition X > | is not stated there, but it 
appears to be necessary in order that the first theorem may be included in the second. 
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In fact the ratio of the general term of the first series in the second 
theorem to that in the series of the first theorem is 


[„(iogiog^)]‘(iog|-L|)‘(pi-.iri 
and writing log. — i = this becomes [w (log 2)] ^ 22 2“**. If now we 

I I 

take <0 (u) — 2^'^', the series S - , becomes S I a„ h, which is con- 

w (log 2 ) 1 ' " ‘ ’ 

vergent if ^ S 2 — A; also 22 2“**. 22 *’* converges to zero, as 2 ~ 00 , if A > 2p. 
If then A > ^, a» (w)can bo so chosen that the first .series of the second 
theorem converges if the series S | a„ |2-'' converges. 

QO 

It will be assumed that S a„2 < 1 ; this involves no loss of generality. 

n- 1 

We proceed to group the constants a„. The group consists of those 
constants a„ which are such that 22 '’ ^ — < 22 ^ We denote the values 

|a«l 

of n which belong to r„ by n (p, 1), n {p, 2), ... , {p, Nj,); where each one 

of these values of «, in F^, is less than the next; the number of values of n 
in Fp is accoi’dingly . 


1 

Since S a„2 is less than 1, and | a>n(v,s) 1 < follows that 

W.-J ,<1, or 

Choosing a positive number 8, we define the set of points Ej, (8) to be 
that set of points x, in (0, 1), for whieh 

I ^ ®n (V. 0 (p, 0 (*) i < 

I < = s * 


for all integers s and s' sueh that 1 £ s £ s' £ Wp . When = 0, we 
take Ep (8) to be the interval (0, 1); then m [G {Ep (8)}J == 0. 


We take oj {p) to denote the least value of oj (^loglog t- ■ i), for the 

V I (P, s) I / 

values s = 1, 2, 3, ... , iVp; and we take the number 8 to be - Since 

to (p) 

, . is the greatest of the numbers ; , it follows from 

«.(loglog,.* ) 

V ” ® I I/* 

the assumption of the convergence of the series of which 


1 


CO 


(log log r^) 


is the general term that S ^ is convergent. 


HII 


49 



770 Series of Normal Orthogonal Functions [oh. x 

It has been shewn in § 494 that, if denote the set of points for which 

n^n" 

5J, (a;) < S, for all values of n' and n" such that 2”'&n' < n" < 2’"+^, 

n^n 

m2 

the measure m \C ((?„,)] , of the complement of 0^ , is less than S c„2, 

d 2" + l 

where k is an absolute constant. In the last expression m® may be replaced 
by the square of the logarithm of any one of the indices n which occurs in 
the summation. 

Let = 0, except when m has a value n (p, s), in which case 

(v, s) “ (p, s) > 

we then see that 

m[C if N,>1. 

Since log and 8 = l/a> (p), where 




2** £ log 


we have 




(p, s) 5 


where k' is an absolute constant. The same inequality holds when JVp = 1. 

From the assumed convergence of the series found by taking p = 1, 2, 
3, ... , and adding the series together, we see that the series '2, m[C (j&j,)] 

is convergent, and consequently lim m [G {E^) | = 0. Therefore the set F, 

p^oo 

of points, each of which belongs to an infinite number of the sets G {E^), 
has its measure zero. 


Take any two indices n', n” such that n' < n”, and let p' and p" be 
the smallest and greatest of those values of p for which the condition 

22** I < 22’’'‘‘^ is satisfied for at least one value of n such that 

I «n I 

n' ^n?k n". It is clear that p' and p" diverge as n' does so. Corresponding 
to each point x, of G (F), there is a minimum value n (x), of n, for which 

n^n" p^ p" 2 

the condition S (») < 2, . is satisfied for all values of n' and 

n^n' p^p' ^ \P) 

n” such that n" > n' > n {x). Since S ^ ^ is convergent, it follows that 

S (a;) < e, provided n' is large enough; therefore the series 

S {x) converges at a point x, of G (F); and since G (F) has measure 
unity, it follows that 2 a„<l>n (x) converges almost everywhere in the 

H - 1 

interval (0, 1). 
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SERIES OE STURM-IJOUVIIJiE FUNCTIONS 

496. The class of normal orthogonal functions known as the StuTm- 
Liouville functions has the special property that the series of which thei 
terms consist of multiples of these functions behave in the same manner, 
in relation to convergence, divergence, or oscillation at a point as Fourier’s 
series do. A brief sketch of the investigations relating to these functions 
will be given here. 

If g, k, I are functions of x which are positive and continous, and do not 
vanish, in an interval (a, b), of x, and r is a parameter, the functions are 
the solutions of the differential equation 

which are such that ^ ~ ^ ^ x = a, and + Hv = 0, for x = b, 

where h, U are positive constants, and the parameter r is so determined 
that a solution of the differential equation exists which satisfies the con- 
ditions at a and b. It is convenient to assume that I and {gh)~^ have 
bounded variation in (a, b). 

The differential equation reduces to the form 


d^U 

dz^ 


+ ip^ 


k) 


U = 0 


by means of the transformation 


z = i dx, 6 == {gk) 1, V = dU, r = p\ 
where has the value 

and the conditions at the end-points of the interval become 

— h'U — 0, for z = 0, and + H'u — 0, for z = w, 
dz dz 


where the assumption, involving no real loss of generahty, is made that 


An asymptotic form of the normal functions was obtained* by Liou- 
ville, and a more precise asymptotic expression of them, sufficient for the 
purpose of the investigation of the series, was obtainedf by Hobson. This 
expression is 




cos nz\l + 


a (z, n) 


-I- sin nz 


^ (g ) , a (2. ») 
n 


* Liouville's Journal^ vol. ii (1837), p. 24, 
t Proc. L(md» Math. Soc. (2), vol. vi (1908), p. 379. 


49-2 
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where g (z) denotes fimctions which are bounded with respect to z, and 
a (z, %) denotes functions which are bounded with respect to (z, n). It is 
known from the general theory of the functions connected with differential 
equations that the system (z)} is complete. 

It was shewn (Zoc. cil.) by Hobson that the series 

r-1 .'0 

corresponding to a function /(z), summable in (0, tt), converges to 

H/(2 + 0) +f(z - 0)} 

at any interior point of the interval (0, tt) if, in some neighbourhood of the 
point z, / (z) is of boimded variation. Also it was shewn that, in any 
interval in which / (z) is continuous, and which is interior to an interval 
in which the function has bounded variation, the convergence of the series 
to/(z) is uniform. It was also shewn that, at 0 and tt, the series converges 
to / (+ 0), / — 0) if at 0 and tt there are neighbourhoods in which / (z) 

is of bounded variation. 

The more general theorem was established by Haar*, and by Mercerf, 
independently of one another, that : 

The series behaves at any point, as regards convergence, divergence, or 
oscillation, in the same manner as the Fovrier’s cosine series corresponding 
to f (z) behaves at the, same point. 

A proof of this result was givenj by Hobson, based upon a consideration 
of the function 

r-n 2^"“^ 

S (z) <f>f (z') — S COS rz cos rz' = F (z, z', n). 

r-1 ’j'r-l 

It can be shewn that the function F (z, z' , n) satisfies the conditions of 
the general convergence theorem of § 279, and thus that 

lim [ / (z') F (z, z' , n) dz' = 0; 

the convergence to the limit being uniform in the interval (0, it) of z. 

The result stated above is now deducible from this result. 

By considering the function 

’^) ““ ” 

in a similar manner, the theorem, due to Haar (loc. cit.), can be established, 
that the summation of the series of Sturm-Iiouville functions by the 
method of arithmetic means is the same as that for the Fourier’s cosine 
series; and thus that the Ceskro sum of the Sturm-Liouville series, corre- 
sponding to a summable function, exists for almost all values of z. 

* Maih. AnndLen, vol. xux (1910), p. 366. 
t Phil, Trans, vol. ooxi (A) (1912), p. 111. 
t Proc, Land, Math, Soc, ifl), vol. xn (1912), p. 170. 



CORRECTIONS AND ADDITIONS TO VOLUME I 


Page 104, Line 17 from the foot, /or closed^* read “perfect.*' Line 15 from the foot, /or “closed” 
read “perfect.” 

Page 105. Line 3, /or “/Sf” read “(7.” 

Page 1 10. Line 10 from the foot, /or “ 0 < f < e ” read “ 0 < f - X < 6.” 

Page 131. Line 13 from the foot, after insert “none of which contains a point of 

Page 143. Line 6, after “If P be a point of add “and P' be a point of Q,^," 

Page 144. Line 17, /or “O" read “0.” 

Page 179. Line 22, /or “Dm* Pn^ •••» each ef which contains an enumerable set” read 
0 $ 

... , each of which contains a set of points of G of measure zero.” Line 24, 
/or “enumerable” read “of measure zero.” Line 10 from the foot, for “of measure 
zero” read “of measure >0.” 

Page 180. Line 19 from the foot, for “>c(>0)” read “>c/X, where \ is a sufficiently large 
number y independent of c." Line 7 from the foot, /or “the two systems of nets” read 
“the systems of nets the measure of whose meshes is < Xa**.” 

Page 181. Lines 16, 19, /or “c” read **cfXP Line 10 from the foot, /or “>a” read “>a/X.” 


Line 2 from the foot, for “am(dnpy* ^cod “^m(dnp).” 


Page 182. 

Page 276. 
Page 277, 
Page 337, 


Page 338. 

Page 371. 
Page 390. 


Lines 4, 16, for read “^m(Eay* 


Line 3, after “another positive number" insert “rj," 

Line 6, for “ | 0 (a) | ” read “ | 0 (a;) |.” 

Line 8 from the foot, the second part of the enumeration of the theorem should read 
Moreover, if the first limit has no unique value, the upper and lower values of the second 
limit are in the interval hounded hy the upper and lower values of the first limit. 


It may happen that 

P(a + a) 


has a unique value, whilst this is not the case for 


f'(o. + h) 

F'\a+hy 

In the second part of the statement of the theorem, the same amendment is required 
as on p. 337. 

Line 14, for “f (x) -k" read “f {x) - kx." 

§ 307. The theorem is correct only for the two open quadrants for which x-{-h>x, 
y + k>y; x -h<x, y-kKy. The proof for the other two quadrants is invalid, because 
it is impossible to choose the numbers h^tk^, hy, ky as stated on page 391. 

A theorem has been given by R. C. Young (L* enseignement mathimatique, 1924-26, 
p. 79) from which it follows that, for a quasi-monotone function of any of the four 
types specified in § 255, the limit exists for all four quadrants 
If {x, y), {x-k-h, y -^-k) denote two points A, B, the expression 
f{x+h,y+k)-f(x,y+h)-f(x + h.y)+f(x, y) 


J-i 

may be denoted by A^, and will be taken to be > 0, for all pairs of points A, B, for 
which h and k are positive, in some given domain. For any cell (P, Q) contained in 
(A, B), Ap ^ A^; for the cell (P, Q) may be one of a number of cells into which (A, B) 

is divided, and A^ is equal to the sum for all these cells (a, p) of A^, and A^ is by 
hypothesis > 0. If (A, Qi), (A, Q 2 ) (^p Qn) ••• a sequence of cells such that Qn 
is in the cell (A, Qn~i)» for all values of n, the secjuence is monotone non -in- 
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creasing, and therefore converges to a limit, as n^ao. Let {Pm}> {©n} be any two 
sequences of points, each converging to ^ ; a sequence 

Pwi> Qnitf Pn*» Qm$f ••• P nt> Qmif ••• 

can be so determined that is in the cell (A, FnJ, and Pn, in the cell (AQmi^ih 
for all values of i; then the sequence ^ unique limit. If 

both have definite limits, it follows that these limits have the same 

jp 

value. Hence lim has a definite value as P converges in any manner to in the 
positive quadrant. Also / (a:, y + k), / (a: + A, y ) being monotone in k and h respectively, 
each being either non-increasing or non-diminishing, it follows that f (x-vh^y + k) has 
a definite limit as h and k converge to zero, in any manner, in the quadrant. Therefore 
any quasi-monotone function, of whatever type, has a definite limit in the quadrant, 
whichever quadrant be taken. 

Page 401. Lines 6 and 7, /or “P (h, ky read “P (h, k)lhV 

Page 402. Line 4 from the foot, /or read ^^klhP Line 1 from the foot,/or “ read'^hlkP 
Page 408. Line 15, /or “y<0” read Line 16, /or “0<y” read “/3<y.** 

Page 435. Line 12, /or “2 2 2” read “2 2 2.” For “2 and 2,” read “2 and 2.” 

Page 460. Line 14, /or “the set” read “the measure (J) of the set.” 

Page 456. Lines 10, 11 from the foot. In the formulae x should take the place of b. 

Page 468. Line 16. In the formulae x should take the place of 6. 

Page 608. Lines 3, 4. The formula should read 

+ /( 6 ) {0 ( 6 ) - ^ (««)}] +[/(^) 0 

r ^711 

At the foot of the page, in the expressions for S and S the second 2 should be 2 , 

r "*0 

and in the next line “ 0 (iCo - a) = ^ (a) ” should be added. 

It has been pointed out by Prof. D. G. Gillespie of Cornell University that the 
definition here given of the upper and lower P/iS'-integrals is not always equivalent to 
that on p. 507. For example, let <^(a?)=0, for 0 < 0(a;) = l, for 1; 

/(a:) = 1, for a: ^ i, /{^) =0. If ^ be taken as a point of division in forming the upper 
sum of p. 608, this upper sum is zero, and the upper and lower integrals are both equal 
to zero, but the integral as defined on p. 507 does not exist, since / (a;) and </> (a?) have 
a common point of discontinuity. In order to amend the definition on p. 508, so as to 
get rid of this discrepancy, we should take 

xr-0 r’^m_ 

2 V ,o(/(*)) {0(*,-O)-0(*,_,+O)J + S 

r-1 

a>-0 r-m 

(/(*)) {0(*r-O)-^(»,_i+O)} + 2 /(x,) {0(a!,+O)-0(x,-O)}, 

f* ■■1 I* »o 

where /(ajj), f(Xr) are the maxima and minima of f{x) at a:,, 0 (a^m + 0) = ^ (6), 
^ (a - 0) = 0 (a). On p. 510, / (a;') must be taken instead of / («'). 

The definitions and properties of Stieltjes’ integrals have been treated in detail by 
PoUard (Quarterly Journal, vol. xlix (1923), p. 73). 

Page 511. Line 4 should read ‘Xa;) over the set of discontinuities oi f (x) should be zero is 
satisfied.” Line 13 should read “To shew that the condition concerning the variation 
of 0 (a:)....” 

Page 612. line 11 from the foot, /or “convergence” read “continuity.” 

Page 520. line 10 from the foot should read “If the interval (L, U) be successively sub-divided 
by introducing further points of division, such that the corresponding values of rt 
form a sequence of....” 

Page 633. line 10, /or “> a” read “> ac.” Line 11, /or “ </3-f 1” read “ <(/9 + l) e.” 

Page 639. line 3, /or “ convergence” read “continuity.” Line 5, /or “ / (a?, W) ” read “/ (a;, x + 4').” 

line 10, /or “/ (a;, 4)” read “/ (a;, a; + 4).” 

Page 542. Line 2, /or “in (a, 5)” read “in c.” 
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Page 663. Line 12 from the foot, for “ SAa; < KA^” read “ SAa; < KSAf.” 

Page 663. Line 4 from the foot. It is tacitly assumed that uv is an integral. To prove that the 
product of two indefinite integrals u (x), v {x) is an indefinite integral, we have * 
\u(x^)v(x^)--u(x^)v(x^)\^ |i4(ari)l lv(a^)-v(a;i)l + |i;(a;2)| ltt{a:i)--tt(a;i)l > 
^A\v(x2) -v(Xt)\+B\u{x^)-u(x{)\; 

where A and B are fixed numbers. Hence the sum of the absolute variations of 
u {x) V {x) over a set of intervals so chosen that the sums of the absolute variations of 
u (a;), V {x) are both <77 is less than a fixed multiple of 97. It follows that the condition 
of absolute continuity of u (x) v (x) is satisfied. 

Page 677. Line 10 from the foot, for ^^Iff {x<\ a;<2)) be summable^^ read ''Iff {x^^\ a;<2)) be meamr- 
abler 

Page 689. Line 8,/or "D (e,, e,)” read "D (e,., e/);for “e,= ” read “e/ = .” 

Page 605. Line 5 should read, “Accordingly, an absolutely convergent integral of a function 
such that the points of infinite discontinuity form a set of measure zero, which exists. ...” 
This restriction was introduced on p. 699, and should be taken to govern the whole 
section on Harnack’s definition. 

Page 617. Line 11 from the foot, for read "Hr Line 2 from the foot, /or “(a, read 
“(a', ^')r 

Page 621. Line 4, /or read "Hr 
Page 630. Line 4 of (4), /or “(?*’ read "Hr 
Page 641. Line 7, /or “a;” read 
Page 653. Line 4 of (4)', /or read "Hr 

Page 656. Line 17 from the foot, for ‘4s satisfied” read “should be continuous is satisfied.” 

Page 668. Line 12, for "g{a), read “0(a), 0(18).” Line 3 from the foot, /or 

“ I ” F (x) 0 (a;) da:” read “ f ^^/(«) 0 (x) dxr 
• J o-n J an 
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Abel’s Lemma, 34 

Abel’s Theorem, 175; Converse of, 182 
Approach, Uniform, 108 

Baire’s classification of functions, 276 

Ces^tro’s summation of series, 27, 47, 85 
Condensation, Cauchy’s test, 17; of singu- 
larities, 389 

Continuous functions. Standard sets of, 238: 
Approximately, 257; Weierstrass’ theorem 
for, 228 et scq. 

Continuous oscillation of sequences, 163 
Convergence, of scries with positive terms, 9; 
Unconditional, 9; More slow, 10; Criteria of, 
\o et seq,; of numerical series in general, 34; 
I^niform, 104; Simply uniform, 109; Points 
of non-uniform, 109; Points of simply 
uniform, 112; Tests of, 115; History of 
theory of uniform, 130; Essentially uniform, 
145; by segments, 132; of a sequence in a 
measurable domain, 144 
Convergence, of sequences on the average, 239 ; 

Strong and Weak, 251 
Convergence-function, 135 
Cross -neighbourhood, 445 

Differentiable everywhere-oscillating functions, 
412 

Dirichlet’s conditions, 507 
Divergence, of series with positive terms, 9: 
Uniform, 108 

Double Fourier’s series, 698; Convergence of, 
705; Integration of, 712; Ce^saro summation 
of, 715; Poisson summation of, 717; Par- 
se val’s theorem for, 718 
Double limits, 46 

Double series and sequences, 45; Uniform con- 
vergence of, 47 ; Absolute convergence of, 52; 
Non-absolute convergence of, 54; Diagonal 
sum of, 54 

Egoroff’s theorem, 144 
Equi-continuous functions, 167 

Fourier’s coefficients; Limiting values of, 514; 
Order of, 518, 538; Properties of, 573; 
System o*f, 614 


Fourier’s repeated integral, 725; Summability 
(0) of, 728; Summability (C, r) of, 737 
Fourier’s series. Formal expression of, 482; 
General definition of, 487; Partial sums of, 
489; Integration of, 551; Convergence of, 
491, 521; Dirichlet’s investigation of, 502; 
Application of second mean value theorem 
to, 509; Uniform convergence of, 513, 535; 
de la Vallee Poussin’s test for convergence 
of, 531; Young’s test, 532; Non-convergence 
of, 539; Arithmetic means related to, 557, 
561, 563, 587; Summability of, 567; Sub- 
stitution of, 581; Convergence-factors for, 
623; Poisson’s summation of, 629; Biemann’s 
summation of, 645; Differentiation of, 639; 
Restricted, 686 
Fourier’s single integral, 721 
Fourier transforms, 742 

Functions, defined by sequences or series, 61 ei 
seq.: Upper and lower, 104; Maximal and 
minimal, 102; Upper and lower associated, 
102; involving a parameter, 141; Extension 
of, 154; Peak and Chasm, 99; F. Riesz’ 
classification of summable, 249; Properties 
of measurable, 178, 282; Primitives of, 284; 
rej)resented by sequences of continuous, 185, 
270, 273; of bounded variation, 702; Mono- 
tonoid, 703 

General Convergence Theorem, 422; for non- 
summable functions, 435; Necessity of con- 
ditions in the, 438 
Generalized second derivatives, 664 
Gibbs’ Phenomenon, 498 

Holder’s summation of series, 66, 85 
Homogeneous oscillation of sequences, 169 

Infinite products. Convergence of, 58; Uniform 
convergence of, 142 

Integrable sequences, 289; Completel}”, 289; 
Vitali’s theorem on, 297, 309; of functions 
that are integrable (/?), 312; of continuous 
functions, 312 

Integrals containing parameters. Limits of, 322 
Integrals, Differentiation of, 353; Generalized, 
363, 371; Summability of, 384 
Integrals of products, Convergence of, 464 
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Integration, Generalized, 363, 371; T^nelli’s 
theoiy of, 381; Perron’s definition of, 382 

Lebesgue’s constants, 541 

Maxima and Minima, of functions oi ene 
variable, 151; of functions of two variables, 
Sl3 * 

Monotone sequences, of ibnetions, 148; Classes 
of, 157; associated with a given sequence, 
159; Convergence of, 274; Method of, 374 

Monotonoid functions, 703 

Non -differentiable functions. Construction of, 
389 

Non-uniform convergence. Points of, 109; 
Measure of,.;g^Sfc]Distribution of j)oints of, 
135; Infinite 437 

Normal orthogonal functions; Complete se- 
quence of, 753 ; Convergence of series of, 755, 
762; Failure of convergence of series of, 755; 
Parseval’s and Riesz -Fischer theorems for, 
759 

O — o notation, 6 

Oscillation of sequences of integrals, 318 

Parseval’s theorem, 575; Extensions of, 578, 
591, 599; M. Riesz’ extension of, 610; for 
double series, 718 

Poisson’s summation, 629; for double series, 
717 

Power-series, 172; Uniform convergence of, 
173; Abel’s theorem for, 175; Extensions of 
Abel’s theorem for, 178; Properties of, 192; 
Multiplication of, 194; Differentiation and 
Integration of, 196 

Repeated integrals, Inversion of order of, 338; 
Inversion of order over infinite domains, 
344 

Riesz-Fischer theorem, 577 ; Generalization of, 
599 


Sequences, Oscillatory and non-oscillatory, 4; 
General property of, 7 

Series; Integration of, 289, 303; Differentiation 
of, 332, 335 

Series of numbers; Sum of, 1 ; Remainder of, 1 ; 
Condition of convergence of, 1, 5; Non-con- 
vergent, 2 et seq , ; Upper and lower sums of, 
3; with positive terms, convergence and 
divergence, 9, 15; Absolutely convergent, 36; 
Ces^ro sum of, 41; of transfinite type, 43; 
Cauchy -product of, 56, 75; Summability of, 
65, 90 

Series, Integration of, 289, 303; Differentiation 
of, 332, 335; allied with Fourier’s series, 692 

Sets of 2 ^oints, Descriptive properties of, 258; 
of orders I and 2, 260 

Singular integrals, 443; Convergence of, 446; 
Oscillation of, 456; Failure of convergence 
of, 456; Applications of, 459 

Singularities, Condensation of, 389; Cantor’s 
method of condensation of, 399 

Sturm-Liouville functions, 771 

Sum-function of series, Continuity of, 123, 129, 
132 

Tauberian theorems, 182 

Taylor’s theorem, 141; Remainder in, 200; for 
functions of two variables, 235 

Trigonometrical scries, 476; Special cases of, 
479; History of theory of, 480, 656; Absolute 
convergence of, 548; Formal multiplication 
of, 585; Approximate representation of 
functions by, 636; Riemann’s theory of, 645; 
Limits of coefficients of, 659; Convergence 
at a point of, 672; Uniqueness of, 673 

Uniform oscillation of sequences, 160; of the 
second kind, 167 

Vibrating strings, 476 

Weierstrass’ theorem, 228, 461 ; for two or more 
variables, 230; for unbounded functions, 235 
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